Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  tliis  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  in  forming  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http: //books  .google  .com/I 


,  Google 


4."  ^.f?-./oJ-i, 


cdo,  Google 


igitizcd  by  vjOOQ IC 


■a:^. 


>t-tJot 


igitizcd  by  VjOOQ IC 


SCRIPTORES   LOGARITHMICI. 


igitizcd  by  VjOOQ IC 


,  Google 


SCRIPTORES  LOGARITHMICI; 

OR, 

A        COLLECTION 

br 
SEVERAL     CURIOUS     TRACTS 

ON     THE 

NATURE   AMD   CONSTRUCTION 

OP 

LOGARITHMS, 


BR.    HDTTON'S    historical    INTRODrCTION    TO   HIS    NEW    EDITIOS    OP 
SHERWIN's    MATHEMATICAL    TABLES: 


TOGBTHBX    WITH 

SOME    TRACTS    OK    THE    BINOMIAL    THEOREM    AND    OTHER    SUBJECTS    CON- 
NECTED   WITH    THE    DOCTRINE    OF    LOGARITHMS. 


VOLUME      II. 


LONDON: 

PRINTED    BY    J.    DAVIS, 
AND  SOLD  BY  B.  WHITE  AND  SON,  FLEET-STREET, 


igitizcd  by  VjOOQ IC 


igitizcd  by  VjOOQ IC 


T         A         B         L         E 


CONTENTS 


ECOND       VOLUME. 


A  TRACT  of  Mr.  James  Gregory,  of  Aberdeen  in  Scotland,  written  in 
■^  Latin,  and  intiiled,  NUolai  Mercatoris  ^adratura  Hyperboles  Geometrice 
demonftrata ;  which  was  firft  publifhed  at  London  in  the  year  1668,  with 
Ibme  other  fmall  traifts,  under  the  title  of  Exercitationes  Geometric^e;  con- 
taining a  geometrical  demonftration  of  the  method  of  fquaring  the  Hyper- 
bola, by  means  of  an  infinite  feries  of  decreafing  quantities,  then  lately 
publiflied  by  Mr.  Nltholas  Mtrcalar.  In  pages  2—5. 


II. 

Another  Tra£t  of  the  fame  author,  intitled,  ^nakgia  inter  Uneam  Meridiamm 
Planifpharii  NauHci  et  "tangentes  /irttficides,  Geometrici  demonftrata :  Jeu,  ^od 
Seeanlium  Naluraliitm  AdStio  effieiat  Tangentes  ^rtificiales :  Item,  ^hd  I'angen- 
tinn  Natwdlium  AdStio  efficiat  Secantes  Artificialts :  Item,  ^adratura  Contbo- 
iidis,  et  ^adratura  Ciffb-eidis :  taken  from  the  fame  colledion  of  crafts,  in- 
tilled,  Exercitatioms  Gegmeiride,  In  pages  6—15, 


III. 

A  third  Traft  of  the  fame  author,  intitled,  Methodus  componendi  Tabidas  Tart' 
genthaa  et  Setantium  Artificialium  ex  Tahulis  Tangeraium  el  Secantium  Naturae 
lium,  exaSiffitiii  et  mhtimo  cm  Lahore:  taken  from  the  fame  cotleftion  of 
traAs,  intitled,  Exercitationes  Geomttrica.  In  pages  16 — 18. 

IV.  An 


y  Google 


■CONTENTS. 


IV. 


An  Extiaft  from  a  Letter  of  t!ie  fame  author  to  Mr.  John  Collins,  formerly 
Secretary  to  the  Royal  Society  of  London  :  dated  on  the  15th  day  of  Fe- 
bruary in  the  year  1  670-1,  and  firft  publithed  in  the  Commerdum  EpiftoHcum 
Domini  Johamis  Collins  et  aliorum  de  y^nalyfi  promotd,  in  the  year  1712;  con- 
raining  feme  infinite  feriefes  relating  to  the  tangents  and  fecants  of  circular 
arcs,  and  to  the  Logarithms  of  the  ratios  of  fuch  tangents  and  fecants  to 
the  Radius.  In  pages  18  and  19. 


V. 

An  Extraft  from  Mr.  Ifaac  Newton's  firft  Epiftle  to  Mr.  Henry  Oldenburgh, 
Secretary  to  the  Royal  Society  of  London  ;  with  a  direiftion  to  communi- 
cate the  contents  of  it  to  Mr.  Godfrey  William  Leibnitz  :  dated  on  the 
13th  of  June,  in  the  year  1676,  from  Cambridge,  where  Mr.  Newton 
(who  was  afterwards  Sir  Ifaac  Newton,  knight)  was  at  that  time  Profeffor 
of  the  Mathematicks  upon  Dr.  Lucas's  foundation  :  containing  a  difcovery 
relating  to  Logarithms.  In  page  ao. 


VI. 

An  Extraift  from  an  Epiftle  of  Mr.  Godfrey  William  Leibnitz,  of  Hanover, 
to  Mr.  Henry  Oldenburgh,  Secretary  of  the  Royal  Society  of  London  j 
with  a  diredlion  to  communicate  the  contents  of  it  to  Mr.  Ifaac  Newton  '. 
dated  the  27th  day  of  Auguft,  in  the  year  1676  :  containing  a  paflage  re- 
lating to  Logarithms.  In  pages  z\,  22. 


VII. 

An  Extract  from  Mr.  Ifaac  Newton's  Second  Epiftle  to  Mr.  Henry  Olden- 
burgh, Secretary  of  the  Royal  Society  of  London;  with  a  diredion  to 
communicate  the  contents  of  it  to  Mr.  Godfrey  William  Leibnitz :  dated 
on  the  24th  day  of  Oftober,  in  the  year  1676  :  containing  fome  difcove- 
ries  relating  to  Logarithms.  In  pages  22 — 26. 


VIII. 

The  twelfth  Chapter  of  Dr.  John  Wallis's  Treatife  of  Algebra,  intltled. 
Of  Logarithms t  their  Itrventhn  and  Ufe,     Publiflied  in  the  year  1685. 

In  pages  27 — 34. 
IX.  A 


y  Google 


CONTENTS. 


IX. 


A  Letter  from  the  Reverend  Dr.  Wallis,  Profeflbr  of  Geometry  in  the  Uni- 
verfuy  of  Oxford,  and  Fellow  of  the  Royal  Society  of  London,  to  Mr. 
Richard  Norris;  concerning  the  CoUedion  of  Secants,  and  the  tme  Di- 
vifion  of  the  Meridians  in  the  Sea  Chart.  Publifhed  in  the  Philofophical 
Tranfaftions  of  the  year  1686,  Number  176.  In  pages  35 — 41. 


Logarithmotechnia :  or  the  making  of  the  numbers  called  Logarithms  to 
twenty-five  places  of  figures,  from  a  geometrical  figure,  with  (peed,  eafe, 
and  certainty.  By  Euclid  Speidell,  Philomath.  Publilhed  at  I-ondon 
in  the  year  i688.  In  pages  44 — 75. 


xr. 

An  eafy  Demonftration  of  the  Analogy  of  the  Logarithmic  Tangents  to  the 
Meridian  Line,  or  Sum  of  the  Secants;  with  various  methods  for  com- 
puting the  fame  to  the  utmoft  exaflnefs.  By  Dr.  Edmund  Halley.  Pub- 
liftied  in  the  Philofophical  Tranfaftions  for  the  year  1694.;  Number  219, 

In  pages  76 — 84. 


XII. 

A  moft  compendious  and  facile  Method  of  conftruding  the  Logarithms, 
exemplified  and  demonftrated  from  the  nature  of  Numbers,  without  any 
regard  to  the  Hyperbola :  with  a  fpeedy  method  for  finding  the  number 
from  the  Logarithm  given.  In  pages  84 — 91. 

By  Dr.  Edmund  Halley.     Publifhed  in  the  Philofophical  Tranfadions 
for  the  year  1695,  Number  215. 


xin. 

Notes  on  (bme  of  the  more  difficult  PaiTages  of  the  foregoing  Dlfcourfe  of 
Dr.  Edmund  Halley.  In  pages  92 — 122. 

By  Francis  Maferes,  Efq.  F.  R.  S.  Curfitor  Baron  of  the  Court  of  Ex- 
chequer. 

XIV.  An 


y  Google 


-viii  CONTENTS. 

XIV. 

An  Appendix  to  the  foregoing  Trad  of  Dr.  Edmund  Halley  upon  Lo^a» 
rithiTis,  being  a  direft  method  of  computing  the  logarithms  of  ratios, 
either  in  Briggs's  fyftem,  or  any  other  that  may  be  propofed,  by  the  help 
of  Sir  Ifaac  Newton's  Binomial  Theorem,  without  the  mtervention  of  the 
Hyperbola,  or  ihe  Logarithmick  Curve,  or  any  other  geometrical  figure, 
and  likewife  without  having  recourfe  to  the  method  of  Indivifibles  or  the 
_  Arithmetick  of  Infinites.  In  pages  133 — 152. 

By  the  fame. 

XV. 

A  DemonftratiOB  of  Sir  Ifaac  Newton's  Binomial  Theorem  jn  the  Cafe  of 
Integral  Powers,  or  Powers  of  which  the  Indexes  are  whole  Numbers  i  to- 
gether with  an  extcnfion  of  the  faid  demonftration  to  Sir  Ifaac  Newton's 
Kefidual  Theorem,  relating  to  the  powers  of  a  refidual  quantity  as  «  —  ^, 
in  the  cafe  of  the  integral  powers  of  fuch  quantity,  or  when  the  indexes  of 
the  faid  powers  are  whole  numbers.  In  pages  153 — 169. 

By  the  fame. 

XVI. 

A  Demonftration  of  Sir  Ifaac  Newton's  Binomial  Theorem,  in  the  cafes  of 
roots  and  the  powers  of  roots,  as  well  as  in  the  cafe  of  integral  powers ; 
pubUflied  by  Mr.  JohnLanden  in  the  year  1758.         In  pages  170 — 175. 


XVII. 

An  Explanation  of  the  foregoing  Demonftration  of  the  Binomial  Theorem, 
in  the  cafe  of  the  fractional  index  — ,  invented  by  Mr.  John  Landen. 

In  pages  176— 193. 
By  Francis  Maferes,  Efq.  F.  R.  S.  Curfitor  Baron  of  the  Court  of  Ex- 
chequer. 


XVIII. 

A  Difcourfe  cohc«Fning  the  Binomial  Theorem,  in  the  cafe  of  firat^ional 
powers,  or  powers  of  which  the  indexes  are  frai^ions ;  containing  a  demon- 
ftration of  the  fakl  theorem  io  that  cafe  of  it.  In  pages  1 94 — 344. 
By  the  fame. 

6  XIX.  A 


y  Google 


CONTENTS. 


XIX. 


A  Difcourfe  concerning  Sir  Ifaac  Newton's  Refidual  Theorem,  or  Theorem 
for  railing  the  powers  of  the  Relldual  Quantity  i  —  a:,  in  the  cafe  of  frac- 
tional powers>  or  powers  of  which  the  indexes  are  fradions ;  containing  a 
deroonftration  of  the  faid  theorem  in  that  cafe  of  it.      In  pages  345-^3  7S. 
By  the  faoie. 


XX. 

A  Method  of  extendmg  Cardan's  Rule  for  refolvlng  the  Cubick  Equation 
y  +  yjf  =  r,  or  jjf  +  ji*  =  r,  to  the  refolution  of  the  Cubick  Equation 

j;r  —  y  =:  r,  when  ~  is  of  any  magnitude  lefs  than  i-,  or  than  —  x  ^, 
or  when  r  is  lefs  than  ^/%  x  ^j-y  by  the  help  of  Sir  Ifaac  Newton's 
binomial  and  relldual  theorems,  which  have  been  demonllrated  in  the 
two  preceeding  difcourfes.  in  pages  381—440. 

By  the  iame. 


A  Method  of  extending  Cardan's  Rule  for  refolving  the  Cubick  Equation 
j('  —  yj>  =  r,  in  the  nrft  cafe  of  it,  or  when  r  is  equal  to,  or  greater  than, 
il^   or  —  is  equal  to,  or  greater  than,  ^,  to  the  other  cafe  of  the  fame 

equation,  in  which  r  is  lefs  than  ^^^,  or  —  is  lefs  than  ■^,  and  which  the 

3vi  4  *7 

faid  rule  is  not  naturally  fitted  to  refolve ;  provided  that  the  abfolute  term  r 

(though  lefs  than  i^)  be  greater  than  v^i  x  -^j  w  that  —  (though 
lefs  than  |-)  be  greater  than  7  X  j:>  or  than  |-.        In  pages  443 — 57^. 

By  the  fame. 

N'.  B.  This  Traft  was  firil  publittied  in  the  Philofophical  Tranfaftions, 
.for  the  year  1778 ;  but  is  here  very  much  enlarged. 


XXII. 

AConjefture  concerning  the  Method  by  which  Cardan's  Rules  for  refolv- 
ing the  Cubick  Equation  x*  -{■  qx^r  m  all  cafes  (or  in  all  magnitudes 
ofthe  known  quantities  q  and  r)  and  the  Cubick  Equation  x*  ~  qx'i^r'm 
the  firft  cafe  of  it  (or  when  r  is  greater  than  ^^^»  or  —  is  greater  than  •^) 

Vol.  II.  b  were 


y  Google 


;  ff   O    N    T    E    N    IF    SH 

were  probably  difcovcred  by  Scipio  Ferreus  of  Bononia,  and  Nicholas  Tv- 
ulea,  or  whoever  elfe  were  the  firft  inventors  of  thera.    In  pages  579 — 586. 

By  the  fame. 

N.  B.  This  Traift  was  firft  publillied  in  the  Philofopbicai  Xmnfoftions  for 
the  year  1780. 


XXIII. 

An  Appendix  to  the  TnuSt  contained  in  the  foregoing  part  of  this  fecond 
volume  of  Mathematical  Trafts,  in  pages  153,  154, 155,  &c,  to  page  169, 
intitled  "  A  Demonftration  of  Sir  Ifaac  Newton's  Binomiai  Theorem  ia 
••  the  cafe  of  Integral  Powers,  or  powers  of  which  the  IndexcB  are  whele 
**  Numbers  :"  containing  an  Inveftigation  of  the  Law  by  which  the  co- 
efficients of  the  third  and  founh  and  other  following  terms  of  the  feries 
which  is  equal  to  any  integral  power  of  a  binomial  quantity,  are  derived 
from  the  co-efficient  of  the  fecond  term  of  the  faid  feries ;  grounded  on  a 
probable  indivftion  ftona,  particular  examples.  In  pages  587— 59i> 

By  the  fame. 


y  Google 


ERRATA. 

In  the  Ggurc  in  page  3  the  line  XZ  ought  to  pals  throi^^h  the  point  Y, 

In  page  4,  line  6,  inftead  of  •'  NCDH,"  read  «  NODH." 

Id  the  fame  page  4,  line  9,  iallead  of  "  infiatat"  read  "  ia^mth" 

In  the  fame  page  ^ilinc  15,  inftead  of  "  ^eqwalii"  read  "  itquakt." 

Inpage^j,  UDei9,  13,  14,  1|,  16,  inftead  of"  irapnia,"  naA  "  trapruum." 

In  page  67,  line  1 7t  inftead  of  "  la  bit  JaSriitt,"  read  "  accerdiug  to  bis  ihSriKt," 

In  page  84,  line  1 7  Irom  the  bottom,  inftead  of  "  ctnntryTnan"  read  "  e*uHftyman." 

In  page  85,  the  laft  line,  inftead  of  "•infinite  inftnite,"  read  "  infiniti  infinite." 

In  page  88,  line  10  from  the  bottom,  inftead  of  **  Jnmi^rMim,"  raad  "  dtmttffitwitn," 

Is  page  1  oo>  line  II » inftead  of  "(^nMM  •/%%  x  4,"  read"  ibtrmtUtfia  x  34." 

Id  page  1 05,  line  8  firom  the  bottom,  inftead  of  "  Sufpoft  b  la  be,"  read  "  Supple  k  to  it," 

In  page  I  lO)  line  6)  inftead  of  "  ■■        1  ","  read  "     ■  ■  -y." 

I /  I 

t  3 

And  in  the  fane  page  1 1  o,  in  the  laft  h'ne  but  one  and  the  laft  tine,  inftead  of  "  tbefeetnd  I  —  — 

t^t,"  nad  "  tbt/triei »  /  -  —  Wr." 

In  pag«  III,  nou  ix,  line  3,  inftead  of  "  i ,"  read  * 


7+  —  +  T-' 


Id  page  1 13,  line  4,  inftead  of  "  ■  ^  ■     '    ,"  read  " 


And  in  the  ^amc  page  iu,line  15,  inftead  of  " ,"  read  " .** 

And  in  the  lame  page  ill,  line  10  from  the  bottom,  inftead  of  "      1"  read  "— ." 
And'in  the  Dune  page  113,  line  8  from  the  bottom,  dele  the  marit  ) of  a  parentbefia  after 
,  and  fubftitute  a  fimicolon;  io  it*  ftcad. 

InpwFC  i!4,linei,mfteador«orto—  X  — —  X  ,"iead"orto —  X  X  ." 

r-o      JTJ  '  mat  t  a  •> 
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In  the  lame  page  154*  L'ne  3,  inltead  of"/evaral,"  read  "Jh/tral." 

In  the  fame  page,  Uoe  14,  inftead  of  "  I  x  am,"  lead  *<  i  X  '"." 

In  page  156,  line  1 1  from  the  bottom,  inltead  of  "  or  ««»"  read  "  or  *"*." 

In  page  157,  line  5,  inltead  of"  a~+T\m,"  read  "«  +  Sf^." 

In  the  fame  page  157,  line  7,  Inltead  of  "  i  +  ifwi"  lead  "  1  +  il  ." 

In  page  158,  line  J,  after  the  wordi "  to  do  wttich"  place  a  comma. 

In  page  164,  line  7  from  the  bottom,  inltead  of"        ^"  read  "  — ^." 

In  page  1 90,  line  7th  from  the  Irattom,  after  "  G,  H,  I,  K,  L,  &c"  infert  the  word  "  equal." 

And  in  the  lame  page  190,  Une  tith  from  the  bottom,  after  the  word  "  refpe^vel]r"  infeit  the  mark 
of  aparenthells,  ). 

In  page  197,  hneSth  from  the  bottom,  after  the  word  "  refpedirely,"  infert  the  markof  aparen- 
theGt, ). 

In  page  aoa,  article  11,  line  ilt,  inltead  of"  i  a^  read  "  i  +  '•" 
I 

In  page  a  »6,  line  8»  inAead  of  "  «  j"  read  **  -^y" 

In  page  311,  line  4th  from  the  bottoin,  io  the  numentor  of  the  laft  fra&ion  in  the  laid  line,  inltead  of 
**  48,000"  read  "  48,000*". 

In  page  341,  line  6,  mftead  of*'  1  — i,"  read  " -." 

.,  I  I 

In  page  3*3,  li«e  lodi  frotn  the  bottbm,  loftead  of  "  1  —  *1»  "  itad  "  V  +■'*)  > ." 

In  page  388,  article  9,  lidb  6,  inftead  of*'  other  ft^oWihg  teinut"  rtad  "ether  fbUowitlg  ma  tmnf." 

la  page  39$,  line  3d  from  the  bottdm,  after  -^,  &c,  dele  the  Word  w<^i. 

In  page  418,  the  hit  h'ne,  infiead  of  "  the  ligo"  read  *■  the  fign  -I-.*' 

In  page  439,  the  laft  line,  inltead  of  "  ^'(a  —  ^bV  read  "  ^*^  —  >/  —  ib!* 

In  page  449,  in  tlie  running  title,  inftead  of  "  thi  KiaoLVTtOH  oF  Cubick  sqpATiOKl,'*  read 
**  aeiOLTiNa  tbe  cubick  equation." 

In  page  584,  line  n,  inftead  of  "  ^-^,"  read  "  ^4-^." 

•Jl  v3 

And  in  the  fiune  page  J&4,  line  30v  inAead  «r, "  if  «i  —  ^v  Bl^  ot  V*  K*d  "  if  n' ->  f«t  mrn" 
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N.         MERCATORIS 


QUADRATURA    HYPERBOLES 


GEOMETRICE    DEMONSTRATA. 


SI  fiierint  quantitates  continue  proportionates  a,  b,  c,  d,  e,  f,  &cj  numero 
infinitsB,  quaruin  prima  &  maxima  a  ;  erit  a  —  s  ad  a  ut  a  ad  fummam 
omnium ;  hoc  enim  palTun  demonllratur  apud  geometras. 


Eifdem  pofius  qux  antecedente ;  dico  a  +  B  efTe  ad  a  ut  a  eft  ad  exceiTum 
omnium  a,  c,  e>  g,  &c,  in  locis  impaxibus,  fijpra  omiies  k,  d,  f,  &c,  in  locis 
paribus:  ell  enim  di<ftus  excelTus  fumma  feriei  inHnitx  continue  proportionalium 
m  ratione  A  ad  c,  nempe  a  —  b,  c  —  d,  e  —  f,  &c,  &  ideo  (ex  pnecedcnte) 
ut  A  —  c  ad  A  vel  a'  —  b*  ad  a',  ita  a  —  b  ad  fummam  dide  feriei,  quam 
vocamus  z;  &  priores  analogic  terminos  appHcando  adA  —  b,  A  +  Beftad 
— —  ut  A  —  B  ad  z,  &  ideo  az  +  Bz  =  a%  &  proinde  A  +  BeftadAutAad 
z  exceffum  omnium  a,  c,  e,  g,  &c,  fupra  omnes  b,  d,  f,  &c.  Quod  demon- 
flxare  oportuit. 

PROP. 
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•prop. 


Sit  hyperbola  SB3,  cujus  vertex  b, 
afymptotx  ar,  A4,  afymptota:  ra  dii- 
catur  parallela  BK,  &  altera  ad  libitum 
inter  rcftas  bk,  ra,  utrique  parallela 
vd;  dico  YD  effe  fummam  infinite 
ftriei  continue  proponionalium,  cujus 
primus  terminus  bk  —  ka  &  fecundus 
£D ;  eft  enim  bk  —  kd  z:  ad  ad  bk 
ut  BK  ad  DY  ;  &  idee  ex  hujus  prima 
patet  propofitum. 

Eifdem  re<Sis  ba,  bk,  ultra  putic- 
tum  K  fiat  parallela  34  ;  dico  rcAam 
34  asqualem  effe  exceflui  omnium  ter- 

minorum  imparium  fupra  omnes  terminos  pares  infinitje  feriei  cujus  primus  ter- 
minus KB,  &  fecundus  K4  :  eft  enim  kb  +  K4  =  a4  ad  bk  ut  bk  ad  3  4;  8c 
ideo  -ex  hujus  2  patet  propofitum. 


IV. 


SitsBKHfpatium  hyperbolicum,  comentum  a  curva  hyperbolica  sB,  afymptora 
portione  hk,  &  reftis  sh,  bk,  alter!  afymptotxe  parallelis,  pofito  a  hyperbola  ver- 
tice  :  fit  parallel ogrammum  bkhs,  et  producatur  B5  in  r,  jungaturqiie  kr  qua; 
3H  fecet  in  6  :  deinde  cominuetur  feries  infinita  continue  proponionalium  nempe 
5H,  6h,  lh,  nh,  &  fie  deinceps;  fitque  5BKH  parallelogrammum,  k6h  trian- 
gulum  KLH  trilineum  quadraticum,  knh  trilineurfi  cubicum,  &  ita  deinceps  in 
infinitum.  Dico  fpatium  hyperbolicum,  Bkhs  sequale effe difto  parallelogrammo, 
difto  triangulo,  uni  cum  infinitis  illis  trilineis,  quorum  omnium  fummam  vo- 
camus  w.  Si  figura  bkhs  &  w  non  funt  sequales,  fit  inter  illas  differentia  as ;  Sc 
dividatur  rtfla  hk  in  tot  partes  sequales  a  rcftis  afymptots  ra  parallelis,  ut  rcc- 
langula  (ab  illis  &  portionibus  rcftse  kh  contenta)  figune  bkhs  circumfcripra, 
nempe  VH,  ZD,  differant  a  redtangulis  figura;  Bkhs  infcriptis,  nemp^  Yh,  bd, 
minore  intervallo  quam  ct ;  hoc  enim  fieri  poteft  ab  indefinita  divifione  retftie  kh. 
Quoniam  b  eft  hyperbola  vertex,  parallelogrammum  bk  ar  eft  squilaterum  j 
&  proinde  refta  6h  ad  libitum  eft  lequalis  reiftie  hk,  ciimque  5H,  6h,  lh,  nh, 
&c,  fint  continue  proportionales  in  infinitum,  ex  hiiius  3  erit  refta  sh  aequalis 
fummx  omnium,  &  parallelogrammum  sd  xquale  fummx  omaium  paralleto 
grammorum  50,  60,  ld,  no,  &c,  in  infinitum  ;  atque  fumma  omnium  paralleio- 
grammorum  50,  6d,  ld,  nd,  &c,  in  infinitum,  major  eft  parallelogrammo  50  unl 
cum  portione  trianguH  6fdh  una  cum  portione  trilinei  quadratici  lcdh  uni  cum 
portione  trilinei  cuBlci  ncdh,  &c,  in  infinitum,  quoniam  predi<£be  portiones  diftis 
parallelogrammis  infcribuntur,  &  ideo  parallelogrammum  sd  majus  eft  parallelo- 
grammo 5D  una  cum  diftis  poruonibus ;  eodem  modo  demonftratur  parallelo- 
grammum TK  majus  efle  reAangulo  7K  und  cum  infinitis  numero  portionibus 
FKD,  CKD,  okd,  &c,  &  ptoinde  reftilineum  svyzkh  majus  eft  quam  «.  De- 
B  z  ind£ 
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inde  rcAa  fd  eft  jcqualis  rciflEe  dk  ;  atque  -jd,  fd,  cd,  od,  &c  {unt  reftc- 
continue  proponionales  in  infinitum,  &  igitur  refta  yd  eft  sequalis  ipfarum 
fummx,  &  parallelogrammum  xd  xquale  parallelogrammis  7H,  fdh,  cdh,  odh, 
&c,  at  fumma  parallelogrammomm  7H,  fdh,  cdh,  odh,  &c  minor  eft  quam 
rcftangulum  7H  unl  cum  portione  triangaii  6fdh  unl  cum  portJone  trilinei  qua- 
dratici  lcdh  una  cum  portione  trilinei  cubici  kcdm,  &c,  quoniam  difta  paral- 
lelogramma  diftis  portionibus  infcribuntur,  &  idco  parallelogrammum  th  minus 
eft  parallelogrammo  7H  una  cum  diftis  portionibus ;  eodem  modo  demonftratur 
pariilclognunmum  bd  minus  effe  parallelogrammo  bd  una  cum  infinitas  nu- 
mero  portionibus  fkd,  ckd,  okd,  &  ideo  reflilioeum  XT7BKH  minus  eft 
quam  u :  quatuor  igitur  funt  quantitates,  quarum  maxima  &  minima  funt  rec- 
tiJinea  svtzkh,  XY7BKH,  imermedi*  autem  u  &  fpatium  hyperbolicum  sbkh  ; 
8c  ideo  differentia  imermediarum,  nempe  «  minor  eft  quam  differentia  extrema- 
rum,  quod  eft  abfurdum,  pomtur  enim  major ;  nulla-  igitur  eft  differentia  inter 
figuram  sblh  8c  w,  &  ideo  sequalis  funt,  quod  demonftrandum  erat. 

Conf.  I .  Et  proinde  fi  fiierit  feries  infinita  quantitatum  continue  proportiona- 
liiim  in  ratione  kb  ad  kh  =  6h,  cujus  primus  terminus  eft  parallelogrammum 
bh;  erit  primus  terminus  +  i  fecundi  4-  -J.  tertii  +  ^  quarti  +  |  quinti  +  &c 
in  infinitum  =  fpatio  hyperbolico  sbkh,  hoc  enim  evidenter  fequitur  ex  qua- 
dratura  trilineorum. 

Conf.  2-  Si  autem  ultra  k  fumatur  fpatium  B34K,  pofitS  34  parallela  redlic 
BK,  &  fit  feries  infinita  quantitatum  in  continua  ratione  bk  ad  K4,  cujus  primus 
terminus  eft  parallelogrammum  kqj  erit  primus  terminus  —  -i fecundi  ■+ -f  tertii 
—  i  quarti  +  *fc  in  infinitum  =  fpatio  hyperbolico  bj4k  ;  potent  hoc  confec- 
tarium  eodem  fere  modo  demonftrari  geometrice  ex  (ecunda  conclufione  hujus 
tertii,  quo  antecedens  ex  ejufdem  conclufione  priore  ;  utrumque  autem  ex  me- 
thodo  indivifibilium  Cavalleriana  nuUo  negotio  demonftratur ;  fed  quoniam 
magni  funt  momenti,  placuit  methodum  rigorofam  adhiberc, 

Conf  3.  Quod  fi  K4  =  kh,  &  fijerit  feries  infinita  quantitatum  in  continua 
ratione  bk  ad  K4.  =  kh,  cujus  primus  terminus  eft  bh  =  B4;  erit  exceffus  fpatii 
SBKH  fupra  fpatium  B34K  =  toti  fecundo  termino  -f  4  quarti  +  4.  fexti  +  4 
oiftavi  +  &c  in  infinitum :  nam  ex  primo  confeftario,  fpatium  sbkh  =  primo 
termino  +  4  fecundi  +  4  tertii  +  4  quarti  +  &c  in  infinitum  :  &  ex  fecundo 
confeiftario  fpatium  B34K  =  primo  termino  —  4  fecundi  +  4  tertii  —  4  quarti 
+  &c;  at  manifeftum  eft  horum  differentiam  —  tocj  fecundo  +  4  quarti  +  4 
fexti  +  4  odavi  +  &c ;  &  ideo  patet  propofitum. 

Conf.  4.  Eifdem  pofitis  qux  in  antecedente  confeftario,  manifeftum  eft  fpatium 
hyperbolicum  SH43  =  duplo  primi  temiini  +  4  tertii  +  4  quinti  +  4  feptimi 
+  fnoni  +  &c  in  infinitum. 


Sit  hyperbola  ciL,  cujus  vertex  e,  8c  afymptoix  ab,  ay;  in  qua  fijmantur 
duo  fpatia  hyperbolica  ad  libitum  hitr,  klyv,  contenta  a  curva  hyperbolica, 
uni  afymptota  8t  reiflis  alteri  afymptoix  parallelis ;  dividantur  re&x  rt,  vy, 
bifariam  in  s  &  x  punflis.  Dico  fpatium  hitr  effe  ad  fpatium  klyv,  ut 
^jn<_^       js^x^o       jj^x^o       «M<.o        j^^  j_^  i„fi„in„„  ad  ^-^^^-i^   + 

AS        '        3AS'  S'"*  7*"  ** 
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,  .       ,  ,    -  +  &c  in  infinitum.    Afymptotje  ab  fiat  reda 

parallela  £o  ;  mque  ut  as  ad  ar  ita  ao  =:  eo  ad  am  ;  &  ut  as  ad  at  ita  ao  ad 
AQj  fimiliier,  fit  ut  ax  ad  at  ita  ao  ad  an,  &  ao  ad  ap  ut  ax  ad  ay  ;  mani- 
feftum  eft  mo  =  oq_&  mo  =:  op.  Duftis  reftis  mc,  nd,  pf,  qg,  evidens  eft  (ex 
hyperbols  proprietatibus)  fpatium  CG(iM  elTe squalefpatioHixR  &  fpatium  dppm 
fpatio  KLYv  ;  at  patet  (ex  confeAario  4  amecedemis)  fpatium  cgom  efle  ad  fpa- 
tium  DFPH, 


7A0' 


+  &c,  quse  analpgia  eadem  eft  cum  propofita,  quod  dcmonftrandum  erat. 


Conf.    Hinc  manifeftum  eft  (ob  analogiam  inter  fpatia  hyperboHca         n     a 
&  logariihmos)  differentiam  inter  logarithmos  numerorum  a,  b,  efle     c  b 

ad  differentiam  inter  logarithmos  numerorum  d,  e,  (pofito  c  medio 
ariihmerico  inter  a>  b,  &  f  medio  arithmetico  inter  d,  e,  item  n  diffe-         o     d 

rentia  inter  c  &  a,  &  o  diflerentii  inter  F  &  d)  ut \ +  ~     ^  * 

'  o         o'         o»         o'  ^         c    ^  jc'  ^  sc' 

+  -^+&cad  —  +  — 3  +  -^+  ^  +  &c,  &  ideo  fi  ponatur  a  =  d  =  i , 
hinc  patet  methodus  inveniendi  logarithmum  quemcimque  ex  uno  date,  abfque 
ulla  hypetbolx  confideralione,  fed  calculO  plerumque  nimis  laboriofo.  Quod  fi 
ponaiur  a  =  999,  b  =  1001,  cum  dam  Ic^rithmis,  item  d,  e,  numen  dati 
majoresi  unitate  vel  parvo  aliquo  intervallo  differences,  nullo  negorio  invenietur 
differentia  logarithmorum.numeris  d,  e,  debitorum ;  hac  mechodo  non  diiEculter 
computatur  integra  logaritlunorum  tabula  ad  quotvis  notas. 

Facile  quoque  deducitur  (ex  3  confcd.  antecedentis  prop.)  differen-  a 

tiam  fecundun  logarichmonun  numerorum  in  ratione  arithmetica  g,  h,  r,  r  h 
efle  ad  differentiam  fecundam  logarithmorum  numerorum  in  ratione  arith-  i 

metica  Xf  Lj  M,  (pofito  p  differentia  inter  e,  B»  8e  o^differentia  inter  k,  1) 

ut4+  — ^+  — .  +  &cad4  +  ~  +  -4  +  &c,nondimmiliferi  ^ 

methodo  determinantur  differentia  logarithmorum  tertiaCj  quartae,  quintje,  « 

&  fie  deinceps ;  fed  non  eft  operse  pretium  illas  profequi :  primx  enim  differentite 
compofitiom  logarithmorum  abund^  fufiiciunt. 

A  N  A  L  O  G  I  A 
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PROP.      t.       THEOREMA. 

SIT  circuli  quadrans  tqz,  cujiis  pars  fit  arcus  qt  : 
fuper  arcu  qi  imaginetur  portio  fuperficiei  cylindrici 
reiiti  talis  natiira;,  ut  (fumpto  in  arcu  qi  quolibet  punfto 
o)  perpendicularis  ad  planum  TZQ_ex  punfto  o  ad  fum- 
mitatcm  portionis  fuperficiei  cylindrica  excitata  femper 
fiat  jequalrs  fecanti  arcus  oci.  Deinde  fit  mixtilineum 
AiYT(i_talis  natura,  ut  (dufta  in  eo  redta  xd  radio  qj* 
parailela  &  arcum  qiiadrantis  fecante  in  punfto  ad  li- 
bitum o)  refta  dx,  fecans  arcus  OQ^  &  radius  tq_  fint 
continpe  proportionales.  Dico  mixtilineum  ATTq^effe 
sequale  difta  portioni  fuperficiei  cylindrica :  fi  prse- 
di^se  figiine  non  funt  xquales,  fit  inter  illas  diiferentia  a, 
&  dividatur  refta  yt  in  tot  partes  lequales  k  redis  bx, 
Ev,  radio  qj  parallelis,  ut  (complctts  reftanguHs  ax, 
Dv,  GT,  ex,  rv,  At,)  differcruda  reftilineorum  abdeg 
HTY,  cdfgAqj-y,  fit  minor  qutai  a;  manifeftum  eft 
enim  hoc  fieri  pofle  ab  indefinita  divifidne  re<fte  yt. 
Ducatur  in  punao  o  refta  tangens  ofm,  fitque  in  redam 
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IV  perpendicularis  os  :  triangula  ops,  tmo,  rcftangula  ad  s  &  o  funt  fimilia  ob 
equalitatem  angulorum  pos,  otm  ;  nam  ab  angulis  sequalibus  nempe  reAis  pot, 
30X,  auferendo  eundem  angulum  sot,  relinqiuintur  anguli  Eeqiiales  pos,  xot, 
atque  ob  parailelas  ox,  qt,  angulus  xot  squalls  eft  angulo  otm,  &  ideo 
sequalis  funt  anguli  pos,  otm  ;  &  proinde  ut  os  ad  op,  ita  ot  ad  tm,  ut  autem 
OT  ad  TM  ita  TM  ad  xd,  &  igitur  reftangulum  os  in  xd.  nempe  reftangulum  dv, 
xquale  eft  roflangnlo  tm  in  op,  fed  reiftangulum  tm  in  op  majiis  eft  portione 
fuperficiei  cylindrica  reftae  infiftente  curva  on,  quoniam  (tm  exiftente  maxima 
ejufdem  portionis  altitudine)  refta  po  major  eft  quam  curva  no,  ut  patet  ex  prop. 
I.  Geomet.  part,  univerfalis;  &  proinde  redtangulum  dv  m^us  eft  quam  portio 
luperficiei  cylindricie  refta*  infiftens  curva  on  :  eodem  modo  demonftratur  gt 
majus  portione  ejufdem  fuperficiei  infiftente  curvEe  nq_&  ax  majus  portione  fuper 
curva  lo,  &  ideo  reftilineum  abi>echty  majus  eft  integra  propofita  portione 
fuperficiei  cylindricie  ;  idem  quoqiie  reftilineum  majus  eft  mixtilineo  aqjy. 
Tangens  in  punfto  n  ducatur  lnk,  I  parallelis  proximis  utrinque  termJnaca  in 
L,  K  ;  ex  prop.  i.  Geomet.  part,  univer.  patet  re-flam  ln  feu  nk  mlnorem  eiTe 
arcu  ON,  fed  (ut  haiftenus)  demonftratur  reftangulum  gt  vel  fv  squale  eiTe  reft- 
angulo  NK  vel  nl  in  xt  ;  atque  reftaogulum  nl  in  kt  minus  eft  portione  fu- 
perficiei cylindricsE  refta:  infiftente  curvie  on,  quoniam  (tk  exiftente  minima 
gufdem  portionis  altitudine)  refta  ln  minor  eft  curva  on:  &  proinde  leA- 
anguliun  fv  minus  etiam  eft  quim  pnedida  portio  :  eodem  modo  demon- 
ftratur reiftangulum  At  minus  elfe  portione  fuper  curva  nq_&  reiftangulum  ex 
minus  portione  fuper  curva  lo,  &  ideo  reftilineum  cdfgAqty  minus  eft  in- 
tegri  propofita  fuperficiei  cylindrica;  reftte  portione,  idem  quoque  reftilineum 
minus  eft  mixtilineo  aqty  :  ex  prs;diftis  ergo  manifeftum  eft  quatuor  cfle 
quantitates,  quarum  maxima  &  minima  funt  reftilinca  abdeghty,  cdfgXqjy, 
intermediae  autem  fuperficiei  cylindricx  portio  propofita  &  mixtilineum  aqjy  ; 
&  ideo  diiferentia  intermediarum  minor  eft  quam  differentia  maxims  &  minims, 
differentia  autem  maximae  &  minima:  ex  conftniftione  minor  eft  quam  »,  &  pro- 
inde differentia  intermediamm  nempe  fuperficiei  cylindricje  &  mixtilinei  Aqjif 
multo  minor  eft  quam  ot,  quod  eft  abfurdum,  ponitur  enim  «,  non  igitur  differunt 
mixtilineum  aqjy  &  propofita  fuperficiei  cylindricae  portio;  &  ideo lequalia funt,, 
quod  demonftrare  oportuit. 


prop.      It.       THEOREMA. 

Sit  circuli  quadrans  QT4L,  fitquc  mixtilineum  ahlqjw  talis  naturfe,  m  (dufta 
refta  ad  libitum  hn  radio  Lq_parallela  &  qiiadrantis  arcum  fecante  in  k)  refta 
UN  squalls  fit  fecanti  arcus  lk,  fitque  mixtilineum  ablc^ma  talis  naturs,  ut 
(produfta  arbitraril  nh  in  b)  refts  1.Q0  nh,  nb,  fmt  continue  proponionales  : 
deinde  fit  femihyperbola  ide  cujus  axis  ma,  vertex  i  &  afymptoton  mle  : 
ducatur  ad  libitum  radio  LQ.parallela  reftja  nb,  curvas  lkm,  lha,  lba,  fecans 
in  punftis  k,  h,  b;  &  per  punftum  h  ducatur  radio  M(t.refta  parallelanp  hy- 
perbols  ocairrens  in  punfto  d.  Dico  feftorem  hyperboiicum  imd  squalem  effc 
femiffi  figurs  bi-qn,  quae  figura  (ut  in  antccedente  demonftraium  eft)  squalls 

eft 
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eft  fuperficiei  cylindrica  conflatie  ex  omnibus  fecantibus  arcuum  infinitorum  oi. 
piano  LMQ_in  debiris  fuis  pundis  o  nonnaliter  infiftentibus.  Ex  Gregorii  ^  S. 
yincentio  doftrina  duftuum,  truncus  cylindrici  redti  fuper  figura  LH»Q_refeftus  ft 
piano  bafin  feminormaliter  fecante  in  rofta  q.m,  aequalis  ell  femitll  cylindrici 
reiti  cujiis  bafis  eft  figura  i,bn(i,&  alumdo  refta  lq_,  quoniam  L(i_femper  eft  ad 
NH  ut  NH  ad  WB  :  manifeftumautemeft  eundem  truncum oriri es  du£bu trianguU 
reftanguli  ifofcelis  tgm  in  figiiram  lhnq^  hoc  eft  ex  dudtu  trianguU  reftanguli 
ifofceliswiMinret^tangulumvLQN  &  ex  duifhitrapeztiTciMin  figuramHLV;  atque 
folidum  fadum  ex  dudu  trianguli  roftanguli  mim  in  redangulum  vtQji  xqualc 
eft  prifmati  cujus  altitudo  lq.  &  bafis  triangulum  iXm,  quod  iic  probo;  MG*^ 
Ml* ::  Ml*  :  KM*,  &  per  converfionem  rationis  mg*  :  mg*  —  mi*  =:  OD*  ::  Mi*  : 
MI*  —  kn'  =  NQ_*,  &  ideo  mg  :  gd  ::  mi  :  NQ^  ut  autetn  mo  ad  do,  ita  qua- 
libet  MP  =  PR  ad  dudam  ps  ipfi  gd  parallelam,  &  ideo  lit  pr  ad  ps  ita  mi  ad 
NQ_,  cumque  hoc  (emper  fiat,  manifeftum  eft  prifma  cujus  bafis  ^1M  &  altitudo 
im  wquale  effe  folido  ex  duftu  trianguli  mim  in  reftangulum  vniw  :  item  foli- 
dum fadlum  ex  duftu  trapezii  tgi  w  in  figuram  hlv  »quale  eft  cylindrico  cujus 
bafis  eft  figura  idA  &  altitudo  im,  quod  fie  probo ;  cm  :  gd  ::  mi  :  Qjr,  & 
per  converfionem  rationis  cm  :  df  ::  mi  :  gk  ;  ducatur  refta  ad  libitum  Y^ 
radio  MQ.paralleia  &  curvas  fecans  utin  figura,  entque  GU  :  df  ;:  xm  :  7^,  & 
ideo  xm  =  xY  :  7^ ::  mi  :  oh  =:  xz,  &  ideo  xy  x  xz  =:  mi  x  yf  i  ut  autem 
ante  demonftraium  eft  gm  efle  ad  dp  ut  Mt  ad  gh,  eodem  modo  nunc  demon- 
ftrari  poteft  xm  :r  xy  effe  ad  «|  ut  mi  ad  x9,  &  ideo  xy  x  x4  =  "i  x  <^, 
cumque  xy  x  xz  =  Mt  x  y^,  fi  ab  xqualibus  xqualta auferantur,  xy  x  z9  =: 
MI  X  (v/,  cumquehxcxquaUtasfempercontingatjinanifeftiimefttrapeziumTGiM 
du<5tum  in  figuram  hlv  efficere  folidum  jequale  cylindrico  cujus  bafis  lOX  &  alti- 
tudo IM ;  &;  proinde  totus  truncus  fuper  figtira  hl<U4  ortus  ex  duiftu  trianguli  tgm 
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in  eandem  figunun  hl  ojr  efl  aequalis  cylindrico  cujus  bafis  eft  {g&ot  hyperbolicus 
HID  &  altitudo  ui,  atque  idem  irunciis  aequalis  eft  dimidio  cylindrici  emus  balls 
eft  figura  BLQji  &  altitudo  eadem  im,  &  ideo  femiffis  cylindrici  fuper  ngura  bl 
QH  cum  aldtudine  iii  zqualis  eft  cylindiico  cujus  bafis  mid  Sc  altitudo  eadem  iw, 
eft  igitur  figura  bl(in  dupla  fcftoris  hyperbolici  hid,  quod  demooftiare  opoituic 

CON8ECTARIT7M< 

Hinc  fequitur,  quod  figura  bi.q^  femper  fit  dupla  logarithmi  difTerentia:  inter 
tangentem  &  fecantem  arcus  kl,  pofito  r^io  li  loco  unitatis,  quod  fie  probo. 
Ex  punftis  I,  D,  in  afymptoton  mk  demittantur  perpendiculares  i<r,  dtt  ;  ex  de- 
monftratis  in  Circ.  &  Hyperb.  Quad,  maaifeftutn  eft  fetEtorem  mid  efte  xqvalem, 
figura  iDffw,  item  figuram  idwu-  efle  logarithmum  refta:  dw  pofitS  it  unitate ; 
ut  auttm  i<r  ad  Dfr  ita  it,  radius  ad  SF  dtfiereociam  inter  tangentem  &  fecantem, 
Sc  ideo  pofita  il  unitate  erit  idem  feAor  mid  logarithmus  reOix  df,  nempe 
czceftus  quo  fecans  arcus  ki.  fuperat  ejufdem  tangentem. 


FROF.     III.      THEORSMA, 

Linea  Meridiana  FlamTphKrii  Nautid  e^  Scala  Logaritbmorum  EMcJiiumt  quibus 
Secantes  Lstitu^mim/uperant  earundtm  Tangemes,^^fo  Radio  Loco  Ukitatis,., 

Suppono  ex  fcriptoribus  nauticis  in  eorum  planifphxrio  arcum  lk  in  aequatorc 
efle  a^  eundem  lk  in  latitudine>  ut  re^ngulum  ex  LQ.in  kl  ad  poruonon  fti- 
perfidei  cyliadricx  conflate  ex  omnibus  fecaotibus  arcuum  infinitorum   oi, 
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piano  ui(i.in  debicis  fuis  pundis  o  iwrmaliter  infiAentzbus,  feu  figuram  bl  qn  ; 
demooftratum  autem  eft  in  antecedente  fe&orcm  iiyperbolicum  uto  iea  l(^a- 
rithmum  re&e  df  (poiita  qj.  unitate)  difiereodat  inter  tai^entem  8c  fecantem' 
arcus  KL  eflc  femiflem  figurst  SLctjr,  patet  quoque  feftorem  cicculawm  qjci, 
efle  femiflem  re6tanguli  lq.  in  kl  ;  &  ideo  lk  in  seqiiatDre  «{l  ad  lk  in  ladtu- 
dine  ut  feftor  qkl  ad  logariilimurn  cxceffus  quo  fecans  arcus  kl  fuperat  ejufdem. 
tangentem;  &  ideo  folidum  ex  lk  in  logarithmum  difti  excelTus  aequale  eft 
folido  ex  LK  in  laticudine  in  fe£torem  qj<l>  &  otrumque  fotidum  applicando 
ad  LK,  logarithmus  didi  excefllis  lequalis  eft  redangulo  ^x  lk  in  laticudine' 
— ;  eodem  modo  demonflratur  loigarithmum  exccfllis,  quo  fecans  arcus  cujuf-« 
cunque  ol  excedit  ejufdem  tangentem,  Kqualem  cffe  reftangulo  ex  ol  in  laticu- 
dine in  ~ ;  &  proinde  logarithmus  esceflua  quo  fecans  arcus  k  l  fuperat 
cjufiiem  tangentem,  efl  ad  reAangulum  ex  lk  io  lacitudine  in  — ,  ut  loguith- 
mus  exceflusquo  fecans  arcus  ol  fuperat  gufdem  tangentem  ad  reffcuigulum  ex  ol  in 
lacitudine  in  — ,  &  permutando,  &  utrumque  reftangulum  applicando  ad  — ; 
Ic^arithmus  exceflus  quo  fecans  arcns  kl  fuperat  gufdem  tangentem,  €&  ad 
Jogarithmum  exceflus  quo  fecans  arcus  ol  fuperat  fuam  tangentem,  ut  arcus 
XL  in  laticudine  ad  arcum  ol  in  lacitudine  ab  xquacore  planifphjerii  naudci  in 
tinea  rcAa  ccHnputacis ;  et  ideo  linea  meridiana  pianifplutrn  aautici  analogs  eft 
logaridimis  exceflbum,  quibus  fecaatcs  latitodinum  fupn^  fins  tongentes, 
quod  demonftrare  opoituit. 


SCHO&IVM. 

Ex  hoc  theoremate  evidcns  efl  methodus  defcribendi  incegram  merkUanam, 
etiam  ignota  arcus  dad  in  sequatore  menfura ;  quam  menfuram  ex  hujus  a  tali 
praxe  invenimus.  Sit  oj.  radius  loooooooooo,  dp  looooooooo,  &  proinde 
ex  noflra  Circl.  &  Hyper.  Quadratiira  prop.  3*  invenietur  feftor  hyperbolicus 
HID  1151292546497022812008,  qui  eandem  habet  rauonem  ad  fe&orem  qjcr 
quam  arcus  kl  in  laticudine  ad  eundem  in  xquatore,  &  dividendo  utrumque 
feftorem  per  Si,  -erk  ut  a 502 58 <;oo2004 1 0456^  ad  arcum  kl  ita  kl  in  laucu- 
dine  ad  eundem  in  nquatorej  qualis  autem  lie  arcus  kl  ica  invenimus,  ut  dp 
exceflus  fecancts  arcus  kl  fppra  ejufdem  tangmtem  ad  Xii.4a,^um,  iu  Lq^ad 
looooooooooo  fummam  fangentis  &  fecands  ejufdem  arcus  kl,  eric  ei^o  kc 
tangens  arcus  kl  49500000000,  cq,  qufdcm  fecans  50500000000,  &  M(^ 
gumem  finus  9801980198TVT)  ^  quibus  non  difficile  eric  invenire  ipfum  arcum 
ope  nc^ne  Quadr.  Circ  &  Hyp.  prop.  30,  vel  (fi  quis  rudiore  calculo  contentus 
Saenz)  i  tabula  linuum.  Ad  dacam  autem  arcOs  dati  in  squatore  menfuram, 
teeridianam  naucicam  confbuere,  praxis  eflec  hujus  inverfa,  qute  nullo  negodo 
ex  hac  colU^icur. 

Ex  praediAis  manifefli  patet  lineam  meridiaoam  planifphaerii  naudci  efle 

fcalam  tangendum  ardficialium  arcuum,  qui  funt  femifles  complementonun 
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l^hudinun^  po(ito  radio  loco  umcatis,  quoniatn  (uc  patet  ex  trigODometria) 
prediftse  diBerendx  funt  nedcm  cum  di&is  tai^emibm.  Si  autem  comple- 
pwntonim  fecantes  radio  infiftant,  erk  Bgura  ex  illis  c«nflata  nanpe  xBmitA 
ad  quadratum  radu  ut  quadrans  circumKremic  ad  radium,  ut  patet  ex  aoftrae- 
Geom.  pare  univerfali  prop.  zdi. 


V  R  0  p.     IV.      T  n  E  O  R  B  M  A. 

Sit  drcuU  quadrans  toa>  cujus  fit  pars  6u :  Tuper  artu  6w  imaginetur  fuper- 
ficies  cylindrid  re^i  talis  natiirx,  ut  (fumpto  in  arcu  6m  quolibet  puncto  o) 
pn'pendicularis  ad  plamim  tax  ex  punAo  o  ad  fummitatem  fuperBciei  cylin- 
dricsE  excitata  fcmper  fiat  aqualis  tangenti  arcus  oa.  Sit  hyperbola  cp<i.  cujus 
vertex  c  (nempe  fuppofic^  ac  paraltela  &  xquali  radio  xv)  &  afymptotx  xa, 
XT ;  ducaniur  xc&at  rurr,  267,  radio  vx  parallels  :  dico  fpatium  hyperboUcum 
itYj  zquale  efle  dl&x  fupemciei  cylindricx;  .fi  didtx  figurse  non  ^nt  xquales, 
&  inter  illas  differentia  a,  Sc  dividatur  rcda  7Y  in  toe  partes  zquales  i  planjs 


it&x  ft  perpenfficulanbus  tc  f^utium  hyperbolicum  in  reAis  e/,  gz,  fecandbus^ 
item  liiptrficMiB  cylindricam  m  diverfas  portiones  dividentibusi  ut  omnia  reft* 
angula  cyfindrica  fimul  bifce  portionibus  infcripta  differant  ab  omnibus  reSt- 
angufis  cytindridh  fimul  eilUem  circumfcriptis  mtnore  qttantkate  qulm  «,  hoe 
ennn  abCipie  dubio  fieri  poteft  ab  indefinita  divifione  re£ue  7T  ;  intetligo  auten^ 
rffSmgulum  cjltndncumportiom  jnfcriptiun  effe  fuperficiem  c^indricatn  re^tam 
C  A  ciyus 
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cuius  eadem  eft  bafis  cum  ponione  cui  infcribicur>  &  atticudb  ubique  eadem  cum 
ininiina  altitudtne  portionis,  icon  circumfcripcum  cui  eadem  etiam  efl  balls  cum 
portione,  8c  akicudo  eadem  cum  portionis  altitudine  maxima.  Compleantur  redl'> 
angida  zy,  By,  bz,  fz,  gy,  ny";  &  ducatur  in  punfto  k  tangens  lk^,  fitque  in 
jeftam  lz  perpendicularis  km.  Triangula  lkm,  k^x,  rcftangula  ad  k  &  m 
funt  limilia  ob  angulos xquales  k|x,  lkm  ;  ficideout  km  ad  kl,  ita  x^ad  x^,  & 
ideo  KL  X  k|  =  KM  X  x|,  atque  ye  eft  aequalis  reAa;  x|,"  quod  fie  iprobo ; 
XX  eil  ad  XK  vel  ac,  ut  XK'ad  x^,  fed  ob  hyperbdam  zy  ell  ad  ac  ut  ac  ad 
yE,  funt  ergo  xquaies  yE,  x^,  &  ideo  reftangulum  ex  kl  in  k^  squale  eft 
reftangulo  ex  km  in  Eynempe  ez,  acquere<Sangulumex  kl  in  K^majus  eftreft- 
angulo  cylindrico  infcripto  portioni  fuper  ko,  quamam  eandem  cum  illo  habens  al-. 
titudinem  nempe  %^  bafem  habet  majorem  (eft  enim  refta  kl  major  quam  curva 
kg)  &  ideo  reftangulum  ez  majus  eft  reftangulo  cylindrico  infcripto  portioni 
fuper  KG ;  codem  modo  probatur  refliangulum  gy  majus  cffe  redtjngulo  cylin- 
drico infcripto  ponioni  fuper  ou,  &refl:angiilum  2y  majus  efle  reftangulo  cylin- 
drico infcripto  portioni  fuper  6k  ;  &  proinde  reftilineum  72DEHGBY  majus. 
eft  omnibus  reftangulis  cylindricis  infcriptis  fimul  fumptis,  &  ideo  fparium  hy-  * 
perbolicum  2PY7  eifdem  redtangulis  cylindricis  multo  majus  eft.  In  pundo  o 
ducatur  tangens  30s ;  demonftxatur  ut  ante  redangulum  os  vel  01  in  03  xquale 
efle  reftangulo  gy  feu  fz,  atque  reftangulum  03  in  or  minus  eft  reftangulo  cy- 
lindrico circumfcripto  porrioni  fuper  ko,  quoniam  eandem  cum  illo  habens  alti- 
tudinenij  bafem  habet  minorem  (eft  enim  re^  01  inioQr  'quam  curva  ko)  & 
proinde  reftangulum  fz  minus  eft  redbingulo  cylindrico  cfrcumfcripto  portioni- 
wper  Ko;  codem  modo  probatur  reftangulum  hy  rhinus  efle  redanguk)  cylin- 
drico pCHtioni  fuper  ow  circumfcripto,  &  reftaflgultMn  ny  minus  efle  reftangulo- 
cylindrico  portioni  fuper  6k  circurnfcripto  ;  &  ideo  r^ilineum  7BEFGNpr 
minus  eft  omnibus. redangulis  cylindricis' circpmfcriptis  fimulfumptis;  &  ideo 
fpatium  hyperbolicum  ZPY7  eifdem  redltangulis  cylindricis  multo  minus  eft. 
Quatuor  igitur  funt  quantitates,  quorum ,  maxima  &:  minima  func  reftangula 
cylindrica  circumfcripta  fimul  fumpta,  &'  reftangula  cylindrica  infcripu  fimul 
fumpta,  intermedin  autem  fpatium  hyperbolicum  .2PY7,  &  fuperficies  cylin- 
drica fuper  curva  6u,  &  ideo  differentia  intermediarum  minor  eft  quam  diffe- 
rentia maximjB  &  minima;  ;  at  differentia  maximse  &  minima:  ex  conftrudione 
minor  eft  quam  »,  &  ideo  differentia  intermediarum  nempe  fpatii  hyperbolici. 
&  fuperficiei  cylindricjE  eft  muho  minor  quam  a,  quod  eft  abftirdum,  ponitur 
enim  a ;  non  igitur  differunt  quaiititttes  interraediie,  &  ideo  aequales  funt, 
quod  demonftrandum  erat.        ,  ^  ■ 

Quod  fi  fuperficies  cylindrica  producatur  ufque  ad  temiinum  qtiadrantis  a  : 
dico  adhuc  illam  efle  jequalem  fpatio  hyperboUco  correfpondenti  cpya;  fi  non 
funt  aequales,  lit  fuperficies  cylindrica  fuper  au  major  fpatio  hyperbolico  cpta, 
8c  abfcmdatur  piano  B67  reiftae  ax  normali  pprtio  fuperficJei  cylindrica,  ita  ut 
relifta  nempe  fuperficies  cylindrica  fuper  curva  6«  fit  aequalis  fpauo  hyperbolicD-  - 
CPYA,  atque  fuperficies  fuper  6«  sequalis  eft  fpatio  hyperbolico  zpy?,  ex  hac- 
tenus  demonftratis ;  fpatia  igitur  hyperboUca  cpya,  2py7,  funt  sqt^alia,  quod 
eft  abfurdum  ;  fuperficies  ergo  cylindrica' fuper  am  non  eft  n^er  fpatio  hyper- 
bolico CDYA  ;  fit  (fi  fieri  poteft)  minor  Sc  k  fpatio  hyperbolico  cpya  auferjurar, 
refta  27  ipfi  ca  parallela  fpatium  cz7Aj  ita  ut  relidum  3PY7  fiat  aequale  fupei*, 
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ficiei  cylindrici  fuper  aw,  atque  fpaiium  hyperbolicum  2PY7  aequale  eft  fuper- 
ficiei  cylindricas  fuper  6w  ;  &  ideo  fuperficies  cylindriae  fuper  6w  &  fuper  Aw' 
inter  I'c  funt  squales,  quotl  eft  abfurdum  j  &  ideo  fuperficies  cylindrica  fuper  Am 
non  eft  minor  fpatio  hyperbolico  cpya,  fed  (ut  ante  demooftratum  eft)  nee  eft 
major ;  reftat  igitur,^  ut  illl  fit  xqua^s^  quod  demonftrandum  erat. 


CONSECTAK^UM. 

Hinc  manifeftum  eft  fuperficiem  cylipdricam  ex  tangentium  ftimma  conflatam 
(y.  g.  ftiper  curva  Aw)'  effe  fecantem  artificialein  ejufdem  arcus  aw,  pofito  radio 
loco  unitatis ;  nam  (ut  demonftraiur  in  noftra  CircuH  &  Hyp.  Quadr.)  pofita  ca 
feu  radio  loco  unicatis,  erit  fpatium  hyperbolicum  acpy  logarithmus  redb:  yp 
fecantis  aircus  a«. 

P  R.  O  p.      v.       THEORBMA. 


Sit  circuit  quadrats  Qj 
quam  d«,  fuper  quo  i 
(fumpto  in  arcu  um  qi 
punifto  G  ad  fummitatei 
lecanti  arcus  cc.     Inn 


,  Sit  arcus  dm  minor 
rei5ti  talis  natune,  ut 
is  ad  planOm  (^w  ex 
ta  Temper  fiat  sequalis 
rpendiculares  dv,  mr. 


tfix  producantur  in  2  &  jS;  fiatquemixtilinetim  v2/3e  talis  natur*,  ut  (du£t4 
nB.k  qificunque  GT5  reflie.  dv  parallel^)  tangentes  arcuum  oc,  gw,  fimul, 
nempe  redU  ao,  lequales  fiht  reftse  t,^.  Dico  ijiixtillneum  v2/3r  aquale  eflc 
fupetficiei  cyiindriuE  fuper  curva  dm'  :  li  predidx  figure  non  0ut  squales,  fit 
'    '_  inter 
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inter  illas  dHlferentta  a,  &  dividatnr  it&a.  vr  in  tot  jparlfes  xqii^es  {iams  refta 
VK  perpendicuteribus,  &  mixtilirteum  V4j3r  in  refhs  t^,  s8,  fecantibus  &  fii- 
perficiem  cyltndricam  iif  divei^as  pbrdbnes  dividentifciuB,  ut  omnia  red^mgoU 
cylindrica  firmil,  hifce  portionibire  infcripti,  differant  ab  cminibOT  reftanguHs  cy- 
lindricis  fimul,  eiiHcm  circumfcriptis  minore  quantttate  qti^  a  ;  hoc  enim 
abfque  dubio  fieri  poteft  ab  indefinita  divifione  rc&st  vr.  '  Compleantiir  re&- 
angula  V4.,  V5,  T7.  tS^  S9,  s0,  &  ducatur  in  punAo  o  tangens  aoo,  fitque  in 
re<ftam  ls  perpendicularis  gk.'  Triangula  igk,  oA<t_,  funt  mnilia,  &  ideo  ut  gk 
vel  VT  ad  gi  vel  ge,  ita  c^a  ad  ao  leu  T5,  Sc  proinde  ixdangulum  vt  in  T5 
nempe  V^  xtjnate  eft  reAar^uto  eg  in  aq^,  atque  re^tangulum  eg  in  a(i.  minus 
eft  reftangtdo  cylindrico  circumfcripto  portion!  fuper  gd»  quoniam  eandcm  cunt 
iUo  habensf  altitudinem  nempe  a<^  bafem  babet  minorem  i  &  ideo  reftangulum 
vj  minos  eft  reftangUlo  cylindrico  circumfcripto  portioni  fuper  gd  ;  eodem 
modo  demonftratur  re^angulum  t8  minus  efle  reatangulo  cylindrico  circum* 
fcripto  poiuoni  f\iper  gi,  &  refVangulum  S|S  minus  effe  reftangulo  cylindrico 
circumfcripto  portioni  fuper  lm  ;  &  ideo  reftiliheunj  V3368yjSR  minus  eft  om- 
nibus reAangviUs  cylindricls  circumfcriptis  (imuj  furaptis,  &  igitur  mixtiiineum 
vajSR  eifdein  reftangulis  cyliiidricis  multo  minus  eft,  Ob  funiUa  trianguiauFH, 
BPQ.;  DHvefvTeftad  df  ut.sq^ad  Bpvelvz,  Sc  ideo  reftanguhim  V4  lequale 
eft  reftangulo  df  in  b(u  at  redangulbm  df  in  EO^majus  eft  re3angulo  cylin- 
drico portioni  fupef  dg  infcripto,  quoniam  eandem  cum  illo  liabens  altitudinem 
»<l_,  baitm  habet  majortih ;  &  ideo  re<aangulum  V4  majus  eft  teftanguto  cylin- 
drico iafcripto  portioni  (uper  do  ;  eodem  modo  probana:  reftangulum  tj  majus 
efle  reftangulo  cylindrico  infcripto  portioni  fuper  gl,  &  reftangulum  S9  majus 
effe  reftangulo  cylindrico  infcripto  porjioni  fuper  j-m,  &  ideo  refltilineum 
v24j;78^r  majus  eft  omnibus  reflangulis  cyllfcdricis  infcriptis  fimuj  fumptis  ;  eft 
ergo  mixtiiineum  v2)3r  ofdem  re£tangulis  cylindricis  muUo  majus.  Quatuor 
igitur  funt  quantitates,  quarum  maxima  $c  minimi  funt  «:e£bingula  cylindrica 
cu'cumfcripta  iimulf  &  re^hinsula  cylindf.if;ainfcrip~'U'&nur;  intermedjae  autem 
mixtiiineum  vt/3r  &  fuperficies  cylindrica  fuper  curva  dm,  &  ideo  differentia 
maxinue  &  minimx  eft  major  differentia  intermediarunj,  differentia  autem 
maxims  &  mintnue  ex  conftnidione  di  minor  quam  »,  &  ideo  differentia  in- 
tennediarum  eft  muteo  minor  quam  »,  qiv>d  eft  alnurdum,  pooitur  enim  tt ;  noo 
igitur  diffcmnt  quantities  inwmediz  ^  ideo  sequales  funt.  quod,  Uc.  Quod 
ft  arcus  DM  fumeretur  verfus  (S,  adhuc  ftaret  prop,  demonftnoio  autem  effet  paulo 
dtver£t,  qu£  tamen  nullp  negotio  ex  priore  coUizerenu:^  Si  p>^£tum  m  in  ipfo 
c  caderet,  verum  ettam  effet  tbtertmat  fed  negative  per  duas  pofitioney  demons 
ftranduiti,  ficut  in  fine  aatecedenjis. 

Sit  mixtiiineum  vxzr  talis  naturae,  ut  (dufta  re£ta  quacuoque  gtt  rtSa&  dx 
parallela)  reda  tt  femper  xqualis  fiat  tangend  go  ;  maniMlumeft  (ex  Geom^ 
part,  univer.  prop.  4.)  mixtiiineum  vxzr  aujuale  effe  fuperficiei  trunci  cylindrid 
teBd  refeAae  i.  piano  ba&m  feminormaliter  fecante  in  reda  pq^  atque  (ex  Gcom* 
part,  univerf.  prop.  3.)  evidens  eft  eandem  trunci  fuperficiem  seqimem  effe  reft- 
angulo m{  in  CQ^,  &  ideo  mixtiiineum  vxzr  eidem  redangulo  eft  equale. 
Ex  praediftis  evidens  eft"  mixtilitieuiii  XT^i  talis  cSk  saturs  ut  T5  femper  fir 
sequalis  tangend  ga  ;  &  proinde  mixtiiineum  xi0z  oni  cum  portione  quA- 
drantis  dvrm  Squale  6ft  fpatio  canchgjidaU  n^jftb  ft  ^e&is  dv,  mh,  Cujus  oon-  ■ 

chOJdis 


y  Google 


INTER   LINEAU   MEKIDIANAM,   &C;  I5 

choidis  vertex  eft  c,  norma  pu^  polus  jr,  cq.  =  ojr :  ex  hac  prop.  &  hujm  j 
evidens  eft  fequens  confeftarium  fpatio  concho'idali  quadrando  fans  expeditum.    ^ 

CONSECTARIffM. 

Si  m  priedifta  conchoide  accipiatur  fpatium  contentum  i  curva  conchoidali  8c 
reftis  CT,  t6  ;  erit  prediftuin  fpatium  equale  duplo  fpatii  hyperbolici  (cujus 
afymptotx  <ui.  Iff,  femiixis  as)  contentii  curva  liyperbolica  una  afympcoti  & 
leais  (»c,  <1A  —  OA,  alteri  afymptota:  parallelis,  una  cum  femifegmento  ciicu- 
lari  COT  dempto  reftangulo  of  in  (St.  Aliarum  conchoideon  ipatia  (nempe 
(mjpA)  vert«  A  polus  nm  afqujUtcr  diftant  i  jjpnnali)  poflijnt  rafpfotari  pcf 
Ansd^iadi  i  «Hi«i»o  ii>  Epitt.  Com.  pag.  171  demonftlitam. 
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PROP.     VI.      T  H  B  O  R  E  M  A. 

Sit  ciflbis  KLMXujiis  afymptoton  gj(» 
femicirculus  vvk,  Diaiiictro  -gic  <it  n6r- 
malis  piL,  &  jungantur  re&x  dk,  gl  ; 
dico  fpatium  ciflbidale  gkl  triplum  effe 
fcgmaiu  circtilaris  onk.  Ducaiur  curva 
KCB  talis  natune,  ut  (du£tft  ad  libitum  ^ 
pundo  G  rcfta  gda  quic  tangenti  occurrat 
in  a)  cdi  pcrpendicularis  reftE  gk,  fiat 
sequalis  refbe  ka.  ReAa  »f  ^ctaiarcu- 
lum  tangat  in  pun£to  d,  8c  ideo  aequales 
funt  reft*  fd,  fk  ;  cumque  angulus  kda 
fit  rectus,  patet  pa,  fp,  efle  xquates  ; 
cumque  ci  femper  fie  iequalis  duplx  ipfius 
DF,  manifdhim  eft  (ex  Geom.  part,  umver.  prop.  4)  mixtilineum  cki  effe 
duplum  fuperficiei  trunci  cylindrici  refti  fuper  curva  dhk  refeftse  k  piano  bafem 
feminonnaliter  fecante  in  reda  ka;  atque  eadem  fuperficies  trunci  sequaliseft 
rcdangulo  ex  curva  dnk  in  radium  kh  ablate  redangulo  ex  di  in  hk  (ut  fatis 
patet  verfacis  in  fuperficierum  Audio)  hoc  .eft  duplo  fegmcmi  circubris  phk  ;  eft 
^tur  mixtilineum  cxi  quadruplum  fegmenti  circularis  duk-  Uc  di  ad  ik  ita 
eft  IK  vd  DE  ad  £a  vel  cp,  &  prpinde  ^quales  funt  redic  cp,  ii.,  c&nque  hoc 
femper  fiatj  patet  fpativim  ciBToidale  ikl  squale  cfle  mixtilineo  dnkc,  &  idem 
utiinque  addendo  nempe  femifegmcntum  circulare  dikk,  mixtilioeum  cki,  feu 
quadruplum  fegmenti  circularis  dnk,  xquale  eft  mixulmeo  DVKt,  &  utrinque 
aufercndo  fegmentum  circulare  dkk  ;  triplum  fegmonti  circularis  ntrx  squate 
eft  niixtilineo  pokl,  feu  (ob  sequalitatem  triangukHjUEp  dki,  gil)  ipfi  fpatio 
ciffoidali  propofito  gkl,  quod  demonftrandum  erftt. 

Hie  fupponitur  arcus  dnk  quadrante  minor,  quod  fi  quadrante  eflet  au^t 
nuUo  negotio  variari  poteft  demonftratio  ut  illi  interviat :  at  kkd  exift«nte  fmii- 
circumferentil,  multo  facilior  cfiet  demonftratio,  nempe  qudd  fpatium  ciflbidale 
infinite  extenfum  sequetur  femicirculi  triplo. 

METHODUS 
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cOmponendi 


Tabulas  Tangentium  &  Secantium  ArtificiaHum 

EX 

Tabulis   Tangentium    &  Secantium    Naturallum 
•  EXACTISSIME  ET  MINIMO  CUM  LABORE- 


SI T  Ai  tfcus  quadrantis  in  lineam  rcAam 
extetrfiis>  litque^gura  AHi  conflata  ex 
tangentibiis  naturalibus  iingulorum  arcuum 
h  punfto  A,  in  debitis  fuis  pun£tis,  re£tis  ai 
normaliter  infiftentibus:  lit  ap  pars  minima, 
in  cui  tequales  dividitur  quadrans>  nempe 
■TV  vel  -rhr  gTftdus,  fintque  iHi  squales  ro, 
ON,  HM,  &c,  &  ducantur  reft*  ai  perpen- 
diculares  pb,  oc,  np,  me,  &c,  manifemim 
eft  «c  confeOario  4  hujus,  figiiram  abp  efie 
fecancem  artificialem  srcus  ap  item  figuratn 

Aco  ciTe  fecantem  aitificialetn  arcus  ao  (politft  cy^hrfli  loco  radii  artificialis), 
&c,  maoifefhun  eft  re^ngula  bo,  ch,  pm,  6cc,  inTeniri  ex  midtiplicatione 
minimic  partii  quadrantis  ap  in  fineulas  tanzcntes  naturales ;  at  in  menfurandis 
figuris  abp,  bcx,  cdv,  paulft  major  eft  difHcdtas ;  primo  igicur  fi  tangemes 
conveniant  in  dtfferentiis  primisj  non  differunt  Hnete  ab^  bc,  cd,  6cc,  \  reais,  Sc 
ideo  flgune  abp>  flcx^  cdv,  &c,  erunt  tiianguU  reftangula,  &  prolnde,  e.  g* 
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- :  (juod  fi  differentia:  fecundae  fuerint  sequales,  erunt  didz  fi- 


gure portiones  trilineorum  quadrat icorum,  e.  g.  erit.GHQ_  portio  trilinci  quadra- 
tic!, ciajus  axi  H^^cft  paralkla,  differentia:  ilUe  inter  fe  xquales  fine  z ;  &  pro- 
inde crit  ghq,=:  ~ — 23-_  5JL23^  fi autcm  differentijc  tcrtiie fticrint  aequalcs, 
erunt  didtK  figura;   portiones  tiilineorum  cubicorum,   eritque  e.  g.  ghq^  = 

2i S-  _  ^q  (_2= — t — £3:  _  i Ji:^  :   quando  differentiae  quartae  fuot 

xquales,  erunt  difix  figure  portiones  trilineorum  (li^uadraticorum,  S:  diffe- 
rentia quartx  erunt  aquales  24'"p'"  ttquadrati  ipfius  GQ,divifo  per  cubum  Uteris 
refti,  item  quando  differentise  quintie  funt  aequales,  erunt  dift*  figurse  portiones 
tnlineorum  rurfblidorum,  &  diflerentix  quints  erunt  xquales  izop*"  furfolidi 
ipfius  Gq^diviTo  per  Ocquadratum  Uteris  re^i,  &  fic  in  infinitum.  Quze  hie 
diximus  de  compofitione-  fecantium  artificialium  ex  tangentibus  naturalibus 
eodem  modo  intelligi  velim  de  compofitione  cangenuum  artificialium  ez  fe- 
cantibus  natiiralibus  fecundum  hujus  teitiam.  Animadvertendum  tangentes  & 
fecantes  artificiales  fupr^computari,  pofito  o  logarithmo  unltatis,  looooooocoooo  - 
radio,  &  2302585092994045624017870  logarithmo  denarii:  facilius  autem  (ni- 
mirum  foUl  addltione)  pofito  ^  grad.  =  g<%_=  Kt  =  i,  computabimus  tan- 
gentes &  fecantes  artificiales  ad  7915704467897819  denarii  logarithmum ;  nam 
fcac  mione  iS=iLS-=  ch«.=  ^  item  ii£^_  l^=  oho.  =  ^  - 

—  -^)  :  &  tandem  unici  foU  divifione  invcnimus  taogentes  fit  fecantes  artifi- 
ciales ad  logarithmum  denarii  1 000000000000000,  pofito  Temper  radio  unitatis 
loco,  qua!  funt  differentiae  tangentium  &  fecantium  artificialium  in  ubuU  ab 
ipfo  radio  artificial!;  &  proinde  diviforis  mulciplices,  ad  &cilitandam  opera- 
donem,  in  tabella  fubfidiaria  hie  reponimus.  Quod  fi  -rw  gtad.  =  gq_,  tan- 
gentes &  fecantes  artificiales  debentur  logarithmo  denarii  13192840779829703, 
oujus  cdam  multiplices  in  ful^eAa  tabeUa  notantur.  Quod,  fi  quis  velit  hos 
numeros  potius  repnefentare  radium  artificialem  quam  denarii  logaritlimum, 
addatuE  cyi^ra  &  habebit  iittentumu  Notandum  hos  numeros  conventre  radio 
naturali  1 000000000000,  hinc  enim  j}atebit  nutnerus  notanim  in  adfcriptis 
anificialibm. 


Vol.  H. 
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I 

2 

7915704467897819 
15831408935795638 

13192840779829703 
26385681559659406 
39578522339489109 
J277i3*3i'93'88i2 
,65964203899148515 
79157044678978218 
92349885458807921 
105542726238637624 
118735567018467327 

3 

23747"3403693457 

4- 

31662817871591276 

5 
6 

7 

T 

39578512339489095 

47494126807386914 
55409931175284733 

63325«35743'82552 

9 

7 1 241 3402 11080371 

Ex  Efiflola  D.  Jacobi  Gregorii  ad  D.  Collins,   15  Fei,  Jmw  tfijf  Jatar  tuJMs- 
baietur  Autt^apbon^ 

EX  quo  epiflolam  ad  le  dedi,  cres  a  te  accept  unam  Dec.  1 5^  alteram  Dec. 
24,  tertiam  z  i  Januarii  niiper  elapli  datam. 
Qood  attinet  Newtoni  ra«fK>dura  univerfalem,  allqua  ex  parte,  ut  opmw,. 
niihi  innotefcit,  tam  quoad  geometricas  quam  mechanicas  curvasi    Nihilo  tamen 
minus  ob  feries  ad  me  miflas  gratUs  babeo*  quas  ut  remunerem  mieco-  qax  k~ 
quuntur. 
Sit  radius.  =:  r,  arcus  =  J,  tangens  ==  /,  fecans  =  s, 

Et  erit  a  z 
sit  nunc  tangens  artifidalis  z:  I,  tx  fecans  anificialis  =  x,  &  integer  qviad'rajis' 


=  !. 


s&c 


Sit  2«  _,  =  ,,&  erit  /=<  +  ^  +  4.  +  -ill,  +  jnt.  &c; 

'  ^  6»»  ^  24»*  ^  5«40r*  ^  715761.* 

Sit  nunc  fecans  artifieialis  45  gr.  =  j,  litque  J  +  /  fecans  artificialis  ad  li^ 
kimm,  erit  ejus  arcuj  =  if  +  ;  -  i!  +  1?  _  2?  +  Ue  _  «i2  &c, 
Eritaue  2»-{  =  /_i!.  +  JL_  -liil  +  -£221  &c. 

^  '  dr'  ^  Hr"        pi/ir'  ^  72s;6i«        ' 

■     Hie 
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Hie  animadTertcndum  eft  radium  atificialcm  effe  o ;  &  ubi  inveneris  j 
aftajofieth ^<jaam na^  live -artifiaalnn fecantem  24  gr.  majniffm  ■r^rff-t4*ta -fnttr^ 
mutanda  efle  figna,  8c  pei^endum  fecundum  vulgaris  algebne  pnecepta. 

Sit  ellipGs  cujus  alter  femiaxiuin  =  r,  alter  =  f ;  ex  quoUbet  curva  ellipticse 
punfto  demittatur  in  femiaxeni  r  re^  perpendicularis  =  a :  erit  curva  eUiptica 
perpendicuM  .  adjacens  =  .  +  '^  +  t^A'  +  O^-'*;;-]-'^'"'  + 
64c'rV  -  48f*>V-,+  aiK*?^**  -  5'-'**  -  , 

Si  determinetur  ellipfeos  fpecies,  feries  ha;c  fitnplicior  evadet.     Ut  fi  c  =  ar, 

foret  curva  pKcdifta  =  <i  -f-  -^  +  -i^  +    ''^''*     +     "'^_,  &c. 

^  ^96^        "48r*        «87S»'^        7S49747*'* 

Reliquis  vero  manentibus,  fi  curva  pnedifta  euet  hyperbola,  predifta  quoque 
feries  ei  inferviret ;  fi  modo  omnium  terminorum  partes  affirmentur,  &  negentur 
cptt^  tern^Bus  tertius^  totus  quintus,  fepcimus,  &c,  in  locis  imparibus.  - 


Mp_OF_EXTRA^ JS  ^aciM  G_REpOtLY> 


OTHEli 


igitizcdbyVjOOQlC 


OTHER 

E       X       T       R       A       C       TS 

FROM 

COLLINS'S  COMMERCIUM  EPISTOLICUM; 

RELATING    TO 

LOGARITHMS. 


I.  yA  Extras  fi-em  A^.  IJsac  Newtm's  Ftrfi  EpifiU  to  Mr.  HtHty  OldenBurgb-^ 
Secretary  to  the  Royal  Society  of  Lntdm  ;  with  a  Dire^ion  to  cemmiaticate  the 
Contexts  of  it  to  Mr.  Godfrey  H^illiam  Leibnitz ;  dated  on  the  i  ^tb  Dtrf  of  Juntf 
in  the  Tear  i6y6,from  Cambridge^  where  Mr.  Newton  (who  was  afterwards  Sir 
^aat  Newton^  Knight)  was  at  that  Time  Profejfor  of  the  Matbematickt  ti^ox 
J>r.  Lucas's  Foundation  :  coMlatMing  a  Di/covery  relating  to  Logarithms- 

JJR^TEREA,  fi  fit  CE  hyperbola,  cujus 
afymptoti  ad,  ap,  reftura  angulum  fad  con- 
tuant;  &  ad  ad  erigantur  uccuD(jue  perpendi- 
cuU  Bc,  DE  occurentia  hyperbolae  in  c  &  e :  & 
ABdicatur«,  bc^,  &  area  scEDa:;  erit  bd  =: 


"  13i  "'"  6^  **"  i4«»**  ■ 


r  +  &C.   Ubi 


coefficiencium  denominatores  prodcunt  multipU- 
caado  terminos  hujus  arithmetics  prc^reffionis, 
i>  3»  3»  4)  Sf  ^^t  i*^  ^^  condnuo.  Et  hinc  ex 
l<^anthmo  dato  poteft  numerus  ei  compaens  iaveniri. 
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2,  Alt  Extra ff  from  an  EfifiU  of  3*'.  Godfrey  William  LeiMtz  to  Mr.  Henry 
Oi^burgby  Secretary  of  tie  Rcyal  Society  of  London  ;  with  a  DtreSion  to  lem- 
mumeate  the  Contents  of  it  to  Mr,  IJaac  Newton  -,  dated  the  27  tb  Da^  of  Auguft, 
in  the  Tear  1676 ;  containing  a  Pajfage  relating  to  Logarithms. 

OMNIUM  ver6  poOibilium  circuli,  &  fe£toris  conici 
centrum  habentis  cujuHibet,  per  feries  infinitas  quadra- 
turaninii  fimpUciffiniain  banc  efle  dicere  aufitn  quam  nunc 
rubjicu). 

Sit  QjiF  fcftor,  duabus  reftis  in  centre  (i,  concurrentibus  & 
curvi  conici  af,  od  Teiticem  a  five  axis  extrcmum  perve- 
nientej  comprehenfiis.  Tangenti  verticis  at  occurrat  tangens 
FT.  IplWn:  at  vocemus  /;  &  re£tangu]um  Tub  femi-latere 
refto  in  femi-latua  trairfvcrfum  fit  unitas.  Erit  feAor  hyperbols, 
vel  ellipfeos,  per  femi-latus  traDfverfum  divifus,  =  —  d=  —  ^  —  =fc 
Signo  ambiguo  ±  valente  +  in  hyperb(^,  —  in  circulo  vel  ellipfi. 

pofito  quadrate  circumfcript«  i,  erit  circulus  —  —  —  +  — 1.   &c. 

expreffio,  jam  triennio  abhinc  &  uliri  i  me  communicata.  amicis,  baud 
wnnium  pofiibilium  fimpiiciffima  eft  maximeque  afficiens  mentem.. 

Unde  duco  harmonium  fequentem  *  ; 

T    +   T   +  TT   +  -IT    +   TT    +    TT   +  tV   +"  VTT    +   -bV   + 


■  Ubi  -f  +  -jV  +  tV  &c,  cxprimit  aream  oirculi' 
ABCD,  &  T  +  Vt  +  tJo-  ^c,  aream  hyperbolse 
squilaterje  bcef,.  cum  fit  bc  dupla  ipfius  ef,  & 
quadratiim  infcriptum  =  J.  Numeri  3,  8,  15, 
24,  &c,  funt  quadrali  unitate  minuti. 

Vifficim,  -(-ex  frriebus  regrcfluum  pro  hyperbola 
hanc  invcni.  Si  fit  nunjcrus  aliquis  unitate  minor 
1.  —  m,  ejufque  logarithmus  hyperbolicus  /.  EriL 
— -— —  &c.   Si 


{jnde, 
Que 
dubie 


^^3 


numerus  fit  tuajor  unitate,  ut  i  +  »;  tunc  pro  eo 

inveniendo  mihi  etiani  ^  prodJit  regula,.  quie  in  NeietOtti  EpiftolS  cxpreffa  eft; 

•  Vide  Afta  Lipfica  Fih.  ibSt. 

f  N.  B.  Methodum  perTcniendJ  ad  hii  feries  Ltihiiiut  it  ^mumm  jam  roodo  accepcrai,  kU]ue  cjc 
IpGut  ro^tu.  Imo  feriei  ipfas  k  A'<~:t>''i'(*  una  cum  niethodo  perveniendi  ad  eafdem  jam  modo  ac- 
oeperat,  &  pro  hyperbola  fignum  taiitum  mutavU  ;  pro  circulo  fioum  verfuni  i  NtwtMf  acceptuu 
fuMuxit  ii  sa^o,  ut  haheret  fioum  complemcDti. 

fcilicet. 
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fcilicet,  crit  n  =  L+JL.  +  _£_  +  j3j^4^  &c.     Prior  tamen  ceU- 
riiis  appropinquat.    Ideoque  efficio  ut  ea  poflini  uu,  edam  cum.  major  eft  onitate 
numerus  i  +  n.     Nam  idem  eft  logarithtnus  pro  i  +  «  &  pro  — i— .  '  Unde,  li 
I  +  »  fit  major  unirate,  erit  ■——  minor  uiiitate.      Fiat  ergo  i  —  »  =      ^ 
ac  inventa  «,  habebitur  8e  i  +  »  numerus  qujcfitus.  -    ,    '^ 


3.  Jn  Ex/raff  from  Mr.  J/om  Ntwton's  Sttond  Epifile  U  Mr,  l&Hfy  Old^n^t^gb, 
Secretary  of  the  Royal  Soeiety  of  Londm  -,  vtUk  <*  DireSlion  to  commi^nitate  thf  Cf p- 
tents  of  it  to  Mr.  Godfrey  ^TiUiam  Leibnitz ;  4»'*«^  i^  a4'i'  D^  ofOa'oberf  iii 
the  Tear  1676;  caataining feme  Dj/coveriet  relative  to  Zj^aritbm. 

EO  tempore  peftis  in^Tiens  (jff-^  contigit  amis  1665,  j666),  coegit  me  hinc 
fligere,  &  alia  coptare.    Addidi  tamcn  fubinde  coadijviram  quattdam  lo. 
garithmorum  ex  area  hyperbolic,  quam  hie  fubjungo. 

Sit  ^FD  hyperbola,  cujus  centrum  c,  vertex 
F,  &  quadratum  interjcAum  cape  =  i.  In  ac 
cape  AB,  Ah  hinc  inde  =:  -^  feu  0.1  :  £t,  ereflis 
perpendicuUs  bd,  id  ad  hyperbolara  terminatis, 
erit  femi-fumma  fpadorum  ad  &  ai/  =:  o.  i  4- 
&c,    &   femi-diffe- 


o.ooi        0.00001        0.0000001 
1~  5  7 


rcnua=—  +  -i__  +  — -— + 
&c.    Quje  reduftse  fie  fe  habentj 
p.ioooooooooooo 

3333333333 
20000000 

141^57 

nil 

9 


i% 


0.00000001 


o- 10033534773 »o 


'  0.00;J0000000006 
Z50000000 

1666666 

I2JOO 


0.0050251679167 


Horum  liimma  0.1053605156577  eft  Ad;  &  differentia  0.0953101^98043  eft 
AD.  Et  eadem  rarione  pofitis  ab.  Ah  hinc  inde  =  0.2,  obtiQebinu  a5  = 
0.2231435513142,  &  AD  =;  0.182321^567939.  Habitis  fie  logarithmis  hy- 
perbolicis  numerorum  quttuor  decimaliiun  o.8>  0.9,  i.i^  &  1.2;  aim  fit 
i:i  X  —  =  2 ;  &  0.8  &  0.9,  fint  mioores  unitate :   adde  logarithmos  eorum 

0.8  0.9  '  ="  ■   t  V 

ad  duplum  logarithmi  1.2,  &  babebis  0.6931471805597  loganthmum  hyper- 
1  bolicum 
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boBcutn  numeri  a.     Cujus  triplo  adds  log.  0.8  (fiqiiidem  fit = —  r:  10)  & 

habebJs  2.3025850929933  logarkhmum  numeri  10 :  Indeque  per  additionem 
fimiil  prodeunt  logacithmi  nuracrorum.  9  &  1 1  :  adeoque  omnium  primortira 
horum  2,  3,  5,  1 1  logarithm!  in  promptu  funt.  Infuper,  ex  fola  depreffione  nu- 
merorum  fuperioris  compuci  per  loca  decimalia  &  additione,  obtinentur  logarithmi 
decimaliumo.98,  0.99,  1.01,  i.'o2;  uE  &  horum  0.998,  0.999,  i-poi,  1.002. 
£1  iade  per  additionem  &  fulxluftionem  prodeunt  logarithmi  primorum  7,  13, 
1 7>  37j  &c.  Qui  una  cum  fuperioribus,  per  logarithmum  numeri  10  divifi,  eva- 
dunt  veri  lo^nmmi  in  tabulam  inferendi.    Sed  hos  pdlea  propius  obtinui. 

Pudet  dicere  ad  quot  figurarum  loca  has  computationes,  otiofus  eo  tempore, 
produxi.  Nam  tunc  fane  nimis  deledabar  invends  hifce.  Sed  ubi  prodiit  in- 
eeniola  ilia  *  Ntcolai  Mercatoris  Loganthmotectmia  (quern  {uppono  fua  primum 
invenifTe),  ccepi  ea  minus  curare;  fufpicatus,  vel  eum  nofle  excraAionem  radicum 
xque  ac  divilioaem  fi-a£tionum  ;  vel  alios  faltcm,  divifione  pate&&a,  inventuros 
reliqiu,  prius  quam  ego  xtatis  cflem  matune  ad  fcribendum. 

Eo  ip(o  tamem  tempore  quo  liber  Ule  prodiit,  communicatum  eft  per  amicum 
X>,Barrow  (tunc  Mathefeos  Profeflbrem  Cantab.S  cum  D.  CoUinio,  +  compendium 
quoddam  mechodi  harum  rerierutn  ;  in  quo  fignificaveram  areas  &  longitiidines 
curvarum  omnium,  &  folidorum  fuperficies  &  contenta,  ex  datis  redlis ;  &  vice 
TCrfa,  ex  his  datis  re6;as  determinari  pofle- :  &  methodum  ibl  indicatum  illuQro;- 
yeram  diverfis  feriebus. 

Suborta  deinde  inter  nos  epiftolari  confiietudine;  D.  Celiinias^  vir  in-  I'em  ma- 
diematicam  promovendam  natus,  non  deftitit  fuggerere  ut  haec  publici  juris 
facerem.  Et  ante  annos  quinque  (1671)  cum  madentibus  amicis  confilium 
eepcram  edendi  traftatum  de  Refrailione  Lucis,  &  Coloribus,  quern  tunc  in 
promptu  habebam  ;  ccepi  de  his  feriebus  xtcrQin  gogitare;  8t  J  traftatum  de  lis 
etiam  confcripfi,  ui  utrumque  fimul  edereth. 

Sed,  ex  occafione  telefcapii  catadioptrici,  epiftolSad  te  mifla  qua  brevjter 
cxpHcui  conceptus  meos  de  natnra  lucis,  Inopinatum  quiddam  cfFecit  ut  mei 
interefle  fenrirem  adte  feftinanter  fcribere  de  impreflione  iftius  epiftols.  Ec 
(ubortse  ftatim  per  diverfonirh  epiftolas  (objedtionibus  aliifque  refertas)  crebrte 
interpellationes  me  prorfus  a  conlilio  deterrueruntj  &  effecerunt  ut  me  arguerem 
imprudentiie,  quod  umbram  captando,  eatcnus  perdideram  quieiem  meam,  rem 
prorfus  fubftantialem. 

*  Matbematici  prinres  invenerunt  hoc  iheorema,  quoil  fummu  termhterum  fr»grc^onii  geemtirka: 
im  iiffinitum  fitrgrati'j  tfi  aJ  Itrmiwram  primimtiif  maximum,  tit  bic  terminus  ad diffcrentiaai  duaram  tet' 
vtintTMrnprim^Tuiii^  'fy&a  demonftrarur  arithmetice  mullipUcando  estrema  he  media.  Demonltravit 
ifaliifiui  divi(]endoTKWiguIuin.fub  mcdiis  per  cxtremmn  uiiiraum.  Vide  ffaltiJSi  opus  arithme- 
ticum  anoo  1657  editumr  capr33  §  68,  Per  tVaUi^i  divifionem  Mtrcattr  demonltravit  3c  aijxit 
quadraiuram  hyperbole  ^  D.  Brcunktr  prius  inventam.  £t  Grrgarim  idem  demonAravir  geome- 
irice.  Sed  horum  nemo  methodum  gencralem  quadramii  curvai  per  divifionem  invenit.  Mcrrater 
hoc  nunquam  profcfltis  eft.  OrigBrius  ejufm^i  methodum,  licet  vir  acutiffimuK  &  literii  Ctllinii 
admonitui,  viz  taadem  invehit.  Nnvtavtii  invenit  per  taterpolationem  ferierum,  3c  pofiea  diTi- 
fionibu*  8c  extra^onibus  radicum,  ut  notioribui,  ufus^iL 

f  Analyfin  intelligit  per  xquationei  infinitai. 

t  Uujut  traftiitus  meminit  D.  Celliiu  in  epiftolit  duabui' imprellis,  pag,  loi,  I0i|  Commerc. 
Epiffldl.    £t  Newinmi  in  epift.  imprefla,  p.  305  ibid. 

Sub 
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Sub  eo  rempore  Jaohus  Gre^orius,  ex  unica  qiiadam  ferie  ?  meis,  quam  D- 
CeUimus  ad  eum  tranliniferar,  poll  multam  conliderationem  (ut  ad  Collinium 
relcripiit)  pencnit  ad  candem  mechodum,  &  traiftatom  de  ea  reliquit  queni 
f  peramiis  ab  amicis  ejus  editiim  iri.  Siquidem,  pro  ingemo  quo  poUebat,  non 
pocitit  non  adjicere  de  fuo  nova  multa,  quae  rei  maihematicae  interell  ut  non 
pereaiiC. 

Ipfe  aiitcm  tcaflatum  mciim  non  penitus  abfbtveram,  ubi  deftiti  i  propofito; 
neqiie  in  hunc  diem  mens  rediit  ad  reliqua  adjicicnda.  Deerat  quippe  pars  ea 
qua  decreveram  explicare  naodum  folveodi  probiemata,  quse  ad  quadraiuras  re- 
duci  Jiequeunt ;  licet  aliquid  de  fundamentU  qus  pofuiflem.  Csterum  in  trac- 
tatu  ifto,  leries  infinite  non  magnam  partem  obtinebant. 

Neque  majori  labore  eruitur  area  totius  circuli  ex  fegmcnto  cujus  f^itta  eft 
quadrans  diametri.  Ejus  computi  fpedmen,  fiquidem  ad  mamis  eft,  vifum  fuit 
apponere ;  &  una  adjungere  aream  hyperbole  qua:  eodem  calculo  prodit. 

•Pofiio  axexranfveifo  ;r  i,  &  finu  verfo  feu  legmenti  fagitta  =:  *;  crit  femi- 

fcgmentum  J^^jj        J   =  x"^  in  5^  *  =t  y  -  ^  =!=  ^  &c.    H^c  autcm  feries 

fic  in  infinitum  producltur,  fit  z**  ~  a,  —  =  ^,  —  —  r,   3|i  =  </,   'q-  =:  e,  ^ 

=  /,  &c.     Et  erit  femi^egmentum  ^  JP^.     *j  _^=t  —  --=t 

&  femi-differentia  - 

$ 

:quadFantein  nempe 

axis;  &  prodit  a  ,(==  t)  5=  o.af  ;  *  (=^~  X  ~^)  =  o.ojtij  :  f  (=  —  = 
;!^)  =  0.00.9531^5;  •'(=  f  =  °-'°'l"''<)  =  o.ooo244>4o6=J.*  Et 
fic  pFocedo  ufque  djun  vcnexo  ad  tenninum  depreffifEmum,  c}ui  potcft  inzredi 
opus.  Deindc  bos  tcrminoE  per  3,  5,  7,  9,  11,  Sec,  refpeftive  divifos  dilpoao 
in  duas  ubulas ;  ambiguos  fura  piimo  in  unam;  &  negativos  ia  aliam;  &  addo 
,tv  hie  vides. 


:  —  &c.    Eorumque  femj-fumma  —  ^ —  —  -i  —  &c, 
—  +  —  +  &c.    His  ita  praparatis,  fuppono  *  =  -J, 
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Tunc  k  priori  furnma  aufcro  pofteiiorem,  &  reftat.  0.0893284166257043  area 
femi-fegmenti  hyperbolic].  Addo  etiam  eaa  fummas,  Sc  aggregatum  aufero  4 
priiuo  termino  duplicato  0.1666666666666666,  &  reftat  0.0767731061630473 
area  femi-fegtnenti  circularis.  Huic  addo  triangulum  iftud  quo  completur  in 
fedorem,  hoc  eft  t'*\/3,  feu  0.0541265877365274,  &  habeo  foftorem  60 
graduum,  0.130899693899^747,  cujus  fextuplum  0.7853981633974482  eft 
area  tocius  circuli :  qua;  divifa  per  ^  five  quadrantem  diametri,  dat  totam  pe- 
ripheriam  3.1415926535897928.  Si  alias  artes  adhibuiflem,  potui  per  eundem 
numerum  terminorum  feriei  perveniffe  ad  muko  plura  loca  figurarum,  puta  vi- 
^nti  quinque  aut  amplius:  fed  animus  fiiic  hie  oftendere,  quid  per  fimplex 
foiei  computum  pneftari  poflet.  Quod  fane  baud  difficile  eft,  cum  in  omni 
opere  mukiplicatores  ac  diviforcs  magna  ex  parte  non  majores  quam  11,  8c 
nunquam  majores  quam  41  adhibere  opus  lit. 

Neque  bbfervafle  videtur  [clariQimus  Leibnitius'^ 
morem  meum  gcneralitcr  ufurpartdi  Uteras  pro  quan- 
ticatibus  cum'  iignis  fuis  +  &  *-  affe&is,  dum  dividit 

hancferiem-J-  +^2  +  gib  +  ;^+  ^'^  ^am 
cum  area  hyperbotica  be*  hie  (ignificata  per  2,  lit 
affinnativa  vel  n^ativa,  pcout  jaceat  ex  una  vcl  al- 
tera parte .ordinatim  applicatx  bc;  0  areaitlain  nu- 
meris  dam  lit  ^  &  /  fubftituatuE  in  ferie  pro  z,  orie- 

tur  Tel  -r  4 — n  +  z— it  H rn  &c,  vel  — r  + 

h     '    zaU         boat*         a^a'i*        '  *     * 

— r.  —  T~T,  +  — 4n  &c :  prout  /  fit  affirmativa  vel  negativa.  Hoc  eft  pofito 
a  :=  I  =  b,  ic  /logarithmo  hyperboUco;  mimerus  ei  correfpondens  erit  i  + 

—  H —  -T-  +  —  &c,  fi  /  fit  affirrriativus  j  &i  — h  —  —  t  -i-  — 

&c,  fi  /  fit  negativus.  Hoc  modo  fugio  muhipUcationem  theoremacum,  qua 
alias  in  nimiam  molem  crefcerent.  Nam  v.  g.  illud  unicum  theorema,  qiiod 
fupra  pofui  pro  quadratura  curvarum,  refolvendum  efl!et  in  32  theoremata,  fi  pro 
fignorum  vaiiecate  mukipiicaretur. 

Pneterea,  qua  habet  vir  clariflimus  de  inventione  numeri  unitate  majoris  per 
dsuum  logarithmum  hyperbolicum,  ope  ferid  -  — y 

+  &C,  potius  quam  ope  feriei  ^  +  ~7  +  ixixs  '*'  m^    x  4 

dum  pcrcipio.     Nam  fi  units  terminus  adjlciatur  amplius  ad  fcnem  [ 

quam  ad  priorem,  pofterior  magis  appropinquabit.   Et  certe  minor  eft  labor  com- 

putare  unam  vel  duas  primas  figuras  adjefti  hujus  cermini,  quam  dividere  unitatem 

per  numerum  prodeuncem  ex  logarithmo  hyperboUco  ad  multa  figurarum  loca 

extenfiim,  uc  inde  habeacur  numerus  quxfitua  unitate  major.     Utraque  igitur 

feries  (fi  duas  dicere  fas  fit)  officio fuo  fiingatur.    Potcft  tamen  —  +  ^     ^^    + 


1x3x3x4 

4.  &c,  non- 

rriorem 


X3X5X4XS 
Vol.  II. 


&c,  feries,  ex  dimidia  parte  terminorum  conftans,  optime  adhiberi ; 
£  fiquidem 
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fiquidem  hssc  dabk  femi-differentiam  duonim  numCTorum,  ex  qua  et  reftaagulo 

dato  uterque  datur.     Sic  &  ex  ferie  i  +  -| &c,  datur  femi- 

fumma  numeromnij  indeque  etiani  numeri.    Unde  prodit  relatio  ferierum  inter 
fe,  qua  ez  unl  dati  dabitur  altera. 

Conftrufljonem  logarithmorum  non  aliunde  pcu  dcbere  credetis  forte,  ex  hoc 
fimplici  proceffu  qui  ab  iftis  pcndct.  Per  methodum  fupra  tradham  quserantur 
logarithmi  hyperbolici  numerorum  lO,  0.98,  0.99,  i.oi,  1.02  :  id  quod  fit 
fpatio  unius  Sc  alterius  bone.  Dein  divilis  logarithmis  quatuor  pofteriorum  per 
togarichnium  numeri  10,  &  addito  indice  2,  prodibunt  verl  logarithmi  nume- 
rorum 89,  99,  100,  loi,  102,  in  tabulam  referendi.  Hi  per  dena  inrervalla 
incerpolandi  funt,  ^  exibum  logarithmi  omnium  numerorum  inter  9S0  &  1020 .' 
&  omnibus  inter  980  &  1000  iterum  per  dena  intervalla  interpolatis>  habd^itur 
tabula  eatenus  conllruifta.  Tunc  ex  his  coUigendi  eruot  logarithmi  omoium 
primorum  numerorum  &  eorum  multiplicium,  minorum  quam  100:  ad  quod 
nihil  requiritur  pneter  additionem  &  fubtradionem.     Siquidem  fit  ^^^S-1 — L. 

—         ^ /8  X  9963  _        ^**  _  -       ^9^  _  _     99  .^  '°°*  —  'o*  — . 

~     *   ■^     984      ~~  ^»    3  "~  ■*'   ^  T  ~  '*  "9"  ~       *  7x11  ~     *'  "6*  "■      '  * 

_2!l_=iQ.  4«6__„    J^=ig,  22f  =  ,i,  2«_-7  '2!+  =  4.    98?  _ 

4x  13         '*   i6x  37         ■"  J  X  17  ^'    3»        ^   '    2?        •"*    24  »3 

43,222  =  4,,  jall-z:  53,  .Wi_=„,^  =  6.,  5!«  =67.251=7.. 
i2:L  =  „,  iii«  =75,  2L'=83,  is"!- =„g,  m=^7.    Et.haliu.fc 

8x1^        '/*  7  X  18        ''*     la  ■3*  7  X  16       '  *  6x  17         ^' 

Ic^ritbmis  omnium  numerorum  minonun  quam  100,  reftat  tantum  hos  etiam 

femel  atque  iterum  per  dena  intervalla  interpolare. 
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TWELFTH     CHAPTER 


DR.  WALLIS'S  TREATISE  OF  ALGEBRA. 


Of  Logarithms  :    Their  Tnvmtim  and  XJfe. 

THE  other  improvement  which  I  mentioned  (as  added  to  the  algorifme  of 
the  Arabs  fioce  we  borrowed  ic  from  them),  is  that  of  Logarithms ;  an 
improvement  of  our  own  ^e  and  nation. . 

This  was  firft  of  all  invented  (without  any  example  of  any  before  him,  that  I 
know  of)  by  John  Neper,  Baron  of  Merchifton  in  Scotland ;  and  by  him  firft 
publiihed  at  Edmburgh,  in  the  year  1614 :  and  foon  after  by  himfelf  (with  the 
affiftance  of  Henry  Brigges,  Proreflbr  of  Geometry,  firft  at  London,  in  Gretham 
College,  and  aftcrwanfcat  Oxford)  reduced  to  a  better  form,  and  perfefted. 

The  invention  was  greo^ly  embraced  (and  defervedly)  by  learned  men. 

Mr.  Brigges,  upon  the  firft  publication  of  it,  was  fo  pleafed  with  it,  that  he 
prefently  repaired  mto  Scotland,  to  confult  the  author,  advife  with  him,  and  be 
affiftant  to  him  kt  the  perfefting  of  it,  and  i|i  calculating  tables  for  it ;  which 
was  a  work  of  great  labour,  as  well  as  fubtile  invention. 

And  it  was  embraced  and  promoted  abroad  by  Benjamin  Urfinus,  John 
Kepler,  Adrian  XJlack,  Fetrus  Crugerus,  and  others. 

And  at  home  by  Hemy  Gellebraod,  who  perfected  the  Trigonometria  Bri- 
tannica,  which  Mr.  Brigges  began,  but  died  before  it  was  perfeded. 

So  that,  in  a  fhort  time,  it  became  generally  known,  and  greedily  etpbraced  in 
all  parts,  as  of  unfpeakable  advantage ;  efpecially  for  ea£  and  expedition  in 
trigonometrical  calculations. 

E  2  The 
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The  foundation  of  it  is  this : 
'  If  to.  a  rank  of  continual  proportionals  in  a  geometrical  progr^on  from  i; 
fuppofe 

1.  3.  4.  8.  16.  32.  64.  8cc. 

We  accommodate  a  rank,  of  exponents  in  an  arithmetical  progrdfion,  from  o : 
fuppofe 

o.  1.  a.  3.  4.  5.  6.  &c. 

It  is  manifeft,  that  for  every  multiplication  or  divifion  of,  thofe  terms  one  by 
another,  there  is  an  anfwerable  addition  or  fubdu&ion  of  the  exponents. 

For  as  (in  the  terms)  4  multiplied  by  8  makes  32,  fo  (in  the  exponents)  if  to 
ft  we  add  $,  it  makes  5  ;  and  as  32  divided  by  8,  gives  4  :  fo  if  &om  j  we  fub- 
duft  3,  there  remains  2  :  and  fo  every  where. 

Terms.  j,  s.  4.  8.  16.  32.  64. 

Exponents,   o.  i.  2.  3.    4.    5.    6. 

4  X  8  =  32.  ¥    =  4- 

2  +  3  =    5.        s-3  =  2. 

(Kot  much  unlike  to  what  we  before  Ihewed  out  of  Archimedes's  Arenarius, 
concerning  his  «>  j3,  y,  i,  &tc,  in  continual  progreffion  geometrical  from  i,  at- 
tended by  a  feiies  m  exponents  in  arithmeciad  progremon;  the  foundation  of 
that  and  this  being  all  one. ) 

And  the  iime  holds,  if  between  any  two  of  tbok  terms,  interpofe  one  or  more 
means  proportional ;  and  between  their  exponents,  as  many  arithmeucal  means. 

As  if  between  4  and  8  (or  between  2  and  16)  we  interpofe  a  mean  propor-^ 
rional  v/32,  that  is  4^/2  ;  and  between  z  wd  3  (or  i,and  4)  an  arithmerical 
mean,  24;  then  as  4v/2  by  8  makes  32%/*  (a  mean  proportional  between 
33  aiid  64)  :  fo  adding  thar  exponents  ai  and  3,  makes  54-,  an  arithmetical 
mean  between  5  and  6 ;  and  fo  every  where. 

And  univerfiilly,  (whatever  be  the  values  of  r,  t.)  fuppofing 

The  terms,  i.  r.  rr.  rrr.  r*.  r».  r**  Sec. 
Exponents,  o.  /.  le.    3^.  4/.  ^e.  6e.  &c. 
Then,  as    rr  x  r*  =  f*,  and  rrt/r  x  rrr  =  r*y/r; 
So  zt+  3e=  se,  and  li*  +  3'         =  54** 

And  fo  every  where. 

And  confequently  whatever  term  we  interpofe  between  any  <^  thofe  continual 
proponionals ;  if  we  alfo  interpofe  between  their  exponents,  a  like  arithmetical 
mean,  as  that  is  a  proportional  mean  (as  if  that  be  the  firft  or  fecond  of  two 
means  proportional,  this  accordingly  is  the  firft  or  fecond  of  two  means  arith- 
metical; if  that  the  fecond  of  five  means  proportional,  this  the  fecond  of  as 
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many  arlthmedca]  means,  &c)  then  to  every  addition  or  fubduAion  of  thefe 
one  with  another,  will  aniVer  a  like  multiplication  or  divifion  of  ihofe. 

And  if  for  o,  *,  le,  3?,  &c,  (taking  *  =  i)  we  put  o,  1,2,  3,  &c,  then  doth 
this  exponent  always  give  us  the  number  of  rations  or  dimcnfians  in  the  term  to 
which  it  belongs. 

I,  r.  rr,  r*.  r*.  r*.  r*.  &c. 
o.  I.   4.    3.  4.   5.  6.  &c. 

(as  3  in  H,  6  in  r',  and  fo  every  where)  or  fhews  how  many  fold  f^uam  mulH- 
plicata)  the  proportion  (for  inftance)  of  r*  to  i  is  of  »■  to  i ,  That  is,  how  many 
rations  or  proportions  of  r  to  i  are  compounded  in  r*  to  1 ,  to  wit  6  ;  to  which 
the  name  Lx^arithmus  fitly  -anfwers,  that  is  ^d'/ov  dpSfue,  the  number  or  propor* 
tions  fo  compounded. 

Now  this  foundation  being  laid,  their  delign  in  the  logarithms  is  thi»: 
Having  fele^ed  (as  mod  convenient)  a  rank  of  continual  proportionals,  in  Jt 
decuple  progreffion ;  to  wit, 

I.  10.  loo.  1000.  loooo.  lOOOOO.  loooooo,  &c. 

they  fit  hereunto  (as  their  exponents)  in  arithmetical  progreffion, 

o.    I.     2.       3.        4.  5.  6.        8cc. 

(And  confequently  the  logarithm  of  any  fractions  lefs  than  i  is  to  be  a  negative 
number.)  And  then  for  each  of  the  numbers  interpofed  between  i  and  10, 
between  10  and  100,  and  fo  of  the  reft  (as  2,  3,  4,  &c,  ii,  12,  13,  &c) ; 
they  feek  out  (between  o  and  i ,  between  i  and  2,  &c)  an  exponent  (to  be 
exprelTed  in  decimal  parts),  which  is  fuch  a  mean  arithmetical  as  the  other 
is  a  mean  proportion^. 

And  thefe  exponents  they  call  logarithms,  which  are  artificial  numbers,  fo 
anfwering  to  the  natural  numbers,  as  that  the  addition  and  fubduftion  of  thefe 
anfwers  to  the  multiplication  and  diviHon  of  the  natural  numbers. 

By  this  means  (the  tables  being  once  made)  the  work  of  multiplication 
and  divifion  is  performed  by  addition  and  fubduftion ;  and  confequently  that 
of  fquaring  and  cubing,  by  duplation  and  triplation,  and  that  of  extraifting  the 
fquare  and  cubick  root,  by  bifeftion  and  trife^tion;  and  the  like  in  higher 
powers. 

Of  thefe  Ic^arithms  we  have  printed  tables,  for  alt  numbers  a^  far  as  one 
hundred  thou^tl,  fo  that  if  any  two  numbers  (not  exceeding  100,000)  be 
propofed  to  be  multiplied  or  divided  one  by  the  other,  the  logarithms  of  thofe 
numbers  (to  be'  found  in  thofe  printed  tables)  being  accordingly  added  or 
fubdufted,  will  give  the  logarithm  of  that  natural  number  (to  be  found  by 
thofe  tables),  which  is  the  product  or  quotient  of  fuch  multiplication  or  divifion. 
And  the  double  or  treble  of  fuch  logarithm,  is  the  logarithm  of  its  fquare  or 
cube.  And  the  half  or  third  part  of  it,  is  the  logarithm  of  its  quadratick  or 
cubick  root ;  and  the  like  of  highor  powers,  which,  in  large  numbers,  is 
matter  of  great  expedition. 

And 
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And  (becaufe  a  muti  end  of  this  defiga  wis  to  facilitate  aftraiiotnical  and 
other  trigonomecrical  calculatioDs)  befide  thofe  logarithms  for  numbers  in  daetr 
natural  order,  we  have  alfo  cables  of  artificial  or  logarithmical  fines,  tangents, 
and  fecants ;  the  addition  and  fubdu&ion  of  which  anfwers  to  die  multiplicaioa 
and  divifion  of  the  natural  fines,  tangents,  and  fecants  :  which  is  a  rery  com- 
pendious advantage  for  expediting  lucli  ailcalations,  and  is  not  lefs  accurate 
'  than  the  operation  by  tables  of  natural  fines,  tangents,  and  fecants. 

Thus  in  a  plain  triangle  ;  fuppofing  the  angles 
given,  A  60  degrees,  b  50  dtgrees  (and  conife- 
quently  c  70  degrees),  and  the  fide  ab  31323 
paces :  for  finding  the  fides  ac,  or  bc,  we  have 
this  proportion : 

As  the  fine  (^c,  70  degrees,  9396926 

To  the  fine  of  B,  50  degrees,  7660444 

So  is  the  fide  ab,  31323     paces. 

To  the  fide  ac.  25535— paces. 

For  finding  which,  we  are  to  multiply  7660444.  by  3T323,  and  then  divide 
by  9396926  ;  which  gives  for  the  fide  ac  (almoft)  25535  P^^* 

And,  as  the  fine  of  c,  70  degrees,  9396926 

To  the  fine  of  a,  60  d^rees,  8660254 

So  is  the  fide  ab,  31323    paces. 

To  the  fide  bc.  288674-  paces. 

For  finding  which,  we  are  to  multiply  8660254  by  313*3,  and  divide  by 
9396926,  which  gives  for  the  fide  BC,  288674  paces,  fro*imi» 

Now  (to  prevent  thefe  tedious'  multiplications  and  divlfions)  by  l<^arithm^ 
wc  proceed  thus : 

Log.  iine  c,  70  d^rees,  —  9>9729S58 

Log.  fine  B,  50  de^ees,  -|-  9.8842540 

Log.  AB,  num.  31323,  +  4.4958633 

Log.  AC,  num.  2J535,  +  4-4071315 

where  fubdufting  the  firft  logarithm  from  the  fum  of  the  fecood  and  third, 
gives  the  fourth,  which  (the  tables  tell  us)  anfwers  to  the  number  ASSSSf/"^^ 
So  many  paces  therefore  is  the  fide  ac. 

Again,  Log.  fine  c,  70  degrees,  —  9.9729858 

Log.  fine  A,  60  degrees,  +  9.9375306 

Log.  AB,  num.  31323  +  4.495^633 

Log.  BC,  num.  288674.  .  +  4.4604081 
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Wiere  fubduAing  the  firft  logarithm  from  the  fum  of  the  fecond  and  third, 
gives  the  fourth;  which  (the  table  tells  us)  anfwers  to  the  number  288674, 
proximi.  So  many  paces  therefore  is  the  fide  bc  ;  which  operations  are  much 
more  expeditious  than  multiplying  and  dividing  fuch  large  numbers. 

And  in  like  manna-,  in  fpherical  triangles,  fave  that  there  all  the  logarithms 
arc  to  be  taken  out  of  the  tables  of  fines,  tangents,  and  fecants ;  which  in  this 
example  are  taken  partly  from  thence,  partly  from  the  table  of  numbers ;  but 
die  expedition  is  alike  in  both. 

This  was  firft  publiftied  by  the  Lord  Neper  (the  firft  inventor  of  it),  in  the 
year  1614,  under  the  tide  of  Mirificus  Logarithmonim  Canon,  with  its  defcription 
and  ufe ;  but  referring  the  manner  of  conftruftion,  and  its  dcmonftration,  to 
he  after  publilhed ;  this  being  but  an  effay  fet  forth  to  fee  the  judgment  of 
learned  men  concerning  this  defign,  and  how  it  was  like  to  be  received. 

In  this  we  have  a  canon  or  table  of  natural  and  logarithmical  fines  for  each 
degree  and  minute  of  the  quadrant. 

And  whereas  it  was  at  his  choice  to  give  to  what  number  he  pleafed  the 
logarithm  o,  and  whether  to  proceed  by  way  of  increafe  or  decreafe,  he  chofe 
to  make  o  the  logarithm  of  the  whole  fine  1 0000000,  that  fo  the  multiplication 
or  divifion  by  the  whole  fine  (frequent  in  trigonometrical  calculation)  might 
be  difpatched  without  trouble,  requiring  here  but  the  addition  or  fubduftion 
of  o. 

And  becaufe  the  ufe  of  leffer  fines  and  numbers,  lefs  than  the  radius  or  whole 
fine,  were  likely  to  be  of  more  frequent  ufe  than  of  tangents,  fecants,  and 
other  oupibers  greater  than  the  radius,  he  chofe  to  give  to  thofe  leffer  numbers 
affirmative  logarithms  (increafing  the  logarithms  from  o,  as  the  fines  decreafe), 
which  he  calls  abundantts :  and  confequently  negative  logarithms  (which  he 
calk  defeBivts)  to  greater  numbers.    Defignrng  thofe  by  +,  thefe  by  — . 

And,  by  this  means,  he  direfts  how  this  table  of  fines  (with  the  differences 
there  iiJcrted)  may  ferve  alfo  for  a  table  of  tangents  and  of  fecants :  fo  that  this 
canon  is  a  complete  canon  of  natural  fines,  and  of  logarithmical  fines,  tangents, 
and  fecants. 

He  0iews  alfo  how  this  table  may  be  applied  to  the  logarithms  of  abfolute 
numbers  :  but  becaufe  with  fome  trouble,  he  referves  the  fiJler  account  hereof 
to  a  &nher  treatife. 

In  the  year  1619,  the  Lord  Neper  being  then  dead,  the  fame  was  again 
publiflicd  by  his  ion,  Robert  Neper,  with  fome  pofihumous  treatifes  of  his  father, 
concerning  the  conftruftion  of  this  Logarithmical  Canon,  and  concerning  his 
defign  (after  communication  had  with  Mr.  Brigges)  of  changing  the  form  of 
logarithms,  making  o  to  be  the  logarithm  of  i  (of  which  he  had  before  given 
notice  in  the  prdace  to  his  Rahdvlogia,  publiftied  in  the  year  161 7),  and  con- 
cerning fome  things  pertaining  to  trigonometry ;  with  fijme  lucubrations  of 
Mr.  Brigges  on  the  fame  fubjeft. 

But,  the  Lord  Neper  being  dead,  the  whole  work  was  devolved  on  Mr. 
Bribes,  who  (according  to  iheir  joint  advice)  making  the  logarithm  of  i  to  be 
c,  and  of  10,  100,  1000,  &c,  to  be  i,  2,  3,  &c,  which  he  calls  indices,  or 
tbara^erifiics,  and  which  we  may  repute  as  integer  numbers,  with  fourteen 
ciphers  annexed,  which  we  may  repute  as  fo  many  places  of  decimal  fraftions 
7  below 
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below  the  place  of  units,  or  of  the  charafteriftick :  and  between  thefe  he  fits 
the  intermediate  logarithms  for  the  intermediate  numbers. 

And  confequently  the  logarithm  of  i  being  o,  the  logarithm  of  fraAions 
lefs  than  i ,  or  of  numbers  intermediate  between  i  and  o,  mull  be  negative 
numberS)  or  numbers  lefs  than  o  (which  he  calls  defeftive  logarithms),  denoted 
by  —  (the  note  of  negation)  prefixed. 

Now  thefe  defeftjve  logarithms  may  be  two  ways  expreffed;  either  fo  as 
that  the  note  of  negation  (hall  afled:  the  whole  logarithm,  or  fo  as  to  afioffc 
only  the  charaifteriflick  (leaving  the  reft  of  the  logarithm  to  be  underftood  as 
afGrmative). 

As,  for  example,  the  fraftion  4-»  or  (which  is  equivalent)  0.375.  "^^^ 
fraftion  fuppofeth  the  numerator  3  to  be  divided 

by  the  denominator  S,  which  in  logarithms  is  to        Log.  3.        0.4771212 
be  performed  by  fubtrafting  the  logarithm  of  8        Log.  8.        0.9030899 
from  that  of  3,  and  the  remainder  will  be  the  loga-         tJogTl.    —  0.4250687 
rithm  of  4,  which  will  then  be  the  negative  num- 
ber, —0.4259687. 

Or  thus;  for  as  much  as  the  logarithm  of  375  (fuppoling  it  to  be  an  integer 
number)  is  2.5740312.  And  the  depreffing  this  to  the  fiift,  fecond,  or  third, 
or  iurther  place  of  decimal  fraiftion,  doth  (without  altering  the  figures)  divide 
the  value  by  1  o,  100,  1000,  &c;  which  in  l(^arithms  is  done  by  fubtra£ting 
1,2,  3,  &c,  from  the  charafteriftick  or  place  of 
integers  ( i,  2,  3,  &c^  in  that  place,  being  the  lo- 
garithms of  10,  100,  1000,  &c).  Such  alter- 
ation of  the  value  (the  figures  remaining)  is 
done  by  altering  the  charaAeriftick  of  the  loga- 
rithm, without  varying  the  other  figures  in  this 
manner. 

Which  two  forms,  though  they  feem  different, 
and  fome  may  rather  choofe  the  one,  fome  the 
other;  or  in  fome  cafes  the  one,  in  fome  cafes  the  other; 
fubAance  or  value  the  fame.    For 

—  1. 0000000 
+  0.574031a  + 


L6g. 

37JO 

3S7403" 

Log. 

37S 

1.5740JII 

Log. 

3715 

■  57403 n 

Log. 

3!7S 

0.5740311 

W. 

°|375 

i-S74°3"» 

Log. 

0I0375 

1.5740311 

LC  Other;  ya 

they  arc  ia 

is  =  —  0.4259687 

And  every  one  is  left  to  his  liberty,  whether  of  the  two  ways  (or  what  other 
equivalent  thereunto)  he  (hall  pleafe  to  ufe. 

In  this  method  Mr.  Brigges  hath  calculated  a  table  of  logarithms  (publiflied  in 
the  year  1624)  for  twenty  chiliads  of  abfolute  numbers  (from  1  to  20,000);  and 
again  for  10  more  (fi-oni  90,000  to  100,000),  and  one  chiliad  fupernumerary 
(to  wit,  the  hundred  and  firft  chiliad),  that  is  31  chiliads  in  aU. 

Before  which  is  prefixed,  a  large  account  of  the  nature  and  conftruAion 
of  this  Logarithmical  Canon,  and  the  ufes  thereof;  and  direAion  how  to  fupply 
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ihe  intermediate  chiliads  which  are  here  wanting.    The  whole  intituled  Ariib~ 
metica  LogaritbmUa. 

The  fame  is  again  publifhed  in  the  year  1628,  by  Adrian  Vlacg  (or  Flack), 
with  a  fupplement  (as  Mr.  Brigges  direftedj  of  the  chiliads  before  omitted  j 
that  is,  in  all,  of  100  chiliads,  with  one  fupernumerary.  But  in  fliorter  num- 
bers, extending  but  to  i  o  places  below  that  of  the  integers,  or  the  charafteriftick. 
And  he  fubjoins  alfo  a  logaridimical  canon  of  fines,  tangents,  and  lecants  (for 
degrees  and  minutes  of  the  quadrant)  of  as  many  places. 

Mr.  Brigges  proceeded  to  calculate  a  trigonometrical  canon  logarithmical, 
fuited  to  that  for  abfolute  numbers,  to  the  logarithms  extending  (as  in  that 
other)  to  14  places,  befide  the  charafteriflick.  And  having  before  calculated 
a  table  of  natural  iinesj  tangents,  and  fecants  (for  degrees  and  centefmes  of 
degrees)  in  numbers  extending  to  1 5  places,  he  fitted  thereunto  a  canon  of  loga- 
rithmical fines  and  tangents  (becaufe  thofc  of  fecants  might  be  fpared)  ;  and  a 
treatife  prefixed  concerning  the  conflruftion  thereof,  with  other  things  pertinent 
thereunto ;  intending  a  farther  treatife  concerning  the  ufe  of  it. 

But  dying  before  this  laft  was  finifhed,  or  the  refl  publiflied,  Mr.  Henry 
Gellibrand  fupplied  this  latter,  and  publifhed  the  whole,  with  the  title  of 
Trigonometria  Britannica,  in  the  year  1633.  To  which  is  fubjoined  another 
canon  of  logarithmical  fines  and  tangents,  by  Adrian  Vlacq,  for  degrees, 
minutes,  and  tenth  feconds,  extending  (as  ms  former  did)  to  10  places, 
befide  the  cbarat^eriflick ;  and  Mr.  Brigges's  z'o  chiliads  for  lo^rithms  of 
abfolute  numbers. 

So  that  the  whole  do£trine  of  logarithms  was  by  this  time  fufEciently  per- 
fe£ted,  with  convenient  canons  or  tables  fitted  thereunto,  in  large  numbers : 
of  which  alfo  Petrus  Crugerus  gives  an  account  in  the  preface  to  his  Trigone- 
metria  Legarttbmica,  printed  in  the  year  1634,  with  his  logarithmical  tables, 
but  in  fliorter  numbers. 

And  the  tables  of  logarithms  above  mendoned  (for  lOO  chihads  of  abfolute 
numbers,  and  for  fines  and  tangents  to  degrees  and  centefmes)  were  the  fame 
year,  1633,  contracted  into  a  leffer  form,  and  more  manageable  (but  in  fhorter 
numbers,  the  former  not  extending  to  above  feven  places,  befide  the  charac- 
teriflick,  but  the  latter  to  10)  ;  by  Nathaniel  Roe ;  with  diredions  for  the  ufe 
of  them  (in  trigonometry,  geometry,  aflronomy,  geography,  and  navigation), 
by  Edmtmd  Wmgate.  * 

In  the  mean  time,  Benjamin  Urfinus  did  alfo  publifh  tables  of  logarithms  in 
the  year  1618,  and  again  in  the  year  1625,  in  his  Trigonometria;  and  Johannes 
Keplerus  alfo  in  the  year  1624,  in  his  Chtlias  Logaritbmerum  (which  he  applies 
alfo  to  his  Rudolfhine  Tables^  publifhed  in  1627),  and  Claudius  Batfchius  about 
the  fame  time,  or  foon  after  ;  and  Georgius  Ludovicus  Frobenius,  in  the  year 
1634,  and  perhaps  fome  others.  But  all,  or  mofl  of  ihem,  in  fhort  numbers, 
and  conformable  to  the  Lord  Neper's  firfl  defign ;  not  to  that  form,  which, 
upon  fecond  thoughts,  he  and  Mr.  Brigges  agreed  upon  as  mofl  eligible,  and 
which  hath  fince  been  received  in  common  practice. 

Since  which  time,  much  hath  not  been  added  to  the  doftrine  of  logarithms  i 
Bot  was  ii  neceflary,  that  work  having  obtained  fufficient  perfedion. 
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But  in  cafe  logarithms  on  any  emergent  occafion  be  defirable  with  greater 
exaiftnefs,  and  in  larger  numbers  than  thofe  printedf  tables  do  afford,  Mr. 
Nicholas  Mercator,  in  a  fmall  treatife,  called  Lagaritbmotecbnia,  printed  in  the 
year  1668,  fhews  (with  great  fubtilty)  how  it  may  be  effefted,  in  numbers  of 
whatever  length  defirable,  with  much  more  eafe  than  heretofore. 

Nor  fliall  I  need  to  add  more  concerning  logarithms :  thofe  who  defire 
ferther,  may  find  it  in  the  authors  above  mentioned ;  efpecially  Mr.  Brigges's 
ArithmetUa  Logaritbmica  and  Trigmometria  Britamicaf  with  Adrian  Vlac's  ad- 
ditions to  both. 

Without  ferther  infilling,  therefore,  on  the  algorifm  by  numeral  figures  (with 
the  improvements  thereoffince  we  had  them  from  the  Arabs),  I  lliall  return  to 
what  doth  more  tmniediately  concern  Algebra. 
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A  Letter  from  the  Reverend  Dr.  Pf^alUs,  Pro/ejhr  of  Geometry  in  the  Univerjity  of 
Oxford,  and  FelUnv  of  the  Royal  Society,  London,  to  Mr.  Richard  Norris  ;  con- 
cerning the  ColleSion  of  Secants,  and  the  true  Divi/ton  of  the  Meridians  in  the 
Sea  Chart. 

AN  old  inquiry  (about  the  fum  or'  ^;regate  of  fecants)  having  been  of  late 
moved  anew,  I  have  thought  fit  to  trace  it  from  its  original,  with  fuch 
foiutioQ  as  feems  proper  to  it ;  beginning  firft  with  the  general  preparation,  and 
then  applying  it  to  the  particular  cafe. 


OENZRAL   PRSPARATIOK. 

1.  Becaufe  curve  lines  are  not  fo  eafily  managed 
as  ftraight  lines  :  the  ancients,  when  they  were  to 
confider  of  figures  terminated  (at  le^  on  one  iide) 
by  a  curve  line  (convex  or  concave),  as  afee,  did 
oft  make  ufe  of  fome  fuch  expedient  as  this  fol- 
lowioig  (but  divnfely  varied  as  occafion  required), 
namdy. 
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2.  By  parallel  ftraight  lines,  as  af,  bg,  ch,  &c  (at 
equal  or  unequal  diltances,  as  there  was  occafion), 
they  parted  it  into  fb  many  fegments  as  they  thought 
fit ;  or  iuppolcd  it  10  be  (b  parted. 

3.  Thelc  legraents  wereyb  manji  wanting  one,  as  was 
the  number  of  thofe  parallels. 

4.  To  each  of  thefe  parallels  wanting  one,  they 
fitted  parallelograms,  of  fuch  breadths  as  were  the 
intervals  (equal  or  unequal)    between  each  of  them 

refpeftively,  and  the  next  following;  which  formed  an  adfcribed  figure  made 
up  of  thofe  parallelograms. 

5.  And  if  they  began  with  the  greatcft  (and  therefore  neglefted  the  leaft) 
fuch  figure  was  circumfcribed  (as  fig.  i),  and  therefore  bigger  than  the  curvi- 
linear propofcd. 

6.  If  with  the  leaft  (neglefting  the  greateft),  the  figure  was  infcribed  (as 
iig.  3),  therefore  lefs  than  that  prop<^ed. 

7.  But,  as  the  number  of  fegments  was  increafed  (and  thereby  their  breadths 
diminiflied),  the  difference  of  the  circumfcribed  fi-om  the  infcribed  (and  there- 
fore of  either  from  diat  propofed)  did  continually  decreafe,  fo  as  at  laft  to  be- 
lefs  than  any  afiigned. 

8.  On  which  they  grounded  their  method  of  exbauftions. 

9.  In  cafes  wherein  the  breadth  of  the  parallelograms,  or  intervals  of  the  pa- 
rallels, is  not  to  be  confidered,  but  their  length  only ;  or,  which  is  much  the 
fame,  where  the  intervals  are  all  the  fame,  and  each  reputed  =  j  ;  Archimedes 
.(inftead  of  infcribed  and  circumfcribed  figures)  ufed  to  fay,  «  AH  except. the 
greateft,  and  all  except  the  leafl: :"  as  prop.  1 1  Lin.  Spiral. 


PABTICVLAR    CASE. 


10.  Though  it  be  well  known,  that,  in  the 
terreftrial  globe,  all  the  meridians  meet  at  the 
pole,  as  Ep,  Ep,  whereby  the  parallels  to  the 
equator,  as  they  be  nearer  to  the  pole,  do  con- 
tinually decreafe. 

1 1 .  And  hereby  a  degree  of  longitude  in  fuch 
parallels,  is  lefs  than  a  degree  of  longitude  iit 
the  equator,  or  a  degree  of  latitude. 

12.  Aqd  that,  in  fuch  propordon,  as  is  the 
co-fine  of  latiti'de  (which  is  the  femidiameter  of 

fuch  parallel),  to  the  radius  of  the  globe,  cr  of  the  equator. 

13.  Yet  hiiih  it  been  thought  fit  (for  fome  reafons)  to  reprefent  thefe  me- 
ridians, in  the  fea  chart,  by  parallel  ftraight  lines,  as  ep,  ep. 

14.  Whereby  each  pardlel  to  the  equator  (as  la)  was  reprcfented  in  the  fca 
chart  (as  la)  as  eq  jal  to  the  equator  ee,  and  a  degree  of  longitude  therein  a» 
large  as  In  the  equator* 
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15.  By  this  means  each  degree  of  longitude  in  fiich  parallels  was  Increafed 
beyond  its  juft  proportion,  at  fuch  rate  as  the  equator,  or  its  radius,  is  greater 
than  fuch  parallel,  or  the  radius  thereof. 

16.  But  in  the  old  fea  charts,  the  degrees  of  latitude  were  yet  reprcfented 
(as  they  are  in  themfclves)  equal  to  each  other,  and  to  thofe  of  the  equator. 

17.  Hereby,  amongft  many  other  inconveniencies  (as  Mr. 'Edward  Wright 
obferves,  in  his  CorreSien  of  Errors  in  Navigation,  firft  publilhed  in  the  year 
1599),  the  reprefentation  of  places  remote  from  the  equator  was  fo  diftorted 
in  thofe  charts,  as  that,  for  inftance,  an  ifland  in  the  latitude  of  60  degrees  (where 
the  radius  of  the  parallel  is  but  half  fo  great  as  that  of  the  equator)  would  have 
its  length,  from  Eaft  to  Weft,  in  comparilbn  of  its  breadth,  from-  North  to  Southj 
reprefented  in  a  double  proportion  of  what  indeed  it  is. 

18.  For  redifying  this  in  fome  meafure  (and  of  fome  other  inconveniencies), 
Mr.  Wright  advifeih,  that  (the  meridians  remaining  parallel,  as  before)  the 
degrees  of  latitude  remote  from  the  equator,  fliould,  at  each  parallel,  be  pro-  ■ 
trailed  in  like  proportion  with  thofe  of  longitude.     . 

1 9.  That  is,  as  the  co-fine  of  latitude  (which  is  the  femi-diameter  of  ths 
parallel)  to  the  radius  of  the  globe  (which  is  that  of  the  equator),  fo  (hould  be 
8  degree  of  latitude  (which  is  every  where  equal  to  a  degree  of  longitude  in  the 
equator)  to  fuch  a  degree  of  latitude  fo  protraded  (at  fuch  diftance  from  the 
equator),  and  fo  to  be  reprefented  in  the  chart. 

20.  That  is,  every  where  in  fuch  proportion  as  is  the 
rcfpcftlve  fecant  (for  fuch  latitude)  to  the  radius.  For 
as  the  co-fine  to  the  radius,  fo  is  the  radius  to  the  fecant 
(of  the  fame  arch  or  angle),  as  2  .  R  ::  R  ./. 

3 1 .  So  that,  by  this  means,  the  pofition  of  each  parallel 
in  the  chart  Ihould  be  at  fuch  dilbmce  from  the  equator, 
compared  with  fo  many  equinoflial  degrees  or  minutes  (as 
are  thofe  of  latitude),  as  are  all  the  fecants  (uken  at  equal 
diftances  in  the  arch)  to  fo  many  times  the  radius.    . 

21.  Which  is  equivalent  (as  Mr.  Wright  there  notes) 
to  the  projeAion  of  the  fpherical  furfece  (fuppofing  the  eye 
at  the  center)  on  the  concave  furface  of  a  cylinder,  erefted 
at  right  angles  to  the  plain  of  the  equator. 

23.  And  the  divifion  of  meridians,  reprefented  by  the 
(urface  of  a  cylinder  erefted  (on  the  arch  of  latitude)  at 
right  angles,  to  the  plain  of  the  meridian,  or  a  portion 
thereof.  The  altitude  of  fuch  projeftion,  or  portion  of 
fuch  cylindrick  furfece,  being,  at  each  point  of  fuch  cir- 
cular bafe,  equal  to  die  fecant  of  latitude  aoTwering  to 
fuch  point. 


24.  This- 
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24.  This  proJ€£tic«i  (or  portion  of  the  cylindrick  fur- 
face)  if  expanded  into  a  plain,  will  be  the  fame  with  a 
plain  figure,  whofe  bafe  is  equal  to  a  quadrantal  arch  ex- 
tended, or  a  portion  thereof,  on  which,  as  ordinates,  are 
erefted  perpendiculars  equal  to  the  fecants,  anfwering  to 
the  refpedive  points  of  the  arch  fo  extended  ;  the  leaft  of 
which  (anfwering  to  the  equinodlial)  is  equal  to  the  radius, 
and  the  reft  continually  increaiing  till,  at  the  pole,  it  be 
infinite. 

2  j.  So  that  as  ERSL  (a  figure  of  fecants  erected  at  right 
angles  on  el,  the  arch  of  latitude  extended)  to  erkl  (a  rectangle  on  the  f:une 
bafe,  whofe  altitude  er  is  equal  to  the  radius),  fo  is  el  (an  arch  of  the  equator 
jequal  to  that  of  latitude)  to  the  diflance  of  fuch  parallel  (in  the  chart)  from  the 
equator. 

26.  For  finding  this  diflance  anfwering  to  each  degree  and  minute  of  lati- 
tude, Mr.  Wright  (as  the  moft  obvious  way)  adds  all  the  fecants  (as  they  arc 
found  calculated  in  the  Trigonometrical  Canon)  from  the  beginning,  to  the 
degree  or  minute  of  laritude  propofed. 

27.  The  fum  of  all  which,  except  the  greateft  (anfwering  to  the  figure  in- 
icribed),  is  too  little ;  the  fum  of  all,  except  the  leaft  (anfwering  to  the  circum- 
fcribed),  is  too  great  (which  is  that  he  follows ;  and  it  would  be  nearer  to  the 
truth  than  either,  if  (omitting  all  thefe)  we  take  the  intermediates ;  for  min.  4, 
^4)  24,  3-J-,  &c,  or  (the  doubles  of  thde)  min.  i,  3,  5,  7,  &c ;  which  yet  (be- 
eaufe  on  the  convex  fide  of  the  curve)  would  be  fomewhat  too  little. 

28.  But  any  of  thefe  ways  are  exaft  enough  for  the  ufe  intended,  as  creating 
no  fenfible  difference  in  the  chart. 

29.  If  we  would  be  more  exaft,  Mr.  Oughtred  direfts  (and  fo  had  Mr. 
Wright  done  before  him)  to  divide  the  arch  into  parts  yet  fmaller  than  minutes, 
•nd  calculate  fecants  fuiting  thereunto. 

30.  Since  the  arithmetick  of  infinites  introduced,  and,  in  purfuancc  thereof, 
the  doSrine  of  infinite  feries  (for  fuch  cafes  as  would  not,  without  them,  come 
to  a  determinate  proportion),  methods  h»ve  been  found  for  fquaring  fome  fuch 
figures,  and  panicularly  the  exterior  hyperbola  (in  a  way  of  continual  approach), 
by  the  help  of  an  infinite  feries.  As  in  the  Philofophical  Tranfadlions,  Numb. 
38,  for  the  month  of  Auguft,-  1668  ;  and  my  book,  De  Motu,  cap.  5, 
prop.  31. 

3 1 .  In  imitation  whereof,  it  hath  been  defired  (I  find)  by  fome,  that  a  like 
quadrature  for  this  figure  of  fecants  (by  an  infinite  feries  fitted  thereunto) 
might  be  found. 

32.  In  order  to  which,  put  we  for  the  radius  of  a  circle,  R  ;  the  right  fine  of 
an  arch  or  angle,  s ;  the  verfed  fine,  v  ;  the  co-fine  (or  fign  of  the  complement) 
X  =  R-v  z=  \/-  Rq  —  sq  :  the  fecant,/;  the  tangent  t.    Fig.  4. 

33.  Then  is  2 .  r  : :  r  ./,  that  is,  2)  r"  (s  =:  ^j  the  fecant. 


34.  And  S .  s :;  R .  T,  that  is,  £)  sr  (t  =  ^;  the  tangent. 


35.  Now 
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35.  Now  if  we  fuppofe  the  radius  cp  divided  into 
equal  parts  (and  eacli  of  ihcm  =  -r^  r),  and  on  thefe  to 
be  crefted  the  co-fines  of  latitude  la  : 

36.  Then  are  the  fines  of  latitude  in  arithmetick  pro- 
grelEon. 

37.  And  the  fecants  anfwering  thereunto,  l/ :=. —■. 

38.  But  thefe  fecants  (anfwering  to  right  fines  in  arith- 
metical progrcffion)  are  not  thofe  that  ftand  at  equal  dif- 
tance  on  the  quadrantal  arch  extended.     Fig.  6. 

39.  But  ftanding  at  unequal  diftances  on  the  fame 
extended  arch  ;  namely,  on  thofe  points  thereof  whofe 
right  fines  (whilfl:  it  was  a  curve)  are  in  arithmttlcal 
progreflion. 

40.  To  find  therefore  the  magnitude  of  rel/^  fig. 
6,  which  is -the  fame  with  this  (fuppofing  el  of  th& 
fame  length  in  both,  however  the  number  of  fecants 
therein  may  be  unequal),  we  are  vi  confider  the  fe- 
cants, though  at  uneqiai  djftanccs  here,  to  be  the 
fame  with  thofe  at  equal  diftances  in  the  preceding 
figure,  anfwering  to  fines  in  arithmetical  progreffion. 

41.  Now  thefe  intervals,  or  portions  of  the  bafe,  are 
the  lame  with  the  intercepted  arches,  or  portions  of  the 
arch,  in  the  preceding  figure ;  for  this  bafe  is  but  that 
arch  extended. 

42.  And  thefe  arches,  la  parts  infinitely  fmall,  are 
to  be  reputed  equivaletit  to  the  portions  of  their  rdpec- 
tive  tangents  intercepted  between  the  fame  ordinates.  As 
in  fig.  7  and  9. 

43.  That  is,  equivalent  to  the  portions  of  the  tangents 
of  Utitude. 

44.  And  thefe  portions  of  tangents  are  to  the  equal 
intervals  in  the  bafe,  as  the  tangent  of  latitude  to  its 
£ne. 

45.  To  find  therefore  the  true  magnitude  of  the  paral- 
lelograms, or  fegments  of  the  figure,  we  muft  either  pro- 
tract the  equal  fegments  of  the  bafe  (fig.  7),  in  fuch  proportion  as  is  the  refpec- 
tive  tangent  to  the  fine,  to  make  them  equal  to  thofe  of  fig.  8. 

46.  Or  elfe,  which  is  equivalent,  retaining  the  equal  intervals  of  fig.  7,  pro- 
traift  the  fecants  in  the  fame  proportion  ;  for  eirfier  way  the  intercepted  refl> 
angles  or  parallelograms  will  be  equaUy  increafed ;  as  lm,  fig.  9. 

47.  Namely ;  as  the  fine  of  latitude  to  its  tangent,  fo  is  the  fecant  to  a, 
fourth;  which  is  to  fUnd  on  the  radius  equally  divided,  inftead  of  that  fecant.. 

s .  ^  (::  X.  R)  ::  -^  .  ^^'^,.,,—  tM,  fig.  9.. 

48.  Which  therefore  are  as  the  ordinates  in  (what  I  call  Arith.  Infin.  prop- 
104)  Reciproca  Sccundinorum,  fuppofing  £'  to  be.  fquares  in  the  order  of 
ftcuodanea. 

49.  Thii. 
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49.  THis  becaufe  of  2*  =:  r*  —  s',  and  r'  —  s*r, 
the  fines  s,   in  arithmetical   progreffion, 
is    reduced  by  divifion  into  tbis  infinite 
ferics : 

K    +    JI+4  +  4&C. 

50.  That  is   (putting  r  =   i), 
I  +  s'  +  s*  -J-  s*  &c. 

51.  Then  (according  to  the  arithmc-  

■tick  of  infinites)   we  are  to  interpret  s,  **"  ^^ 

fucceffively,  by  is,  as,  3s,  &c,  till  we 

come  CO  s,  the  greateft ;  which  therefore  reprefents  the  number  of  all. 

52.  And  becaCife  the  firft  member  doth  reprefent  a  feries  of  equals,  the  fe- 
cond  of  fecundans,  the  third  of  quartans,  &c ;  therefore  the  firft  member  is  to 
be  multiplied  by  s,  the  fecond  by  ^s,  the  third  by  |s,  the  fourth  by  ^s,  &c, 

53.  Which  makes  the  aggregate 

s  +  -fs*  +  4-s'  +  4s'  +  45*  &c  :=  ECLM,  fig.  9, 

54.  This  (becaufe  s  is  always  lefs  than  r  =  i)  may  be  fo  for  continued,  till 
-^fbme  power  of  s  become  lb  fmall  as  that  it,  and  all  which  follow  it,  may  be 
Xafely  neglei5ted. 

55.  Now  (to  fit  this  to  die  fea  chart,  according  to  Mr.  Wright's  defign) 
Tiaving  the  propofed  parallel  of  latitude  given,  we  are  to  find,  by  the  Trigono- 
metrical Canon,  the  fine  of  fuch  latitude,  and  take,  equal  to  it,  cl  =  s. 
And,  by  this,  find  the  magnitude  of  eclm,  6g.  9  ;  that  is,  of  rel/^  fig.  8; 
that  is,  of  REhf,  fig.  6.  And  then,  as  rrle,  or  fo  many  times  the  radius, 
to  REL/"(the  aggregate  erf"  all  the  fecants),  fo  muft  be  a  like  arch  of  the  equator 
(equal  to  the  latitude  propofed)  to  the  di&ince  of  fuch  parallel  (rcprefenting  the 
latitude  in  the  chart)  from  the  equator ;  which  is  the  thing  rec|uired. 

■  56,  The  fame  may  be  obtained,  in  like  manner,  by  takmg  the  verfed  fines 
in  arithmetical  progreflion.  For  if  the  right  fines,  as  here,  beginning  at  the 
equator,  be  in  arithmetical  progreffion,  as  i,  2,  3,  &c,  then  will  the  verfed  fines 
beginning  at  the  pole  (as  being  their  complements  to  the  radius)  be  fo  alfo* 
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57.  The  fame  may  be  applied  in  like  manner  (though  that  be  not  the  prefent 
bufinefs)  to  the  ^gregate  of  tangents,  anfwering  to  the  arch  divided  into  equal 
parts. 

58.  For  thofc  anfwering  to  the  radius  fo  divided,  arc  ^;  taking  s  in 
arithmetical  progreffion. 

59,  And 
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or  sueAsts,  ke;  ^t 

59.  And  then  enUiging  the  bafc  (aj  in  fig.  8),  or  the  tuigent  (a  in  fig.  o),  in 
tie  proportion  of  the  tangent  to  the  fine. 

i..^(::2.Rl::!i.!l" 


60.  We  have  by  divifion  this  feries, 

61.  That  is  (putting  R  =  i), 
s  +  s'  +  s'  +  s'  +  S«  &c. 

6a.  Which  (multiplying  the  refpec- 
tivc  members  by  4.3,  ^s,  ^s,  -fs,  ^s, 
&c)  becomes 

4s'  +  is*  +  4s"  +  4s'  +  -t^s-"  &c.  "i^^^ x[ 

Which  is  the  ^grc^te  of  tangents  to  "*"  a* 

the  arch,  whofe  right  fine  is  s. 

63,  And  this  method  may  be  a  pattern  for  the  like  procefs  in  other  a&t  of 
tj;k£  nature. 


~  »*— 8'* 

i:-s«)sR-(s  +  ^.+ 

5^- 

SR'-S> 

^U 

J^ 
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TO     THE     READER. 

HAVING  for  fome  years -paft  ftiewn  to  feveral  perions*  the /r«t«  oF 
the  foilowing  Treatife,  and  alfo  communicated  to  them  fomewhat 
of  the  doflirine  leading  thereunto,  I  was  often  defired  not  to  let  them 
fleep  in  oblivion,  but  to  publifh  the  fame ;  which  was  firft  promoted  by 
my  honoured  friend  Mr.  Peter  Hiiot,  merchant,  and  feconded  by  my 
loving  friend  Mr.  Reeve  Williams ;  or  elfe  they  had  not  feen  the  pubUck, 
What  I  have  done  therein  I  defire  thee  to  take  in  good  part,  being  alfo 
at  proportional  charges  myfcif,  befides  my  compofing  thereof,  to  make  it 
cominunicable  to  thee,  rather  than  fuch  an  eafy  and  certain  way  to  make 
logarithm  numbers  (to  fo  many  places)  fliould  not  be  known  in  our 
native  tongue.  I  have  called  them  "Geometrical  Logarithms,  for  that 
the  firft  inventors  of  thofe  numbers  had  not  adapted  geometrical  figures 
to  them.  But  the  fcheme  hereuuto  annexed  having  fijch  properties  and 
affediAns  as  logarithm  numbers  haTre,  hath  made  me  fo  ftyle  them.  What 
I  have  done  herein  is  to  gratify  fuch  who  have  a  curiofity  to  examine  lo- 
garithm tables,  and  to  make  logarithm  numbers  to  fo  fmall  radiufes  as 
are  fo  often  printed  for  common  tifes  with  brevityand  exa<ftnefs.  Two 
flieets  of  the  praxis  hereof  were  printed  f«me  time  before  the  reft ; 
which  having  found  kind  acceptance  with  divers,  Induced  me  alfo  to  let 
the  remainder  be  publiflied.  And  before  the  printing  thereof,  one  was 
writing  upon  thofe  two  fheets,  and  was  fo  fair  to  deiire  my  confent  to 
publifh  it ;  which  I  readily  gave ;  for  that  \  ki^ew  him  3ble  enough  to  do  , 
it^  -and-when  to  be  at  Icifure  myfelf  to  attend  the  publiihing  of  the  re*  ' 
fidue,  I  knew  not.  But  that  not  being -performed  by  him,  I  defire  thee 
to  accept  of  what. is  done  herein  as  time  and  l^ifure.hath  pern>itted.  I 
ihall  not  need  to  write  how  needful  logarithm  numbers  are  in  thofe  great 
and  ufeful  arts  of  Navigation,  Aftronomy,  Dialling,  Fortification  and 
Gunnery,  Surveying,  Gauging,  Intereft,  and  Annuities,  &c,  when,  as 
there  are  fo  many  books  written  and  publiflied  thereof,  not  only  ia  our 
own  language  but  in  many  others.  And  truly  the  firft  inventors  thereof 
are  not  a  little  to  be  had  in  reverence  for  making  and  perfecting  thofe 
numbers  with  fo  much  labour  as  thofe  methods  by  which  they  derived 
them  did  require.  Here  thou  mayft  m?.ke  a  logarithm  to  7  or  8  places 
readily  and  eafily ;  but  to  25  places  would  have  been  very  difficult,  if  not 
impofiible,  for  the  firft  inventors  to  have  produced  after  their  ways.  If 
any  thing  herein  fhall  oiFer  whereby  thoa  mayft  make  farther  improve- 
ment, let  the  publick  ftiare  of  the  benefit  thereof.  Thus  wilhlng  thee 
good  fuccefs  in  all  thy  ftudies,  Is  moft  earaeftly  defired  by 
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ABOUT  the  year  1674-,  being  in  company  with  Michael  Dairy,  a  cidzeli 
of  London  ('who  had  for  moll  part  of  his  life-time  addicted  himfelf  to 
mathematical  ftudies,  and  hath  publithed  divers  pratftical  pieces  of  feveral  parta 
of  the  mathematicks,  of  good  ufe  and  delight)  ;  and  difcourfing  about  making 
hyperbolical  logaridims,  I  defired  him  to  give  me  a  rule  to  make  the  hyper- 
bolical logarithm  of  10,  from  the  confideration  of  an  hyperbola  infcribed  within 
a  right-angled  cone,  who  gave  me  this  rule  following. 

To  the  number  propofed,  viz.  10,  add  an  unit,  and  fubtraft  from  it  an  unit, 
and  there  will  be  a  refult  of -jSr ;  then  divide  i,  or  1 00000000  &c,  by -^j  which 
is  8 1 8 1 8 1 8 1 8  &c,  which  cube  in  injmitum^  and  divide  every  one  of  them  (which 
will  be  a  rank  of  proportional  numbers)  by  die  proper  indices  of  their  refpeAive 
powers,  that  is  to  fay,  by  3,  5,  7,  9,  11,  &c,  then  the  addition  of  thofe  quotes 
will  make  the  Ic^arhhm  of  10. 

Finding,  then,  that  10  divided  by  -^  maketh  8i8i8i5i8i8i8i  &c,  and  to 
cube  it  in  infinitum,  was  very  difficult,  I  rejected  the  rule,  and  thought  it  then' 
not  much  more  eafy  than  Briggs's  way :  neither  did  he  tell  any  reafon  or  de- 
monftration  for  the  faid  rule;  and  becaule  in  this  example  I  found  it  fo  intricate, 
I  did  not  much  care  to  profecute  it,  but  negleded  it.  Not  long  after  he  de- 
parted this  life,  and  fince  his  death  refuming  the  faid  thing,  and  trying  if  it 
were  ferviceable  in  any  other  part  of  the  hyperbola,  I  foon  foimd  it  a  jewel,  ■ 
and  could  make  the  hyperbolical  logarithm  of  10  at  twice,  that  is  to  fay,  from 
two  parts  numbered  in  any  afymptocCj  wliolc  fadt  is  10,  with  eafe,  certainty,  and 
delight,  and  have  made  the  hyperbolical  logarithm  of  2  to  25  places,  in  order  to 
fee  if  the  learned  and  laborious  Henry  Briggs's  logarithms  were  true  to  [5  places, 
which  were  made  after  a  moft  laborious  and  djiiicult  way  of  extrafling  fquare 
roots,  and,  as  I  have  heard,  w  as  the  work  of  eight  perfons  a  whole  )  car,  and  that 
without  any  proof  but  only  if  any  two  or  more  agreed  in  their  excradtions,  line 
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by  line,  ftep  by  ftep,  it  was  taken  de  bene  tjfe ;  which  was  a  work  of  very  great 
pains  and  uncertainty.  However,  they  did  effeft  it ;  and  I  do  find  they  made 
the  logarithm  of  2  to  1 5  places  very  true,  as  by  my  operation,  hereafter  foK 
Itfwing,  will  appear,  being  done  to  25  places,  and  afterwards  from  thefe  hyper- 
bolical logarithms  deduced  Briggs's  logarithms ;  both  which  figurative  operauons 
were  performed  and  examined  by  me  in  8  hours'  time.  I  took  this  pains  to 
make  the  hyperbolical  logarithm  to  25  places,  in  order,  alfo,  to  fee  if  the  moft 
ingenious  and  laborious  James  Gregory's  hyperbolical  logarithm  would  ajp-ee 
with  this  of  mine,  which  he  hath,  in  ms  ^uadratura  Circuit  fcf  ByperhoUe,  printed 
at  Padua ;  but  I  find  that  bis  logarithm  of  z  correfponds  with  mine  but  to  1 7 
places.  I  miift  confefs,  I  did  not  take  the  pains  ro  raife  the  logarithm  of  2  to 
2j  places,  according  to  the  doftrine  he  hath  delivered  in  that  moft  learned 
piece,  but  am  contented  that  this  eafy  and  certain  way  I  deliver  here,  and  by 
the  operation  thereof  tJie  hyperbolical  logarithm  of  2  to  25  places,  is  as  true  in 
the  Ml  as  in  any  where,  and  may  be  examined  in  a  few  hours;  fo  that  any  body, 
if  he  pleafe,  may  be  his  own  examiner  and  judge,  if  this  way  be  not  eafy,  certam, 
and  fpeedy. 

Having  made  ieveral  logarithms  for  digit  numbers,  and  mixt  numbers,  as  for 
i.^,  14,  limich  are  hereafter  izi£erted,  I  find  the  rule  delivered  by  Michad  Dairy 
is  of  admirable  ufe  and  benefit  in  fquaring  the  hyperbola,  and  making  loga- 
rithms from  it. 

Some  time  fince  the  death  of  the  fiud  Micha«l  Dairy,  I  ftiewed  unco  Mr. 
John  Collins,  who  I  knew  had  been  a  great  ^miliar  and  friend  to  the  faid 
Michael  Dairy,  the  fi^rauve  work  of  my  making  the  hyperbolical  logarithms^ 
according  to  the  faid  Dairy's  rule ;  who  feemed  very  well  pleafcd  with  it,  ac- 
knowledging it  to  Jje  the  fpeedieft  way  could  poffibly  be  of  fquaring  the  hyper- 
bola, and  making  the  logarithms  firom  it ;  and,  after  a  little  paufmg  on  it,  re- 
plied, •*  That  Dairy  mull  have  had  this  rule  out  of  the  faid  James  Gregory's 
works.*'  I  made  anfwer,  **  Not  from  his  faid  ^uadratura  Circuit  fcf  HfperbeU.** 
He  anfwered  **  No,  fi-om  his  Exercitatienes  Geemetrica,  printed  at  London, 
t668.'* — A  book  I  tad  not  feen  or  heard  of  till  then.  And  as  he  the  fwd  Mr. 
Collins  had  .been  always  very  fiiunk  and  free  to  commtmicate  any  mathematics 
thing  to  me,  fo  I  held  myfelf  obliged  to  acquaint  him  firft  with  this  work.  He 
feemed  to  admire  thai  Michael  Dairy  ihould  keep  fuch  a  thing  from  him,  who 
liad  been  fo  great  a  familiar  with  him  m  thefe  ftudies.  Not  long  after  my  difcovery 
hereof  to  the  faid  Mr.  Collins,  he  alfo  departed  this  life  ;  whofe  death,  all  that 
were  mathemarical,  and  knew  him,  lamented  not  a  litde :  for  he  was  not  only 
excellent  in  .mathematical  arts  and  fctences,  but  of  a  very  good,  affable,  and 
frank  nature  to  communicate  any  thing  he  knew  to  any  wver  and  inquirer  of 
thofe  things ;  and  hath  left  behind  hjm  thofe  mathematical  works  which  will 
continue  his  &me  amongft  the  lovers  and  fludents  therein.  He  alfo,.  in  his  life- 
time, promoted  the  publiftung  of  other  men's  mathematical  works,  as  the 
elaborate  Algebra  of^  the  learned  John  Ketfy,  who  was  my  father's  difciple 
about  1644 ;  and  alfo  of  .the  learned  Baker's  Algebra,  and  feveral  others.  Ho 
\vas  a  nvio  of  great  correfpondence  with  mathematical  perfons  in  forei^  parts, 
and  thereby  .could  give  informarion  of  any  new  or  old  mathemadc^  book ; 
Add,  till  my  acquaintance  with  him,  I  was  ignorant  of  foreign  authors;  being 
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but  young  when  my  lather  died,  and  not  then  having  taken  any  pains  in  thefe 
ftudies  :  To  that,  by  the  faid  Collins's  information  and  meansi  I  have  heard  of, 
and  feen,  fome  mathematical  authors  of  note  and  efteem. 

Alter  the  laid  Mr.  Collins  had  told  me  of  James  Gregory's  faid  Exerdtatunes 
Ceometric^y  (old  by  Mofes  Pitts,  in  St.  Paul's  Church-yard,  I  bought  there  one 
of  them;  and  do  find,  that  Michael  Dairy  had  deduced  this  rule  ^m  the  faid 
book :  wherein  the  faid  James  Gregory  hath  made  the  fquaring  of  the  hyper- 
bola, an  exercife  geometrically  demonftrating  the  quadrature  of  the  hyperbola, 
fome  time  before  publifhed  by  the  induftrious  and  lucky  Nicholas  Mercator ; 
who,  by  the  happy  difcovery  of  fome  properties  in  the  hyperbola,  hath  made 
all  the  ways  of  fquaring  the  hyperbola  flowing  from  the  lame,  very  eafy,  cer- 
tain and  dehghtliil :  and  becauie  neither  of  them  have  exemplified  their  dodrine 
and  riiles  with  figurative  work,  fo  large  as  to  25  places.  I  have  here,  to  illuf- 
trate  their  admirable  work?,  inferted  divers  figurative  operations,  whereby  the 
reader  and  ftudent  may  fee,  and  have  that  fatis&Aion  m  kA  and  operation, 
which  is  fo  pleafing  and  defirable  by  every  one. 

I  Ihall  not  here  trouble  the  reader  with  any  fe£tions  of  the  cone,  whereby  he 
may  fee  the  rife  and  geniture  of  an  hyperbola  from  that  body,  but  content  my- 
feu  to  Ihew  him  from  a  fquare  and  an  infinite  company  of  oblongs  on  a  ut- 
perficiea,  each  equal  to  that  fquare,  how  a  curve  is  begotten  which  fhall  have 
the  fame  properaes  and  afieraons  of  an  hyperbola  imcribed  within  a  right- 
angled  cone:  and  feeing  a  curve  made  alter  this  manner  fr>llowing  doth  be~ 
come  fuch  an  hyperbola,  the  doctrines  and  analogies  delivered  and  difcovered 
by  thofe  two  ingenious  artifts,  Mercator  and  Gregory,  may  be  applied  to  this 
curre  as  ofren  as  need  and  occafion  doth  require. 

And,  not  to  detain  the  reader  any  longer  from  knowing  how  to  make  this- 
curve,  we  proceed  to  defcribe  the  fame  accordingly. 

There  is  a  fquare  abcd,  whofe  fide  or  root  is  10 ;  let  db  be  prolonged  in 
uifimtum,  and  continually  divided  equally  by  the  root,  or  db,  and  thofe  equal  ' 
divifions  numbered  by  10,  20,  30,  40,  50,  60,  70,  &c,  in  infiHttum  :  upcKi  thefe 
numbers  let  perpendicuWs  be  erefted,  which  call  ordinates,  and  each  of  thofo 
perpendiculars  of  that  length,  that  perpendiculars  let  &lt  from  the  aforefaid ' 
perpendiculars  to  the  fide  or  bafe  cD  (which  call  complement  ordinates),  the 
oblongs  made  of  the  ordinate  perpendiculars,  and  complement  ordinate  perpen- 
diculars, may  be  ever  equal  to  the  fquare  ad,  which  may  cafily  be  done  thus ; 
for  it  is  -^^j  ^ff-y  -^ff-f  -^fff  &c,  produces  the  length  of  the  ordinate  perpendicu- 
lars ;  for  100  divided  by  20,  maketh  5  for  the  length  of  the  ordinate  perpendi- 
cular 20E.  And  100  divided  by  30,  giveth  3333333  &c  for  the  ordinate 
perpendicular  30P  ;  and  100  divided  by  40,  produceth  25  for  the  ordinate  40G, 
and  fo  of  the  reft.  And,  geomettically,  it  is  as  2oi>  is  to  bd,  fo  is  ab  to  ar 
equal  to  20E,  as  before ;  for  that  the  angle  ach  is  equal  to  C2od,  and  fo  of 
the  refr.  And,  for  the  length  of  the  next  ordinate,  you  fay,  as  30D  to  bd, 
fo  AB  to  AX,  which  is  equal  to  30F.  And,  for  the  ordinate  40G,  fay,  as  400  to 
BD,  fo  AB  to  AM,  whicfa  will  be  equal  to  40G,  and  fo  of  all  the  reft ;  whereby 
you  have  all  the  perpendiculars  upon  the  prolonged  fide  bd,  both  geometrically 
and  arithmetically.  The  fame  proportion  is  to  be  obferved  for  any  interme- 
diate parts. 
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Nov/;  for  all  the  psrpefidiculars  which  are  let  fijJI  from  the  afoitCud  perpcn,' 
diculars  or  ordinates  to  the  bafe  cp,  whifh  cdl  corapLeineot  ordm^aes,  the  geo^f 
metrical  proportion  for  he,  equal  dxo  is  as  ha  to  ac,  Jb  cd  to  ci.2a  equal  ta 
HE ;  and  for  the  complement  ordinate  of  equal  P30,  it  is  as  ka  to  ac,  fo  cd  to 
D30  equal  o",  and  fo  of  the  reft.  Now,  for  ne  arithmetically,  lay,  as  5  id  loi 
fo  10  to  20  equal  to  ne,  equal  to  pzo ;  and  for  of,  fay,  as  33333333  to  10,  fo  10 
to  30  equal  of,  which  is  equal  to  01.30,  and  for  fg  equal  to  D40,  fay,  as. 35  is 
to  10,  fo  10  to  40  equal  to  fo,  equal  to  D40;  and  fo  for  all  the  r^  of  the  com-* 
■plemcnt  ordinates  {landing  upon  the  bafe  cd,  whereby  it  doth  appear,  that  all 
the  oblongs  made  of  the  ordinates,  and  complement  ordinates,  ^e  each  of  them 
equal  to  the  fquare  ad,  which  is  here  100;  for  the  oblong  ed  being  made  of 
eao  and  dio,  is  by  the  13  of  the  6  Euclide,  equal  to  the  fquare  ad  ;  for  Q.20  ia 
a  mean  proportional  between  dzo,  and  zob,  and  03.0  is  found  to  be  equal  ab, 
fo  is  the  oblong  or  parallelogram  ed  equal  to  the  fquare  ad,  and  the  like  de^ 
monftration  ferves  for  all  the  oblongs  or  parallelograms  ftanding  upon  the  haf» 
CD,  by  the  tips  or  angular  points  of  thofe  parallelc^rams,  or  from  the  ends  of 
all  the  ordinates  ftanding  upon  20,  30,  40,  50,  60,  70,  iit  infimtimt,  dmw  the 
curve  line  from  a  towards  e,  fo  fliall  you  defcribe  the  curve  aefgs,  which 
curve  you  fee  is  begotten  without  any  confidcratiou  or  refpeS:  to  the  feftion  of 
a  cone,  and  yet  becomes  the  fame  in  all  refpeds,  to  have  the  fame  afifeftiona 
and  properties  of  an  hyperbola  derived  from  the  incerfcfting  of  a  riglu-angled 
cone,  as  (hall  be  (hewed  in  the  next  chapter. 

You  may  obferve  the  complement  ordinate  ne,  being  equal  to  d2o,  is  equal 
to  twice  radius.  And  if  cd  be  made  the  radius  of  a  circle,  then  is  ke  equal  to 
020,  equal  to  die  tangent  of  twice  radius ;  for  D2o  becometh  the  tangent  of 
twice  radius.  AUb,  it  is  manifeft  that  the  complement  of  the  tangent  equal  to 
twice  radius  is  alfo  equal  to  half  the  radius ;  tiiat  is,  the  tangent  complemoU' 
of  D20  is  20E  equal  to  5.  And  feeing  the  radius  is  ever  a  mean  propordon 
between  the  tangent  and  the  tangent  complement^  therefore  each,  oblong  is- 
equal  to  the  fquare  ad. 


CHAP.        11. 

IN  the  former  chapter,  we  bave  (hewed  the  begetting  of  a  curve,  without  any^ 
regard  to  the  feftion  of  any  folid  body ;  and  now  it  remaineth  to  prove  that 
this  curve  hath  the  fame  properties  and  affetftions  that  an  hyperbola,  deduced 
from  the  fe£tion  of  a  right-angled  cone. 

1  remember  fome  time  before  the  dea^h  of  Jqlm  CoUips,  he  told  me,  it  was  a 
great  work  of  the  learned  Vincent,  or  M^gpan,  to  prove,  tha!:,diftances reckoned, 
in  the  afymptote  of  an  hyperbohi,  in  a  geometrical  progreffion,  and-the  fpaces 
that  the  perpendiculars  thereon  erefted,  made  in  the  hyperbola,.  we;-e  equal  the 
one  to  the  odier.  This  property  is  now  very  well  known  ;  the  hyperboU  hath, 
and  this  curve  hath  the  fame  property ;  whiqh  is  dilcernible  almoft  intuitu.  In 
the  hyperljola,  they  cali  the  prolonged  line  db  in  ittfinitumy  from  the  point  b, 
an  afymptote.  And  here  in  this  prolonged  line  from  b,  on  20,  40,  80,  i6o,- 
3  320, 
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320,  640,  &c,  let  the  ordinates  touch  the  curve  in  efgs  &c  ;  I  fay,  that  thofe 
trapezias  with  the  curve  line  (or  hyperbolical  fpaces)  are  all  equal  the  one  to  the 
other.  In  the  right-lined  trapezias  thereon,  it  is  manifeft,  they  are  all  equal  the 
one  to  the  other,  by  feveral  propolitibns  of  the  6th  book  of  Euclid  :  for  in  the 
right-lined  trapezia  zeab,  the  fide  ab  is  twice  ez  ;  and,  by  die  former  chapter, 
it  was  found,  that  gy  is  half  ez,  by  faying,  as  ab  to  ez,  fo  ez  to  gy.  And  the 
right-lined  trapezia  zeab  (hall  be  therefore  equal  to  75.  Now,  forafmuch  as  in 
the  right-Uned  trapezia  ygez,  the  bafe  of  that  yz  is  double  to  zb,  but  the  per- 
pendiculars are  in  the  ratio  of  ab  to  ez  ;  for,  as  before,  it  is  as  ab  :  ez  ::  ez  :: 
cYi  therefore  the  right-lined  trapezia  vgez  equal  to  the  right-lined  trapezia 
ZEAB,  and  fo  will  all  right-lined  trapezias,  fo  bafed  and  perpendiculared,  be 
-equal  the  one  to  the  other.  The  trapezia  lyez  is  equal  to  the  fquare  ad, 
Ijecaufe  zy  x  ze  is  equal  to  ab  x  ab,  as  in  the  foregoing  chapter,  the  oblong 
Gz  is  half  the  parallelogram  lz,  and  the  triatigle  gei  half  the  parallelogram  li. 
l^ow  the  parallelogram  gz  +  the  triangle  gei  (half  the  parallelogram  11)  is 
«qual  to  the  right-lined  trapezia  zeab,  for  in  numbers  20  X  aj  =  50  -f  half 
'-£o  equal  to  7|. 

Thus  you  lee  the  right-lined  trapezias,  numbered  upon  the  prolonged  fide  in 
.geometrical  proportion,  are  equal  the  one  to  the  other.  It  remaineth  now  to 
-prove  the  mixed  trapezias  ^that  k,  the  trapezias  Handing  upon  the  fame  bafis, 
but  joined  aloft  with  this  curve,  are  alfo  equal  the  one  to  the  other. 

Firft,  let  it  be  obferved,  that  thefe  curvilined  trapezias  (or  hyperbolical 
fpaces)  are  ever  lefs  than  the  right-lined  trapezias,  becaiife  all  the  points  in  the 
curvilined  trapezias  fall  within  the  right  line  that  joins  the  right-lined  trapezias ; 
and  is  thus  proved  in  the  right-lined  trapezia  bzea  :  let  there  be  in  the  bafe  zs 
-■  oipon  the  point  5  crefted  a  perpendicular  to  touch  ea  in  t,  then  is  T5  equal  tp 
_jlB  lefs  otT,  which  is  half  qe,  that  is,  10  lefs  2,  5  equal  7,5  =  ts.  But,  by 
-:the  foregoing  chapter,  if  a  perpendicular  be  erefted  upon  the  faid  point  j  to  v 
(to  touch  the  cufve  in  v)  fo  that  the  parallelogram  vd  (hall  be  equal  to  ad,  as 
.in  the  former  cluipter ;  then  will  it  be  ad  divided  by  dv  =  jv,  which  is  100 
divided  by  15,  produceth  6,666666  for  the  true  length  of  5V;  whereas  before 
57  is  7,5.  By  the  fame  means  may  all  the  intermediate  points  in  this  curve 
une  EVA  be  found  to  fall  within  the  right  line  ae,  that  is,  between  the  Une  za 
and  ZB ;  and  therefore  the  right-lined  trapezia  zetab  greater  than  the  curvi- 
lined  trapezia  (or  hyperbolical  fpace)  zevab. 

Now,  forafmuch  as  we  have  proved  that  the  aforefaid  right-lined  trapezias 
^a^e  ever  equal  the  one  to  the  other,  it  will  now  follow,  that  feeing  the  curve 
paffing  by  all  thofe  points  which  are  extremities  of  the  right-lined  trapezia 
(as  well  as  the  curvilined  fpaces,  being  upon  the  fame  ba(is  always),  and  this 
curve  being'  generated  conrinually  by  one  and  the  fame  ratio,  as  in  the  former 
chapter.  That  therefore  the  curvilined  trapezias  (landing  upon  geome- 
trical proportional  bafes,  (hall  be  alfo  equal  the  one  to  the  other ;  which  is 
the  affeftion  and  property  of  the  hyperbola.  And  fo  the  doftrines  and  pre- 
cepts delivered  by  thofe  two  famous  Geometers,  Mercator  and  Gregory,  for 
■the  fquaring  of  the  hyperbola,  be  appUed  to  this  geometrical  curvilined 
figure,  and  from  it  derived  logarithms,  which  may  be  called  hyperbolical 
logarithms. 

The  way  and  means  to  find  the  hyperbolical  fpaces  in  numbers  (hall  be 
jhewed  in  the  following  chapten.  , 
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III. 


IN  this  chapter  we  will  confider  that  moft  admirable  difcovcry  (I  fuppofc 
Mercaior  made)  upon  drawing  tlic  diagonal  ce,  which,  by  conftruiftion, 
cutteih  al!  the  perpendiculars  (landing  upon  the  bafe  cd  at  equal  angles,  and  in 
fiich  diftances  from  ihe  bafe  cd  as  doth  unravel  the  myftery  of  his  infinite  feries, 
and  make  the  quadrature  of  the  hyperbola  more  eafy  and  certain  than  any  X 
ever  faw  or  heard  of.  .  ' 

.  The  diagonal  cb  beifig  drawn,  doth  give  the  firft  term  of  a  geometrical  pro- 
gteflion,  or  infinite  feries,  betvyeen  lo  and  20,  or  30,  40,  50,  60,  70, '80, 
^o,  &c.  ,      .        .  .      "'        '    ■  '        ' 

That  is  to  fay,  would  you  know  the  firft  term  of  an  infinite  feries  (or  nuni- 
JiCTs  geometrical  proponional  continued)  between  10  and  20,  the  fum  of  all 
which  fliall  be  juft  20.     Having  from  z  drawn  the  line  zc,  to  ciit  ba  into  h, 
>hich  taken  off  and  applied  to  cp,  from  c  to  n-  equal  nb,   becaufe  the  angle 
BCN  is  equal  to  the  angle  cbn  ;  1   fay,  that  nb  is  the  firft  term  of  an  infinite 
feries"betwccn  cd  equal  acj  and  the  .perpendicuhir  Nsequal  dz;  which  may  be 
done  by  fquaring  ac,  and  dividing  it  by  tlie  fide  or  number  given,  the  comple- 
ment whereof  to  10  is  the  firft  mean  or  term  of -tiiat  infinite  feries,  fo  Ihall 
the  firft  term  of  the  infinite  feries  between  10' and  20  be  found  5.     Thus  in 
numbers,  10  X  to  =  100,  \°f--—  5,  the  complement  whereof  to  10  is  5,  equal 
CN,  equal  nb  for  the  firft  ttrm  of  an  infinite  feries.  between  lo  and  io,  whole 
fum  is  20,  as  by  the  arithmetical  work  in  the  margin, 
where  a,  b,  c,  d,  e,  /,  &c  are  a  rank  of  geometrical  pro-  .      a.  10 
grefiional  numbers,  whofe  infinite  fum  would  make  but         b. .  5 
20,  and  is  demonftjated  by  the  7th  and  8th  of  Euclid.  r. .  2.  5 

And  in  numbers,  thus  :  as  10  lefs  5  is  to  10,  what  10  ?  (/. .  i.  25  „ 
the  quotient  will  be  found  20  for  the  whole  fum  of  that  e. . .  .625, 
infinite  feries  between  10  and  ao  whofe  firft  term  is  5.  /. ...  3125  \ 

In  like  manner,  would  you  know  the  firft  term  of  an  Jn-         h....  1 5625 

finite  feries  between  10  and  30,  divide  the  fquare  of  ac         i 78125 

=  100  by  30,  the  quotient  will  be  found  3333333,  whofe        k 390625 

complement  co  10  is  6666666;   I  fay,  that  6666666  is        / 1953^25 

the  firft  term  of  an  infinite  feries  between  10  and  30,  as        m 9765625 

by  the  arithmetical  operation  in  the  margin  ;  and  briefly • 

thus,  as  10  ::  3333333  =  6666666  :  10  :;  10  :  30,  fo  is        19.  •99-0234375 
30  the  whole  fum  of  all  tbofe  infinite  progreflional  num- 
bers between  10  and  30.     In  the  figure  you  draw  the  line         0. 10 
-  ♦c,  which  cutteth  ba  in  k  ;  I  fay,  diat  bk  transferred        ^..6.666666666 
from  c  to  o  equal  or  is  the  firft  term  of  an  infinite  feries        c. .  4. 444444444 
between  ac  and  of  equal  d4>.     And  ps  be  the  firft  tenn         d. .  2.  962962962 
.  equal  7,5,  equal  pc  between  ac  and  pg  equal  dy  =  40        /. .  i.  975308641 
between   10  and  40;  for,  as.  before,  10  —  7,5  =  2,5  :        /..  1.316872427 
10  ::  10  =  40,  fo  is  40  the  whole  fum  of  an  infinite        ^....87791495,1 
fcries  between  10  and  40,  whofe  fitft  t«-m  is  7,5,  and        i". ...  585276634 
fo  of  all  the  reft.     On  this  great  myftery  depends  much        * . . . .  39Q1844ZA 
the  following  fquaring  of  the  bfperbok,  and  hatkmade  it 
fo  intelligtbk  and  eafy. 
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Hence  you  may  note,  that  if  you  would  know  the  firft  mean  of  an  infinite 
feries  between  any  other  number,  and  that  number  doubled,  tripled,  qua- 
drupled, &c,  you  may  from  this  root  lo  deduce  it;  as,  for  example,  let  cd 
be  12,  and  I  would  know  the  firft  term  of  an  infinite  feries  between  12  and 
24,  die  double  of  iz,  I  fay,  as  10  is  to  j  what  iz  facit  6  ;  for,  fuppofing  cd 
=:  10  it  was  before  found  5.  Therefore  between  \i  and  24  you  fay  10  :  5  :: 
1 2  :  =  6  for  the  firfl  mean  of  an  infinite  geometrical  pn^reffion  between  i  z 
and  24 ;  and  is  thus,  by  the  former  analogy,  proved  by  faying,  as  1 2  —  6 
—  6  :  IZ  ::  12  :  —  24,  fo  is  24  found  to  be  the  total  fum  of  an  infinite  feries 
between  12  and  Z4,  as  by  the  operation  in  the  margin  will  appear, 

Alfo,  if  it  were  required  to  find  the  firft  mean  between 
12  and  three  times  that  number,  viz.  36,  fay,  as  10  :        a.  \% 
6666666  ::  la  :  8.      And  fo  by  tabulating  or  working         b,,(t 
this  example  as  you  do  the  former,  the  total  fum  of  that        f . .  3 
infinite  feries  between  1 2  and  36  (the  firft  term  being        «/. .  1 , 5 
found  8),  will  amount  co  36  ;  and,  for  proof,    you  fay,         tf. . . .  75 
IZ  —  8  =  4  ;  12  ::  la  :  =  36,  fo  is  36  the  whole  fum        /•■••37S 
of  that  infinite  feries,  or  geometrical  progreffion,  between        ^. . . .  1875 
12  and  j,(if  the  firft  term  being  8,  as  was  defircd.  h 9375 

If  it  (hall  be  required  to  know  an  infinite  feries  between        i 468  75 

10  and  any  other  number;  as,  to  know  the  firft  term  be-        k 234375 

tween  10  and  15,  that  is,  between  dc  and  05,  draw  5c,        1 1171875 

and  it  cutteth  ba  in  e  ;    I  fay,  that  be  is  the  firft  term        m J859375 

of  an  infinite  feries  between  10  and  15,  as  by  the  opera-        — — — - — 

tion  in  the  margin,  and  as  before  taught, -^^  =  6666666;  23»994Moo25 

which  fubtraft  from  10,  leaveth  3333333  for  the  firft  term. 

And  by  the  former  rule  is  proved  thus  :  as  10  —  3333333  f* '  ° 

=:  6666666  :  10  ::  10  :  =:  15.    Thus  may  you  find  the     ■     *•  *  3333333333 

firft  of  any  term  of  an  infinite  feries  between  i  o  and  any  f . .  1 1 1 1 1 1 1 1 1 1 

othernumber.  ^...370370370 

And  if  it  (hould  be  defired  to  know  the  firft  term  of  an  t"  *  ^'^^^\  ^^'^ 

-  infinite  feries  between  any  two  other  numbers ;  as,  for  ex-  ^* "  *- 

ample,  I  would  know  the  firft  term  of  an  infinite  feries        -  f "  "   icTil^^ 

between  la  and  16  :    to  do  it  geometrically,  you  muft  ■ ^^J  7"^^ 

fuppofe  BA  =  12  ;  and  then  counting  16  from  d  in  the  t ~.  t-cz 

line  DB,  prolonged  by  that  point,  and  c  draw  a  line  which  / ^j-   ^ 

will  (;ut  the  hne  ba  (now  reprcfenting  12)  in  a  point,  ^ ^filco 

which  taken  from  b,  will  be  die  length  of  that  line  geo-  ^  ^^    . 

nietrically;  and  arithmetically,  it  will  be  found  by  lay-  ^4»99997i774 

ing,   as  i6d  to   dc,  fo   16  =:  4  to  bk  in  the  line  ba, 
numbered  from  b  to  ^  when  ba  is   12.    In  numbers  the  proportion  ftands 
H  a  thus: 
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thus:    16  :   11   r.  4  :  —  3,  which    3    is    the  firft         a.  iz 
terra  of   an   infinite    feries    between    la   and    16,        ^••3 
as    was  required,    and    is    manifeft   by  the    opera-         c...y-^ 
lion  in  the  margin;  which  to  prove  by  the  fore-        </. . .  1875 
going  rules,  you  fay,  as  12  —  3  =  9  :  12  ::  12  :        /.... 46875 
=  16;   which  is  to  fay,  as  9  to  12,  what  12/adt        /. . . .  1171875. 

16  for  the  whole  fum  of  that  infinite  feries  between        g 29296875 

12  and  16,  the  fijft  term  being  found,  as  before,        h 732421875," 

to  be  3.  i 18310546875 

Thus  have  you  that  great  myftery  unfolded,  of  ■.  ■ — — 

finding   geometrically   and    arithmetically    the  firft  15*99993896484375 

term  of  a  geometrical  progreffion  with  the  whole 

fum  of  that  infinite  progreffion,  or  feries,  between  any  two  numbers  1  which  is 
the  main  thing  I  conceive  that  famous  Mercator  was  fo  lucky  in  difcovery ' 
thereof,  and  dorh  unravel  the  myftery  of  fquaring  the  hyperbola,  as  will  be 
manifeft  in  the  next  chapter  following. 


CHAP.        IV. 

X  Obfcrve  fi-om  the  faid  learned  Gregory's  Exerdtationes  Geometrica,  he 
I  giveth  tfiree  quantities,  or  fpaces,  contiguous  to  the  vertex  a,  which  ftiall' 
be  all  equal  the  one  to  the'  other,  which  is  very  true  and  pcrfpicuous ;  and  then 
fhews  how  to  find  the  areas  of  them  feverally,  as  in-page  9,  io,-iij  and  12,  of- 
faid  book. 

And  here  we  muft  confider  them  all  three  before  we  come  to  underftand  ■ 
Dairy's  rule,  which  is  but  a  deduftioh  from  thefe,  as  will  appear  hereafter. 
And  now  I  begin  to  confider  the  faid  three  feveral  quantities,  or  fpaces,  all.' 
contiguous  to  the  vertex  a,  and  of  a  different  form,  and  yfet  equal'  the  one  to-- 
the  other.  ,  '  , 

Let  it  therefore  now  be  fhewn  thofe  three  feveral  fpaces  differing  in  form,  and' 
yet  equal  the  one  to  tlie  other,  contiguous  to  the  vertex  a,  which  fhall  reprefent 
the  curvilined  trapezia,  or  hyperbolical  fpace  for  2.     The  firft  curvilined  tra- 
pezia, or  hyperbolical  fpace  for  a,  let  be  zbave,  which  is  intelUgible  itituittt :  ' 
the  fecond  let  be  avenc,  which  is  equal  to  the  former  zbave,  by  the  43  of  the  ' 
I  of  Euclid,  becaufe  the  parallelogram  ezbh  (bh  being  equal  to  ze)  is  equal    ! 
to  the  parallelogram  hacn  (ha  being  equal  to  hb).     Now,  forafmuch  as  the 
curvilined  triangle  AVEH  is  common  to  both  the  faid  curvilined  trapezias,  of 
.hyperbolical  fpaces,  it  remaineth  therefore,  that  thefe  two  curvilined  trapezias, 
or  hyperbolical  fpaces,  zevab  and  avenc,  are  equal  the  one  to  the  other. 
-  And  now  to  find  out  the  third  curvilined  fpace  contiguous  to  the  vertex'  a, 
and  yet  equal  to  either  of  the  other  two,  but  differing  in  form,  doth  require  a 
Jittle  further  confideration,  which  from  him  is  direfted  thus :  And  is  manifeft 
by  the  figure,  divide  bz  in  two  equal  parts  in  5 ;  then,  as  before  taught,  will 
it  be  as  50  :  DC  ::  53  *.  bk  =  dx  make  ex  equal  to  cIT,  or  find  dH,  it  is  aa 
D5  :  DZ  ::  DC  :  dII  upon  n  ereft  a  perpendicular  to  touch  the  return  or  con- 
^  tinuation 
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tihuation  of  the  curve  on  the  other  fide  of  a,  from  a  towards  ©  Jn  S.;  fo  is  this 
Glirvilined  figure,  or  hyperbolical  fpace,'n^Avx  "(differing  in  form)  equal  to 
either  of  the  other  two  zevab  or  cavn.  And  for  finding  the  area  of  this 
curvilined  figure,  or  hyperbolical  fpace,  IIJavx,  is.  derived  Dairy's  rule,  which 
is  but  a  dedudion  from  the  finding  of  the  areas  of  the  other  two,  as  will  here- 
after appear. 

Arithmetically,  dx  is  found  by  faying,  as  15  to  10;  what  10?  fadt  _ 
66666666,  and  lolefs  66666666  reft  3-33333J3.  for  cII,  fo  is  xIT  equal  to 
66666666 ;  or  dII  may  be  found  thus  :  as  05  :  dz  ::  do  :  dII,  which  in  num-' 
bers  is,  as  15  :  20  ::  10  :  =  1-33333333  for  dH* 

'  James  Gregory,  in  the  4th  propofition,  page  10  and  11,  of  his  ExercUattones 
Geometrica,  doth  contemplate  firft,  the  fecond  of  thefe  three  curvilined  trapezias, 
or  hyperbolical  fpaces ;  that  is  to  (ay,  the  curvilined  trapezia,  or  hyperbolical 
fpace,  CAVEN;  and  in  that  fourth  propofition,  after  a  long  and  learned  demon- 
ftratlon,  dorfi'prove  the  fpace  caven  to  be  equal  to  his  fuppofcd  quantity  w;,- 
and  then  refers  you  to  Cavalerius's  method  of  indivifiblcs;  a  book  I  have  not 
yet  feen.    Which  briefly,  I  conceive,  may  be  thus  eafily  dempnftrated.  - 

It  is  manifeft,  that  all  the  perpendiculars  let  fall  from  the  ordinates  (ftanding 
upon  ^the  prolonged  fide  d^)  to  the  bafe  cD,  doth  not  only  deferibe  the  curve, 
but  would  alfo  fill  the  whole  hyperbolical  fpace,  were  number,  and  the  curve 
definitive.  And  thofe  perpendiculars  let  fall  firom  the  ordinates  (ftanding  upon 
BO  prolonged,  numbered  20,  30,  40,  50,  60,  &c),  doth  divide  the  bafe  DC 
in  ^  -J.  -J-  -J-  4  &c.  And  whereas  die  diagonal  cb,  by.cfoffing'aU.thofe  perpen- 
diculars, doth  give  the  firft  term  of  an  infinite  feries  between  the  root,  or  fide, 
AC  (zz  nh),  and  the  length  of  each  of  thofe  perpendiculars  ftanding  upon  the 
bafe  CD.  Therefore,  fo  know  the  hyperbolical  fpace  cavbm,  divide  the  paral- ■ 
Iclogram  ch,  making  it  the  firft  term  of  an  infinite  feries  by  the  ratio  of  nb 
rr  Nc  to  NH  in  infinitum,  and  each  of  thofe  quotes,  or  proportional  numbers, 
bjr  I,  2,  3,  4,  5,  6,  7,  8,  &c,  alfo  w  infinitum.  The  quotes  of  a:ll  the  lart  di-" 
vifions  added,  will  give  you  the  area  of  the  hyperbolical  fpace  caven,  and 
fo  for  any  other  Curviliried  or  hyperbolical  fpace  ftanding  upon  the  bafe  cd, 
as  by'the  calculation  following. 

■  Ahd  befoic  I  handle  any  of  the  other  two  curvilined  fpaces,  differing  in  form, 
and  yet  equal  to  this  hyperbolical  fpace  caven, -we  will  exemplify  this  de- 
.nionftration  in  operation  ;■  and  the  figurative  work  thu'eof  Ihall  be  the  work- 
of  the  next  chapter. 


CHAP.        V. 

LET  it  be  required  to  calculate  the  area  of  the  curvilined  trapezia,  or;, 
hyperbolical  fpace,  caven  to  15  places,  and  hereafter  you  will  fee  ic 
done  to  25  places,  according  to  Dairy's  rule,  in  chapter  VII.  but  with  greater 
difpatch. 

Thus  by  the  calculation  do  you  find  the  area  of  the  curvilined  trapezia,  or 
hyperbolical  fpace,  CAVEjttothe  ij  place,  to  be  693147180559945  equal  to 
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the  curvllined  trapezia  zevab,  and  alfo  equal  to  the  curvUined  trapezia,  or 
hyperbolical  fpace,  nSAVx  ;  the  calculation  of  the  areas  of  any  part  of  thefe 
two  latter  (hall  be  ftiewn  hereafter,  which  will  differ  in  operation,  yet  bring 
out  the  fame  number;  and  in  calculating  the  laft,  we  (hall  ule  Dairy's  di- 
rections. 

It  having  been  before  (hewn,  that  the  hyperbolical  fpace  zavab,  equal  to 
the  curvilined  trapezia,  or  hyperbolical  fpace,  caven,  is  equal  to  the  curvi- 
lined  trapezia,  or  hyperbolical  fpace  ygfez.;  that  therefore  the  faid  zevab  is 
a  fpace,  or  quantity,  to  reprefent  the  logarithm  of  2.  So  then  the  aforefaid 
number  693147180559945  is  an  hyperbolical  logarithm  of  2  ;  and  having  the 
logarithm  of  2,  you  have  alfo  the  logarithm  of  all  the  powers  of  2. 

And,  by  this  calculation,  you  have  not  only  gotten  the  logarithm  of  2, 
but  gained  alfo  the  logarithm  of  3  :  for  if  you  add  all  the  quotes  marked  with 
this  afterifm  (*),  the  addition  of  them  fliall  be  half  the  turn  of  the  hyper- 
bolical logarithm  of  3,  agreeable  to  the  4th  confedary  of  the  4th  propofition, 
and  firft  inference  on  the  5th  propofition  of  faid  James  Gregory's  Exercitaliones 
Gfometrka ;  from  whence,  'tis  plain,  tliat  Michael  Dairy  had  his  rule,  as  will 
appear  more  manifeft  after  we  have  contemplated  the  two  other  curviljiied  tra- 
pezias,  or  hyperbolical  fpaces,  zdvab  and  IISavx. 

The  addition  of  the  quotes  marked  with  (*),  make  549306144334055, 
which  doubled,  is  10986122886681 10  for  the  logarithm  of  3;  and  now, 
having  gotten  the  logarithm  of  j,  you  have  alfo  tlie  logarithm  of  all  the  powers 
of  3,  and  of  all  the  compoiites  of  2  and  3. 

Again,  if  you  fljall  from  50  fubtraA  125,  and  to  that  add  4166666666666, 
and  from  that  fubtraft  15625,  and  fo  on  throughout,  you  fliall  have  the  loga- 
rithm of  the  difference  between  2  and  3,  or  the  logarithm  of  1  and  4-,  or  i 
and  tVj  corrcfpondent  to  the  inference  on  the  5th  prop,  of  James  Gregory  ; 
sU  which  fliall  be  fully  exempliiied  hereafter. 

The  calculation  of  the  logarithm  of  2,  according  to  the  method  before 
going,  is  the  groivid^work  of  all  the  calpul^tions  following ;  and  I  fliall  only 
■  give  the  calculation  of  one  more  fpace  to  reprefent  the  logarithm  of  3,  after 
that  method,  though  we  have,  you  fee,  gotten  already  the  logarithm  thereof ; 
but  fuppoiing  w?  bsd  not,  and  were  to  find  that  firft  according  to  the 
laid  method. 

From  F  you  let  fell  a  perpendieular,  as  fo  ;  fo  is  die  curvilined  trapezia, 
or  hyperbolical  fpace,  aefoc  equal  to  the  curvilined  trapezia,  or  hyperbolical 
fpace,  AEF*B,  for  the  oblong  aeoc,  as  before  ftiewn,  will  be  equal  to  the 
parallelogram  ef4>b,  and  the  curvilined  triangle  aefe  common  to  both  pa- 
rallelograms. Therefore  the  curvilined  trapezia  aefoc  equal  to  the  curvilined 
trapezia,  or  hyperbolical  fpaee,  aefOb,  to  calculate  whofe  area,  which  will  be 
the  logarithm  of  3,  you  proceed  as  followeth,  which  work  is  but  partly  done, 
to  fliew  the  way  thereof,  the  logarithm  of  3  being  hereafter  don?  to  25  placeg, 
bur  with  far  greaipr  difpatch  than  this  njethod  wUl  permit, 
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666666666666666 

I 

666666'656666666 

444444444-444444 

■  U 

222222222222223 

296296296296296 

III 

.98765432098765 

197530864197530 

IV 

•.493S27 16049382 

131687242798352- 

V 

.26337448559671 

.8779.1-495198902 

VI 

■  146319158664S4 

.58527663+65934 

VII. 

..8361094780848 

.39018443310030 

VlII 

••4877305288829 

.  26012294873752  ■ 

IX 

..2890:54985973 

•17341529915834- 

X 

•.•-'7-34i-5299'583 

.  1 1561019943888   - 

XI 

.  ..1051001813081 

••77°734662925^ 

XII 

...642278885771 

1  have  but  gone  twelve  fteps.  in  the  calculation  of  the  logarithm  of  3  after 
faid  method,  which  will,  if  it  were  added,  but  give  ,tlic  logarithm  of  3  to  5 
places.  I  have  left  it  unBcifhedibr  the  exercife  of  thofe  who  fhall  take  deHght 
herein,  ahd  finilh  it  throughout,  to  the  intent  of  making  the  logarithm  of  3  to 
15  phces,  according  to  this  method.  By  adding  the  quotes  of  fo  much  as  is 
done,  the  firft  five  figures  will  be  10986,  correfpondent  to  the  logarithm  of  3  : 
this  method  being  fomewhat  llow,  I  (hall  not  calculate  the  logarithms  of  any 
other  numbers  according  to  it.  And,  by  thefe  tw&  examples,  the  reader  may 
fee  enough  to  calculate  any  other  curvilined  trapezia,  or  hyperbolical  fpace. 
Handing  ouly  in  or  upon  the  bafe  cd,  equal  to  an  hyperbolical  fpace ;  reckoned 
in  the  prolonged  fide  db. 

And  fo  we  will  contemplate,  in  the  next  chapter,  the  affe3:ions  and  properties 
of  the  hyperbolical  fpace,  or  curvilined  trapezia,  aSQyc,  equal  to  the  curvi- 
lined trapezia,  or  hyperbolical  fpace,  abzev. 


CHAP. 


VII. 


BEFORE  we  ftiew  how  to  calculate  any  part  of  the  curvilined  trapezia,  or 
hyperbolical  fpace,  a20Tc,  equal  to  tlie  curvilined  trapezia,  or  hyperbo- 
lii-ii  fpace,  AVEZB,  we  will  infert  tables  to  illuftrate  the  i,  2,  and  3  propofitioas 
of  James  Gregory's  iLxertttatimti  Geometries* 
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The  rule  to  find  z  is 
66666666  unpares  =  z. 


TTie  proportion  to  find  z, 
45— 625= 1875:25::  25:  = 
-     33333333  pares  =  z.  . 


The  rule  is       '    I    I    M    I 

,  a  w  a  -ii  o  w 
£5-625  =  1875:25;:  <j 

a5  •  =  33333333 
Equalis  paribus. 

+  I  +  I  +  I  +  I  +  I  +  I  + 

The  proportion  is  ^ 

5  +  25  =  75:5  5:5  =  =  33333333      '^ 
Equales  excelTui  impariumfupra 
omnes  pares. 

I  +  I  +  I  +  1  +  I  +  I  + 

The  proportion  is  ^ 

.<— 125=375:5:  :5:=66666666     •** 
Equals  paribus. 

+++++++++++++  ^ 
t5ar'«>-iKO'flwa«w>  "2 
+  1  +.1  +:!  +  I  +  I  +  I  +  B 

aA  +  ac  +  IE  +  ao  +  ai  +, 
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THE  GXPLAN/TIOH  OF  THE  FORBGOIHO  TABLE. 

This  table  confifteth  of  eight  columns.  The  fii'ft  is  a  fuppofed  literal  rank 
of  quantities  continually  proportional.  The  fecond  is  of  numbers  correipondenE 
to  uie  firft  in  a  ratio,  as  2  is  to  i ;  or  5  to  2,5  i  What  2,5  ?  And  fo  fuppofed 
continued  in  infinitum  ;  with  the  rule  how  to  find  out  the  whole  fum  of  ihofc 
numbers  fo  continually  proportional. 

The  third  column  flieweth  how  to  find  the  whole  funi  <>f  the  odd  quantities  or 
numbers,  '     '-; 

The  fourth  teachedi  how  to  know  the  whole  fum  of  the-  avcn  quantities  or 
numbers.  ,....:..- 

The  fifth  tellcth  how  to  find  the  whole  fum  of  the  difference  of  the  quantities 
of  the  firfl  column.  '    .  "        3  . 

The  fixth  fuppofeth  a-~b4-c— d  +  Ej  and  Eeatheth  hbw  td-iind  the 
folution  thereof.  ■       '  l    "i ; 

The  feventh  fuppofeth  a  +  b  —  c  +.»  —  e,  and  givetfi  ^  rule  to  irefolve 
the  fame.  '  '  .'^   ■'■■    '■  '   "  i-  '"»■ 

The  eighth  and  laft "  fuppofeth  the  vhole  rank,  firft  affifmativey  dnd-Ae 
fecond  evenly  or  alternately  lefs;   and  giveth  a  folution  theraot.v  -.. :  ^■'.  '-.■'; 

A  fiirther  explanation  of  this  table  will  be  when  we  come  to  calculate'  the 
area  of  any  part  of  the  curvilined  trapezia  a£9tc. 


THE  SECOND  TABlfi. 


S  S  o_ 


°      -4' 

333333333  frg. 

°        J 

666666666 

i^- 

2.S     *■=■ 

Sg" 

1,66666666  g€ 

8.33333333  -a 

iti 

1,42877143  IJ- 
1,11111111  0  ^', 

8,57142857  g 

8.7J      I 
8,8888888S  | 
9.        <J 

T  -8 

This  table  confifteth  of  four  columns.  The  firft  is  equal  fpaces,  numbered 
in  the  fide  db  prolonged,  or  the  tangents  greater  dian  radius. 

The  fecond  iheweth  the  length  of  the  perpendiculars  ftanding  upon  the  fide 
DB  prolonged;  which  are  tangents  lefs  than  radius;  and  by  the  tops  pafs  the 
curve  or  hyperbolical  line. 

The  third  column  is  the  arithmetical  complements. 

The  fourth  column  ftteweth  what  proportion  the  fecond  column  hath  to 
radius. 

The  reftangle,  or  parallelogram,  of  the  firft  and  fecond  column,  is  equal 
ahrays  to  the  fquare  ad, 

Voi^II,  I  Thij 
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This  table  is  of  ufe  to  find  points  to  dcfcri'oe  the  airve  or  hyperbolical  line, 
or  to  examine  if  the  curve  pafs  through  fuch  points  as  the  taWe  mentions. 

The  making  of  this  table  hath  been  formerly  fhewn,  when  it  was  taught  how 
to  defcribe  the  curve. 

We  now  come  to  Ihew,  how  to  make  a  table  to  find  the  length  of  the  bafe* 
of  the  compound  curvilined  trapezias,  or  hyperbolical  fpaces. 

We  call  that  a  compound  curvilined  trapezia,  or  hyperbolical  fpace,  when 
AC  is  in  the  middle  of  that  bafe. 

So  AC  Handing  upon  the  middle  of  IIx  hath  perpendiculars  or  fides  IIX  and 
XV,  fo  is  the  curvilined  trapezia  IISavx,  to  be  hereafter  underftood  a  compound 
curvilined  trapezia,  or  hyperbolical  fpace,  and  will  be  fliewn  as  foUoweth  to  be 
equal  to  the  aforefaid  fpaces  caven,  and  to  avezb  for  the  logarithm  fpace 

OI    2. 

And  the  compound  curvilined  trapezia  AOaveh  will  be  equal  to  the  cur* 
vilined  trapezia  avfoc,  and  to  avf^b  for  the  logarithm  fpace  of  3. 

The  compound  curvilined  trapezia,  or  hyperbolical  fpace  IISavx,  wc  may 
prove  to  be  equal  to  avezb,  thus  :  by  the  43  of  the  firft  of  Euclid,  the  paral- 
lelogram CK  is  equal  to  K5,  and  the  curvilined  triangle  avk  common  to 
both  ;  fo  then  is  avkxc  equal  to  aV  jB.  And  the  parallelogram  H9  equal  to 
the  fquare  vz,  and  the  curvilined  triar^le  S^a  equal  to  the  curvilined  triangle 
Vise  ;  and  fo  the  compound  curvilined  trapezia  IISavx  equal  to  the  curvilined 
trapezia  avezb  for  the  logarithm  fpace  of  2.  For,  by  the  4th  table  fiDllowing, 
look  what  proportion  the  perpendiculars  or  fides  of  the  compound  curvilined 
trapezias  have  one  to  the  other,  the  like  proportion  have  the  fides  or  perpendi- 
culars of  the  other  two  curvilined  trapezias.^ 

So  in  this  ccHnpound  curvilined  trapezia  US  and  xt,  the  fides  or  perpendi* 
culars  are  in  a  proportion  as  2  is  td  i  defcending,  or  as  i  is  to  z  afcending ;  fo 
likewife  in  the  curvilined  trapezia  caven  (equal  to  the  aforefaid  compound 
curvilined  trapezia  HSavx),  the  fide  or  perpendicuUr  ne  is  double  to  ca.  And 
alfo  in  the  curvilined  trapezia  avezb  (equal,  as  before,  to  the  compound  cur- 
vilined trapezia  IIXavx),  the  fide,  or  perpendicular,  ba,  twice  ze,  as  before 
taught. 

Thus,  by  the  ratio  of  the  2  tables  following,  you  may  make  a  compound, 
curvilined  trapezia  equal  to  either  of  the  other  two  curvilined  trapezias,  or 
hyperbolical  fpaces ;  and  the  calculating  the  area  of  the  compound  cuncilined 
trapezias,  will  be  found  to  be  of  far  greater  difpatch  than  the  former  method  ; 
by  which  we  fhall  make  ufe  of  Dairy's  rule,  or  rather  the  learned  James^ 
Gregory's,  from  his  firfl  inference  on  his  5th  propofition. 

We  come  now  to  infert  the  third  table,  which  is  a  table  of  ratios,  to  find  the- 
length  of  the  bafes  of  the  compound  curvilined  trapezias. 

You  may  note,  that  in  all  the  three  different  forts  of  curvilined  trapezias,  or 

hyperbolical  fpaces,  equal  the  one  to  the  other,  if  on  the  middle  of  tiieir  bafes 

.    you  Ihall  ereft  perpendiculars  to  touch  the  curve,  the  greater  part  or  fegments 

in  each  is  equal  to  cither  greater  iegment  of  the  other,  and  fo  is  the  leffer  part 

or  fegment  of  the  one  equal  to  the  kffcr  fe^nent  of  either  of  the  other. 
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II 

III 

IV 

V            VI 

JD 

DC : 

:  DC  t 

DX 

15 

10  : 

:  10  . 

,6666666661 

For  f  length  of  the 

5» 

ZD 

:  DC  : 

x>n 

%              bafe 

>5 

20 

:  10  : 

1*333333333. 

.<666«66« 

ZD 

DC 

t  oc  : 

DN                      "^ 

1 

20 

10 

:  10  . 

5 

ZD 

*D' 

:  Bc  • 

OA 

>  3      »o 

20 

30 

:  10 

>5 

. 

10 

40  : 

:  10  . 
;  JO  . 

U        ]  *  {" 

30 

3» 

;  10 

SO 

:  10 
;  10 

i.lmiUll]  i   {'3333J3333 

35 

10 

.60- 

:  10 

:  10 

s8{7i4J8jl 
i,7i428j7ijj 

6   ^1428^71430 

This  table  conCfteth  of  fix  columns.  The  firil  four  fliew  the  proportion  of 
catib  to  find  the  lengths  of  ihe  bafes ;  and  the  number  in  the  fiidi  column  is 
the  lengiii  (^  the  bale  for  fo  msn^  fpaces  as  the  fifth  column  fignifies. 

And,  by  the  fame  reafon,  you  may  find  the  lengths  of  the  bafee  for  anf 
other  curvilined  trapezia,  or  hyperbolical  fpace. 

Thus  is  666666666,  of  the  fixth  column  (the  di0er«ice  of  the  two  firil 
numbers  in  the  fourth  column),  die  length  of  the  bafe,  for  the  curvilined 
compound  trapezia,  or  hyperboUcaJ  fpace,  to  reprefent  the  Ic^rithm  c^  2. 

And  lo  the  length  of  the  bafcfor  3,  fo  is  12  for  4.;  and  1,333333333  ^^  S» 
and  fo  is  1428571430  for  the  length  cnf  the  bafe  ix  tlie  hyperboUcal  fpace  for 
6.    And  thus  may  you  do  for  any  other  fpace  or  number. 

The  numbers  in  the  fourth  column  for  2,  5,  4,  5,  6,  &c,  are  in  proportion  4s 
■!■>  T>  7>  T*  T»  &c ;  and  added  are  equal  to  twice  radius,  or  20  =:  d  9 . 

We  proceed  next  to  ihew  how  to  make  a  table  of  ratios,  to  find  the  lengths 
cf  both  the  perpendiculars,  or  fides,  of  the  compound  curvilined  trapezias. 


I  2 
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JBeing  a  Table  of  Ratios  tajmi  the  Length  of  Uth  the  Perp^^cutarSt  or  Sides,  t^ 
the  compound  curvilined  Trt^ezias,  or  iyperiolical  Spaces, 


CD  —  ex  = 

»o  -  333333333  = 
CD  +  cn  (=  ex)  = 

lo  +  333333333   = 

CD  —  CN  = 

lo  -5  = 

CD    +  CA  (=  C»)  = 

lo  +  5  : 

CD  —  C»  I 

JO  —  6  *: 

CD  +  c8  (=:  Dffl): 
10+6  ■  .  : 
CD  —  cA    "  : 

10  -  666666666  : 
CD  +  cm  (=  ca)  : 
10  +  666666666   : 


11 

XD  :  DB : 

666666666  :  lo  : 

:    Dll  :  Dfi  : 

1333333333  •  »o  : 
;    ND  :  DB  : 

■5  :  10  : 

oil  :    DB  : 

:    15  :  10  : 

:    »j>  :.  DB  : 

:    4  :  to/. 

:    D**  ■   :  i>B: 

:    16  ■ '.  :  id  : 

:'-  ftD  ■    -■    :  db": 

:  533S333i3  •  'o  : 
:  PIR  ;  :■  "  :  DB  : 
:  1666666666 :  10  : 


iir    IV 

:  DB  :  D5  = 

; 10  -  15     1 

; DB  :  dS      J 
:  10  :  7,5 

;  DB    :    DZ  ^ 

:  10 


&.0    j   3 

666666666 


25  1 

;  62J     J 


:  10 

:  -DB  :  b*  — 
:  10  :  30 
:  DB  :  lRi» 
I  10   :  6 


S83333333  J 

40  1 

5 7 142857 1  / 

5625  J 

50  1 

S55S55S55 i 
55  \ 

55  J 
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This  table  confifteth  of  five  columns.  .The  firil  contains 
die  quantities  and  numbers  of  the  firft  tenn  in  the  propor- 
tion. The  fecond  column,  the  quantities  and  numbers  of 
the  fecond  term  in  the  proportion.  The  third  column, 
the  quantities  and  numbers  of  the  third  term  in  the  pro- 
portion. The  fourth  column,  the  quantities  and  numbers 
of  the  fourth  proportional  number  or  term ;  wherein  are 
numbers  for  the  length  of  both  the  perpendiculars  for 
a,  3,  4,  5,  &c.  The  fifth  column,  is  the  numerical  order 
of  the  compound  curvilined  trapezias,  or  hyperbolical 
fpaces,  of  a,  3,  4,  5,  &c.  - 

And,  by  the  fame  ratio,  you  may  find  the  lengths  of  both  the  perpendiculars 
for  any  other  compound  curvilined  trapezias  to  reprefent  the  Ic^arithm  of  any 
other  number. 

By  the  fourth  column,  you  may  perceive  the  perpendiculars,  or  fides,  of  the 
compound  curvilined  trapezias,  or  hyperbolical  fpaces,  arc  in  fuch  proportion 
the  one  to  the  other,  as  the  number  they  reprefent  are  to  unity. 

That  is  to  fay,  in  the  compound  curvilined  trapezia  IIXavx  to  reprefent 
the  logarithm  fpacc  of  2,  the  perpendicular  xv  is  to  nZ  as  2  is  to  i . 

And  in  the  compound  curvilined  trapezia  aqaven  to  reprefent  the  loga- 
rithm fpacc  of  3,  the  perpendicular  ne  is  in  proportion  to  a©  as  3  is  to  i. 

And  fo  the  perpendiculars  of  the  fourth  logarithm  fpacc  as  4  to  i ;  and  of  the 
fifth  fpacc  as  5  to  I ,  See  J  as  by  the  fourth  column  of  this  fourth  tabic  appcarcdi. 

And 
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■  ■  And  the  perpendiailars  of  both  the  other  forts  of  the  curvilincd  trapezia, 
or  hyperbolical  fpaces,  are  Jikewife  in  the  very  fame  proportion  the  one  to  the 
other ;  as  you  may  note  from  what  hath  been  faid  before  of  them. 

By  thefe  tables,  and  by  what  hath  been  faid  forinerly,  thefe  three  curvilined 
trapezias  have  ihe^  lame  properties'  and  afFeftions  as  thofe  have  in  an  hyperbola 
denved  from  the  fe£lion  of  a  right-angled  cone. 

We  fliall  now,  therefore,  come  to  calculate  fome  part  of  this  latter  hyperbo- 
lical fpace,  before  we  (hew  how  to  do  it  all  at  once ;  that  is,  of  the  hyperbolical 
fpa'ce  aoaven  localculate  the  area  of  the  fpace  ^Oac,  which  is  equal,  as 
before  £h*wn,  to  the  fpace  of  5vab.  And  when  we  have  (hewn  to  calculate 
this  part,  we  fliall,  from  this,  and  what  hath  been  taught  how  to  do  the  other 
part,.,come  to  derive  Dairy's  rule,  or  rather  James  Gregory's,  wliich  is  com- 
.  prifed  in  die  firft  inference  on  his  5th  propofition. 


CHAP.       vir. 

WE  have,   in  the  fifth  chapter,    calculated  the  area  of  the  airvilined 
trapezia,  or  hyperbolical  fpace,  caven  equal  to  avezb  for  the  loga- 
rithm of  2. . 

In  this  curvilined  trapezia  cavek  all  the  perpendiculars  ftanding  upon  the 
bale  CN,  are  each  more  than  radius  ca  for  greater  than  the  tangent  of  45°  00'), 
being  flill  afcending  and  affirmative;  and  therefore,  by  the  firft  table,  to  be  con- 
tinually adding ;  as  by  the  calculation  thereof  is  alfo  manifeft. 

We  are  now  come  to  calculate  the  curvilined  trapezia  caoa,  part  of  the 
curvilined  trapezia  cT®0a  equal  to  avezb. 

In  this  curvilined  trapezia  caqa  (equal  to  b^va)  all  the  perpendiculars 
ftanding  upon  the  bafe  ca,  are  each  lefs  than  the  radius  ca,.  being  flill  de- 
fcending  and  negative;  and,  therefore,  to  be  handled  by  the  firft  table  ac- 
cordingly. 

The  bafe  ca  is  equal  to  cn  of  that  fpace,  calculated,  as  before,  in  the  5th 
chapter. 

If  by  the  vertex  a  you  draw  a  parallel  to  the  diagonal  cb  as  zaT,  it  is  a 
tangent  to  the  curve  touching  it  in  the  point  a,  and  ab  doth  cut  all  the  perpen- 
diculars contrarywife  to  cb.  For  ex  =  x'^V.  is  not  equal  to  Tn  =  nrf,  but  nd 
is  equal  to  xiR  =  kb,  becaufe  en  is  equal  to  ex,  and  the  angle  nxa  equal  to 
the  angle  kbtk  ;  fo,  therefcffe,  by  the  i  and  4  tables,  all  the  perpendiculars 
ftanding  upon  ct  are  lefs  than  radius.  And  feeing,  by  the  fixth  column  of  the 
firft  table,  and  alfo  by  the  fourth  of  the  fourth  table,  we  may  find  the  length  of 
AO.  Therefore,  to  know  the  area  of  caqa,  making  c©  the  firft  term  of  an 
infinite  fenes  in  a  continual  proportion,  as  ca  is  to  ca,  that  is,  as  50  to  25  : 
What  25  ?  Ftcit  125,  as  in  the  infinite  feries  of  numbers  continually  propor- 
tional for  the  calculation  of  the  logarithms  of  2,  in  chap.  J.  You  do  therefore, 
as  there  faid,  from  ^o  (ofthcfecond  part,  under  the  title.  The  Quotes  to  be 
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added)  fubtra£k  125,  and  to  dliat  add  416666666666666,  and  from  ditt  fub- 
iraft  15625,  and  fo  on  throughmit,  you  Oiall  have  405465 108 108 165  for  tfar 
area  of  the  fpace  caqa  equal  to  s  AV5.  And  thus  may  you  find  aay  other  paxt 
ofcYHA. 

We  fiiall  (hew  how  to  do  it  for  oiia  and  cxva,  becaufe  from  them  we  ihall 
derive  Dairy's  rule,  or  rather  James  Gregory's ;  for  from  them  we  have  derived 
and  calculated  the  logarithm  for  two  to  twenty-five  piaccs,  as  by-^ic  calctdadon 
following  next  after  this  will  appear. 

Now  to  calculate  the  area  of  the  curvilined  trapezia,  or  hyperbolical  fpaoes, 
cntA  and  cxva,  you  make  ex,  or  ch,  the  firft  arm  of  any  infinite  feries,  and 
the  fecond  term  in  fucb  a  ratio  as  nc  is  to  ca  fer  your  proportionals  of  your  in- 
finite feries>  and  fo  proceed  on,  as  in  chap.  V.  and  as  here  appearedu 


The  Infinite  Series  of  Namheri 

proportionaK 

<•  333333333333333- 

I 

aa  iiillllllllllll. 

II 

aaa  .  37037037037037. 

III 

c'    .  1234567801  J34j. 

IV 

0'    ..4UJ22633744S. 

V 

«      •.137'742'"483- 

VI 

ai    ...457247370827. 

VII 

«•    ...1J23IJ790275. 

VIII 

a'    50805263425. 

IX 

a'°    16935087808. 

X 

0"    5645029269. 

XI 

a"    1881676423. 

xn 

The  ^etes  to  he  added  for  cxva. 

A  +  333333333333333  +  * 
B  -•S5SSSSSSSSSS5S+  » 
c  +  .12345679012345  +  c 

D  — .. 3086419753086  +  D 
E  + .,.823045267489  +  B 
P  — ...228623685414  +  F 
G  +  .. ..65321052927  +  C 
H  -  ....19051973784+  H 

I    + 5645029269  +  I 

K  — 1693508781  +  K 

L  + 5>3i84479  +  ^ 

M  — 156806369  +  U 


We  have  but  gone  through  -twelve  fteps  of  this  calculation,  to  (hew  the 
manner  thereof;  but  Ihould  you  proceed  to  go  through  it  till  it  works  off,  as 
in  chap.  V.  you  may  have  both  the  fegment  cxva,  and  ciita  :  for,  if  you  finifli 
^he  calculation,  and  add  up  all  the  quotes,  chat  fum  will  be  the  area  of  cxva, 
and  be  found  405465108108165,  as  in  chap,  V,  and  is  equal  to  the  greater 
fegment  wnhe  D  in  the  curvilined  trapezia,  or  hyperbolical  fpace,  cnhb  Ji  A, 
-and  alfo  wnhe  J  is  equal  to  caqa  equal  to  AB5V, 

And  if  from  333333333333333  you  Ihall  fubtraft  the  fecond  number 
5iSSSS$5SSS5i5Si  and  to  that  add  the  third  number  1345679012345,  and 
then  from  that  fubtraft  the  fourth,  and  fo  add  and  fubtraft  according  to  the 
figns  +  and  —  throughout,  you  will  have  .  .  287682072451780  for  the  area  of 
the  lefler  fegment  of  the  compound  curvilined  trapezia  wnrA  5  ,  that  is,  the 
area  of  cniA,  equal  to  cwda,  equal  to  V52E. 

And  you  have  not  only  gotten,  by  this  calculation,  the  area  of  each  fegment 
fcparately,  and  fo,  confequcntly,  the  area  of  the  whole  fpace,  by  addition  of 
thefe  two,  but  you  have  alfo  obtained  the  half  of  the  whole  area  at  once  ;  for 
jf  you  Ihall  (correfpondent  to  the  column  of  the  firft  table)  add  the  numbers 
with  +  affirmative,  they  will  give  you  half  the  area  of  the  compound  curvilined 

trapezia 


lOGARITBHOTBCRNIA.  63 

trapezia  xnrAv  for  the  logarithm  of  2,  which  you  will  fee  prefently  exemplified, 
and  done  to  25  places :  and  this  is  the  fum  of  James  Gregory's  inference  on  his 
fifth  propofition  c£  his  Exercitationes  Geometric^e ;  and  fo  agreeable  to-  the  rule 
delivered  to  me,  as  before  declared,  by  Michael  Dairy.  Having  acquainted 
feveral  perfodswith  Dairy's  rule,  in  page  45,  and  fliewn  to  them  fome  figurative 
work  thereupon,  in  order  to  make  a  logarithm,  I  was,  notwithflanding,  fome 
time,  through  inadvertency,  almt^  difcour^ed  of  ever  knowing  how  to  cube 
in  infinitum  fuch  a  number  as  there  fpoken  of;  neither  did  any  of  thofe  to  whom 
I  had  communicated  the  fame  take  any  fuch  notice  thereof  (that  I  know  of),  fo 
as  to  do  it.  And  now  I  come  to  (hew,  how  I  overcame  that  difficulty  of 
cubing  a  range  of  figures  for  25  places,  which  he  told  me  I  muft  do  in 
infinitum,  before  I  could  make  the  logarithm  of  fo  many  places ;  and  to  re- 
move the  flumbliog  block,  I  do  confefs,  took  up  fome  time;  for  Dairy  had 
not  then  told  me  a  word  of  fuch  an  author  as  James  Gregory,  and  I  bad  not 
known  his  wwks  but  for  John  Collins,  (bme  years  after  Dairy's  death.  But, 
before  I  ever  met  with  Gregory's  book,  I  had  obtained  my  defirc  to  cube  in 
infinitum  twenty -five  figures ;  that  is,  twenty-£ve  3,  by  dividing  by  9  continually, 
as  in  the  calculation  following,  to  find  the  logarithm  of  2  aU  at  once ;  which 
manner  difpatcbeth  the  calculation  much  mare  fpeedy  than  the  method  of  calcu- 
lation in  the  fifth  chapter. 

And  now  the  reafon  of  cubing  twenty-five  3,  by  dividing  only  by  9,  doth 
follow. 

Forafmuch  as  Dairy's  rule,  before  declared,  to  make  the  logarithm  of  2,  doth 
bid  you  to  2,  add  i,  and  fi^om  a  fubtraft  i,  fo  (hall  there  be  a  refult  or  fradion 
of  4-;  and  then  divide  i,  or  100,000,000,000,0000,  by  -f,  whofe  quotient  is 
333333333333333»  which  cube  in  infinitum,  it  had  been  as  much  as  if  he  had 
iaid  cube  4.  fr^ionally,  which  is -i^j  and  divide  1 0000000000000000  by  iV» 
the  quotient  will  be  37037037037037  for  the  cube  of  a,  or  -J-,  as  in  the  ope- 
ration beforegoing.  Now,  foramiuch  as  you  would  cube  the  number  for  -J-, 
viz-  333333333333333  (which  is  I,  or  100,000,000,000,0000,  divided  by  3),  it 
is  as  if  you  fhould  fay,  as  27  to  1 000000000000000 :  What  1  ?  tlie  quotient 
will  be  37037037037037  for  the  cube  of  j,  or  333333333333333,  as  before. 
Kow,  if  you  (hall,  as  in  the  operation  beforegoing,  fet  down  333333333333333- 
(which  is  equal  to  -f).  you  have  no  more  to  do  but  to  divide  by  9,  for  that 
^  of -I-  is  equal  to-rV;  and,  therefore,  dividing  333333333333333  ^Y  9>  "^he 
quotient  wiU  be  370370370370370,  as  before,  for  the  cube  of  -i,  or  j;  and, 
Keing  rX-f  is  equal  to  ^,  you  have  no  more  to  do  but  to  divide  continually  by 
9,  and  they  fliall  all  be  proportional  numbers,  by  7th  of  the  8th  of  Euclid,  and 
confcquently  correfpondent  to  the  odd  powers ;  for  if  the  root  be  multiplied  by 
the  fquarc  that  begets  the  cube,  and  the  cube  ^ain  1^  the  fquare  that  begets 
the  fifth  power,  and  fo  on.  So  here,  forafmuch  as  dividing  by  9  doth  beget 
the  third  power  j  if  you  fhall  therefore  continually  divide  by  9,  yoii  fliall  have" 
the  refpeftive  odd  powers  accordingly,  as  is  alfo  manifeft  by  the  laft  figurative 
calculation ;  and  all  few  that  a  i  doth  neither  multiply  nor  divide,  and  that  ^  of 
■}  is  equal  to  -iV  i  and  if  you  Dull  divide  -^  of  i  by  9,  the  quotient  will 
^  33333333333333J»  which  is  equal  to  a  for  the  firft  number  or  root,  as. 
before. 
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Now,  forafmiicli  as  to  make  a  compound  curvilined  trapezia  equal  to  an  un- 
compounded ;  as,  tor  inftance»  to  make  the  compound  curvilined  trapcria 
wnrA  "D  to  be  equal  to  the  uncompounded  cavek,  equal  to  abze  =:  aOT  for 
•  the  logarithm  of  2,  and  to  find  the  length  of  the  bafe,  and  both  the  perpen- 
diculars, hath  been  difcourfed,  and  may  be  feen,  as  in  the  third  and  fourth 
tables  beforegoing.  We  coine  to  handle  and  calculate  the  area  of  this  com- 
pounded curvilined  trapezia  wnr  J»  a,  for  to  make  the  half  logarithm  of  2 
at  once. 

Seeing,  by  the  fixthcolamnofthethird table,  the  bafewnis  6666666666666666, 
whofe  half  is  . .  333333333333333  ^"^  *^^^.»  or  en,  equal  to  the  fiift  term  in  the, 
former  operation  (and  alfo  the  fame  as- Dairy's  refult,  or  fradtion,  of  ■{-),  and  that 
I  muft  divide  in  the  ratio  of  ac  to  oi,  or  cw,  in  mjmitum,  as  in  the  Rfth  chapter, 
and  alfo  as  in  this  is  fliewn  and  taught,  for  to  make  the  irifinite  feries  of  niimbcrs 
proportional.  It  will  appear,  that* if  1  do  divide  33333333333333  by  9,  it  will 
give  me  the  cube  of  the  firft  term,  and  fo  dividing  continually  by  9,  will  pro- 
duce the  numbers  appertaining  to  the  odd  powers,  as  by  the  large  calculation  to 
25  places,  next  following.  And  feeing  I  am,  by  Dairy's  rule,  or  rather  James 
Gregory's,  to  divide  each  of  the  numbers  of  the  inSnite  feries  by  the  indices  of 
the  odd  powers,  it  is  manifeft,  that  this  rule  of  Dairy's  is  derivable  from  the 
8th  column  of  the  firil  table ; 

For    A   +  fl  +  C  +  D  +   E  +  P  +  G  +  H  +  l 
And  A   —   B+C   —   D   +   E  —  P   +   G  —  H    +    I 

Doth  make  *a  +  'c  +  'e  +  *g  +  *i  +  *l  +  *n  ; 
And  therefore  every  other  line  of  the  quotes  to  be  added  in  the  fonner  opera- 
tion, doth  make  half  the  logarithm  of  a. 

In  making  the  infinite  feries,  as  in  page  66,  in  order  to  make  the  half 
logarithm  ot  2  to  25  places,  be  very  careful  to  fet  the  figures  in  their  due 
places,  and  to  make  that  feries  yoa  are  to  divide  continually  by  9,  which  being 
done  tluoiighout,  you  may  then  prove  jour  work  by  multiplication,  in  multi- 
plying each  line  by  9  ;  and  if  thofe  multiplications  produce  the  foregoing 
numbers,  jou  may  conclude  that  part  of  the  work  to  be  well  prepared.  And 
leeing,  by  the  d!re<5lion  over  the  figurative  work  in  the  fecond  column  of 
page  66,  you  are  tp  divide  each  of  the  numbers  in  the  firft  by  i,  3,  5, 
7,  9,  &c,  you  muft  fo  order  the  quotes  of  the  fecond,  that  they  may  lie  in  the 
fame  line,  or  range  with  the  refpeftive  dividends  or  numbers  in  the  firft.  For 
the  better  preventing  miftakes,  the  letter  figures  do  reprefent  the  divifors  proper 
to  each  line.  And,  would  you  make  the  logarithm  of  z,  according  to  the  fol- 
lowing method,  for  7  or  8  places  only,  you  may  very  well  prodiice  it  in  half  an' 
hour's  time,  as  by  that  calculation  is  very  perceptible.  And  fome  that  have 
had  thofe  two  ftiects  I  formerly  printed  as  a  fpecimen  hereof,  have  told  me,  they 
have  done  the  fame;  and  were  very  folicitous  I  would,  as  foon  as  I  could, 
publifh  the  remainder;  which,  at  length,  as  time  and  leifure  hath  permitted, 
is  done.  And  though  I  have  not  here  infened  many  examples,  yet,  by  what 
are  herein  done,  you  may  perceive  how  to  proceed  for  any  other -number  pro- 
pofed.  And,  with  the  direftion  and  reference  at  the  end  of  this  chapter,  thofe 
that  are  willing,  and  curious  herein,  may  make  a  logarithm  for  any  natural 
number  de&red.     I  have  not  added  hereto  any  tible  of  logarithms  at  this"  time ; 

^   and 
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and  what  I  may  do  hereafter,  in  order  thereunto,  I  do  not  prefume  to  promife. 
I  doubt  not  but  fome  may  both  examine  fome  table  or  other,  or  make  by  this  me- 
thod one  de  novo,  and  fatisfy  themfelves  about  the  fame;  and  fome  have  told  me, 
fince  my  communicating  this  method  unto  them,  that  if  the  firft  makers  of  tables 
erf"  thefe  numbers  had  niade  them  by  fuch  eafy  ways,  they  did  not  doubt  but  their 
tables  m^ht  have  been  fomewhat  more  exaft.  Howfoever,  it  pleafed  God, 
who  is  the  giver  of  every  good  and  perfeift  gift,  to  raife  and  endue  fuch  men 
with  great  ability  and  patience,  to  perform  thofe  tables,  with  fo  much  difficulty 
and  labour  as  their  methods  did  require,  and  for  common  ufes  fufficient.  And 
with  fuch  cagernefs  did  that  age  embrace  and  purfue  the  invention  of  thefe 
numbers,  that  Ullach,  a  Dutchman,  had  exhibited  a  table  of  logarithms  to  10 
places  for  1 00000,  before  the  learned  Henry  BrJggs's  table,  which  he  had  in 
part  done  to  15  places,  could  be  accompliflied  by  him. — iSo  exceeding  glad 
were  they  of  the  invention.  And  the  learned  Henry  Briggs,  in  his  Epiftle 
Dedicatory  to  our  mofl:  gracious  King's  father,  when  Prince  of  Wales,  faith, 
that  amongft  the  ancients  there  is  not  found  any  footfteps  of  thefe  numbers.  0£ 
whofe  conftruftion  and  ufea  the  faid  Henry,  Briggs  hath  written,  irt  his  Aritb- 
ntt'fca  Logaritbmica,  mod  learnedly  and  copioufly.  And  now  follows  the  figu- 
i:ative  part  of  making  the  logarithm  of  2  to  25  places. 
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The  Infinite  Series,  or  Numbers  cmti- 
nually  proportional, 
Thefe    numbers  are  continually 
divided  by  9,  in  order  to  make  the 
half  logarithm  of  z. 


SPBISELL'S 


Thefc  numbers  are  quotes  from 
thofe-on  the  oppofite  fide,  by  divi- 
ding diem  by  1 ,  3,  5,  7,  9,  &Cjaad 

H +  &c,  correfpondent  to  the 

laft  preceding  calculation  j  which 
added,  make  half  the  area  of  the 
cpmpound  curvilined  trapezia 
xnrAV  for  the  half  logarithm  of 
2  to  15  places. 


"   333333J333333333333333333 

»  3333333333333333333333333  * 

« *   370370370370370370370370 

in 

23456790123456790123457  c 

a*        41152263374-^85596707819 

V 

823O452674897II934I564  E 

a'    4572473708276177411980 

VH 

653210529753739630283  G 

a*            50805263425290860133 1 

.  IX 

56450292694767622370  I 

a"               56450292694767622370 

XI 

5131844790433420216  L 

a"                 6272254743863069152 

XIII 

482481134143313OI2  N 

0'*        696917193762563239 

XV 

46461 146250837549  P 

'»'         77435243751395915 

XVII 

45550143383*7407  a 

«           8603915972377324 

XIX 

452837682756702  T 

*           955990663597480 

XXI 

455233649332'3  ^ 

106221 184844164 

XXIII 

46183123S4529  T 

I1802353871574 

XXV 

472094154863 

1311372652397 

XXVII 

48569357496 

145708072489 

XXIX 

5024416293 

16189785832 

XXXI 

522251156 

1798865092 

XXXIII 

54511063 

199873899 

XXXV 

5710683 

22208211 

XXXVII 

600222 

.             2467579 

XXXIX 

63271 

Differentia  i-»        274175 

XLI 

6687 

Unitas  i    ^    ^^^   30464 

XLIII 

708'. 

Numerusl   ^_f^.fff  3385 
Propofit.  J^  -tXt-t   376 

XLV 

7f 

XLVII 

8 

Summa  -  3  J            42 

XLIX 

You  may  perceive,  that  if  i  be 
added  to  2,  and  fubtradled  from  it,  it 
leaveth  a  refult  of  -j- ;  which  multi- 
plied into  itfelf,  maketh  ^j  and 
therefore  thefe  numbers  are  conti- 
nually divided  by  9. 


3465735902799726547086160*, 
half  the  logarithm  of  2, 

6931471805599453094172321 
the  logarithm  of  2. 


Thus 
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Thus  have  we  calculated  the  logarithm  for  2  to  25  places,  after  Dairy's  rule, 
or  rather  James  Gregory's,  which  method  maketh  far  greater  difpatch  than  rhac 
in  chap  V ;  for  this  calculation,  though  to  25  places^  is  fooner  performed  than 
that  of  15  places,  in  chap,  V ;  as,  by  comparing  them,  is  very  perfpicuous  and 
manifed. 

And  now  we  have  exemplified  the  rule  Dairy  declared ;  and  I  am  apt  to 
believe  he  had  ftudied  well  Gregory's  faid  Exercitatienes,  though  he  was  not 
pleafed  to  tell  any  more  thereof,  but  that  others  ftiould  take  pains  therein  as  well 
as  he  ;  andj  truly,  if  John  Collins  had  not  acquainted  me  with  Gregory's  works, 
I  had  done  the  work,  but  not  whh  that  facisfaftion  I  met  with  from  James 
Gregory's  books  :  and  here  you  have  it  in  a  more  familiar  difcourfe  and  dialeft 
than  that  of  James  Gregory's,  being  altogether  analitical ;  and  if  any  letter  or 
fymbol  be  millaken  in  his,  it  is  very  great  ftudy  and  labour  to  find,  and  to  fee 
it  to  rights. 

I  find  James  Gregory  had  calculated  the  hyperbolical  logarithm  for  2,  in  his 
Vera  Circuli  &?  Hyperbola  ^uadratura,  to  2  5  places,  which  agreeth  with  this  cal- 
culation but  to  1 7  places.  I  have  not  raifed  the  logarithm  for  2  to  his  doftrine 
in  that  book,  but  am  fatisBed  this  calculation  for  the  logarithm  of  2,  in  this 
chapter,  is  true,  to  an  unit,  in  the  25th  place,  and  may  be,  in  two  hours,  very 
well  examined  by  any  one  that  will  take  the  p^s  to  do  it,  and  they  ftiall  find 
.  it  to  be  as  herein  calculated.  And  to  this  I  have  the  concurrence  of  the  moft 
ingenious  and  laborious  Mr.  Abraham  Sharp,  who  (from  the  occafion  of  my  pub- 
liming  formerly  two  flieets  of  the  praxis  hereof  as  a  fpecimen)  hath  ftiewn  me 
his  calculation  of  the  logarithm  of  2,  and  fome  others,  to  40  places ;  the  like,  I 
fuppofe,  not  hitherto  heard  of  or  feen.  Without  all  doubt,  Gregory  found, 
that  Mercator's  lucky  invention  of  fquaring  the  hyperbola,  was  of  far  more 
difpatch  than  that  of  his  Vtra  Circuli  iff  IfyperboU  ^aJraiura,  or  elfe  he  would 
not  have  wrote  on  Mercator  :  but  fo  excellently  hath  Gr^ry  illuftrated  Mer- 
cator,  that  a  better  way  of  fquaring  the  hyperbola,  I  fuppofe,  hath  not,  nor 
tnay  be  found. 

We  (haH,  for  the  fiiture,  keep  to  this  lafl  method  of  calculating  thofe  ex- 
amples hereafter  following.  And  now  we  proceed  to  calculate  a  logarithm  for 
i^ ;  for  having  got  the  logarithm  of  2,  we  have  the  logarithm  of  4,  and  all  the 
powers  thereof;  fo  then,  if  we  make  a  I(^rithm  of  i^,  and  add  to  it  the  lo- 
garithm of  4,  we  fhall  have  the  logarithm  of  5  ;  becaufe  that  4x17,  makes 
5;  that  is,  4  multiplied  by  i^,  makes  5  :  and  this  method  I  took  to  make 
the  logarithm  of  5  ;  and  having  got  the  logarithm  of  5,  to  the  logarithm  of  5 
add  the  logarithm  of  2,  and  you  have  the  logarithm  of  10.  And,  when  I- 
have  Ihewn  this,  I  fhall  produce  Briggs's  logarithm  of  2,  by  one  fingle  divi- 
fion ;  for  that  all  forts  of  logarithms  are  proportional  the  one  to  the  other. 
We  therefore  now  haften  to  make  the  loganthm  for  i^-. 


The 
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The  Calculation  eftbe  Logarithm  for  i^  to  2j  Places. 


The  Ignite  Series,  or  Numbers  con- 
tinaaUy  proportional. 
Thefe  numbers  are  continually 
divided  by  8 1.  ' 


a   iiiiiiiiiiiiiiiiiimiTii 

I 

a*      13717421124828532235940 
a*          169350878084301867 1 1 1 

III 

V 

«T      2090751 j8 1287689718 

VII 

258ii7479^7i3'974 
J18663554532493 

IX 

XI 

3934117957191 

48569357496 

599621697 

XIII 
XV 

XVII 

7402737 

XIX 

91392 

XXI 

1128 

XXIII 

14  ■ 

Thefe  numbers  are  quotes  from 
thofe  cm  the  oppofite  fide,  they 
being  divided  by  i,  3,  5,  7,  9, 
&c ;  which  added,  make  half  the 
logarithms  fen-  14.  to  25  i^aces. 

IIIIIIIIIIIIIIIIIIIIIIIII    A 

4572473708276177411980  c 

33870175616860573422  E 

298678797326812817  G 

286797199079244I  I 

28969414048408  L 

302624458245'  R 

3237957166  P 

35271865    R 

389618  r 

4352  ^■ 

49  X 


This  number  is  ■{■  the  logarithm  for  i^. 
This  number  is  the  logarithm  of  i^. 


»5 


11157177565710^8778831475    , 
"3H355U'4209755766295i 

Adding  I  to  i\t  it  makech  ^l,  and  fubtra^ted  from  it,  leaveth  i,  which  reAiIc 
maketh  a  fradtion  of  ^ ;  for  24  being  reduced  into  fourths,  make  ^  fo  the  re- 
fuk  of  4- and  ^  (rejefting  the  denominators)  is  4^,  as  above;  which  fquared, 
maketh  -^■•.  fo  are  thefe  numbers,  therefore,  continually  divided  by  81,  to 
make  the  infinite  feries.  By  decimals,  it  prefently 
flieweth  itfelf  to  be  a  fradion  of  ^.    Thus  the  dif-  Dificrentia 

ference,  or  numerator,  is  25,  the  fum,  or  denominator, 
2^25  ;  which  fraAion  tVt  is  equal  to  4, 

To  divide  the  numbers  on  the  other  fide  (to  make 
the  infinite  feries)  by  81,  is  eafy  enough;  for  it  is  but 
dividing  twice  by  9,  or  taking  the  ninth  part  twice,  and 

rgefting  or  cancelling  the  nrft;   fo  is  it  very  r^ily  .bumma    -    2,25 

done ;  and  the  whole  operation  hereof  may  very  well 

be  performed  in  two  hours'  time :  and  thus  have  we  got  the,  Ic^arithm  for  i-}  to 
25  places;  and  now  ftiall  proceed  to  make  the  logarithm  of  10,  which  is,  by 
adding  together  the  logarithm  of  2,  3  times,  and  that  makes  the  logarithm  of 
8;  and  that  added  to  the  logarithm  of  ij-,  makes  the  logarithm  of  10  ;  and  the 
logarithm  of  2  fubtrafted  from  the  logarithm  of  10,  leavcth  the  Ic^arithm  of  5^ 
and  is  to  the  fame  effe<ft  as  is  befoie.. 


Uoitas 
Numerus 
Propofitus 

'  Summa    - 


}- 


Lt^rithm- 
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Logarithm  of  2.  6931471805599453094172311 
tx^arithm  of  8.  Z0794415416798359282516963 
Logarithm  of  i-i-.  2231435513142097557662951 
Logarithm  of  10.  23025850929940456840179914 
Logarithm  of    5.  16094379124341003746007593 

We  have  now  made  and  exhibited  the  logarithms  of  2,  5,  and  10,  and  from 
thefe  yoii  may  make  all  their  compofites. 

And  now  we  proceed  to  make  the  logarithm  of  3  to  25  placesj  which  we 
(hall  Ihew  two  ways ;  firft,  all  at  once,  from  a  compound  curvilined  trapezia, 
or  hyperbolical  fpace ;  fecondly,  by  a  compofition  of  two  logarithms,  viz.  of 
2  and  il,  for  that  2  x  th  m^eth  3  j  and  this  latter  we  chiefly  recommend. 
The  compound  curvilined  trapezia,  or  hyperbolical  fpace,  N  A  ©  ave,  we  have, 
in  the  foregoing  chapter,  fhewn  to  be  equal  to  the  uncompounded  cavfo,  and 
alfo  equal  to  avf*b  ;  we  (hall  calculate  the  logarithm  for  3  according  to  the 
compounded  fpace,  and  by  the  third  and  fourth  tables  you  may  know  the 
leftgths  of  the  bafe  and  perpendiculars, 

.  The  bafe  nA  is  10,  therefore  ca  =  5  =  ex.  Now,  forafmuch  as  Dairy's 
rule  of  adding  to,  and  fubtrafting  i  froih  3,  produces  the  half  length  of  the 
bafe,  agreeable  to  the  third  table,  we.fhall  (hesv  how  to  calculate  the  half  of 
the  logarithm  for  3,  as  we  did  for  the  half  logarithm  of  2. 

Adding  ito  3,  it  makes  4^  and  fubtrafting  i  from  3^  leaveth  2;  which 
maketh  a  refult  or  fraftion  of  -J  =  4.  ' 

Now,  dividing  i  and  25  cyphers  by  4,  the  quotient  is  5,  for  the  firft  term  of 
your  infinite  feries.  Now,  forafinuch  as  4  x  i  ftrafceih  4,  the  fecond  term 
muft  be,  therefore,  4  of  the  firfl.,  and  fo  on ;  as  was  difcourfed  before,  in  making 
the  half  logarithm  of  2. 

Having  made  the  infinite  feries  as  followieth,  you'  dIvMe  each  of  thofe  numbers 
(which,  as  before  taught,  are  proportional)  by  i,  3,  5,  7,  9,  &c,  and  thefe 
added>  make  half  the  area  of  nA^ave  for  the  half  logarithm  of  3. 


The 
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^he  Infinite  Series,  or  Numbers  conti- 
nually proporitonal. 
Thefe  numbers    are   continually 
divided  by  4,  in  order  to  make  the 
i  log.  of  3  to  25  place's. 


Thefe  numbers  are  quotes 
from  thofe  on  the  oppofite  fide, 
thofe  being  divided  by  i,  3,  5, 
7,  9,  &c:  wliich  addedj  make  i 
the  log.  of  3  to  25  places. 


a       5000000000000000000000000 

I 

5000000000000000000000000 

aaa     ii. 

S 

III 

416666666666666666666666 

QOSOO     T 

125 

V 

625 

0' 

7812J 

VII 

11 1607 142957 142857 142  8.J 

a"* 

"SiS'^s 

IX 

2170138888888888888888 

a" 

48828125 

XI 

443892045454545454545 

0'* 

I220703I25 

xiir 

93900240384615384615 

a'* 

3°S"7578"5 

XV 

2034505208333333333J 

0" 

762939453125 

XVII 

4487879136029411765 

a" 

19073486328125 

XIX 

1003867701480263158 

0" 

476837178203125 

XXI 

227065313430059523 

11920928955078125 

XXIII 

51830125891644022 

298023223876953125 

XXV 

11920928855078125 

74505805969338281 

XXVII 

2759474295^56975 

18626451492309570 

XXIX 

642291430769295 

4656612873077392 

XXXI 

150213318486367 

1164153218269343 

XXXI  It 

32247067220283 

291038304567336 

XXXV 

83i5389>30495 

72759576141834 

XXXV  :i 

1966475030861 

18 189894035458 

XXXIX 

466407539294 

4547473508864 

XLI 

110913988021 

1136868377216 

XLIII 

26438799470 

a842 1 7094304 

XLV 

6315935429 

71054273576 

XLVII 

15'* 793055 

1776J568394 

XLIX 

362521804 

4440892099 

I.I 

87076316 

1 1 10223025 

LIU 

20947604 

^77555756 

IV 

5046469 

69333936 

ivir 

1216385 

■7333485 

LIX 

293788 

433337" 

LXI 

71039 

Difierentia  2-^        1083343 

LXIII 

17196 

—  1         270836 

LXV 

4167 

Unitas 

'f     .         ...     67709 

IXVII 

lOIO 

Numerus  1  -h—T  y  i  JITT  16927 
Propofitus  }■>   —^"■^—f      4231 

LXIX 
LXXI 

$9 

—            1058 

LXXIII 

15 

Summa 

-  4-'            264 

LXXV 

3 

Half  the  log.  of  3.    5493061443340548456976126 
The  log.  of  3.       10986122886681096913952453 

We 
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We  (hall  now  proceed  to  make  the  logarithm  for  j  the  fccond  way,  which  is 
from  the  logarithms  of  z  and  i. 


The  'Infimle  Series,  or  Numbers  tonti- 
nually  proportional. 
Thefe  numbers  are  continually 
multiplied' by  4,  in  order  to  make  the 
half  of  the  logarithm  of  i-^  to  25 
places. 


Thefe  numbers  are  quotes 
from  ihofe  on  the  oppofiie  fide, 
they  being  divided  by  1,3,  5, 
7,9,  I T ,  &c  ;  and  added,  make 
half  the  logarithm  for  14.  to  i^ 
places. 


e      2000000000000000000000000 

I   2000000000000000000000000 

Ma          8 

III 

26666666666666666666666 

aaaaa         32 

V 

64 

a'                128            ' 

VII 

8285714285714285714 

«•        5" 

TX 

56888888888888888^ 

a"                          2048 

XI 

186I8I818I8I8I8I8 

8192 

XIII 

630153846153846 

32768 

XV 

21845333333334 

131072 

XVII 

771011764706 

.           5^428' 

XIZ 

^7594105204 

DifFeremia  ^■ 

J0971J2 

XXI 

998643809 

— 

8388608 

XXIII 

36472209 

-Unitas  -  i 

«  M«  33554432 

XXV 

1342177 

Numerus  "t  , 
Propoficus;  '^ 

-tXt-.t    J368, 

XXVIT 

4971 1 

XXIX 

1851 

— 

2147 

XXXI 

69 

Summa  -  z\. 

85 

XXXIII 

3 

2027325540540821909890065 

half  the  logarithm  of  i-f, 
405465 108 108 164381978013 I 

the  Ic^rithm  of  i-j-, 
6931471805599453094172321 

the  logarithm  for  2, 

10986122886681096913952452 

the  logarithm  for  3, 


To  make  this  infinite  feries,  I  ftiould 
divide  by  25  continually ;  but  if  you 
multiply  by  4,  and  transfer  it  anfwer- 
ably>  it  will  be  the  fame  thing  ;  becaufe 
4-  of  I  is  tV,  and  that  multiplied  in  it- 
feh^  is  TWTF.  Therefore,  muldplying  by 
4  and  dividing  by  too,  is  the  fame  thing 
as  mukiplyiog  by  25.  And  thus  this  in- 
&iite  feries  is  made  very  fpeedily,  in 
order  to  make  the  half  of'^the  logarithm 
for  I  and  4. 

Having  now  made  the  logarithm  for  14.,  you  add  to  it  the  logarithm  of  2, 
and  that  makes  the  logarithm  for  3,  wluch  will  be  found,  as  before,  to  be  the 
fame  number. 

And  now- we  proceed  to  make  the  Ic^arithm  for  7,  and  then  we  Ihall  have 
all  to  II  :  in  order  thereunto,  we  make  the  logarithm  for  i^,  or  i-^,  and  add 
that  to  the  logarithm  of  5,  and  it  will  produce  the  logarithm  of  7,  for  that  i-f 
multiplied  by  5,  maketh  7,  or  1-,%  X  5  =  7. 

Tht 
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iThe  InfiniU  Series,  or  Numbers  conti' 
nuaUy  proportional. 
Thefe   numbers    are  continually 
divided  by  36>  in  order  to  make  half 
the  logarithm  of  ifj  or  i,V 

a        1666666666666666666666666 

46296296296296296296296 

771604938271 6049382716 

1186008230452674897119 

214334705075445816186 

35722450845907636031 

5953741807651272672 

992290301 27 J2I2I 12 

165381716879202019 

47563619479867003 

4593936579977864 

765656096662972 

127609349443829 

21268224907304 

354470415I2I7 
590784025203 


98464004200 

16410667366 

2735111228 

■  455*5^871 

759753^^ 

Differentia      4" 

12662552 

■— 

31 1 0425 

Unitas     I 

351737 

Numerus  1 
Propofit.  J  '  '^ 

■     a 

aaa    58623 

=:ix 

s-=-rB-     9737 

1623 

Summa  -    a  4. 

270 

Thefe  numbers  are  quotes 
fi-om  tho&  on  the  oppolite  fide» 
thofe  being  divided  by  1,  3,  5, 
7,9, 1 1 ,  &c  i  and  added,  vaaxA 
half  the  Ic^ariiihm  of    li,  or 

1666666666666666666666666 

154320987654320987-65434 

25720 1 646090534979424 

5103207263701090863 

110254477819468014 

1505783589078819 

58896622820229 

.1417881660487 

34752661483 

.     863719335 

2j:7d723.7 

550546 

\  14069 


This  feries  is  made  by  dividing 
twice  by  6,  which  is  all  one  as  if 
you  divided  at  once  by  36 ;  and 
fo  every  other  number  b  the  proper 
number  of  the  feries  to  be  divided 
by  I,  3,  5,  7,  9,  ii,8cc,  as  in  the  op- 
pofite  column,  to  make  the  half  lo- 
garithm for  i-,^. 

N.B.  The  l(^arithm  of  5,  in  page  69,  being  put  in  the  room  of  this  in  the 
fecond  column,  will  produce  I9459ioi490553^3305io5353  fo^  *he  true  !o^ 
earithm  of  7  :  thofe  two  laft  numbers  being  part  miftaken. 
°  X  Having 


1682361183106064652522972 

half  the  logarithm  of  iV(r, 

3364722366212 1 29305045944 

the  logarithm  of  14,  or  i^V, 

16094379124341003168895254 

the  logarithm  of  5,     - 
19459101490553132473941198 
the  logarithm  of  7. 
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Having  by  this  calculation  made  the  half  logarithm  of  i  VW»  if  we  double  it» 
and  to  that  add  the  l<^arichm  of  5>  that  addition  will  produce  the  logarithm  of 
7,  as  was  required.  And  now  we  have  all  the  logarithms  to  ii,  and  to  make 
the  It^arithms  from  lo  to  loo,  it  will  not  be  much  difficulty  to  proceed  after 
the  foregoing  methods ;  as  to  make  the  logarithm  of  1 1 ,  ypu  have  for  the  firft 
term  «,  the  refulc  or  fraction  -f,  and  for  «w,  it  will  be  J|^,  which  is  very'eafy 
to  work ;  and  for  the  logarithm  of  13,  you  make  it  of  12  multiphed  by  i^-V ; 
and  fo  it  is  for  the  firft  term  a,  the  refult  or  fraftion  tV  J  and  for  the  fe- 
cond  aa,  it  is  -r4-r»  which  625  is  =  4-;  and  fo  may  you  make  many  eafy 
compendiums  for  the  prim^numbers  between  10  and  100,  and  alfo,  not  with 
great  difficulty,  from  1000  to  loooo ;  and  when  you  have  made  fome  loga- 
rithms, you  will  perceive  how  the  differences  arife ;  and  having  for  compolites, 
logarithms  in  a  readinefs,  greater  and  leirer  than  the  prime  or  incompolite  very 
near,  it  will  be,  by  the  difference,  no  great  difficulty  to  make  a  logarithm  for 
fuch  a  prime  very  readily  and  eafily.  And  they  that  are  curious  herein,  may 
have  compendiums  hereof  in  James  Gregory's  aforelaid  Vera  Qrculi  &?  Hyperbola 
^adraturdt  to  make  logarithms  for  prime  or  incompolite  numbers,  to  which  I 
Ihall  refer  him.  And  here  I  Ihall  content  myfelf  to  have  exemplified  James 
Gregory's  method  in  his  Exercttatients  Geometric^  to  fo  many  examples  of  lo- 
garithms as  I  have  herein  calculated  to  25  places,  and  fliall,  in  the  next  chapter, 
ftiew  how  to  produce  from  thefe  geometrical  logarithms  Briggs's  logarithms. 


CHAP.        VIII. 

HAVI NG,  in  the  preceding  chapter,  made  the  l<^arithms  for  s,  3,  4,  5,  6, 
7,  8,  9,  and  10,  according  to  the  geometric^  figure,  or  hyperbola,  I 
require  the  logarithm  of  2,  according  to  Bn^s's  table.  Forafmuch  as  all  lo- 
garithms are  proportional,  it  is  as  tne  hyperbolical  logarithm  of  10,  is  to  its 
logarithm  of  a  ::  fo  is  Briggs's  logarithm  of  10  to  this  l(^arithm  of  a.  The 
operation  followeth. 

By  this  divifion  it  doth  appear,  that  this  quotient  doih  agree  with  Bri^s's 
table  of  logarithms  ibr  his  Ic^arichm-  number  of  2,  whereby  it  is  apparent  he 
did  produce  the  logarithm  for  2  to  15  places  very  true;  though  I  have  been 
told  it  was  eight  perfons'  work  for  a  year's  rime  after  his  method,  which  was  by 
large  and  many  eztraftipns  of  the  fquare  root ;  and  if  it  was  fo  to  1 5  places, 
it  would  have  been  very  tedious,  if  not  impoffible,  for  them  to  have  produced 
the  logarithm  of  2  to  25  places,  as  before  herein  is  (hewn,  and  done  by  us ; 
and  both  the  hyperbolical  and  Bri^s's  logarithm  to  25  places,  may  very  well 
be  calculated  and  done,  according  to  the  foregoing  method,  in  half  a  day's 
time;  by  which  method  herein  be&regoing  one  may  make  a  table  of  loga- 
rithms, in  a  Ihort  fpace,  to  what  Fardie  (a  French  author),  in  his  Elements  of 
Geometry,  hath  declared  ;  for  he  faith,  he  knew  more  than  20  perfons  engaged 
for  ao  years,  with  indefatigable  afllduity,  to  calcukte  the  logarithms.  He  doth 
not  fay  to  how  many  plavs ;  but  the  greateft  radius  that  I  have  feen  of  any 
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French  author  is  but  1 1  places*  which,  I  fuppofe,  mud  be  the  (ame  as  Vlacq's. 
And  the  logarithm  for  2,  3,  4,  or  5,  8ec  to  1 1  places,  according  to  the  method 
in  this  book,  may  be  very  well  done  and  perfonned  in  lefs  than  two  hours* 
time. 

This  divifor  is  half  the  lo|arithm  of  10,  according  to  the  hyperbola. 
Tliis  quotient  is  the  loganthm  of  2,  according  to  Briggs's  table. 
This  dividend  is  compounded  of  half  the  hyperbolicoTlogarithm  of  z>  and 
Briggs's  logarithm  of  10. 

Divifor.  Quotient. 


115129254649702181)    (301029995663981190 
Dividend. 

34657359027997264  ,  OOOOOOOOOOOGOOOOO 

11858Z0330865797. 
3453378436877419- 
i'5o79334388337335. 
1 1463005203605285 1 
110137228513207981 
65208993284759281 
764436595990S1405 
73561068092600364 
45835^530^7789954 
1 1 2963766328792697 
93474-37 144060543' 
13709677208436262 
21967517434660339 
104445919096901109 
8295905121690561 

The  reader  may  now  fee,  that  logarithms  derived  from  this  %ure,  or  ihc 
hyperbola,  are  not  only  more  perceptible  and  intelligible,  but  with  fiir  more  cer- 
C^nty  and  expedition  produced,  than  what  was  known  in  former  times. 

The  divifor  in  the  foregoing  work  differs  2  units  in  the  i8th  place  from  the 
half  logarithm  of  10  before  herdn  calculated ;  and  the  reafon  is,  that  I  took 
Gregory's  logarithm  of  10,  in  his  Vera  Cirruli  tf  Hyperbola  ^uadratura  de  bene 
effe\  and  having  calculated  the  half  logarithm  of  2,  as  before,  I  was  very  de- 
firous  to  fee  if  we  could  produce  Briggs's  logarithm  of  2  to  1 5  places,  as  by  the 
divifion  is  manifeft;  and  this  I  did  long  before  I  met  with  Gregory's  other  book 
of  his  Exercitatiorus  Geometric^ ;  for,  fince  I  got  that  book,  I  did  calculate,  de 
novo,  the  logarithm  of  10  to  25  places,  according  to  his  doftrine  in  that 
book,  and  as  before  herein  is  done.  And  the  calculation  of  the  loga- 
rithm of  10,  as  before,  doth  agree  with  Gregory's  former  book  but  to  17 
!)laces.  Howfoever,  the  divifion  beforegoing  is  fufficient  to  produce  Briggs's 
ogarithm  for  2  to  15  places ;  and  if  any  mall  be  fo  curious  as  to  produce 
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Brig^'s  logarithm  for  2j  places,  he  may  rely  on  the  foregoing  examples 
herein,  and  may,  in  4  hours' time,  examine  the  foregoing  catcuktions- there- 
of, and  in  as  little  time  produce  Briggs's  logarithm  for  them  to  the  like  number 
of  places. 

Having  this  divifion  ready  done,  long  before  the  publiihing  hereof,  I  have 
contented  myfelf  to  infen  it  here,  whereby  the  ftudious  may  foon  perceive  what 
10  do  further  to  gratify  himfelf  herein. 

I  do  not  add  hereto  any  table  of  logarithms,  that  being  not  my  defign  at  this 
time,  but  only  to  Ihew  how  Briggs's,  or  any  other  logarithms,  may  be  de- 
rived from  the  dodtrine  beforegoing  ;  and  alfo  for  the  curious,  at  his  will  and 
pleafure,  to  examine,  whether  any  logarithms  formerly  publilhed  be  truly  made 
or  not. 

As  for  the  various  ufes  of  logarithms  I  add  none  here,  but  refer  the  reader  to 
fiich  authors  (whereof  there  are  plenty)  who  have,  long  before,  written  largely 
and  learnedly,  as  the  tirll  inventor,  the  famous  Lord  Napier,  Henry  Briggs, 
Edmund  Gunter,  Richard  Norwood,  Wingate,  and  divers  others ;  as  alTo  my 
&ther,  John  Speidell ;  in  which  the  reader  may  meet  with  many  excellent  ufes' 
of  the  logarithms  in  all  parts  of  the  mathematicks.  And  I  do  find,  my  ^her 
printed  feveral  forts  of  logarithms,  but  at  laft  concluded,  that  the  decimal,  or 
Briggt's  logarithms,  were  the  bed  fort  for  a  standard  logarithm ;  and  did  alfo 
print  the  lame  feveral  ways,  fo  ordered*  wtjereby  they  might  be  applied  to 
flrithmetical  qucitions^  and  odier  operatiojis  for  the  folution  thereof,  with  cafe 
and  r^idioefsL. 
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VOL.      XIX. 


1.  An  eafy  Demmftratien  of  the  Analog  of  the  Logarithmick  Tangents  to  the  Me- 
ridian Untt  or  Sum  of  the  Secants ;  with  various  Me/bods  for  (omfuting  tbe 
fame  to  the  utmofi  BxaHnefs,    By  Dr.  E.  Halley. 

JT  is  now  near  one  hundred  years  fince  our  worchy  countryman,  Mr.  Edward 
Wright,  publifhed  his  Corredion  of  Errors  in  Navigation  ;  a  book  well  de- 
ving  the  perufal  of  all  fuch  as  defign  to  ufe  the  Tea.  Therein  he  confiders 
the  courfe  of  a  fhip  on  the  globe,  Peering  obliquely  to  the  meridian ;  and 
having  Ihewn,  that  the  departure  from  the  meridian  is,  in  all  cafes,  lefs  than 
the  difference  of  longitude,  in  the  ratio  of  radius  to  the  fecant  of  the  latitude, 
he  concludes,  that  the  fum  of  the  fecants  of  each  point  of  the  quadrant  being 
added  fucceffively,  would  exhibit  a  line  divided  into  fpaces,  fuch  as  the  intervals 
of  the  parallels  of  latitude  ought  to  be  in  a  true  Tea  chart,  whereon  the  meri- 
dians are  made  parallel  lines,  and  the  rhombs,  or  oblique  couifes,  reprefented 
by  right  lines.  This  is  commonly  known  by  the  name  of  the  meridian  line, 
which,  though  it  generally  be  called  Mercator's,  was  yet  undoubtedly  Mr. 
Wright's  invention,  as  he  has  made  it  appear  in  his  pre&ce.  And  the  table 
thereof  is  to  be  met  with  in  moft  books  treating  of  naTigatton>  computed  with 
fufficlent  exaftnefs  for  the  purpofc. 

It  was  firft  difcovered  by  chance,  and,  as  far  as  I  can  learn,  firft  publifhed 
by  Mr.  Henry  Bond,  as  an  addition  to  Norwood's  Epitome  of  Navigation, 
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about  fifty  yea«  fince,  that  the  meridian  line  was  analogous  to  a  fca!e  of  loga- 
rithmick  tangents  of  half  the  complements  of  the  latitudes.  The  difficulty  to 
prove  the  truth  of  this  propofition,  feemed  fuch  to  Mr.  Mercator,  the  author 
of  Logarithmotechnia,  that  he  propofed  to  wager  a  good  fum  of  money,  againll 
whofo  would  fairly  undertake  it,  that  he  fliould  not  demonlb^te  either  that 
it  was  true  or  falfe.  And,  about  that  time,  Mr.  John  Collins,  holding  a  cor< 
refpondence  with  all  the  eminent  matheaiaticians  of  the  age,  did  excite  them  to 
this  inquiry. 

The  firu  that  demonftrated  the  faid  analogy,  was  the  excellent  Mr.  James 
Gregory,  in  ius  Exercitatierui  Geometric^,  publiftied  amo  1668;  which  he  did 
not  without  a  long  train  of  confequences,  and  complication  of  proportions, 
whereby  the  evidence  of  the  demonftration  is  in  a  great  meafure  loft,  and 
the  reader  wearied  before  he  attain  it.  Nor  with  lefs  work  and  apparatus 
hath  the  celebrated  Dr.  Barrow,  in  his  Geometrical  Ledtures  (Le<%.  XL  app.  1.), 
proved,  that  the  fum  of  all  the  fecants  of  any  arch  is  analogous  to  the  logarithm 
of  the  ratio  of  radius  +  fine  to  rad.  •—  fine ;  or,  which  is  all  one,  that  the  me- 
ridional parts  anfwering  to  any  degree  of  latitude,  are  as  the  logarithms  of  the 
mtiones  of  the  verfed  Hnes  of^  the  diftances  from  both  the  poles.  Since  which, 
the  incomparable  Dr.  WalUs  (on  occafion  of  a  paralogifm  committed  by  one 
Mr.  Norris  in  this  matter)  has  more  fully  and  clearly  handled  this  argument, 
as  may  be  feen  in  number  176  of  the  Tranfaftions.  But  neither  Dr.  Wallis 
nor  Dr.  Barrow,  in  their  faid  Treatifes,  havjc  any  where  touched  upon  the 
aforefaid  relation  of  the  meridian  line  to  the  Ic^arithmick  tangent ;  nor  hath 
any  one,  that  I  know  of,  yet  difcovered  the  rule  for  computing  independ- 
ently the  interval  of  the  meridional  parts  anfwering  to  any  two  given  la- 
titudes. 

Wherefore  having  attained,  as  I  conceive,  a  very  facile  and  natural  demon- 
ftration of  the  faid  analogy,  and  having  found  out  the  rule  for  exhibiting  the 
difference  of  meridional  parts  between  any  two  parallels  of  latitude,  without 
finding  both  the  numbers  whereof  they  are  the  difference,  I  hope  I  may  be 
imitled  to  a  (hare  in  the  improvements  of  this  ufefiil  part  of  geometry.  And 
fi[ft  let  us  demonftrate  the  following 


FROFOSITIOH. 

The  meridian  line  is  a  fcale  of  logarichmick  tangents  of  the  half  complements 
of  the  latitudes. 
For  this  demonftration  it  is  requifite  to  premife  thefe  four  lemmata. 

Lemma  i .  In  the  ftereographick  projeiftion  of  the  fpbere  upon  the  plane 
of  the  equinodial,  the  diftances  from  the  center,  which,  in  this  oue,  is  the  pole, 
are  laid  down  by  the  tangents  cf  half  thofe  diftances ;  that  is,  of  half  the  comple- 
ments of  the  latitudes. — This  is  evident  from  Eucl.  3,  20. 

Lemma  2.  In  the  ftereographick  projeftion,  the  angles  under  which  the  circles 
interfeft  each  other  are,  in  ail  cafes,  equal  to  the  fpherical  angles  they  repre- 
fcnt ;  which  is,  perhaps,  as  valuable  a  property  of  this  projcflion  as  that  of  all 
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the  circles  of  the  fphere  thereon  appearing  circles.    BW  this  not  being  vulgarly 
knawa,  muft  not  be  affumed  without  a. 

D-EM^KSTRATIOW. 

Let  EBPL  be  any  great  circle  of  the 
fphere,  e  the  eye  placed  in  its  cir- 
cumference, c  its  centre,  p  any  point 
thereof,  and  let  fco  be  fuppofed 
a  plane  erefted  at  right  angles  to 
the  circle  ebpl,  ,on  which  fco  we 
defign  the  fphere  to  be  projeifted. 
Draw  EP  crofling  the  plain  rco  in  p^ 
and  p  Ihall  be  the  point  p  projefted. 
To  the  point  p  draw  the  tangent  Apo, 
and  on  any  point  thereof,  as  a,  ere€t 
a  perpendicular  ad  at  right  angles 
to  the  plane  ebpl,  and  draw  the  lines 
PD,  AC,  DC,  and  the  angle  apd  Ihall 
be  equal  to  the  fpherical  angle  con- 
tained between  the  planes  apc,  dpc. 
Draw  alfo  ae,  be,  interfefting  the 
plain  FCO  in  the  points  a  and  d,  and 
join  adt  pd;  I  fay,  the  triangle  adp  is  fimilar  to  the  triangle  adp,  and  the  angle 
<f^i/ equal  to  the  angle  apd.  Draw  pl,  ak,  parallel  to  fo,  and,  by  reafon  of 
the  parallels,  ap  wiU  be  to  <&/  as  ak  to  ad.  But  (by  Eucl.  3,  32)  in  the 
triangle  akp,  the  angle  akp  =  lpe,  is  alfo  equal  to  apk  ^  epg  ;  wherefore 
the  fides  ak,  ap,  are  equal,  and  it  will  be  as  «^  to  ad^  fo  ap  to  ad  ;  whence 
the  angles  dap,  dap,  being  right,  the  angle  apd  will  be  equal  to  the  angle 
apd ;  that  is,  the  fpherical  angle  is  equal  to  that  on  the  proje^on,  and  that  in 
all  cafes  ;  which  was  to  be  proved. 

This  lemma  I  lately  received  from  Mr.  Demoivre,  though  I  fince  under- 
ftand,  from  Dr.  Hook,  that  he  long  ago  produced  the  fame  thing  before  the 
fociety.     However,  the  demonftration,  and  the  reft  of  the  difcourfe,  is  my  own. 

Lemma  3.  On  the  globe  the  rhomb  lines  make  equal  angles  with  every  me- 
ridian, and>  by  the  foregoing  lemma,  they  muft  likewife  make  equal  angles 
with  the  meridians  in  the  ftereographick  projedion  on  the  plane  of  the  equator; 
"they  are  therefore,  in  that  projeftion,  proportional  fpirals  about  the  pole  point. 

Lemma  4.  In  the  proportional  fpiral  it  is  a  knoWn 
property,  that  the  angles  BPc,  or  die  arches  bd,  arc 
exponents  of  the  rationes  of  bp  to  pci  for  if  the 
arch  BD  be  divided  into  innumerable  equal  pans, 
right  lines  drawn  from  them  to  the  centre  ?,  fliall 
divide  the  curve  b«c  into  an  infinity  of  propor- 
tionals ;  and  all  the  lines  Pc  (hall  be  an  infinity  of 
proportionals  between  pb  and  re,  whofe  number  is 
equal  to  all  the  points  dd  in  the  arch  bd  ;  whence, 
and  by  what  I  have  deUvered  in  the  next  enfuing 
difcourfe,  it  follows,  that  as  bd  to  i^^  or  as  the  angle 
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B?c,  to  the  angle  spr,  fo  is  the  logarithm  of  the  ratio  of  pb  to  re,  to  the  loga- 
rithrit  of  the  ratio  of  pb  to  pr. 

From  thefe  lemmata  our  propofition  is  very  clearly  demonftrated ;  for  by  the 
firit,  PB,  vc,  PC,  are  the  ungents  of  half  the  complements  of  the  latitudes  in  the 
ftereographick  projeftion  ;  and  by  the  laft  of  them  the  differences  of  longitude, 
or  angles  at  the  pole  between  them,  are  logarithms  of  the  rationes  <rf  thofe 
tangents  one  to  the  other.  But  the  nautical  meridian  line  is  no  other  than  a 
table  of  the  longitudes,  anfwering  to  each  minute  of  latitude  on  the  rhomb  line, 
making  an  angle  of  45  degrees  with  the  meridian  ;  -  wherefore  the  meridian  line 
is  00  other  than  a  fcale  of  logarithmick  tangents  of  the  half  complements  of  the 
latitudes ;  quoJ  erat  demonjiranium, 

Coroll.  1 .  Becaufe  that  in  every  point  of  any  rhomb  line  the  difference  of  la- 
titude is  to  the  departure,  as  the  radius  to  the  tangent  of  the  angle  that  rhomb 
nukes  with  the  meridian ;  and  thofe  equal  departures  are  every  where  to  the 
differences  of  longitude,  as  the  radius  to  the  fecant  of  the  latitude ;  it  follows, 
that  the  differences  of  longitude  are,  on  any  rhomb,  logarithms  of  the  fame 
tangents,  but  of  a  differing  fpecies,  being  proportioned  Co  one  another  as  are  the 
ungents  of  the  angles  made  with  the  meridian. 

Coroll.  2.  Hence  any  fcale  of  the  logarithm  tangents  (as  thofe  of  the  vulgar 
tables  made  after  Briggs's  form,  or  thole  made  to  Napier's,  or  any  other  form 
whatfoever)  is  a  table  of  the  differences  of  longitude  to  the  feveral  latitudes, 
upon  feme  determinate  rhomb  or  other ;  and  therefore  as  the  tangent  of  the 
angle  of  fuch  rhomb  to  the  tangent  of  any  other  rhomb,  fo  the  difference  of  the 
logarithms  of  any  two  tangents  to  the  difference  of  longitude  on  the  propofed 
rhomb,  intercepted  between  the  two  latitudes,  of  whofe  half  complements  you 
took  the  logaridim  tangents. 

And  fince  we  have  a  very  complete  table  of  logarithm  tangents  of  Briggs's 
form,  publiflied  by  Vlacq,  anno  1633,  in  his  Canon  Magnus  ^riangulerum  Loga- 
ritbmieus,  computed  to  ten  decimal  places  of  the  logarithm,  and  to  every  ten 
feconds  of  the  quadrant  (which  feems  to  be  more  than  fufScient  for  the  niceft 
calculator)  1  thought  fit  to  inquire  the  oblique  angle  with  which  that  rhomb 
line  CFolTes  the  meridian,  whereon  the  faid  Canon  of  Vlacq  precifely  anfwers  to 
the  differences  of  longitudes,  putting  unity  for  one  minute  thereof,  as  in  the 
common  meridian  line.  Now  the  momentary  argument  or  fluxion  of  the  tan- 
gent line  at  45  degrees  is  exaAly  double  to  the  fluxion  of  the  arch  of  the  "circle, 
as  may  eafily  be  proved ;  and  the  tangent  of  45  being  equal  to  radius,  the 
fluxion  alfo  of  the  logarithm  tangent  will  be  double  to  that  of  the  arch,  if  the 
logarithm  be  of  Napier's  form ;  but  for  Briggs's  form,  it  will  be  as  the  fame 
doubled  arch  mukipiied  into  0,43429  &c,  or  divided  by  2,30258  8ec.  Yet 
this  muft  be  undcrilood  only  of  the  addition  of  an  indivifible  arch,  for  it  ceafes 
to  be  true  if  the  arch  have  any  determinate  magnitude. 

Hence  it  appears,  that  if  any  one  minute  be  fuppofed  unity,  the  length  of  the 
arch  of  one  minute  being  ,000290888208665721596154  &c,  in  parts  of  the 
radius,  the  proportion  will  be  as  unity  to  a,9o8882  &c,  fo  radius  to  the  tangent 
of  71°  1'  42",  whofe  logarithm  is  10.46371611720718335204  &c;  and  under 
that  angle  Is  the  meridian  interfered  by  that  rhomb  line,  on  which  die  differences 
of  Napier's  logarithm  tangents  of  the  half  complements  of  the  latitudes  are  the 
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tnie  difTerences  of  longitude  eftimated  In  minutes  and  parts,  taking  the  firft 
four  figures  for  integers.     But  for  Vlacq's  tables  we  muft  fay. 

As  230Z585  &CC  to  2908882  8cc,  lb  radius  to  1126331143874244569113 
&c,  which  is  the  tangent  of  51"  38' 9",  and  its  Ic^arithm  io,ioici04285077 
20941162  &c;  wherefore  in  the  rhomb  line  which  makes  an  angle  of  jt*  38' 
9"  with  the  meridian,  Vlacq's  logarithm  tangents  are  the  true  differences  of  lon- 
gitude. And  this  compared  with  our  fecond  corollary  may  fuffice  for  the  ufe 
of  the  tables  already  computed. 

But  if  a  table  of  logarithm  tangents  be  made  by  extraftion  of  the  root  of  the 
infiniteth  power  whofe  index  is  the  length  of  the  arch  you  put  for  unity  (as  for 
minutes  the  ,oooz9o888zth  &c  power),  which  we  will  call  a;  fuch  a  fcale 
of  tangents  (hall  be  the  true  meridian  line,  or  fum  of  all  the  fecants,  taken  in- 
finitely many.  Here  the  reader  is  defired  to  have  recourfe  to  my  little  Treatife 
of  Logarithms,  in  the  enfuing  difcourfe,  that  I  may  not  need  to  repeat  it.  By 
what  is  there  delivered,  it  will  follow,  that  putting  /  for  the  excefs  or  defeift  of 
any  tangent  above  or  under  the  radius  or  tangent  of  45,  the  logarithm  of  the 
ratio  of  radius  to  fuch  tangent  will  be 

—  into  /  —  ^t  +  -ttt  -^ —tttt  +  — /'&cwhenthearchisgreaterthan4;''.or 

—  into  /  +  — «  +  -W  4-  — 'W  +  — '*  &c  when  it  is  Icfs  than  ^$p.  And,  by 
M  2,'3'4S  ^-'  '•' 

the  iame  doctrine,  putting  t  for  the  tangent  of  any  arch,  and  t  for  the  differ- 
ence thereto  from  the  tangent  of  another  arch,  the  l(^arithm  of  their  ratio  will  be 

—  into  —  +  —  H +  — 7  ^ r  8cc  when  t  is  the  greater  term,  or 

m  r      '     2TT  JTT      '      4T*  ST>  o  ' 

—  into  —  —  —  -I -A j&c  when  t  is  the  leffer  term. 

m  T  3TT  3T*  4T*  JT* 

And  if  »  be  fuppofed  ,0002908882  &c  =  0,  its  reciprocal —  will  be  3437, 
746^707849392526  &c,  which  muIripHcd  into  the  aforefaid  feries,  (hall  give 
precUely  the  difference  of  meridional  parts  between  the  two  latitudes  to  whofe 
half  complements  the  aflumed  tangents  belong.  Nor  b  it  material  from 
whether  pole  you  eflimate  the  complements,  whether  the  elevated  or  de- 
prefled,  the  tangents  being  to  one  another  in  the  fame  ratio  as  their  comple- 
ments, but  inverted. 

In  the  fame  difcourfe  I  alfo  Ihewed,  that  the  feries  might  be  made  to 
CQnverge  twice  as  fwifr,  all  die  even  powers  bdng  omitted ;  and  putting  t  for 

the  fum  of  the  two  tangents,  the  (ame  logarithm  would  be  •^  or  —  into  —  +  -r; 
+  -^  H — »  +  r3  ^*^  *  ^^^  ^^  ""^^o  of  T  to  /,  or  of  the  fum  of  two  tangents 
to  their  difference,  is  the  fame  as  that  of  the  fine  of  the  fum  of  the  arches  to 
the  fine  of  their  difference :  wherefore,  if  s  be  put  for  the  fine  complement  of 
the  middle  latitude,  and  s  for  the  fine  of  half  the  difference  of  latitudes,  the 

fame  feries  will  be  —  into  —  +-^  +  '^  +-^+-t  &c;    wherein,  as  the 

a  »         J*'         S»'        7*         9* 

differences  of  latitudes  are  fmaller,  fewer  fteps  will  fuffice.    And  if  the  equator  ■ 
be  put  for  the  middle  latitude,  and  confequently  s  =  r,  and  /  to  the  fine  of 
4  the 
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the  latitude,  the  meridiotial  parts  reckoned  from  the  equator  will  be  —  +'  — — 
+  ~r  +  "fr  ^^*  which  is  coincident  with  Dr.  Wallis's  folution,  in  number 
176  of  the  PhilofofJiical  Tranfaftions.  And  this  fame  feries  being  half  the 
logarithm  of  the  ratio  of  R  +  J  to  R  —  j,  that  is,  of  the  verfed  fines  of  the  dif- 
tances  from  both  poles,  does  agree  with  what  Dr.  Barrow  had  fhewn  in  his  Xlih 
lecture. 

The  fame  ratio  of  t  to  /  may  be  expreffed  alfo  by  that  of  the  fum  of  the 
co-fines  of  the  two  latitudes  to  the. fine  of  their  difference,  as  likewife  by  that 
of  the  fines  of  the  fum  of  the  two  latitudes  to  the  difference  of  their  co-fines, 
or  by  that  of  the  verfed  fine  of  the  fum  of  the  co-latitudes  to  the  difference  of 
the  fines  of  the  latitudes,  or  as  the  fame  difiFerence  of  the  fines  of  the  latitudes 
to  the  verfed  fine  of  the  difference  of  the  latitudes ;  all  which  are  in  the  fame 
ratio  of  the  co-fine  of  the  middle  latitude,  to  the  fine  of  half  the  difference  of 
the  latitudes.  As  it  were  eafy  to  demonftrate,  if  the  reader  were  not  fuppofed 
capable  to  do  it  himfelf,  upon  a  bare  infpeftion  of  a  fcheme  duly  reprefenting 
thefe  lines. 

This  variety  of  exprefEon  of  the  fame  ratio  I  thought  not  fit  to  be  omitted, 
becaufc  by  help  of  the  rationality  of  the  fine  of  30gr.  m  all  cafes  where  the  Turn 
or  difference  of  the  latitudes  is  jogr.  6ogr.  90gr.  1 2Cgr.  or  1 50  degrees,  fome 
one  of  them  will  exhibit  a  fimple  feries,  wherein  great  part  of  the  labour  will  be 
faved.  And  befidcs,  I  am  willing  to  give  the  reader  his  choice,  wliich  of  thefe 
equippolent  methods  to  make  ufe  of;  but  for  his  exercife  (hall  leave  the  pro- 
fecution  of  them,  and  the  compendia  arifing  therefrom,  to  his  own  induftry ; 
contenting  myfelf  to  confider  only  the  former,  which,  for  all  ufes,  feems  the 
moft  convenient,  whether  we  defign  to  make  the  whole  meridian  line  or  any 
part  thereof,  via.  —  into  —  +— i+7n+  r7+  -:&c;    wherein  a    is  the 

*  at  jt*         51*  7'  9' 

length  of  any  arch  which  you  defign  Ihall  be  the  mteger  or  unity  in  your  me- 
ridional parts  (whether  it  be  a  minute,  league,  or  degree,  or  any  other),  s  the 
co-fine  of  the  middle  latitude,  and  s  die  fine  of  half  die  difference  of  latitudes ; 
but  the  fecants  being  the  reciprocals  of  the  co-fines,  —  will  be  equal  to  ^ 
putting  /  for  the  fecant  of  the  middle  latitude ;  and  —  into  -^  will  be  =  2^. 
This  multiplied  by  -^j  that  is,  by  -^^  will  give  the  fecond  ftep  j  and  that 
again  by  -^ ,  the  third  ftep,  and  fo  forward  rill  you  have  completed  as  many 
phices  as  you  defire.  But  the  fquares  of^the  fines  being  in  the  fame  ratio 
with  the  verfed  fines  of  the  double  arches,  we  may,  inftead  of -^,  affume  for  our 
muldplicator  — ,  or  the  vtrfed  fine  of  the  difference  of  the  latitudes,  divided 
by  thrice  the  verfed  fine  of  the  fum  of  the  co-latitudes,  &c,  which  is  the  utmoft 
compendium  I  can  think  of  for  this  purpofe,  and  the  fame  feries  will  become 

M  3T        i^         7'*        9** 
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,  Hereby  we  are  enabled  to  eftimate  the  default  of  the  method  of  making  the 
rperidtan  line  by  the  cootinued  addition  c^  the  fecants  of  aequidifferent  arches, 
which,  as  the  diffei'ence  of  thofe  arches  are  fmaller,  does  ftill  nearer  and  nearer 
approach  the  truth,  [f  we  aflume,  as  Mr.  Wright  did,  the  arch  of  one  minute 
to  be  unity,  and  one  minute  to  be  the  common  difference  of  a  rank  of  arches, 
it  will  be,  in  all  cafes,  as  the  arch  of  one  minute  to  its  chord  : :  fo  the  fecant  of 
the  middle  latitude  to  the  firfl  ftep  of  our  feries.  This,  by  reafon  of  the  near 
equality  between  a  and  2S,  which  are  to  one  another  in  the  ratio  of  unity  to 
I  —0,00000000352566457713  &c,  will  not  differ  from  the  fecant/  but  in 
the  ninth  figure,  being  lefs  than  it  in  that  proponion.  The  next  (lep  being 
+  ^~  will  be  equal  to  the  cube  of  the  fecant  of  the  middle  latitude  multi- 
plied into  —  =  0,000000007051329087151  which  therefore,  unlefs  the  fecant 
exceed  ten  times  radius,  can  never  amount  to  1  iti  the  fifth  place,  Tbefe  two 
fteps  fufKce  to  make  the  meridian  line,  or  logarithm  tapgeilt  to  far  more  places, 
than  any  tables  of  natural  fecants  yet  extant  are  computed  to ;  buf  if  the  third 
ftep  be  required,  it  will  be  found  to  be  +/*  into^  =  0,0000000000000000 
89498  :  by  all  which  it  appears,  that  Mr.  Wright's  table  does  no  where  excee4 
the  true  meridian  parts  by  fully  half  a  minute ;  which  fmall  difference  arifes  by 
his  having  added  continually  the  fecants  ofi',  2',  3'^  &c,  inftead  of  04',  i-i-'j  24., 
2i',  &c ;  but,  as  it  is,  it  is  abundantly  fufficient  for  nautical  ufes.  That  ip  Sit 
Jonas  Moor's  New  Syftem  of  the  Mathematics  is  mucli  nearer  the  tnith,  but 
the  difference  from  Wright  is  fcarce  fenfible  till  you  exceed  thof?  latitudes 
where  navigation  ceafes  to  be  pra^cable;  the  one  exceeding  the  truth  by 
about  half  a  minute,  the  other  being  a  very  fmall  matter  deficient  therefrom. 
For  an  example  eafy  to  be  imitated  by  whofoever  pleafes,  I  have  added  the' 
true  meridional  parts  to  the  firft  and  laft  minutes  of  the  quadrant ;  not  fo  much 
that  there  is  any  occafion  for  fuch  acctiracy,  as  to  (hew  that  1  have  obtained, 
and  laid  down  herein,  the  full  dodrine  of  thefe  fpiral  rhombs  which  arf  of  ftx 
great  concern  in  the  art  of  navigation. 

The  firft  minute  is       1,00000001410265862178. 

The  fecond      -  2,00000005641063806707. 

The  laft,  or  89**  59',  183037419634511414228643. 
And  not  32^48,5279,  as  Mr.  Wright  has  it,  by  adding  the  fecants  of  every 
whole  minute ;  nor  30249,8,  as  Mr.  Oughtred's  rule  maik.cs  Ir,  by  adding  th6 
fecants  of  every  other  half  minute;  nor  30364,3,  as  Sir  Jonas  Moor  had  con- 
cluded it,  by  1  know  not  wh^  method,  though  in  the  refl  of  his  table  he  follows 
Oughtred. 

And  this  may  fuffice  to  fhew  how  to  derive  the  true  meridian,  line  from  the 
fines,  tangents,  or  fecants,  fuppofed  ready  made ;  but  we  are  not  deflitute  of  a 
method  for  deducing  the  fame  independently  from  the  arch  itfelf.  .  If  the  lafi- 
tude  fi'om  the  equator  be  eftimated  by  the  length  of  its  arch  a,  radius  being 
unity,  and  the  arch  put  for  an  int^er  be  «,  as  before,  the  meridional  parts 

■nfwcring  to  that  latitude  will  be  —  into  a  -f-  ^  **  +  tV  ^f  +  J|  a'  or  yvrv  A! 
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.  +  ?TTT  ^*  °'  tt^Utt  a*  &CJ  which  converges  much  fwifter  than  any  of 
the  .former  feries,  and  belides  has  the  advantage  of  a  increafing  in  arithmetical 
{HFogreffioh,  which  would  be  of  great  eafe,  if  any  fliould  undertake,  de  novo, 
,  to.njate  th£  logarithm  tangents,  or  the  meridian  line,  to  many  moie  places  than 
now  we  have  them.  The  logarithm  Ungent  to  the  arch  of  45  -f  ^a  bring  no 
(Jthcr  than  the  aforefaid  feries  a  +  ^a*  +  ViA*  &c,  in  Napier's  form,  or  the 
fame  niuldplied  into  0,43419  &c,  for  Briggs's. 

But  becBufe  all  thefe  feries  toward  the  latter  end  of  the  quadrant  do  converge 
cxceedii^  ilowly,  (o  as  to  render  this  method  almofl:  ufelefs,  or,  at  leaft,  very 
tedious,  it  will  be  convenient  to  apply  fome  other  arts,  by  afluming  the  fecanu 
of  fome'  intermediate  latitudes ;  and  you  may  for  t,  or  the  fine  of  a,  the  arch  of 
half,  the  difference"  of  latitudes,  fubftitute  a  -  >'  +  tIoOJ*  —  T-riru"'  + 
Tyrrro*'  &c,  according  to  Mr.  Newton's  rule  for  giving  the  fine  from  tire 
arch ;  and  if  a  be  no  more  than  a  degree,  a  very  few  fteps  will  fuffice  for  all  the 
accuracy  that  can  ^  defired.    _  . ,.      _ ,      . 

And  if  a  be  commenfurable  to  a ;  that  is,  if  it  be  a  certain  number  of  thofe 
arches  with  which  you  make  your  integer,  then  will  —  be  that  number ;  which 
if  we  call »,  thp  parts  <rf  die  meridional  Unfe  will  be  found  to  be 


In  this  ttie  firft  two  fteps  ast  generdly  fufficient  for  nautical  ufes,  efpedalTy 
-when  neither  of  the  latitudes  exceed  60  degrees,  and  the  difference  of  latitudes 
doth  not  ^afe  30  degrees. 

But  I  axA  lenlible  I  have  already  faid  too  much  few  the  learned,  though  to^ 
little  for  the  learner:  to  fuch  I  can  recommend  no  better  treauTe  than  Dr. 
Wallis's  precedent  Difcourfe,  wherein  he  has,  with  his  ufual  brevity  and  that 
perfpicuity  peculiar  to  bimfelf,  handled  this  fubjeA  from  the  fiilt  principles, 
which  here,  for  the  moft  part,  we  fuppc^e  known. 

I  need  not  Ihew  how,  by  rcgreffive  woik,  to  find  the  laritudes  from  the  me- 
iridional  piarts,  th«  rriedwd  bemg  fufficientJy  obvious :  I  fliall  mily  conclude 
with  the  propofal  of  a  problem  which  remains  to  make  this  dodrine  complete, 
.mhd  that  13  this  : 

A  (hip  fails  froni  a  given  latitude,  and,  having  run  a  <^rtain  number  of 
-leagues,  has  altered  her  longitude  by  a  given  angle ;  it  is  required  to  find 
<he  courfe  fteered.  The  foluoon  hereof  would  be  very  acceptaUe,  if  not  to 
the  public,  at  \t3&.  to  the  author  of  this  tnn9: ;  being  likely  to  open  fome  fur- 
<h<Jr  li^t  into  the  myfterics  of  geometry. 

M  »  To 
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To  conclude,  I  (hall  only  add>  ttiac  unity  being  radius ;  the  co-iine  of  the 
■  arch  A,  according  to  the  fame  rules  of  Mr.  Newton,  will  be  i  —  4a»  +  ^a* 
—  74TrA'  +  ttttttA*  —  ry»»ioBA'°  &c  ;  from  which,  and  the  former  feries 
exhibiting  the  line  by  the  arch,  by  divifion,  it  is  eafy  to  conclude,  that  the  na- 
tural tangeqt  of  the  arch  a  is  a  +  ^a^  +  tV^*  +  tVt^'  +  -*4ttA*>  &C, 
and  the  natural  fecant  to  the  fame  arch  i  +  4a*  +  Vt**  +  -A^a'  +  VWr*' 
&c ;  and  from  the  arithmetick  of  infinites,  the  number  of  thefe  fecants  being  the 
arch  A,  it  follows,  that  the  fum  total  of  all  the  infinite  fecants  on  that  arch  is 
a  +  tA'  +  tVa*  +  tttttA'  +  tttttA'  &c  ;  the  which,  by  what  foregoes, 
is  the  Ic^arithm  tangent  of  Napier's  form,  for  the  arch  of  45gr.  +  4a,  as 
before. 

And  coHeAing  the  infinite  fum  of  all  the  natural  tangents  on  the  (aid  arch  a, 
there  will  arife  4aa  +  -^a*  +  ^a*  +  tttta'  -f-  .,44^a"*  8ic,  which  will  be 
found  to  be  the  logarithm  of  the  fecant  of  the  fame  arch  a. 


I.  Amofi  compendious  and  facile  Method  of  confiruSmg  the  Logarithms.,  exemplified 
and  demonfirated  from  the  Nature  of  Numbers,  without  any  Regard  to  the  ffyper- 
iola  i  with  ajpetdy  Method  for  finding  the  Number  from  the  Logarithm  given* 
By  Dr.  £.  Halley, 

THE  invention  of  the  l<warithms  is  juftly  efteemed  one  of  the  moft  ufeful 
difcoveries  in  the  art  oinumbers,  and  accordingly  has  had  an  univerfal  re- 
ception and  applaufe ;  and  the  great  Geometricians  of  this  age  have  not  been 
wanting  to  cuhivate  this  fui^e£t  with  all  the  accuracy  and  fubtilty  a  matter  of 
that  confequence  doth  reqmre ;  and  they  have  demonftrated  feveral  very  admi- 
rable properties  of  thefe  artificial  numbers  which  have  rendered  their  conftruc- 
tion  mach  more  facile  than  by  thofe  operofe  methods  at  firft  ufed  by  their  truly^ 
noble  inventor,  the  Lord  Napier,  and  our  worthy  conntryman,  Mr.  Bnggs. 

But,  notwithftanding  all  their  endeavours,  I  find  very  few  of  thofe  who  make 
conftant  ufe'of  logarithms,  to  have  attained  an  adequate  notion  of- them,  to 
Ilhow  how  to  make  or  examine  them,  or  to  underftand  the  extent  of  the  ufe 
of  them;  contenting  themfelves  with  the  tables  of  them,  as  they  find  them, 
without  daring  to  queHion  them,  or  caring  to  know  how  to  reSify  them,  Oiould 
they  be  found  amifs ;  being,  I  fuppofe,  under  the  apprehenfion-  of  fome  great 
difficulty  therein.  For  the  fake  of  fuch,  the  following  traA  is  principally 
intended ;  but  not  without  hopes,  however,  to  produce  fomething  that  may 
be  acceptable  to  the  moft  knowing  in  thefe  matters. 

But  firft  it  may  be  requifite  to  premife  a  definition  of  Icwarithms,  in  order  to 
tender  the  cnfijing  Difcourfe  more  clear,  the  rather,  becaule  the  old  one,  Nume- 
renm.  Propertionalium  aqui  Differentes  £omites,  feems  too  fcanty  to  define  them 
fully.  They  may  more  properly  be  faid  to  be  Numtri  Rationum  Exponente'n 
wherein  we  confidec  ratio  as  a  ^uantitas  fui  generis^  be^nning  from  the  ratio 
of  equahty,  or  i  to  i  =  o ;  bemg  affirmative  when  the  ratio  is  increafing,  a&  of 
uttity  CO  a.  greater  number,  but  n^ative  when  decreaiing;  and  thefe  rationes. 
a.  we; 
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we  fl^pofe  to  be.meafurcd  by  the  number  of  rathmculx  contained  in.  each. 
Now  thefc  ratiunculae  are  fo  to  be  underftood  as  in  a  continued  fcale  of  pro- 
portionais  infinite  in  number,  between  the  two  terms  of  the  ratio,  which  infinite 
.number  of  mean  proportionals  is  to  that  infinite  number  of  the  like  and  equal 
ratiunculse  between  any  two  terms,  as  the  logarithm  of  one  ratio  is  to  the  loga- 
ridim  of  the  odier.  .  Thus  if  there  be  .fuppofed  between  i  and  lo  an  infinite 
fcale  of  mean  proportionals,  whofe  number  is  looooo  &c,  /»  infinitum,  between. 
.1  and  2  there  ftiill  be  3010a  &c,  of  fuch  proportionals,  and  between  i  and  3. 
there  will  be, 477 1  a  &c,  of  them;  which  numbers  therefore  are.  the  logarithms 
of  the  rationes  of  i  to  10,  i  to  2,  and  i  to  3  ;  and  not  fo  properly  to  be  called 
the  logarithms  of  10,  2,  and  3. 

But  if,  inftead  bf.fuppoTmg  the  logarithms  compofed  of  a  number  of  equal 
ratiuncute  proportional  to  each  ratio, -we  fliall  take  the  ratio  of  unity  la 
any  number,  to  confift  always  of  the  fame  infinite  number  of  ratiunculie,  thefr 
magnitude  in  this  cafe  will  be  as  their  number  in  the  former  j  therefore  if 
between  unity  and  any  number  propofed  there  be  taken  any  infinity  of  mean 
proportionals,  the  infinitely  little  augment  or  decrement  of  die  firft  of  thofe 
means  from  unity,  will  be  a  ratiuncula ;  that  is,  the  momentum  or  fluxion  of 
the  ratio  of  unity  to  the  faid  number.  And  feeing  that  in  tbefe  continual  pro- 
portionals all  the  ratiunculae  are  equal,  their  fum,  or  the  whole  ratio,  will  be  as 
the  faid  momentum  is  dircd^ ;  that  is,  the  logarithm  of  each  ratio  will  be.  as 
the  fluxion  thereof.  Wherefore  if  the  root  of  any  infinite  power  be  extraifted 
out  of  any  number,  the  differentiok  of  the  faid  root  fi-om  unity  ftialt  be  as  die 
l^arithm  of  that  number.  So  that  k^arithms  thus  produced  may  be  of  as. 
.many  forms  as  you  pieafe  to  afl"ume  infinite  indices  of  the  power  wh<ne  root  you- 
feek ;  as  if  the  index  be  fuppofed  1 00000  &c,  infinitely,  the  roots  Ihall  be  the 
logarithms  invented  by  the  Lord  Napier;  but  if  the-faid-index  were  2302585 
&c,  Mr.  Br^gs's  logarithms  would  immediately  be  produced'  And  if  you. 
pieafe  to  flop  at  any  number  of  figiire.s,  and  not  _  to  continue  them  on,  it  wilt 
tuffice  to  aflume  an  index  of  a  figure  or  two  more  than  your  intended  logarithm 
ii  to  have,  as  Mr.  Bri^s  did ;  who,  to  have  his  logarithms  true  to  14  places, 
by  continual  extraction  of  the  fquare  root,  at  laft  came  to  have  the  root  of  the 
140737488355228th  power;  but  how  operofe  that  extraftion  was  will  be  eafily 
judged  by  whok)  (half  undertake  to  examine  his  Caltulus. 

Now,  though  the  notion  of  an  infinite  power  may  feem-  very  ftrange,  and,  to 
thofe  that  know  the  difEculty  of  the  extraftion  of  the.roots  of  high  powers,  perhaps, 
impradicable;  yet,  by  the  help  of  that  admirabl6  invention  of  Mr;  Newton, 
whereby  he  determnies.  the  unciic  or  numbers'  prefixed  to  'the  members  com- 
pofing  powers  (on  which  chiefly  depends  the  do«ftrinc  of  feries),  the  infinity  of 
the  index  contributes  to  render  the  expreflion  much  more  eafy;  for  if  the 
the  infinite  -power  to  be  refolved  be  put(afi:er  Mr.  Newton's  method)' 
P  +  f9>P  +>si"  or  I  +^j  inftead  06  i  +  ^  +  i^yy  +  '~^^t"^g* 
4.  IZ "^.~ — J*  Stc  (which  is  the  root  when  m  is  finite),,  becomes  i  +- 

— a  —  ^^j -f  — y* ^ -i-y*  4- -^;^ &c,  mm  being  wyfo/rt  infinite;  and.confe- 

quemly; 
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■quently  whatever  is  divided  thereby  vanifliing.  Hence  it  follows,  tliat  — 
multiplied  into  ?  —  If?  +  -Jf?^  —  -J?*  +  Tf  *  &C,  is  the  augment  of  the  firft 
of  our  mean  propOTtionals  between  unity  and  i  +  f ,  and  is  thcref6rc  the  loga- 
rithm of  the  ratio  of  i  to  i  +  y ;  and  whereas  the  infinite  indei  m  may  be 
taken  at  pleafure,  the  feveral  fcales  of  logarithms  to  fuch'  indices  will  be  as 
— ,  or  reciprocally  as  the  indices.  And  if  the  index  be  taken  loooo  &c,  is 
in  the  cafe  of  Napier's  logarithms,  they  will  be  fimply  y  —  ^yj  +  -Jfjj  —  Tf  * 

Again>  if  the  It^arithm  of  a  decreafing  ratio  be  fought,  the  infinite  root  of 

whence  the  decrement  (rf  the  firft  of  our  infinite  number  of  piropor- 
tionals  will  be  —  into  j  +  -Jjj  +  -Jf '  4  4?*  +  tJ*  +  t?"»  &c,-  wMch  there- 
fore will  be  as  the  logarithm  of  the  ratio  of  unity  to  i  —  j.  Bui  if  m  ^e  pi^ 
loooo  ice,  then  the  f^d  logarithm  will  be  j  +  -iff  +  t? *  +  ii*  +  rf '  + 

Hence  the  terms  of  any  ratio  being  a  and  i,  f  beo6mes  -^,  or  dib  differ- 
ence divided  by  the  lelTer  term  when  it  is  an  increafing  ratio ;  or  -^  when  it  u 
decreafing,  or  as  *  to  a.  Whence  die  Ibg^ithm  -of  the  f^e  radb  iflay  bis 
doubly  ezpredfed ;  for  putdng  x  for  the  difibrence  of  the  terras  a  and  ^,  it  wiU 
be  either 

-  """  7  +  3W  +  IP  +  jJJ  +  IT.  +  5i  «"^ 

ffi  M         M«        S^*         4«*         S'  ^^ 

But  if  the  ratio  of  0  to  ^  be  fuppc^ed  divided  into  two  parts,  vi^.  into  the 
ratio  of  a  to  the  arithmetical  mean  oetween  die  term^,  and  the  rado  of  the  faid 
arithmetical  mean  to  the  other  term  ^,  then  will  the  fum  of  the  logarithiis  of 
thofe  two  rationes  be  the  logarithm  of  the  ratio  of  a  to  i ;  and  futmitutin^  it 
inftead  of  40  +  4^,  the  faid  arithmetical  mean,  the  logari^uns  of  thofe  rictidnes 
vill  be,  by  the  fijregoing  rule. 


i+J^+??  +  &«*^' 


and 


—  m  —  —  _  a.  — .__4.  —--»._-  8CC, 
nt         »         3KB  ^    3«*        4»*        S»*        6«* 


the  fum  whereof  -  in—  +   •    +^+   •+—:+•  +— s&c, 

will  be  the  logarithm  of  the  ratio  of  «  to  ^,  whofe  difference  is  «  and  fum  z. 
And  this  feries  converges  twice  as  fwift  as  die  former,  and  therefore  is  more 
prt^)er  for  the  praftice  of  making  logarithms ;  which  it.  perfonns  with  that  ex- 
pedition, that  whece  x  the  difference  is  but  the  hundredth  part  of  the  fum,  die 

£ift 
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fiift  flep  —  Tuffices  to  feven  places  of  the  logarithm^  and  the  fecond  ftep  to 
twelve.  But  if  Bri^s's  firft  twenty  chiliads  of  logarithms  be  fuppofed  made* 
as  he  has  very  carcnjTly  computed  them  to  fourteen- places,  the  firit  ftcp  alone 
is  capable  to  give  the  Ic^amhm  of  any  imennediace  number  true  to  all  the 
places  of  thoTe  tables. 

After  the  feme  manner  may  the  difference  of  the  faid  two  rogarithms  be 
very  fitly  apfdied  to  find  the  logarithms  of  prime  numbers,  having  the  loga- 
rithms of  the  two  next  numbers  above  and  below  them  :  for  the  difference  of 
the  ratio  of  a  to  iz  and  of  iz  to  f^  is  the  ratio  of  ali  to  -^zz,  and  the  half  of 
that  ratio  is  that  of  v^a^  to  -i-z,  or  of  the  geometrical  mean  to'the  arithmetical. 
And  confequcntly  the  logarithm  thereof  will  be  the  half  difference  of  the  lo- 
garithms of  thofe  rationes,  viz,  —  into  —  +  —r  +  r-g  +  ^-i,  &c ;  which  is 

0  M  i%X  4^  V36  Oi 

a  theorem  of  good  difpatch  to  find  the  logarithm  of  iz*  But  the  fame  is  yet 
much  more  advantageoufly  performed  by  a  rule  derived  from  the  foregoing, 
and  beyond  which,  in  my  opinion,  nothing  better  can  be  hoped.  For  the  ratio 
of  a&  to  i2z,  or  ^aa  +  iab  +  -JW,  has  the  difference  of  its  terms  -Jaa  —  ^ai  + 
iiif  or  the  fquare  of  40  —  4^  =  ^xx^  which,  in  the  prefent  cafe  of  finding  the 
logarithms  of  prime  numbers,  is'  always  unity,  and  calling  the  funi  of  the 
terms  ^zz  +  ah—xf>  ^^  logarithm  of  the  r^o  of  y^ab  to  ia  +  \h,  or  \z 
will  be  found  -^  m.  ^  +  ^  +  -J^  +  ^  +  ^„  &c,  whjch  converges  very 
much  &lter  than  any  theorem  hitherto  publiflira  for  this  purpc^e. 

Here  note  —  is  all  atong  applied  to  adapt  thefe  rules  to  all  forts  of  logarithms.. 
If  f»  be  loooo  &c,  it  may.  be  neglefted,  and  you  will  have  Napier's  logarithms, 
as  we  hinted  before ;  but  if  you  defire  Briggs's  logarithms,  which,  are  now  ge- 
nerally recdved,  you  muft.  divide  your  feries  by 

2,30258509299404568401^99^1454684364207601 10148862877297603.3328^ 
vc  multiply  it  by  the  reciprocal  chcrecff,  viz. 
0,434294481903251827651128918916605082394397005803666566114454. 

But  to  fave  fo  operofe  a  multipli,cati(«i  (which  is  more  ^haa  all  the  reft  of  the 
work),  it  is  expedient  to  divii^  this  muhiplicator  by  the  pow.ers  of  2  or^y  con- 
tinually, according  to  the  diroSion  of  the  theorem,  efpecially  where  x  is  fmall 
and  integer,  referving  the  proper  quotes  to  be  added  together,  when  you  have 
produced  your  logarithm  to  as  maay  figures  as  you  de^re ;  of  which  method  X 
will  give  a  fpecimen. 

If  the  cunolity  of  any  genxleman  th^  has  leifure  would  prompt  him  to  under- 
take to  do  the  logarithms  of  all  prime  numbers  under  looooo  to  25  or  30 
figures,  I  dare  affure  him,  that  the  ^cility  of  this  method  will  invite  him 
thereto  ;  nor  can  any  thing  more  eafy  be  defired.    And,  to  encourage  him, 

1  here  give  the  logarithms  of  the  firfi:  prime  numbers  upder  20  to  60  places, 
computed  by  the  accxirate  pen  of  Mr.  Abraham  Sharp  (from  whofe  induftry  and 
capacity  the  world  may  in  time  espeft  great  performances),  as  they  were  com- 
municated to  me  by  our  common  friend^  Mr.  Euclid  Speidell. 
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N",  .  L<^;arithm. 

2  0,30102999566398 1 19 J21J7388947Z44930267681 89881461108541310417 

3  0,477 1212547 196624372950279032551 153092001 28864190695864829866 
7  0,845098040014256830712216258592636193483572396323965406503835 

II  1,04139268515822504075019997124302+241706702190466453094596539 
13  1,113943352306837769206541395026246254561189005053673288598083" 
17  1,230448921378273028540169894328337030007567378425046397380368 
19  1,2787536009508189615363334757569293x7951129337394497598906819, 

The  next  prime  number  is  23,  which  I  will  take  for  an  example  of  the  fore- 
going doctrine ;  and,  by  the  firit  rules,  the  logarithm  of  the  ratio  of  zi  to  23 
will  be  found  to  be  either 

J.  _-i.  j._J !_  I    '        &c 

aa    968    31944    937014  ^  35768160 
I     1   I   1   ,    I         I    « 

**''  33  "*"  1058  "*"  36501  •"*"  1119364  "^  31181715    ' 

AS  likewife  that  of  the  ratio  of  23  to  24  by  a  like  procefs. 


.18.715       ' 

ice. 


And  this  is  the  refult  of  the  doftrine  of  Mercator,  as  improved  by  the  learned 
Dr.  Wallis.  But  by  the  fecond  theorem,  viz.—  +'J^  ^ifl^  &c,  the  (ame 
logarithms  are  obtained  by  fewer  Heps ;  to  wit. 


3615686171875 


&c. 


*"  47  +  311469  +  ii467'S''3S  "*"  3546361843.41  ^'^^ 
which  was  invented  and  demonftrated  in  the  hyperbolick  fpaces  analogous  to  the 
logarithms,  by  the  excellent  Mr.  James  Gregory,  in  his  Exercitationes  Geometriciet 
and  fincc  fiirther  profecuted  by  the  aforefaid  Mr.  Speidell,  in  a  late  Treatife,  in 
Engljlh,  by  him  publilhed  on  this  fubjeft.  But  the  demonftrariou,  as  I  con- 
ceive, was  never  till  now  perfefted  without  the  confideration  of  the  hyperbola, 
which,  in  a  matter  purely  arithmetical,  as  this  is,  cannot  be  fo  properly  ap- 
plied. But  what  follows,  I  think,  I  may  more  juftly  claim  as  my  own,  viz. 
that  die  logarithm  of  the  ratio  of  the  geometrical  mean  to  the  arithmetical  be- 
tween 22  and  £4,  or'of  \/ ^zZ  to  23,  will  be  found  to  be  either 

'  626487881148       ' 
'  659676558+85185  '**^* 
All  thefe  Series  being  to  be  multiplied  into  0,4342944819  &c,  if  you  defign  to 
make  the  logarithm  of  Briggs.    But,  with  great  advantage  in  refpeft  of  the 

work. 
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work,  the  fiud  43429448 1 9  &c,  is  divided  by  1057,  and  the  quotient  ther^f 
i^ain  divided  by  three  times  the  fquare  of  1057,  and  that  quotient  again  by  ^ 
(^that  fquare,  and  that  quotient  by  f  thereof,  and  fo  forth,  till  you  have  as 
many  figures  of  your  logarithm  as  you  defire ;  as,  for  example,  the  logarithm 
of  the  geometriad  mean  between  22  and  24  is  found  by  the  logarithms  of  2, 

3,  and  II,  to  be 

'•36 1*31 6,961,266,906,1 29,450,091, 726, 698,05 

1057  )  43429  &c  (;.  ..,410,874,628,101,468,143,473,158,863,68 

3011117249  )  41087  &c  (;.,.,...,..  .,122,585,215,441,818,294,600,74 

4.  in  1117249  )  12258  &c  (;-"V"  ».-•»...»■•.. -65,832,351,843,761,75 
4  in  1 1 17249  )  65832  &c  (;...,...,...,...,...,...,. ..  ,.42,088,297,65 
4 in  1117249  )  42088  &c  (;...,...,...,...,.•.,...,...,...,... ,.  29,30 

Summa  1.361,727,836,017,592,878,867,777,112,251,17 

Which  is  the  logarithm  of  23  to  32  places,  and  obtained  by  five  divUions  with 
very  fmall  divifors ;  all  which  is  much  lefs  work  than  fimply  multiplying  the 
feries  into  the  faid  multiplicator  43429,  8ec. 

Before  I  pafs  on  to  die  converfe  ofthis  problem,  or  to  ftiew  how  to  find 
the  number  appertaining  to  a  logarithm  affigned,  it  will  be  requifite  to  adver- 
tife  the  reader,  that  there  is  a  fmall  miftake  in  the  aforefaid  Mr.  James  Gre- 
gory's Vera  ^uadtatura  Circuit  ^  HfferboU,  publiihed  at  Padua,  ann9  1667; 
wherein  he  apphes  his  quadrature  of  the  hyperbola  to  the  making  the  loga- 
rithms. In  page  48,  he  gives  the  computation  of  the  LiOid  Napier's  logarithm 
of  10  to  25  places,  and  finds  it  2,302,585,092,994,045,624,017,870,  inftcad  of 
2>302,585,092,994,o45, 684,017,991,  erring  in  the  eighteenth  figure;  as  1  was 
alTured  upon  my  own  examination  of  the  number  I  here  give  you,  and  by  com- 
parifon  thereof  with  the  fame  wrought  by  another  hand,  peeing  therewith  to 
57  of  the  60  places.  Being  dcfirous  to  be  fatisfied  how  this  difference  arofe,  t 
look  the  no  fmall  trouble  of  examining  Mr.  Gregory's  work,  and  at  lengtli 
found,  that  in  the  infcribed  polygon  of  512  fides,  in  the  eighteenth  figure,  was 
a  o,  inftead  of  9;  which  being  refiified,  and- the  fubfequent  work  correfted 
therefrom,  the  refult  did  agree  to  an  unit  with  our  number.  And  this  I  pro- 
pofe,  not  to  cavil  at  an  eafy  miftake  in  managing  of  fo  vaft  numbers,  cfpe- 
cially  by  a  hand  that  has  fo  well  deferved  of  the  mathematical  fctences,  but  to 
ihew  the  exaft  co-incidence  of  two  fo  very  differing  methods  to  make  loga- 
rithms, which  might  otherwife  have  been  queftioned. 

From  the  logarithm  given  to  find  what  ratio  it  expreffes,  is  a  problem  that 
iias  not  been  m  much  confidered  as  the  former,  but  which  is  folved  with  the 
Jike  cafe,  and  demonftraied  by  a  like  proccfs,  from  the  fame  general  theorem  of 
Mr.  Newton.   For,  as  the  logarithm  of  the  ratio  of  i  to  i  +  y  was  proved  to  be 

1  -h  jl"  —  I,  and  that  of  the  ratio  of  i  to  i  —  y  to  be  i  —  i'"—  jl";  fo  the  lo- 
■^uitbm  (which  we  will  from  henceforth  call  l)  being  given,  i  -t-  1.  will  be 
equal  to  1  -J-  jV  in  the  one  cafe,  and  i  —  l  will  be  equal  to  1  —  q'  in theotherj 

confequently  i  +  lA"  will  be  pqual  to  i  +  j,  and  F  —  l1*  to  i  —  j  ;  that  is, 
Vol.  H,  N  according 
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and  ~ ~ — J  which  are-  eafily  refolved  into  analogies,  viz.  As  43429  &c 

:     ^  +  '7'    .     , 

—  4/  to  43429  4-  4/  ::  fo  is  a  to  the  number  fought ;  or,  as  43429  &c  +»/  to 
43429  —  -^  : :  fo  is  ^  to  the  faid  number  fought. 

If  more  fteps  of  this  feries  be  defired,  it  will  be  found  as  follows,  a  •{•  ■■_ 

^  i^,  +  -Hf—  &c,  as  may  eafily  be  demonftrated  by  working  out  the  di- 
Tifions  in  each  ftep,  and  colleding  the  quotes,  whofe  fum  will  be  found  to  agree 
with  our  former  feries. 

Thus,  I  hope,  I  have  clewed  ap  the  doAriiK  of  logarithms,  and  (hewn  their 
conftru£tion  and  ufe,  independent  irom  the  hyperbola,  whofe  afie^ons  have  hi- 
therto been  made  ufe  of  for  this  purpofe,  though  this  be  a  matter  purely  arith- 
metical, nor  properly  demonftrable  from  the  pnnciples  of  geometry.  Nor  have 
I  been  obliged  to  hare  recourfe  to  the  method  Af  io^vifibfes,  €X  the  arithmetick 
of  infinites,  the  whole  being  no  other  than  an  eafy  corollary  to  Mr.  Newton's 
General  Theorem  for  forming  Roots  and  Powers. 
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1^^  344 ;  and  I  have  given  the  like  inveftigatioDs  of  the  tiro  latter  of  thde 
ferid'es;  or  the  two  anti-It^arithmick  feriefes  i  +  i  +  -^  +  —  +  -^    + 

-^    •  +  — - — r  +  &c,  aJ mfinitum.  and  i  —  l  •\-  — —  f  — ^ 

*3'4S  J    a.j-4-S'6  ^        '  ■>  *  '      a  1.3       3.3,4      3.3.4.5 

J.  — i— y  —  txc,  ad  infinitum,  in  the  fubfequent  dlTcourfe,  intitled,  "  An  Ap- 
^  3.3.4.S.6  7  J  t  1  '  '  tr 

pendix  to  the  foregoing  Remarks."    And  it  feems  probable,  that  ihefe  invefti- 

gations  of  thefe  fever^  feriefes  are  either  the  fame  with  thofe  given,  or  intended 

to  be  given,  by  Dr.  Halley,  in  the  preceeding  difcourfe,  or  very  analogous  to 

them,  and  founded  on  the  fame  principles  of  aritbmetick  and  abftra£t  reafoning 

On  the  nature  of  ratios,  without  having  recourfe  to  the  hyperbola,  or  any  other 

geometrical  figure.     I  therefore  refer  the  reader  to  thofe  two  difcourfes,  in  the 

former  volume  of  thofe  Trads,  for  the  inveftigations  of  thefe  four  feriefes ;  and 

I  flatter  myfelf,  that,  by  the  attentive  peruSl  of  thofe  two  difcourfes,  tt^- 

ther  with  the  following  notes  on  thofe  paflages  of  Dr.  Halley's  preceeding  traft 

which  I  have  been  able  to  miderftand,  and  which  feemed  to  fUnd  in  need  of 

explanation,  he  will  be  able  to  underlUnd,  and  perceive  the  truth  of,  all  the 

condufions  conRuned  in  the  foregoing  traft  of  Dr.  Halley,  notwithftanding  its 

^bfcuiicy. 


NOTE        I. 

IK  page  86,  line  16,  Sec. — Hence  the  terms  of  any  ratio  ieing  a  and  h,  q 
httomet  -^^,  or  the  difference  divided  ly  the  lejfer  term,  vrben  it  is  an  in- 
treafing  ratio,  or  -^— »  ^ben  it  is  decreaftng^  or  as  b  to  a. 

In  this  paflage.  Dr.  Halley  fuppofes  ^  to  be  grater  than  a,  and  he  calls  a 
ratio  of  minority,  as  that  of  a  to  h,  an  increafing  ratio,  bccaufe  it  proceeds  from 
a  leffer  term  to  a  greater  -,  and  he  calls  a  ratio  of  majority,  as  that  of  b  to  a, 
a  deereajing  ratio,  becaufe  it  proceeds  from  a  greater  term  to  a  leffer.  This 
feems  to  be  an  odd  kind  of  language :  but  definitions  and  the  meaning  ot 
Words  are  arbitrary,  or  what  we  pleafe  to  make  them ;  and  this  is  evidently  the 
fenfe  in  which  Dr.  Halley  here  ufes  the  expreflions  of  an  increafing  and  a  de- 
treafing  ratio. 

The  propofitions  therefore  that  are  affirmed  by  Dr.  Halley  in  this  paflage  of 
his  difcourfe,  arc  thefe  two,  to  wit :  firft,  that  if  a  be  to  i  as  1  is  to  i  +  y,  ? 
will  be  =  -^-i ;  and,  feccmdly,  that  if  ^  be  to  a  as  1  is  to  1  —  f,  f  will  be  = 

—J — .    Now  thefe  propofitions  may  be  proved  in  the  manner  following. 

In 
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In  the  firft  place,  if  *  i»  to  4  w  i  ii  t»  t  ■+  f ,  we  (lull  hirat,  ijwffftu^ 
i  :  <»  : :  I  +  f  ;  1,  aiid,.  dividtndOt  ^  —  *  :  *  ::  i  +  J  —  i.:  ir  or  i  —  a  : 
a  : :  J  :  I J  and  confcqMntly  5  x  <*  =  i  — *  X  »»  and  j  =  — ^i^^ =  ~T~* 

Q^E.D. 

And  fccondly,  if  ^  is  to  #  as  I  b  to  i  —  7,  w«  flwll  have,  ^viJenJt^  ^  —  * : 
a  : ;  I  -  ( i  —  ?i :  i—  f»  or*  —  (»:<i;:j:  i—  ?•  But,  by  the  fuppofitioo, 
*  :  V  ::  I  —  J  ;  i :  therefore,  «  *7«o,  we  (hall  have  &  —  «:*::  ^  :  i,  and 

confequently  j  x  *  =  A  —  a)  X  Jj  and  y  =:  -^^^-| =  ~7^*       *li  "•  J>' 
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equals  though  contrary,  to  each  other.  Therefore  —  x  the  infinite  feries  —  + 
S  +  3^  +  ^  +  |r  +  5  +  *'^  "  «1"»"°  i  X  ''« 'nfi^'*  fe""T  -  S 
"^p!~J^  +  5T~67"*''"^'  "'"'^''  "  *'  logarithm  of  the  ratio  of  a  to  *. 
Therefore  the  logarithm  of  the  ratio  of  0  to  ^  is  equal  either  to  —  x  the  infinite 

•"''^  "7-^  +  ^-^  +  ^.-5  +*"^>°''"'^  >«  1^  ""fi™"  '=''" 
f  +  S^  +  pr  +  iil  +  ]F  +  6F  +  '''^>  ^FMsWy  to  Dr.  HaUey'j  aflettion 
in  the  text.  ^  B.  D. 


NOTE        HI. 


IN  page  86,  hne  23,  &c.-B«  ./  Ih,  rati,  of  a  to  h  hSupf'J'd  tt  hi  divided 
IMC  tmtort,,  v,z.  ml,  Ih.  ru,,  cf  a  tt  tk,  critimaiul  m,n  bawcn,  the 
urmi,  and  the  mm  of  thijatd  anthmetical  max  to  the  other  term  i,  then  mill  the 
film  of  the  leiarilbm  of  thofe  two  ralionei  he  the  logarilbm  of  the  ratio  of  a  to  h  ■ 
a,d,MJitiitinsizii,JlaJoria  +  ii,  He faid  arithmetical  mean,  tbelcrarithv^ 
of  thofe  ratienes  will  ie,  hj  the  foregoing  rale,  ^  '•••"» 

^•nto  theferie,^  +4  +  4+4  +  —  +—  +6ff 

and—into  theferies—  — 4  +  —  —  -^+— — ilj-M,- 

andthefnmoflhefe/eiiefet,  or 

■^int,  IheJiriesVl  +  ^^+'Jl.'J^    .   m, 

vill  he  Ihe  logarithm  of  the  ratio  of  a  to  h,  whofe  dijferente  is  x,  and/um  z. 

This  paffage  requires  fome  explanation.  Dr.  Halley  affirms  in  it,  that  if  a 
Md  *are  two  given  quantities,  of  which  *  is  the  greater,  and  *  be  put  for  their 
diSetence^i  -  »,  and  2  for  dieu-  fum  *  +  «,  the  logaridmi  of  the  ratio  of  a  to 
-,  or  to  -— ?,  will  be  =  -  X  the  infinite  feries  -+— +^+.ij.'' 
+  5?  +  "■=  **  »!*"''«»,  and  that  the  logarithm  of  the  ratio  of—,  or  i±^,  to 
'  '  %wiU 
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iwilibe=—  X  the  infinite  feries— —  ^  +  — .  -^  +il_^  +  &ca(f 

m  «         a«»  ^  3»»        411*  ^  j«>        tat' 

infinitum.    Nov  this  may  be  (hewn  in  the  maimer  following. 

Let  the  ratio  of  a  to-^i  or  to  — ^  (which  is  evidently  a  ratio  of  minority, 
bccaufe  1 4s  greater  than  a,  and  confcquently  — -  is  greater  than  - — -,  or  than 
s)  be  equal  to  the  ratio  of  i  —  jTot  ;  then  will  2a  be  to  a  in  the  fameprqpor- 
tion  of  I  —  J  to  1 .  Therefore,  dpoidendey  z  —  za  will  be  to  s  as  i  —  ri"— "j,  or 
J,  is  to  I  ;  and  confequenUy  j  wlu  be  =  iEHLU  =  iJ^  =  *t*-'1  - 

iZJi=JL.    Therefore-  X  the  feries  ^  +  -^  +i^  +  il +-^+-f. + 
»  *  «  ^'aj'4^5'^6^ 

&c,  ad  infinitum,  will  be  =  ^  X  the  feries  ^+.^  +  ^+^+^+^^ 
+  &c  ad  infinitum.  But  ^  x  the  feries  ^+^  +  J^+ii+i  +  ^  + 
&c,  nd  infinitum,  h  the  logarithm  of  the  ratio  of  i  —  ^  to  i ;  there&re  —  x  the 
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fum  of  —  X  the  feries  —  +  ~  +  —-i — -  +  JL.  +  —.  +  i^c aJinfinitum, 

m  *  >»!*         yt'         i/t*  ji*  to 

and  —  X  the  feries  — -.  +  ^_— -  +  -l-_--^&Cfl^  inSttitum,  or 

to  —  X  the  ferie*  —  +£l*  +  il'  +  i^+if!+  ii!l  +  &c  fli  infinitum  ; 
ihat  is,  the  logarithm  of  the  ratio  of  a  to  *,  whereof  i  is  the  greater,  and  of 
which  the  difference  b  —  ah  denoted  by  *,  and  the  fum  ^  +  a  is  denoted  by 
a,  is  equal  to  -^  x  the  infinite  feries  ^+^*-}.~+^+^+^'  + 
&c,    agreeably  to  Dr.  Haltey's  laft  aflertion  in  the  paflage  here  explained. 

Qi  E.  D. 

Dr.  Halley  obferves  that  this  feries  —  +  il  +  £f-^  -|.  &c  converges  twice  as 
fwift  as  either  of  the  two  fonner  feriefes  —  4-^  +  — -  +  -^  +  J^+— -  + 

«     '     as"     '    3z*     '    4»*  5**  fee* 

&c  and  -— — -4--il;  —  — .+  — —  --_.+  &c;  and  fays,  that,  on  that  ac- 
count,  it  is  more  proper  than  thofe  other  feriefes  for  the  praftice  of  making  lo- 
garithms. But  this  circumftance  is  not  of  any  great  importance,  becaufe  there 
is  almolt  as  much  trouble  in  computing  four  terms,  or  any  other  given  number 
of  terms,  of  the  feries  -^  +  ~  +  -^  +  ~  +  &c,  as  in  computing  twice 
the  fame  number  of  terms  of  the  feries  — H — r+  — 1+  4^  +  — .  +r^+ 
i!  J.  ii,  +  &c,  or  the  feries  JL  —  !t  ^  Jt  ^  ~^  Jt  f.  ^  fL  _ 
y-j  +  &c.  For  in  both  cafes  we  muft  compute  the  fame  number  of  powers  of 
the  fraction  —  i  in  which  the  principal  labour  of  the  buiinefs  confiUs ;  for  when 
once  we  have  computed  the  firft  eight  powers  of  — ,  to  wit,  — ,  ir-,  ~,  — , 
~,  ^,  -^,  and  -^,  or  any  other  number  of  thofe  powers,  the  dividing  them 
by  their  indexes  2,  3,  4,  5,  6,  7,  8,  &c,  which  are  very  fmall  and  eafy 
numbers,  is  a  matter  of  vepy  little  difficulty ;  and  the  avoiding  half  of  thefe 
operations  of  divifion,  by  making  ufe  of  the  third  feries  — ■  +  — j  +  — j  +  r^ 
+  &c,  is  but  a  fmall  faving  of  trouble. 
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logarithm  of  the  ratio  of  a  to  ^x  above  the  logarithm  of  the  ratio  of  iz  to  i  will 

the^eries  ^j-,  +  jj-,  +  ^  +  &c ;  and  half  the  faid  excefs  will  be  =  —  x  the 
f^™  5  +  ^  +  £  +  **•  Therefore  die  logarithm  of  die  ratio  of  s/S 
to  42,  or  to  -^,  or  of  the  geometrical  mean  proportional  between  the  quan- 
tities o  and  i  to  the  arithmetical  mean  between  the  fame  quantities,  will  be  s 
-  X  the  infinite  feries  — .  +-4  +  ^  +  ^  +  -^  +  —  -t  Srr  w  i.« 

mtum.  „   „ 

tl>  E.  D. 

Thirdly,  by  this  feries  we  may  derive  the  logarithm  of  the  ratio  of  i,  or 
~,  to  I,  firom.  the  logarithms,  of  die  ratios  of  a  to  i,  and  of  *  to  i.  For 
when  thefe  two  logarithms  are  known,  we  noed  only  add  them  toeether  and 
we  (hall  thereby  obtain  the  logaridim  of  At  ratio  of  «S  to  i ,  the  half  of  which 
wiU  be  die  logarithm  of  the  rado  of  v^^,  or  die  geometrical  mean  between 
«  and  *,  to  I.  And  if  we  add  to  diis  logaridim  die  logarithm  of  the  ratio  of 
1  to  ,/3J,  or  of  the  aridimetical  mean  between  o  and  *  to.  die  faid  geometrical 
mean,  which  may  be  computed  by  means  of  die  Ml«erRon  -  x  the  feries  — 
+  Ji  +  5»'+  &  +  i-fes  +  n^l  +  *=='  '*'  "!*"'»,  die  fum  will  be  the 
logarkhm  of  the  ratio  of  -i  to  I ,  or  of  i±-'  to  i,  or  of  die  faid  aridimetical 
mean  between  a  and  ^  to  1. 

If  the  number  h  exceeds  the  numbers  by  2,  we  fliall  have  *  (=  ^  -  a)  — 
and  x(=b  +  a^a  +  2  +  a)  =  za+  3, and confequently  —  —      *       _. 
— i-.     Therefore  the  feries  —^+^  +  ^,Ji.^+J^.'''-"'t'     j 
injiiiitum,  will,  in  this  cafe,  be  = , .,  +  ^  j,  ' 

1    X^a  -i-    i\  4    X   «  +  i\*  ^  6   X   a   +   iV  *** 

8  X  »  +  .1'  +  ~K  .  +  ,V"  +  12  X  r+7,"  +  &c  ai  injimtum  ;  and  confe- 
quently  the  logirithm  of  the  ratio  of  -,  or  il±-?,  or  o  -)-  i,  to  v/JJ  or 
^^  a  X  »  +  I,  or  v'aa  +  2a,  or  of  the  arithmetical  mean  between  a  and  *, 
or  between  a  and  a  +  2,  to  the  geometrical  mean  between  tliem,  will  be  = 

—  X  the  infinite  feries '  .^ -'  ,  '  ' 

.xa  +  ,t        4  X  r+7\*  "^  6  X  rrri'  +  8  X  7+71'+ 

,o  X  .Vn-°  "^ ..  X  h^"  +  ^^  -"^  ">''""■    ■  .,       , 

Oa  ''-^'^4^^ 


JOO  MOTES    OH     THE     FOREGOING 

Thus,  for  example,  if  a  was  =  ia,  and  b  =  24,  and  we  had  ah-eady  com- 
puted the  logarithms  of  the  ratios  of  all  the  prime  numbers  under  23  to  i ,  we 
might  make  ufe  of  the  laft-mentioned  feries  to  find  the  logarithm  of  the  rati* 
of  the  prime  number  23  to  i. 

For  fince  we  had  already  computed  the  logarithms  of  the  ratios  of  the  prime 
numbers  2  and  3  and  1 1  to  i ,  we  might  from  thence  derive  the  logarithms  of 
the  ratios  of  12  and  24  to  i ,  by  mere  addition ;  becaufe  the  logarithm  of  the 
ratio  of  22  to  i  is  =:  L,.  —  +  L.  —  =:  L.  —  -|-  L.  — ,  and  the  logarithm  of 

the  ratio  of  24  to  i  is  =  L.  ^  +  L.  —  =:  L.  ^  +  L.  2-  =  L.  -^   +    L. 

-^  zz  L.  —  +  3  X  L-  — •  And  having  thus  found  the  logarithms  of  the 
ratios  of  22  and  24  to  i,  we  ftiould  have  the  logarithm  of  the  ratio  of  2a  X4- 
or  528,  to  i,=rL.'^+  L-^=L.--~L.— »  or  die  fom  of  t!ie  logarithms 
of  the  ratios  of  2a  to  i  and  24  to  i>  would  be  that  of  the  ratio  of  528  to  r- 
Therefore  half  the  fiim  of  thofe  logarithms  would  be  the  logarithm  of  the  ratio 
of  the  fquare-root  of  52S,  or  of  the  geometrical  mean  proportional  between  22. 
and  24,  to- 1.  And,  lafliy,  if  to  this  logarithm  of  the  ratio  of  ^^528  to  1  we 
fhould  add  the  logarithm  of  the  ratio  of  43,  or  the  arithmetical  mean  between- 
22  and  24,  to  \f$zZ,  which  may  be  computed  by  means  of  the  expreffion^ 


X  the  infinite  feries  -— ■-   -J- ==v  +  I — =;==  + 


4  X.  a  +  iV        6  X  «  +  ir        8  X  «  +  I 
itum,  or  —  x  the  feries  — ^-= 


=^7;  +  &c,  ad  infititum), 

9*         8  X  SZ9I*        10  x^  s*9 
'       I  +   &c,  the  Him  will  be  the  logarithm,  of  t^e  ratio  of  23  to   i» 

This  method  of  computing  the  logarithm  of  the  ratio  of  23  to  1  is  the  fame 
in  fubftance  with  that  by  which  we  computed  the  fame  k^rithm  in  the  9th; 
Example  of  the  foregoing  Remarks  on  Mr.  Mercator's  and  Dr.  Wallis's  Se- 
ricfes.  Art.  32,  80,  and.  95,  pages  264,.  304,  and  328. 


NOTE 
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NOTE 


IN  page  87,  line  13.— 5«-'  tbe/ame  is  yet  mucbtnore  aJvantageouJlj  performed  by 
a  rule  derived  from  the  foregoing^  and  teyend  which,  in  my  opinion,  nothing  better 
tan  be  hoped ;  for  the  ratio  of  ab  to  \zz,  or  ^aa  +  -^ab  +  \bbj  has  the  difference 
of  in  terms  \aa  —  ^ab  +  ^W,  w  the  fquart  of  \a  —  \b  zz  \xx ;  which,  in  the 
prefent  cafe  of  finding  the  logarithms  of  prime  numbers,  is  always  unity}  and,, 
calling  thefum  of  the  terms  \zz  -\-  ab'=z  yy,  the  logarithm  of  the  ratio  of  y/ab  to 
±a  +  ib,  oriz,  will  be  found  =  —  X  theferies  i-  4.  —  +  -i.  a.  J-  +  _L  + 
Wc,  ad  inftnitum ;  which  converges  much  f after  than  awy  thtorem  hitherto  puolifhed 
for  this  purpofe. 

Since  z  is  zz  k  +  a,  zz  will  he  :^  bb  +  iba  +  aa.  Now  bb,  ba,  and  aa, 
are  three  quantities  in  continued  geometrical  proportion,  bb  beiiTg  to  ha  as  b  is- 
to  a,  and  ba  being  to  aa  alfo  as  i  is  to  a.  Therefore,  by  El.  5,  25,  the  fum  of 
the  two  extreme  terms  will  be  greater  than  twice  the  middle  term  ;  that  is,  bb 
+  aa  will  be  greater  than  zak.  Therefore  iU  +  aa  +  lab,  or  bb  -i-  zab  +■ 
aa,  will  be  greater  than  zab  +  zab,  or  ^ab.  Therefore  zz  (which  is  =:  M  + 
zab  +  aa')  will  be  greater  tlian  4«i,  and  confequently  —  will  be  greater  than 
ab. 

Now  let  fl^beput  =  a,  and—  =  b  ;  thm  will  b  be  greater  than-  a.    Let 

B  —  A,  or  the  difference  of  b  and  a,  or  —  and  ab,  be  called  d,  and  b  +  a,. 

or  the  film,  of  B  and  A^or  —  and  ab,  be  called  s. 
4 

It  is  fliewn  above,  in  Note  III.  that^  if  a  and  h  be  any  two  unequal  quantities, 
of  which  b  is  the  greater,  and  *  be  put  equal  to  their  difference  b  —  a,  and  x 
to  their  fum  ^  +  a,  the  logarithm  of  the  ratio  of  a  to  ^  will  be  equal  to 
i.xtf.einHnitcfai.3^  +  £g+|^  +  ^;  +  ^  +  ii;i  +  &c.  It  fol- 
lows  therefore,  that,  in  the  prefent  cde,  in  which  there  are  two  unequal  quan- 
tities A  and  B,  of  which  b  is  the  greater,  and  the  difference  of  the  faid  quan- 
titie*  is  denoted  by  D,  and  their  fum  by  s,  the  logarithm  of  the  ratio  of  a  to  b. 
wUl  be  =-^  X,  the  infinite  feries  iji  +  i^  +  il' +  i^' 4.  ^  +  1^^  +  &c.- 

Kut  the  ratio  of  a  to  b  is  equal  to  the  ratio  of  ab  to  — ,  becaufe  a  is  =  ah,  and 
b  is  =  — .  Therefore  the  logarithm  of  the  ratio  oiab  to  —  will  be  =  —  x 
the  infinite  feries  "  +  p^  +  ^  +i^  +  £l.+  IJL,  +  &c.  Therefore  the 
logarithm  of  half  the  ratio  of  ab  to—,  or  of  the  ratio  of  y/7b  to  — ,  will  be  = 
—  X  the  infinite  feries  —  H — -^+^+.£-^4.^^+  .B--  +  &c ;  that  is,  the 

logarithm: 
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logarithm  of  the  ratio  of  v'fl?,  the  geometrical  mean  between  the  numbers 
a  and  b,  to  — ,  or  — ^,  the  arithmetical  mean  between  the  fame  numbers,  is  =; 

■^   X  the  ferics  -7-  +  — ,  +-^+-7r  +  '^  +  IT^r  +  ^"^j  ^^  infinitum. 
Now  let  the  difference  of  the  numbers  a  and  i  be  2,  or  let  *  be  =  a  +  2^ 
Then  will  ab  be  (=  a  x  a  +  2  )  =  «fl  +  za;  and  —  will  be  (=  ^-i — 

=:  UHii'  _  E+l!'  =  +dJJfjt*)  =  d»  +  2«  +  I ;    and  confequendy 


ab  will  be  (=  tf*  +  2(1  +  I  —  fa*  +  aaj  =  1.    But tf^  is  =:  d. 

Therefore,  iii  this  cafe,  or  when  b  is  =:  «  +  a,  d  will  be  =:  i  ;  and  confe- 
quently  d*,  d',  d*,  d*,  d",  and  all  the  following  powers  of  d,  will  alfo  be 
equal  to  I,  Therefore  the  logarithm  of  the  ratio  of  \^ab,  or  the  geometrical 
mean  between  die  numbers  a  and  b,  to  — ,  or  — ^,  the  arithmetical  mean  be- 
tween the  lame  numbers,  will,  in  this  cafe,  or  when  i  is  =  a  +  2,  become 
=  —  X  the  infinite  feries  — -( — •  •{ — j+JL+—  ^ -^  +  &c  ad  infini- 
tum. Therefore,  if,  inftead  of  s,  we  fubftitute  yy  in  the  terms  of  tliis  feries, 
or  fuppofe  yy  to  be  equal  to  —  +  a^,  or  the  fum  of  —  and  ab,  we  fhall 
have  —  X  the  feries  —  +-^+-^+-V^  +    -^   .    — ^  +  &c,  ad  infini- 

/«w,  for  the  logarithm  of  the  ratio  of  \/ab  to  — ,  or  -i-^ ,  or  of  the  geometrical 
mean  between  the  two  numbers  a  and  b,  or  a  and  a  +  2,  to  the  arithmetical 
mean  ( ^,  or  - — '■  ■  °,  or  '**  '*'  %  or)  a  +  i ,  between  the  fame  numbers. 

(U  E.  I. 

An  Example  of  the  Computation  of  a  Logarithm  by  Means  of  the  foregoing  Series. 

Let  it  be  required  to  find,  by  means  of  this  laft  feries,  the  logarithm  of  the 
ratio  of  the  geometrical  mean  between  the  numbers  22  and  24  to  the  arithme- 
tical mean  between  the  fame  numbers ;  that  is,  to  the  number  23. 

Here  we  have  a  r:  22,  ^  =:  24,  ab  (=  22  x  24)  =  528,  and  v^'a^  r= 
\/528,  and  a  (=  ^  +  a  =  24  +  22)  =  46,  and  confequendy  —  ^  23,  and 

—  (=  23!*)  =:  529,  andjiy  (=  —  +  ai  =  529  +  528)  =  1057,  and  y*  (=: 
4  4 

ioTtI*  =  1,117,240.     Therefore  the  feries —  + -^  H — V=  +  -ti  +  — tiH — — . 


+  &c  will  be  =  -—  + =7-,  +  =-  +  . — =r,   +      ■ L     + 

U=rr.  +  &c,  and  —  x  the  feries  —  +  — .  +  -V„  +  "T-  +  -rs  +  -^  + 

11x1057  "*  xf      V       iy       iy       ^        ly"^ 

&c 


y  Google 


DISCOtTRIE    OF    OH.    HALLBT.  103 

&c  will  be  =;  —  x  the  feries  — ^  +  ^ _i_  '         4.  '  . 

9X~i;s?"  "*"  u  X  i^"  +  '"^ '  **'  "'  '^'  logarithm  of  the  r^tio  of  v^7i  to 

■f-  or  -^,  or  of  v'j28  to  2j,  will  be  =  —   x  the  feries  -i-  + ! j. 

.  ,  ,  ,"  •""        3-x;?S7i 

;  X  T^'  +  7T^'  +  771W  "^  .  ■  X  .55?"  •^  ^""^  "■^'"''"'- 

Now  —  X  the  feries  -!—  -( U=r;  H L_ 1 ; .         ■  ' 

,  '"S'         J  X  iSsTll        S  X  105?'        7  X  ."Sf))' ^  9  X 1^.' 

H J — ,„.  +  &c  is  =:  the  feries  ^ +  '  +  ^ , 

'■,x  .057!  _  ^    »  X-  .OS7        ,,  X  .SB'        S"  X  .^'   + 

;r'x-sj7r'  +  ^^i^^-  +  .,„  x'.-;;?"  '^  ^^  ■  '"^''^'  '^J"  p"  <=  f"'  *o 

firft  term  ^  x'ie.i7'  ^"''  "  '°''  *"  Second  term  ^-^ss^'  »"d  ^  for  the  third 

term  — ==Yj»  ^t'i  ^y  o,  h,  &c,  for  the  fourth,  fifth,  fixth,  and  other  foN 

lowing  terms  of  the  feries,  will  be  =  the  feries ^ -4^         ^  . 

"  X  1057   ^  J  X  ■«?■  + 
.J£=-   +   -ii=.   +   — ZL=,.  +  —2^  +  &c  t  —lil    . 

5  X  lOjTl*  7  X  1057!  9  X  10S7*  II  X  iosTl*  m  x  1057    ^ 

S- —  +  — a; + Si + 11 9» 

3   X   i,ii7,i«        s  X   1,117,149        7   X   I,ii7,!49        9  X   1,117,149  ~  21  X  1,117,14^ 
+  &c.    Therefore  the  logarithm  of  the  ratio  of  v^oA  to  — ,  or  ^  "*"  "     or  of 

v^ciS  to  23,  is  =  the  feries  ■ — ~ (-  1 +  3°  . 

;.  7,  ""  •""         3   "  '■•''•'*9    ^    S  X    .,i.7,H9    + 

7  X   i,..7,.49  +  9  X    >,i.7,>49  ■*"  "  X  i,>i7,>49  ^  ^"^  "''  '">'""• 
But   in    Briggs's    fyftem    of   logarithms    —    is  = 

».3oi,s8s,09J,994,04S,684,oi7,99i,4S4.684,364,2O7,  Sic  —  °'434>294.48l,90J,25I,827, 

651,128^918,916,605,082,  &c.     Therefore  — i ■     ,       i.   x   _l.i  _ 

">  X  io;7     IS  (=     „     X    7^;  - 

0.434,294,481, 903, 251, 827, 651, I2'8, 918,916, 605,082,   &c   X -^   = 
0.434,294,481,903,1^1,817,^^1, u6,9i6,9i6,6o<,o8i.  Sec  „  "*' 

'-^-' ^j ^     '     ^ =   0.000,410,874,628,101, 


468,143,473,158,863,68;  and  theferies '- 1  "  j. J? 

'  ,.  -  xio!7^3    X  1,117.149  +  s    X    1,77 

"^  7  X  .,.17,149  +  9  X  .,1.7,149  "^  1.  X  .,..7,149  +"<"'  =  the  feries  o.. 
410,874,628,101,468,143,473,158,863,68  + ? + 


7,149 
.000, 


7  X  .,..7,14^      9  X 


+  - 


17.149   '    1.  X  .,117,149  T  "*^  — 


3  X   .,.17,149       5  X  .,.17,149  " 
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o;ooo,4io,874,6a8,ioi, 468,143,473, 1 58,863,68  -^ 

+  o;... ,. ..,. ..  ,122,585,215,441,518,294,600,74 
+  o;. ..,...,...,...,.. .  ,065,832,351,843,761,75 
+  c;. ..,...,,..,...,...,...,.. .  ,042,088,297,65 
+  0;. ..,.,.,...,...,...,,.-,...,...,.. .  ,029,30 
4-  &c 
=  o;ooo,4io,874,75o,686,749,4i7,685,385,553,i2  &c. 

Therefore  the  logarithm  of  the  ratio  ofs/a^  to  -,  or  — ^,  or  of  v/5a8  to  23 

is  =  0.000,410,874,750,686,749,417,685,385,553,12,   &C.  Qj  E.  I.' 

The  logarithm  of  the  ratio  of  1  10  23  is  equal  to  the  fum  of  the  logarithms  of 
the  ratios  of  i  to  \/528  and  of  \/528  to  23.  The  logarithm  of  the  ratio  of 
I  to  \/528  is  e^al  to  half  the  logarithm  of  the  ratio  of  i  to  528,  or  to  half 
the  fum  of  the  logarithms  of  the  ratios  of  i  to  22  and  of  22  to  528,  or  of  i  to 
22  and  of  I  to  24,  or  to  half  the  fum  of  the  logaritlims  of  the  ratios  of  1  to  2, 
and  of  2  to  22,  and  of  i  to  3,  and  of  3  to  24,  or  to  half  the  fum  of  the  loga- 
rithms of  the  ratios  of  i  to  2,  and  of  1  to  11,  and  of  i  to  3,  and  of  1  t<J  8,  or  to 
X  L.  4  +  i  L.  tV  +  T  L-  4  +  T  L.  4,  and  therefore  may  be  derived  from  the 
logarithms  of  thofe  lefler  ratios  by  addition.  And,  if  it  be  fo  derived,  it  will  be 
found  tobe=  1.361,316,961,266,906,129,450,091,726,698,05,  &c.  If  there- 
fore we  add  to  this  logarithm  the  logarithm  of  die  ratio  of  \/528  to  23,  which 
has  jufl  now  been  found  to  be  =  0.000,410,874,750,686,749,417,685,385, 
553,12,  &C,  the  fum,  to  wit,  1.361,727,836,017,592,878,867,777,112,251,17, 
j&c,  will  be  the  logarithm  of  the  ratio  of  i  to  23,  or  of  23  to  i ,  in  Briggs's  fyftem, 
or,  according  to  the  common  way  of  exprefling  ourfelves  on  this  fubjeft,  the  lo- 
garithm of  die  number  2^. 


N    O    T    E        VL 

JN  page  90,  line  1.1.^^  one  term  of  the  ratio,  whereof  l  is  the  logarithm,  .h 
givetij  the  other  term  wiUeafily  he  bad  ly  the  fame  rule :  for,  if  l  was  Napier's 
^  arithm  of  the  ratio  of  a,  the  lejfery  to  i,  the  greater,  term,  b  would  be  the  froduSi  ef 

a  into  the  feries  1  +  l  -t-  —  -I-  —  +  -^  -| — ^ 1 ^ — ;  +  ^c,    ad 

J  ^       ^    t    ^  %.i    *    a.3.+  ^  2.3.+.;  ^  3.3-4-S-6   ^  ' 

infinitum,  r:  Ihe feries  «  +  at  -*- ' h  —  -t*  — —  +  — 1-  7  +  ^c, 

■/  ^       ^    »    ^  t.i^  1.3.4  ^  2.3.4,5  ^  a.3.4.5.6^^       * 

ad  infinitum.     But  if  h  was  pven,  a  would  be  —  the  feries  b  ~  bL  +  — —■ 

+  ;^  _  Ji!_  +  _ii!_-  »  fcff,  ad.infinitum. 

a.3.4         3.j.4^         3.3.4.5.6 

The 
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The  firft  propofition  alTerted  in  this  paffage  is,  **  that,  if  any  number,  or 
quantity,  callet^  «,  be  given,  of  the  ratio  of  which  to  another  quantity  called  h, 
which  is  greater  than  it,  L-  is  the  Ic^arithm  in  Napier's  Syflem,  the  faid  greater 
quantity  h,  may  be  derived  from  a  and  L.,  by  computing  the  value  of  the  feries 

fl+<»L  +  — +  — +  — +^^^+  75:^+  &c,   cd  i^mlm,  to 
which  it  will  be  equal. '    Now  this  may  be  proved  in  the  manner  following. 

Suppofe  i(  to  be  of  fuch  a  magnitude,  that  \  -{-k  fliall  be  to  i  as  ^  is  to  a. 
Then  wiU  L  (which  isdielogariSimof  theratioof  ^to  ii)be  alfo  the  logarithm 
of  the  ratio  of  i  +  i  to  i .    Therefore  i  +  *  will  be  =  the  feries  i  +  L  + 

i-  +  —  +  -i—  +  — h  — ~ — T  +  &C.  ad  h^mtnm.  and  confetniently  that 

feries  wiU  be  to  I  as  ^  is  to  a. ,  Thereiore  3  X  i,  or  h,  will  be  =  o  x  the  faid 

^_LaL+  ^  +  li!  +  ii::  +  _liL  +  _l4r  +  &c,  adinjmitm. 
*  ^    i    ^  a.3    ^  8.3.+  ^  a.3.4.s  ^  1.3.4.5.*  ^        '  ■' 

t^  E.  D. 

The  Secood  FropoHtion  afTerted  in  the  f(H-cgoing  paflage  is,  "  That,  if  an^ 
number,  or  quantity,  called  t,  be  g^ven,  of  the  ratio  of  which  to  a  le0er  quan' 
tity,  called  d,  the  l(^arithm,  in  Napier's  fyftem,  is  known  and  denoted  by  L., 
the  faid  lefler  quantity  a  may  be  derived  from  the  faid  greater  quantity  ^, 
and  the  logarithm  L,   by  computing  die   value  of   the  feries  ^  —  3  L.  + 

+ — f.  ,  —  &c,  ad  tmnttum,  to  which  it  will  be 

1  a.3  a.3.4        3.3.+.5        «.3.4.5.6  f  V  ' 

e^ual."    This  may  be  proved  in  the  manner  following. 

Suppofe  ^  to  be  of  fuch  a  magnitude  that  i  (hall  be  to  i  —  i(  in  the  fame  propor- 
rion  as  ^  to  tf.  Then  will  L.  be  the  logarithm  of  the  ratio  pf  i  to  i  — i,  as  well 
as  of  i]ie  ratio  ot  ^  to  a.    Therefore  i—  k  will  be  =  the  feries    i  —  L.  -f- 

—  -  —  +  — ^ — i ll-  _  &c.  adtHfinituM.    Therefore  i  wiU  be 

to  this  leries  m  the  fame  proporuon  as  »  is  to  d  ;  and  confequaitly  «»  x  1*  or 
*,wiUbe=*Xdie  feries  i_L  +  -  -  -+  — ~  +  — ^*  - 

&c,  ad  infinitum  =  the  feries  i  —  ^1.  +  —  —  —  H — ~  —  — ^  + ^—r 

,  .   ,  T      2  a.3    ^  j.3.4        8.3.4.5   ^  8.3.3.5-6 

—  &c,  ad  tT^mtnm. 

q^  E.  D. 
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NOTE        VII. 


JN  page  90,  line  i^th.^ — Whence^  by  the  help  of  the  Chiiiadty  the  num- 
ber (pertaining  to  any  logariibm  loiU  he  txaStly  had  to  the  utmoft  extent 
the  Tables.  Jf  you  feek  the  ntarefi  neMt  logarithm^  whether  greater  or  lefftr  % 
and  call  its  number  a,  if  leffer,  or  b,  if  greater,  than  the  given  L,  and  the  diffe- 
rence thereof  from  the  faid  nearejt  ktarithm  you  call  1;  it  will  follow  that  tbt 
number  anfwering  to  the  hgarilbm  L  will  be  either  a  x  the  feriet  i  +  I  + 
—  4-  -T-  +  — f-. 1 +  6?f,  ad  infinitum,  or  elfe  b  x  the  Jerks  i  —1  -f- 

1'       1»    t   i*        1»    ,  'i*        fj       J  -  c  • 

-T  -T +  —  —  tftf,  ad  infinitum. 

2  6     '    34        no    '    710 

The  firftpropoficion  contained  in  this  paflage  is  as  follows;  towit,  "That>ifany 

Ic^rithm  in  Napier's  fyftem  of  Lx^arithms  be  given,  and  the  fame  be  denoted 

by  L.,  and  we  feek  in  a  Table  of  Napier's  Logarithms  the  logarithm  which  is 

nearell  to  L.  of  all  thofe  wliich  are  lefs  than  L,  and.  denote  the  faid  logarithm 

by  the  Greek  letter  A  and  the  number  conefponding  to  it  (or  of  the  ratio  of  which 

to  unity  it  is  the  logarithm)  by  d,  and  the  excc»  of  L  above  A  by  the  fmall 

letter  /,  the  number  correfponding  to  the  given  logarithm  L,  (or  of  the  ratio 

of  which  to  unity  the  faid  given  Ic^arithm  L  is  the  logarithm,)  will  be  =  0  x 

the  feries  i  +  /  +—  a.  ^  -i.  —  4.  il.  4-  —  +  &c.  «»</  infinitum."  This  may 
a  ^  6  ^  2^  ^  izo    '    710    '  r  ' 

be  fhewn  in  the  manner  followmg. 

Let  b  be  put  for  the  number  hitherto  unknown,  .which  correfponds  to  the 
■  given  logarithm  L,  or  of  the  ratio  of  which  to  unity  L  is  the  Ic^arithm.     Wc 

(hall  then  be  to  prove  diat  *  is  =  a  X  the  feries  i+/H ^^S"'*'"'''  rio**" 

1-  &c  tftf  tnfimtum,  or  ^  the  fcnes  tf  +  a/+  —  +t-H + V  — 

+  &C  ad  infinitum. 

Now,  iince  L  is  the  logarithm  of  the  ratio  of  ^  to  i,  and  A  is  the  logarithm 
of  the  ratio  of  «  to  i ,  it  follows  that  /,  or  L  •—  A,  will  be  the  logarithm  of  the 
ratio  which  is  equal  to  the  excefs  of  the  ratio  of  ^  to  i  above  the  ratio  of  a  to 
I  ;  that  is,  /  will  be  the  logarithm  of  the  ratio  of  b  to  a.  But  it  has  been  (hewn 
above  in  Note  6th,  that  if  /  is  the  logarithm  of  the  ratio  of  b  to  tf,  (the  quan- 
tity b  being  greater  than  a,)  b  will  be  equal  to  the  feries  a  +  a/H -(-  — 

+-^  +  7^^  +  ~^—^  +  &Cj  ""^  infinitum,  or  the  feries  a  +  al+  — + 
^+^  +  ^+^  +  &c,  ad  injinitum.  Therefore  the  ratio  of  b  to  i,  or 
the  ratio  corrrfpohding  to  the  given  logarithm  L,  is  that  of  the  feries  a  +  al  + 
'-i'+l^+iil+l^+'J!  4.&C,  ad  infinitum  to  u  ft,E.D. 

The  fecond  propofition  contained  in  the  foregoing  paflage  is  as  follows,  to 
wit,  "  That  if  any  logarithm  in  Napier's  Syftem  of  logarithms  be  given,  and 
ihe  fame  be  denoted  by  the  letter  L^  and  you  feek  in  a  table  uf  logarithms  the 

logarithm 
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logarithm,  which  is  neareft  to  L  of  all  thoTe  that  are  greater  than  L>  and  denote 
the  faid  logarithm  by  the  Greek  letter  A,  and  the  number  correfponding  to  Ic 
(or  of  the  ratio  of  which  to  unity  it  is  the  logarithm,)  by  b>  and  the  escefs  of 
A  above  L  byjhefmall  letter  /,  the  number  correfponding  to  the  given  loga- 
rithm L>  (or  of  the  ratio  of  which  to  unity  L.  is  the  logarithm,)  will  be  equal  to 

j  X  the  feries  i  — /+ — H — H &c,   ad  infinitum,   or  to 

the  feries  *-^/.+  ti:-.*^  +  i^-^+^_&c,  «</  infinitum,  or  the, 
ratio  correfponding  to  the  given  logarithm  L,  is  that  of  the  feries  *  —  bl-\- 


in  the  manner  following. 
Let  a  be  put  for  the  number,  hitherto  unknown,  which  correfponds  to  the 
'  given  lo^rithm  L,  ta  of  the  ratio  of  which  to  unity  L  is  the  logarithm.    We 

(hall  then  be  to  prove  that  a  is  equal  to  ^  x  the  feries  i  —  /H r  +  *~ 

„-^+^  -Uz,  a  infinitum,  or  to  the  feries  ^  -  ^  /  +  li!_til  +  lil_ 

—  +  *i!  —  &c,  ad  infinitum. 
tao       7»  ' 

Now,  fince  L.  is  the  logarithm  of  the  ratio  of  d  to  i,  and  A  is  the  logarithm 
of  the  rario  of  ^  to  i ,  it  follows  that  /,  or  A  •-  L,  will  be  the  logarithm  of  the 
rado  which  is  equal  to  the  excefs  of  the  ratio  of  ^  to  i  above  the  ratio  of  a  to  i , 
that  is,  of  the  ratio  of  ^  to  <> .  But  it  has  been  fhewn  above  in  Note  6th  that, 
if  /  is  the  logarithm  of  the  ratio  of  3  to  a,  (the  quantity  h  being  greater  than 

J,)  tf  wiUbe  equal  to  the  feries  i-^/+*-i^-^'+ii  --lil-  +  -tfl- 
■'  ^  *    »  a.3    '    j.3.4,        a.3.4.5        a.34-S-6 

^Uc,  ad  infinitum,  or  the  feries  i- i/  +  ii!  -  *J1  +  *!*  _  11*  +  iil_ 

'  •'  a  6  34,         110        yio 

&c,  ad  infinitum.    Therefore  the  ratio  of  0  to  i,  or  the  ratio  correfponding  to 

the  given  logarithm  L,  is  that  of  the  feries  b  —  bl-^ !  _  ti!  +  lil  _ 

♦_£  +it-Ucadinfimtum  to  I.  '^^•^^ 

IJO     '     JJO  " 

In  the  foregoing  pafl*^,  and  the  remarks  made  to. explain  it,  the  logarithms 
L,  A,  and  /,  have  been  fuppofed  to  be  Napier's  Logarithms  of  the  ratios  to 
which  they  refpeftively  belong.  But  the  tables  of  logarithms  that  are  moft  in 
ufe  at  prefent,  give  us  only  the  logarithms  of  Briggs's  fyftem,  in  which  the  lo- 
garithm of  any  given  ratio  is  lefs  than  Napier's  logarithm  of  the  iaxat  ratio  in 
die  proportion  of  i  to  2.302,585,092,994,045,684,  &c,  or  of  0.434,394,481, 
903,251,827,  &c  to  I.  If  uierefore  we  are  required  to  find  the  ratio  cor- 
refponding to  any  given  Ic^arithm  of  Bri^s's  fyftem,  we  muft  proceed  as 
follows. 

Let  the  pven  logarithm  of  Bri|xs's  fyftem,  whereof  we  are  required  to  find 
the  correfponding  ratio,  be  called  B,  and  Napier's  logarithm  of  the  fame  ratio 
be  called  L.  Alfo  let  the  next  lefler  Ic^arithm  to  B  that  is  fet  down  in  the 
Tables  be  denoted  by  the  fmaU  Greek  letter  K,  and  Napier's  logarithm  of  the 
jjune  jatio  be  denoted  by  the  capital  Greek  letter  A.  And  let  the  difference  be- 
P  z  tween 
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tween  the  logarithms  B  and  X  of  Bnggs's  fyftem  be  called  d,  and  the  dHTerence 
beiween  the  correfponding  logarithms.  L,  and  A  in  Napier's  Syftcm  be  called  /. 
Then  will  L  be  =  2.302,585,092,994,045,684,  &c  X  B,  and  A  will  be  =5 
2.302,585,092,994,045,684,  &c  X  K  and  L.  —  A  will  be  =  a.302,585,  &c 
X  B—  2.302,585  &CX  X=2.302,585&c  X  B  —  A;  that  is,  /  will  be  = 
2.302,585,  iic  X  d;  or,  (if,  for  brevity's  fake,  we  put  w  =  2.302,585,092, 
994,045,684,  &c,)  /  will  bc~  md,  and  confequemly  /*  will  be  =  w* d't  and 
I*  =  j»*  d*y  and  /+  =  m***,  and  /*,  i*,  &c  =  w*  a*,  a*  d*",  &c. 

Further,  let  a  be  put  for  the  numbeV  found  in  the  cables  correfponding  to  the 
logarithm  A,  which  is  the  next  lefs  logarithm  to  the  given  logaridim  B,  that  is 
fei  down  in  the  tables.  Then  will  a  be  the^  number  correfponding  likewjfe  to 
the  logarithm  A  in  Napier's  fyftem.  But  it  has  been  ftiewn  in  the  firft  part 
(rf  this  note,  that,  upon  thefe  fiippofitions,  the  ratio  correfponding  to  L,  or 
of  which  L.  is  the  logarithm  in  Napier's  fyftem,  is  that  of  the  feries  «  +  «/  + 
^+^+^  +f^4.f^+  Stead  infiiii«m  to  1,  wluch  is  eqnai  to  that  ot 

the  fenes  a  +amd  -i- H r \- H -i h  *c ad m- 

finitum  Co  i .  Therefore  the  ratio  correfponding  to  the  given  logarithm  B,  in  Bnggs's 
Syftem,  is  that  of  the  feries  a  +  amd^  "J!^  ^t:±t^'J!^  +  1^1£ 

4***''^  +  8ccto  I.  *  Q^E.  I. 

Secondly,  Let  the  given  logarithm  of  Bnggs's  fyftem,  whereof  we  are  re- 
quired to  find  the  cocrnponding  ratio,  be  denoted,  as  b^orej  by  the  letter  B« 
and  the  logarithm  of  the  fame  ratio  in  Napier's  fyftem  be  likewife,  as  before, 
denoted  by  I->.  But  let  the  fmall  Greek  letter  X  be  put  for  the  neareft  logarithm 
of  Bnggs's  fyftem,  to  the  given  logarithm  B  of  all  thofe  that  are  greater  than  B,  that 
is  fct  down  in  the  table,  inftead  of  being  put  for  the  nest  leffer  logarithm,  as  in  the 
former  cafe.  And  let  the  capital  Greek  letter  A  be  put  for  Napier's  logariihin 
of  the  fame  ratio  of  which  X  is  the  logarithm  in  Bnggs's  Syftem.  Alfo  let  </  be> 
put  for  X  —  B,  or  the  difterence  of  the  logarithms  \  and  B  in  Briggs's  fyftem, 
and  /  be  put  for  A  —  L,  or  the  difference  of  the  logarithms  A  and  L  in  Na- 
pier's fyftem.  Then  willL.be  =  2.302,585,093,994,045,684,  &c  x  B,  and 
A  =  2.302,585,092,994,045,684,  &c  X  A»  and  confequendy  A  —  L  will  be 
=  2.302,585,  &c  X  A—  2.302,585,  &c  X  B  =  2.302,585  &c  X  A  —  B  = 
2>302,5S^,  Sec  X  d,  that  is,  /  will  be  :=  3.302,585,092,994,045,684,  &c.  x 
di  or,  (if  we  put  iw  =  2.302,585,092,994,045,684,  &c,)  /  will  \x  z^md\ 
and  confequently  /*  will  bft^M*^,  and  /'=:»*rf',  ami /*  .^=:  »*  (/%  and  /*, 

Further,  let  ^  be  put  for  the  number  found  in  the  tables  coirriponding  to  tfar 
logarithm  X,  which  is  the  next  greater  Ic^arithm  to  the  given  logarithm  B,  which 
IS  Tet  down  in  the  tables.  Then  will  b  be  die  number,  correfponding  likewife  to 
the  logarithm  A  in  Napier's  fyftem.  But  it  has  been  Ihewn  in  the  feccmd  part 
of  this  note,  that,  upon  thefe  fuppofidons,  the  ratio  correfponding  to  L,  or  oi 
which  L  is  the  logarithm  in  Napier's  fyftem,  is  that  <^  the  feries  b  —  bl  -^ 
-^— — -7-  H —  —  H —ZcCtod  iiifmitum  to  i.  Therefore  the  ratio  Corre- 

»  6      '     a4         120    •    7ao  '         " 

liionding 


Digitized  by 


Google 


DlfCatTKSS     OF    DR.    H  A  L  1  X  T.  lO^ 

feoodiog  to  B,  or  of  which  B  is  thr  logarithm  in  Briggs's  fyftem,  C^hich  is  the 
fame  ratio  of  which  L  is  the  logarithm  m  Napier's  fynein,)  is  chat  of  the  feria 

>—  ^/+ T-+ — H ^^>  ^  infinitum  to  i,  or  (becaufe 

/is  ^  tad)    that  of  h—bmd-\ ? [■ + 

—  &c,  adij^mtum  to  i.  q^z.-i. 

In  making  the  fbregoing  deductions  I  have  conftantly  ufed  the  letters  L.,  A» 
and  I,  to  denote  the  logarithms  of  their  reTpeCtive  ratios  in  Napier's  fyflem, 
and  have  employed  the  letters  B,  7i,  and  d,  to  denote  the  logarithms  of  the  fame 
ratios  refpeftively  in  Briggs's  fyftem.  This  I  have  done,  in  OTder  to  preferve 
the  reafbnings  as  clear  and  dimnft  as  poOible.  But  Dr.  Hallcy,  in  page  90, 
line  24th,  ules  the  letter  /  to  denote  the  logarithms  of  the  fame  ratio  bodi  m  Na- 
pier's and  Briggs's  fyftems.  His  words  are  thefe :  **  But,  for  Vlacq's  great 
'*  canon  of  100,000  logarithms,  which  ismade  butto  ten  placra^'-thercisfcarce 
**  ever  need  for  more  than  the  firft  ftep  a  +  el,  or  « -|- » « /,  in  one  cafe,  or 
*'  elfe^— ^/,  oci  —  mkl,  in  the  other,  to  have  the  number  true  to  as  many 
"  6gures  as  thofe  logarithms  confift  of."  In  this  paflage  the  letter  /  ligniHes  a 
logarithm  of  Napier's  fyftem  in  the  ezprelEons  a  +  a/  and  h  —  hi;  and  it  fi^ 
iiines  a  logarithm  of  Briggs's  fylleni,  and  confequently  m  I  fignifies  the  corre- 
iponding  logarithm  in  Napier's  fyftem,  in  the  exprefiions  d -f- » d  /  ajul  b^ 
mil.  Thefe  laft  expreffiona  a-\-mal and  i  —  mil  correfpond  to  the  two ex- 
preffions  a  +  a  m  d  fuid  h  —  h  ^  d,  in  the  foregoing  deductions,  or  to  the  two 


—  ■■'"  ■     +  — —  —  &c,  ad  i^mtumf  I  fignifying  the  feme  quantity  in  Dr. 
Halley's  notauoa  as  d  fignifies  in  ours. 


NOTE        VIII. 

IN  p^e  90,  Kne  %«^,—Jf  fi^urt  atdttfiry  /b^  ev<r  produce  logorithmifk  lahks  ti> 
matrf  mere  places  than  now  we  have  tbem,  the  afere/aid  theorems  will  be  ef  mere 
uje  to  deduce  the  cerreffonde»t  Humbert  to  all  the  places  thereof.  In  order  to  make  tie 
firft  ChiRad  Jerve  all  ujts,  J  was  dejireus  to  contract  the  feries,  wherein  all  the 
powers  0/  1  are  prejent,  into  one  wherein  each  alternate  power  might  be  wanting ; 
but  fotmd  it  neither /e  faille  nor  Jo  miferm  as  the  ether.  Tet  the  firft  ftep  thereof 
iff  I  conceive f  moft  commodious  fer  praUicet  and  withal  exalt  enough  fernumbers 
4  not 
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09t  exceeding  fourtetn  flaees^  fuch  as  are  tbofe  of  Mr.  Briggs's  large  tahk  tf  lego* 
ritbms ;  and  therefore  I  recommend  it  ta  common  ufe.    It  is  thus  -,  a  H — — xj,  or  h 

—  "I'm  *  ""^  ^'  ''^'  nttmher  anfwering  to  the  logarithm  given,  differing  from  the 
truth,  but  by  one  half  of  the  third  Jtep  of  the  former  fertes, 

Tbis  paffage  contains  two  propofitions,  to  wit,  ift,  "  That  the  two  termt 
«  +  — T-/  or  «j  +    _i  ,  are  very  nearly  equal  to  the  whole  feries  a  +  a  /  4. 

"— -^--r  +- 1- ~  + -^+&c,fli///j;f«/>w»;"andadly,"Thatthetwoterms 

b  —  —zTi   **'"  ^ ITi*  *^  ^^T  "^rly  equal  to  the  whole  fertes  b—  b  I  -^^ 

ill  _ " ■  :^  '±' _  'X' +  £!•  _  &c,  aJinfi«iim. 

a  6         "3+         110    '    710  '  " 

The  firft  of  diefe  propoficions  may  be  proved  in  the  manner  following. 

The  fiaftion  -^j  is  equal  to  the  geometrical  progreflion  al  +  ~ — 1-  —    + 

~  +  ^  +  - — I-  &c,  ad  infinitum.    Therefore  the  two  terms  a  +  -^—j  are 

equal  to  the  feries  a-\-  al-¥- h^ — '"'g""'"^"^"""*"  ^^*  ^  infmtum^ 

which  agrees  with  the  feries  fl+d/  +  — +l^  +  lil+liL+^+&c,flrf 

infinitum  in  the  three  fiilltenns,  and  exceeds  it  only  by  the  feries  (^ ^7-  -f 

___  —  +  -? H —  —  +  &c,  ad  tnfimlum,  or  ^ — ^-~  +  i— 

8  34  ^    16  lao    '     31  720    '  ^        .  IX  13     ^    34. 

— h  ^-5—  —  2—-  4.  12 — +  &c,  ad  tnfinttttm.  ^r  — +  — 

a4    ^   480         480   ^  33x4s       3x720^       *  -^         '13+14 

+       480       ^      1449  >««  '         ^    13      ^      13     ^       340       ^       1440    ^ 

&c,  «(/  infinitum^  of  which  the  firft  term  —is  equalto  only  half  of  ^»   which  is 
ihe  fourth  term  of  the  feries  a  +  sZ-f^ — (-^+^    +^* — h—  +  &c,  drf 

3  O  3A  i30  720  ' 

infinitum,  or  the  third  quantity  that  is  to  be  computed  and  added  to  the  firfl  term 
*,  or  (according  to  Dr.  Halley's  expreflion)  the  third  ftep  of  the  faid  feries. 

*i.  E.  D. 

The  fecond  propofition  contained  in  the  afbrefaid  pafl^e  may  be  proved  io~ 
the  manner  following. 

The  fraftion  4^  is  equal  to  the  feries  hl-~+^-^~i^  ^ill  ^iH 

!+*'■  3  4  8'i6jz 

+  &c,  ad  infinitum.   Therefore  the  two  terms  b  —  — — y  arc  equal  to  ^  -.-  the  fc- 
,  ,       b  I*    ,   il'        il*    ,   61*        if    ,    a  J  ■!..  .       .  ,     ^ 

4»na  / J  +-- nr"*""i6~'37"'"      '      t^fimtum,  ttat  le,  to  the  fe- 

ri« 
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ries  ;  -  i/  +  fi-*  -^'  +  ^  -  *^  +  ^  —  &c.  adh^itum,  which  agrees 

with  the  feries*-i/  +  il'-5^+— —  ^*  +  *£!  _  hzc,  ad  infinitum  m 
'a  6      '     34         ISO        730 

the  three  firft  terms,  and  falls  fliort  of  it  by  the  feries j- g"*"  T  "^ 

*A»       */»       *'•   .  6^*    ,    ,         ..  J-  .,             .    r  ■  **'•      i'*   .   «3***   ' 
-T-—  — H +  «c,  ad  tmnttum.  orthe  fenes  —  — J-  -^ — 

^— — h  &c,  d</  iitfinitum,  of  which  the  firft  term  —  is  equal  to  only  half  of 

V^'hich  is  the  fourth  term  of  the  feries  *_*/  +  *i!_*l'+^-*i!   + 
6  ^    3  6  34         I30-  ^ 

—  —  &c,  or  the  third  quantity  that  is  to  be  computed  and  added  to  the  firft 

tcnn  a,  which  is  what  I  underftand  Dr.  Halley  to  mean  by  the  expreffion  of  the 
tbe  third  fiep  of  the  (aid  feries.  Qj  e.  d. 


NOTE       IX.  ' 

IN  page  90,  line  3  &om  the  bottom. — But  that  vibieh  renders  it  wore  eligible,  is, 
that  teitb  equal  facility  it/ervet  for  Briggs" jy  or  atrf  other  fort  of  logarithms,  with 

the  onJjr  variation  of  wHtiHg-^inJiead  of  i,  that  is,a  +r^^  and  b    •^Trp>  «" 

*a  +  -*-la       j-*-b—  Mb  *  " 

".^■_  ' —  and 2____1__^  which  are  eafily  re/blved  into  analogies,  viz.  as  0.434, 

a9  f^c  —  il  is  to  o.434,29  C^c  •{•  ii,  fois  a  to  tbe  number  fought,  or  as  0.434, 
29  ^c  +  -i-l,  is  to  0.434,29  £<ff  —  i\,  fo  is  b  to  tbe  number  fought. 

In  this  pafiage,  (if  I  underfhmd  it  rightly,)  Dr.  Halley  ufes  the  letter  /  for  the 
loguithm  of  a  ratio  in  fome  other  fyftem  than  Napier's,  and  fuppofes  that  tbe 
logarithms  of  any  given  ratios  in  fuch  other  fyftem  are  to  the  logarithms  of  the 
fame  ratios  in  Napier's  fyftem  in  the  proportion  of  i  to  m.  This  notation  feems 
to  throw  fome  obfcurity  upon  the  paflage,  to  remove  which  I  (hall  fubftitute  d 
inftead  of  /,  as  above  in  Note  7th,  and  keep  /  to  denote  the  logarithtn  of  the 
fame  ratio  in  Napier's  fyftem.  And  then  tbe  foregoing  paflage  will  be  found  to 
contain  the  two  following  propofitions ;  to  wit,  ift,  ••  That,  if  B  be  any  given 
*'  logarithm  in  Briggs's  fyftem,  or  in  any  other  fyftem  of  Ic^arithms  different 
"  from  Napier's,  and  L  be  the  logarithm  of  the  fame  ratio  in  Napier's  fyftem 
"  whereof  B  is  the  logarithm  in  the  other  fyftem,  and  the  proportionof  the.  lo- 
"  garithms  of  any  given  ratios  in  Napier's  fyftem  to  the  logarithms  of  the  fame 
**  ratios  in  the  other  fyftem  be  that  of  »  to  i  ;  and  K  be  the  next  lefler  loga- 
-*<  rithm  to  B  that  is  found  W  the  tables,  and  a  be  the  number  found  in  the  u- 

"  bl«8 
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"  bles  correfponding  to  A,  or  of  the  ratio  of  whidi  to  unity  y.  k  the  loganithm^ 
'*  and  A  be  Napier  s  logarithm  of  the  fame  ratio  of  0  to  i  ;  and  dhe  =  B  —  X, 
*'  and  /  be  =:  L  —  A ;  the  ratio  coirefpondiog  to  the  ^ven  logariduti  B  wtU  be 
**  venf  nearly  «^al  to  tliat  of  «»  +  J^_2■^-  or  a  +  —j-,  to  i ;  and,  fecoodly* 

"  That,  if  B  be  any  given  logarithm  in  Baggs's  (yfteni,  or  in  any  olh«r  fyftem 
«  of  logarithms  different  from  Napier's,  and'L  be  the  logarithm  of  the  fame 
**  xatb  m  Napier's  fyftem  whereof  B  is  the  logarithm  in  the  other  fyftem";  and 
**  the  proportion  of  the  logarithms  of  any  given  ratios  in  Napier's  f)rftemj 
"  to  the  logarithms  of  the  fame  ratios  in  the  faid  other  fyftem  be  that  ofmto  i ; 
"  and  X  be  t^e  next  greater  logarithm  than  B  that  is  found  in  the  tables,  and  i 
**  be  the  number  fo^wid  in  the  tables  correfponding  to  X,  at' of  the  ratio  of 
"  which  to  unity  X  is  the  logarithm ;  and  A  be  Napier's  logarithm  of  the  iame 
'*'  rario  of  ^  to  I ;  and  d  be  =  X  —  B,  and  /  be  :=  A  -^  L ;  the  ratio  corre- 
«  fponding  to   the   given  logarithm  B,  will  be  very  nearly  equal  to  that  of 

*-ilx7-"'-rr? '<>"•■■ 

Thefe  two  propolitions  may  be  proved  in  the  manner  following. 
■  By  whatislhcwnTn  NOTCTthit  appears  that,  tf  L  be  any  given  logariHim  of 
Napier's  fyftem,  and  A  the  next  lefs  logarithm  fct  down  in  a  table  of  Napier's 
logarithms,  and  a  is  the  number  correfponding  to  the  faid  tabular  logarithm  A, 
(or  the  number  of  the  ratio  of  which  to  unity  A  is  the  logarithm,)  and  /  be 
—  L,  —  A,  the  ratio  correfponding  to  the  given  logarithm  L.,  will  be  that  of 
the  feries  a  +  al  +"• — |-f_+  —  j.—  +  t u  &c,  adinfinitum  to  i,  or, 

{becaufe  the  fcries  «+d/  +  —  +■^4-—  +^ '"t^"^  ^*^»  "^  irtfimttm, 

is  newly  equal  to  d -f  ^^^ ,)  nearly,  that<rfd+  ^^  to  i.    Now  the  ratio 

correfpont^qg  to  the  k^aridim  L  in  Napier's  fjrftem,  is  the  fame  as  the  rado 
correfponding  to  B  in  the  other  fyftem,  whofe  It^rithms  are  to  thofe  of  the 
£une  ratios  in  Napier's  fyftem  as  i  to  m.    And  /,  orL  —  A,  is  (=z  w  B  —  »X 

:^m  x/B  — 'x)  =:  md;  and  confequendy  a  /  is  =  a»J;and^is  =  — ,and 

I    -     I m  d.         2— in  J         J      «/.     - amJ     _    J   i>  ^  __ 

■- 7  «(=  —  -)= -I-.  >«i  r=T  "(=  5rv5  ="•'"''«  Tiw - 

._^  _  _^Y^  ^  ^  ^^^^  ^      _^.  •_  ^  ^   w     Tterrforethc 

t  —md         i~m  d         J. —  d'  I—  I  -*-  —  ^ 

rario  correfponding  to  the  given  logarithm  B  in  the  fyftern  of  logarithms  in 
which  the  logarithms  of  any  given  ratios  are  to  Napier's  logarithms  of  the  lame 
ratios  in  the  proportion  of  1  to  »,  is,  nearly,  that  of  +  ■ — 5  to  i. 

i-T  <l.  E.  D 

Secondly,  it  appears  likewife  by  what  is  fhewn  in  Note  7th,  that,  if  L  be 
any  given  logarithm  in  Napier's  fyftem,  and  A  be  the  next  greater  l(^arithm  fet 
down  in  a  table  of  Napier's  logarithms,  and  i  is  the  number  correfponding  to 
the  faid  tabular  logaridim  A,  (or  the  numberi  of  the  ratio  of  which  to  unity  A 
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is  the  loganthiHj)  and  Ihi  =  A  —  L,  the  ratio  correfponding  to  the  giren 
logariAm  L  wiU  be  dut  of  the  feries  J  —  i  /  +  ^  — £i'  +  i^.—tSt  +  £i! 

—  &c,  ad iiffinitim  to  i,  or  (becaiife  the  (aid  feries  i  —  il  +  ~ — '  +  _i^ 

—  —  +  —  —  &c,  ad  infnitum  is  nearly  equal  to  i  —  r,)  it  will  be, 

nearly,  that  of  i  — j-  to  i.     Now  the  ratio  correfponding  to  the  g^ven 


logarithm  L  in  Napier's  fyftem  is  the  fame  as  the  ratio  correfponding  W  the 
given  logarithm  B  in  die  other  fy{lem>  whofe  logarithms  are  to  thole  of  the 
fame  ratios  in  Napier's  fyftem  in  the  propcMtibn  of  i  to  m.    And  /,  or  A  —  L, 


is  (=  M  X  —  »  B  =  w  X  X  —  B)  =  «  </i  and  confequetidy  h  l\%z^  B  m  d, 

and  —  is  =  — ,  and  i  +  —  is  (=  i   +  — )  =:  j  and y  is  (— 

*  *  '+T 

hmd    __  ,        J  a         _    %hmi    _     hmi    .    _      hi  ,    ,  hi       . 

t  +mJ'^  t  +  md~  i  +  mj  ~  i  -hmJ^  ~"   i    ^*  iJ.J,' 

•  ,  ■•     -         iii      r  "'*  z 

—  ^  —  -^.    Therefore  the  rario  correfponding  to  the  given  logarithm  B 

in  the  fyftem  of  It^arithms  in  which  the  logarithms  of  any  given  ratios  are  to 
diofe  (^  the  lame  rauos  in  Na{Her*s  fyftem  in  the  proportion  of  i  to  m,  is, 
■early,  that  of  3  —  — ^  to  i.  {^.z*  d. 

Befides  the  two,pcopofitions  which  we  have  jiift  demooftrated,  the  foregoing 
pafiage  contains  the  two  following  proportions,  to  wit,  ift,    "  That  a   -^ 

^  '\    is  equal  to  .2L f ,"  and  adly.  "  That  A  -  — -ii-—  is  equal 

■         a  MS  «         X 

to  _»^^^_ ;"  or,  according  to  the  notation  ufed  in  the  foregoing  part  of 
—  +-  / 

m-    '    a 
this  note,  (in  which  </  anfwers  to  the  logarithm  denoted  by  /  in  Dr.  Halley's 

,                        — a-{-  —  a  a 
expre£Son,)  "  That  a  H 2 is  equal  to  ~ ' ,**  and  «'  That  t 

li^±di 

'    Now  this  may  be  eafily  fhewn  in  the 


^  +  ld  ^+^d 

maimer  following.  ' 
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The  fanner  qutntt^  «  +  y  *■  -'  is  (=  "•,''' — ^-^—  ■+    ;  *   ^    ■ 
-  -         ,•        +       •■'      g- ; —-)=  =— — i jand 


;y 


*^fPT^ 


the  Utter  q\iaiitit]r  *  — -—   is  (=  _ 

i+id  i  +  irf         i+^d 

«(^a  m    '^  i  m    '    X-  -s'a 

<l4  B.  D, 

Lafityi  ^  expreffion  *  ■ .  ..  ■  ■     ■^••^  which  is  equal  to  ^>  affords  us  the  iol- 

toving  analog;  f«-  detefmming  the  value  o£  k;  to  wit,  as  •»  —  j  'i/  u  to  -^ 

itf  +  Iai 
;•)•  —  i/f  fo  is  « to  (-^^^ ^ 1  or)  j>  or  the  number  (ought ;  or,  if  i  de* 

■■       « 
note  a  lo^ithm  in  Briggs's  fyftem,  and  confequently  m  be  =  z.302>585>092y 

,SM;^4J.684,  &c,  and  i  be  j^jj— j-jij;— jj-j^  or,  0434,»»+.4ai, 
963(251,827,  &c,  we  fbaU  have  0^34,294,  &c,  ~~  S.  j  to  04^4,294,  &c^ 
•4>  ^  d  mstoh^  eiihe  number  fought. 

And  the  exprefEon  **  ,  which  is  equal  ta  ^  will  afford  m  the- 

following  analogy  for  determining  the  value  of  d  ;  to  wit,,  as  —  +  —  d  U  to 

J-i-Ltd 

—  —  —  1/,  fa  is  *  to  {- ,  or)  i>,  or  the  nundier  fought;  or,  if  d' 

-  *  l.+  ^i 

be  a  logarithm  in  Briggs's  fyftem,  aid  confequently  —  be  =  o.434,294>48i, 
903,251,827, 6tc,  we ftiallhave-o.4j4,294,&c,  +  y  </ to  0.434,294, &c,  —  — 
^  as  ^  is  to  tf>  or  the  number  Ibught* 

NOTE 
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NOTE       X. 

IN  page  91,  line  4th.  ■■  If  more  fiefs  of  this  feries  he  defirtit  »*'  ««// 
ht  fmni  to  he  «  foU«wi,  to  «*.  a  +  -—^^  -  :UE^  +  ^^  fcff .  at 
mtay  eafilj  he  demonfirated  by  working  out  the  divifions  in  each  flef^  and  coUeSing 
the  qftotesy  teb^e/um  will  he  found  to  agree  with  our  former  fmtf. 

Dr.  Halley  here  affirms  that  the  feries  a  +  ~r-^  -  ^37  +  ?^/  *^*^'  " 
equal  (as  far  as  thefe  four  terms  go,  or  as  far  as  to  the  term  that  involves  the  fifth 
fewer  of/,)  »4cf«i=,-,  +  «/  +  'j;  +  ^  +  li;+;|+^  +  &c. 
Thi&A^r^ais-tinie.as&r  zs  the  fourth  power  of  /,  and  nearly^  but  not  accu* 
ratelyj  fo  with  refpeft  to  the  tenn  ^,  which  involves  the  fifth  power  of  7. 

This  will  appcv  -by  ccmverting  the  three  fradions  ^  ^*  ^  T^'  *°'*  ~^i 
into  feriefes  by  dividing  dieir  numerators  by  their  denominators,  and  theii 
adding  together  the  firfl:  and  third  quotients,  or  feriefes  fo  obtained,  aod  fub- 
tra£ting  the  fecond  .quotient  from  their  fum.  For,  if  thb  be  done,  we  ftiall 
have 


a< 


:,ai'L+^tf+iK.  ,  Thmfore  ^^  *  &iy  +  liSi!  niu  be  a 

—  r™"?  -  A"**—  ■,!,«''  —  A"'*  — &C. 

=  W  +^  4-  iii:  +  iif*  +  if  +^  +  &c 

i*J»  3<i/*        «/«  at* 

—  ■^—  —  — —  _  ^  — '-     i  ..  &c. 

II  ^4  ii«  u  * 

,    «,/»    ,    la  I*    ,     „ 


at' 

^ 

BI" 

-&c. 

12 

+  i? 

+ 

35 

+  &C 

«/+ 

+ 

6 

+ 

1? 
a+ 

+ 
+ 

3S 

+  &C. 

-  &c. 

+  &c. 
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—T f-&c=:a/H \-  -^  +  — 

•  w  .^  .iiv  960  £        '        6        '      14 

+  1^  +  fi!  +  &c,  and  confequemly  a  +  -^,  -i^  +  siili!  =   s 

4.4/4.  —  +  -r-  H ¥  —  +  -T^  +  &c>  which  agrees  with  the  ori^nal 

feries  a  +  o/  +  ^4-~+  —  +^+^ t-8rc  a*/  infinitum  in  the  fix 

firil  terms,  or  as  far  as  the  fixth  term  —  inclufively.  o.  e.  d. 

Dr.  Halley  feems  to  think  that  there  is  much  lefs  trouble  in  computing  the 
four  terms  a  +  -^  ,  —  "^  ;  +  ^  j)*-  -j  than  in  computmg  the  firft  fix  term* 
of  the  original  feries  j  +  fl/+^+2_  +  l_+^4.  &c,.  to  which  fix 

terms  the  foregoing  four  terms  are  equal.  But  I  much  doubt  whether  this  opi-- 
nion  is  well  founded ;  becaufe  the  divifors  i  —  4.  /,  i  —  /,  and  i  —  2  /,  of  the 
fecond,  third,  and  fourth  terms  of  the  faid  new  feries  will  be  much  longer 
numbers,  and  confequendy  more  troublefome  to  ufe  as  divifors,  than  the  num- 
bers 3,  6,  24,  and  1 20,  which  are  the  divifors  of  the  third,  fourth,  fifth,  and 
fixth  terms  of  the  faid  original  feries ;  and  in  both  feriefea  it  will  be  neceflary . 
to  raife  /  to  the  fifth  power,  in  order  to  obt^n  the  terms  ■  *  ■,-  and  — ,  in 
finding  which  power  of  /  a  confiderable  part  of  the  difficulty  of  the  computa- 
tion will  confift,  I  fliould  therefore,  in  a  computation  of  this  kind,  incline  to 
make  ufe  of  the  original  feries  a  +«/+—  +2if+^+li!4.lf!  4, 
&c  ad  bifimtum^  rather  than  of  Or.  Halley  s  faid  new  feries. 


NOTE       XI. 

N  page  91,  line  8th. — 7%«/,  I  hope,  I  have  tleared  up  the  doSrint  »f  lega- 
ritbmtf  andfitwH  their  lonfiruBion  and  ufe  independent  of  the  fyperiela,  wbe/e 
JeSims  have  bilberto  been  made  ufe  ef  for  this  purpo/e,  though  this  be  a  matter 
purely  artthmetieal,  nor  properly  demonjtrable  from  the  principles  of  geometry.  Nor 
have  I  been  obliged  to  have  recourfe  to  the  method  ef  Indivifibles^  or  the  aritbmetick 
pf  Infinites ;  the  whole  being  no  other  than  an  eaff  corollary  to  Mr^  Nevatsn's 
general  theorem  for  forming  roots  and  powers* 

Article  I. — Dr.  Halley  here  feems  to  aflert,  that  he  was  the  firft  peifon 
who  had  (hewn  the  cooftrudion  of  logarithms  mthout  the  aOiftance,  or  inter- 

ventioiiy 
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vention,  of  the  hyperbola.  But  this  aflertion  is  not  true  in  its  fiiU  extent. 
For  both  Lord  Napier,  the  firft  inventor  of  logarithms,  and  Mr.  Henry  Briggs, 
wlio  invented,  or  iirH  computed,  thofe  of  the  fyllem  now  in  ufe,  which  is 
called  I))'  his  name,  had  conllru&ed  logarithms,  and  explained  their  manner  of 
■conftrui5ling  them  to  the  world,  without  any  mention  of  the  hyperbola.  And 
fo  did  the  learned  and  fagacious  John  Kepler  afterwards  in  his  two  trads,  firft 
publifhed  in  the  years  1624  and  162.1;,  and  now  republifhed  at  the  beginning 
of  this  colleftion.  And  fo  likewife  did  Mr.  Nicholas  Mercator  in  the  former 
and  larger  part  of  his  tradt,  intitled,  Lvgaritbmotechuia,  which  was  firft  pub- 
Jiftied  in  the  year  1668,  and  has  now  been  republifhed  tn  this  colleftion.  Dr. 
Halley  jnuft  therefore  be  fuppofed  to  mean  only  that  the  two  lo^uthmick 
feriefesy  —  C  +  C~.il+ll  —  C  +  kc,  ad  injmilum,  and  q  +C  +il^ 

t-.  -f.  i.  4-  ^  4-  &c,  ad  infinitum^  (which  had  been  publilhed  by  Mr.  Mercator 
and  Dr.  Wallts  for  the  purpofe  of  conftru6ting,  or  computing,  -logarithms  more 
conveniently  and  expeditioufly  than  by  the  methods  ufed  by  N^ier  and  Briggs, 
and  the  other  old  computers  of  logarithms,)  had  been  derived  by  Mercator 
and  Wallis,  and  other  writers,  (as*  for  inftance,  James  Gregory,)  in  the  trad* 
they  had  publilhed  on  the  fubjed,  fokdy  from  the  hyperbola.  And  this,  I 
fuppofe,  was  true. 

II.  Dr.  Halley  lays  further,  *'  *n>at  the  do3rint  of  legarithms,  heing  a  matter 
merely  arithmetical^  is  not  properly  demonflrable  from  the  primiphs  of  geometry." 
But  this  is  by  no  mrans  a  juft  conclufion  ;  fince  numbers  may  as  well  be  re- 
prefented  by  geometrical  lines,  or  aceas,  (fuch  as  the  afymptoUck  Qjaces,  or 
areas,  of  an  liyperbola,)  as  by  any  other  quantities  whatfoever,  ai^.the  in- 
ferences obtained  by  means  of  fuch  a  reprrfentation  of  numbers  to  the  eyes,  or 
fenfes,  are  at  leaft  as  clear  and  fatisfadory  as  thofe  obtained  by  coiifidering  them 
merely  in.  the  abftrad.  Indeed,  when  we  fpeak  of  abftraSt  numbers ^  we  can 
mean  only  eommenfurable  quantities  in  general,  or  commenfurable  quantities  of  a^y 
kind,  without  confining  ourideas  toany  one  particular  fortof-quancitiet.  Thus, 
for  example,  when  we  fay,  "  that  3  times  the  number  7  is  equal  to  the  num- 
ber 21,"  the  only  meaning  of  the  propofition  is,  "  that,  if  we  take  3  parcels 
of  men,  or  of  horfes,  or  of  houfes,  or  of  cannon-balls,  or  of  lines  a  mile 
long,  or  of  any  thing  elfe,  and  each  parcel  confifts  of  7  individuak,  or  units, 
of  the  things  under  confideraiion,  that  is,  7  men,  or  7  horfes,  or  7  houfes,  or 
7  cannon-Kills,  or  7  miles,  and  we  add  the  faid  3  parcels  together,  thefum 
thereby  arifing  will  be  21  of  the  faid  individuals,  or  units,  to  wit,  .men, 
horfes,  houfes,  cannon-balls,  or  miles;  and  that  this  will  be  equally  true, 
whether  we  fpeak  of  one  of  thefe  forts  of  things,  or  of  any  other  of  them." 
Now  certainly  our  ideas  upon  this  fubjeft  will  not  be  the  more  clear,  and  oxJT 
conclufions  the  more  certain,  for  ournot  confining  ourfelves  to  the  confideration 
of  only  one  of  thefe  fubjefU,  but  extending  our  thoughts  to  all  of  them  at 
once,  as  we  do  when  we  coniider  them  in  the  abftrad :  but  they  will,  on  the 
contrary,  be  rather  lefs  fo,  it  being  a  plainer  and. eafier  propofition  to  under- 
fUnd,  ••  That  3  times  7  miles  make  21  miles,"  than  "  That  3  times  7  things 
of  any  kind  xsakjt  21  things  q£  the  fame  kirfd."  When  therefore  it  b  Ihewn, 
4  that 
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xbat  the  afymptotick  fpaces  in  an  hyperbola  that  are  intercepted  between  ordi- 
nates  that  are  in  the  fame  ratio  to  each  other  are  equal,  and  confequentlf 
that  the  afymptotick  areas  that  are  intercepted  between  ordinates  wbofe  ratios 
to  each  other  are  unequal,  are  proportional  to,  or  meafures  of,  the  ratios  of  fuch 
(wdinates,  we  have  a  clearer  idea  of  thefe  meafures  of  the  faid  ratios,  or,  in 
other  words,  of  thefe  logarithms  of  the  faid  ratios,  than  when  we  endeavour  to 
form  a  conception  of  the  meafures,  or  logarithms,  of  the  ratios  of  mere  abflra<ft 
numbers  to  each  other.  And  the  conclulions  that  are  drawn  concerning  thefe 
afymptotick  fpaces,  or  vifible  logarithms,  are  likely  to  be  more  clear  and  faiif- 
£i&ory  than  ihole  that  might  be  drawn  concerning  abftraA  logarithms,  and  at 
the  fame  tin^  muft  evidently  be  full  as  certain.  It  is  not  therefore  true,  as  Dr. 
Halley  has  aflerted,  "  That  the  dodrine  of  logarithms,  being  a  matter  purely 
arithmetical,  is  not  properly  demonftratJe  &om  the  principles  of  geometry ;'' 
but  it  is  true,  on  the  ccmtrary,  *'  that  the  faid  do£h-ine  may  be  very  elearly  and 
faaah&aniy  demonftrated  in  that  manner." 

III.  In  addition  •to  what  has  been  here  advanced  concerning  Dr.  HaRey's 
a£rertion,'we  may  obferve,  that  Euclid  himfelf,  the  mofl  clear  and  accurate 
writer  on  the  mathematicks  that  ever  lived,  has,  in  the  fifth  book  of  his  Ele- 
ments, (which  is  of  the  moft  abftraift  nature  poflible,  and  treats,  not  of  lines 
and  angles,  and  the  areas  o(  right-lined  figures,  as  the  former  books  do,  but  of 
quanddes  in  general,  and  their  proportions,)  thought  fit  to  reprefent  abflraA 
quantides  by  right  hnes,  in.  order  to  affill  his  readers  to  conceive  and  undeHland 
what  he  fays  of  them ;  thereby  calling  in  the  imaginations  of  his  readers  in  aid,, 
and  to  the  eafe  and  relief,  of  their  underftandings.  And  with  refpeft  to  the- 
Aitqedi  now  under  confideradon,  to  wit,  the  nature  and  conftruftion  of  loga-  ' 
ritnms,  I  have  always  found-right  lines  to  convey  to  my  mind  the  cleareft  con- 
ception both  of  k^arithms,  or  the  meafures  of  the  rauos  of  quandties  to  each. 
other,  and  of  the  numbers,  or  quantities,  themfelves,  of  whofe  ratios  to  each 
other  they  are  meafures ;  and  therefore  I  am  of  opinion  that  this  dofbrine  can- 
not be  better  explained  than  by  the  afliflance  of  the  logarithmick  curve,  iiv 
wluch  the  ordinates  increafe  on  one  fide,  and  decreafe  on  the  other,  a4  htfiititum^ 
and  confequently  bear  all  poffible  ratios  to  each  other,  and  therefore  are  capable 
of  reprefentiDg  alt  forts  of  numbers,  however  great  or  fmall,  and  the  abfcifles 
of  the  axis,  or  afymptote,  belMiging  to-  any  two  different  pairs  of  ordinates, 
are  pn^nional  to,  or  meafares  of,  the  ratios  correfponding  to  the  faid  ordinates.' 
And  fiHther,  I  confider  this  curve  as  bdng  fomewhat  preferable  even  to  the 
hypn-bola  for  the  purpofe  of  illuftrating  the  doArine  of  logarithms,  becaufc 
right  lines,  (fuch  as  the  abfciffes  of  the  axis.  Or  afymptote,  of  this  curve,)  are 
ftill  more  cafily  conceived  in  the  imaginadon  than  the  mixdlinear  afymptotick. 
areas  of  aa  hyperbola. 

IV.  Hewcver,  though  the  illufbiations  an^  Jemonflrations  of  the  pr»perties. 
ef  logarithms  that  have  been  given  by  Mr.  Mercator  and  Dr.  Wallis,  and  Mr- 
James  Gregory,  by  means  of  the  hyperbola,  appear  to  me  (for  the  reafons  that 
have  been  mentioned,)  to  be  very  legirimare  and  fatisfaftory,  yet  I  agree  with. 
Dr.  Halley  in  thinking,  that  fo  ufcful  and  important  a  doflrine  as  this  is,  ought 
Itkewife  to  he  explained,  if  poffible,  without  the  help  of  the  hyperbola,  and: 
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upon  the  abftrad  and  pure  principles  of  artthmetick,  to  the  end  that  it  may  be 
Teen  and  imderftood  in  every  polCble  light  and  mode  of  confidenng  it :  and 
therefore  I  have,  in  a  preceding  trad  of  Vol.  I,  intitled,  "  Remarks  oh  the  ttoo 
foregoing  infinite  Seriejes  of  Mr.  Mertator  and  Dr.  fVallis"  endpavoured  to  de- 
duce thofe  ewo  feriefes  froin  principles  of  pure  arithmetick  and  the  ab{h^&  na- 
ture of  proportion,  and  in  a  manner  that  I  conjecture  to  be  limilar  to  that  in 
which  Dr.  Halley  has  deduced  them  in  the  foregoing  difcourie  which  is  the 
fubje<5t  of  thefe  notes,  though  I  have  not  been  alMe,  after  the  moft  earneft 
endeavours,  perfedly  to  comprehend  the  Dodor's  own  invedigation  of  them  : 
and  I  have  Itkewife,  in  the  next  following  difcourfe,  in  Vol.  I,  intitled,  **  Jn 
Jpfendix  to  the  foregoing  Remarks,"  endeavoured  to  give  a  fimilar  inveftigation 
of  the  two  anti-logarithmick  feriefes  contained  in  the  foregoing  difcourfe  of  Dr. 
Halley,  that  is  grounded  Ukewife  on  the  principles  of  pure  aridunetkk,  and 
which  I  conjedure  to  be,,  if  not  the  very  fame  with,  at  leaft  very  fimilar  to, 
the  inveftigauon  of  thofe  two  feriefes  given  by  Dr.  Halley  in  the  foregoing 
difcourfe,  which,  however,  from  the  extreme  brevity  with  which  it  is  expreffed, 
I  have  not  been  able  to  underftand.  The  other  parts  of  the  foregoing  difcourfe  of 
Dr.  Halley,  (thatis, allbuttbeinveftigationsof  Mr.  Mercator'sanoDr.  Wallis's 
two  logarithmick  feriefes  and  the  two  anti-logarithmick  feriefes  derived  from 
them,)  I  think  I  have  been  able  to  underftand,  (though  not  without  great  labour 
and  difficulty,)  and  I  hope  I  have  explained  them  fufficiendy  to  the  reader  in  the 
courfe  of  the  ten  foregoing  notes ;  for  the  extraordinary  length  of  which,  the 
unc(»nmon  degree  of  obfcurity  which  runs  through  the  text,  muft  be  my  apo- 
logy. 

V.  Dr.  Halley  tells  us  in  the  latter  part  of  the  paffage  cited  in  the  banning 
of  this  note,  "  That  in  the  foregoing  dijcovrje  he  has  not  hen  obliged  to  have 
recourfe  to  the  method  of  indivifiHeiy  or  to  the  arithmetick  of  infinitet ;"  for  which 
he  feems  much  to  applaud  himfelf.  But  furely  this  applaufe  is  not  deferved. 
For  what  can  be  a  recourfe  to  the  arithmetick  of  infinites,  if  the  following 
paff^es  are  notfo?  Firft,  in  p^e  85,  the  Dodor's  words  are  as  follows: 
"  And  thefe  rationii  wt  Juppofe  to  be  meajured  by  the  number  of  ratitmcula  eon- 
"  tained  in  each.  Now  thefe  ratiunculte  are  fo  to  be  underfiood  as  in  a  con- 
"  tittued  fcale  of  froportionals,  infinite  in  number,  between  the  two  terns  of 
*(  the  ratio ;  which  infinite  number  of  mean  proportionals  is  to  that  infinite  nam' 
*'  ber  of  the  like  and  equal  rattuncuU  between  any  other  two  terms  as  the 
"  logarithm  of  the  one  ratio  is  to  the  logarithm  of  the  ether.  Thns,  if  there  be 
**/uppefed  between  i  and  10  an  ijffinite  /tale  of  mean  proportionals,  whofe  number 
"  is  100,000,  i^c.  in  infinitum;  between  i  and  2  there  Jhall  be  30,102,  SSe.  of 
*'fuch  proportionals ;  and  between  i  and ^  there  will  be  47,712,  tff.  of  themi 
"  which  numbers  therefore  are  the  logaritlms  of  the  rationei  ef  i  to  lo,  u  to  2, 
**  and  1  to  ^  ;  and  net  Jo  prof  erly  to  be  called  the  logarithms  ef  10,  2,  and  3. 

**  But,  if,  injiead  of  Juppofing  the  logarithms  cempofed  of  a  number  of  equal 
**  ratiuntuLe  proportional  to  each  ratio,  wefialt  take  the  ratio  of  unity  to  any  num- 
^  ber  to  confijl  always  of  the  fame  infinite  number  of  ratiunculte,  their  magnitudes 
**  in  this  cafe  will  be  as  their  numbers  in  the  former.  Wherefore,  if  between  unity 
**  and  aipf  number  propejed,  thert  be  taken  airf  infinity  of  mean  prepertionals,.  the 
**  infinitely  Utile  augment^  or  decrement ^  of  the  firfi  of  thefe  means  from  unity 

"  wfll 
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••  will  be  a  ratiuncula,  thai  «,  fhe  momentupi,  or  fiuxion,  of  the  ratio  ef  unity  to 
*'  the /aid  lamber.  And,  fteing  that  in  tbeje  continual  proportionals  all  the  ratiun- 
**  ckl^  are  equal,  their  fum,  or  the  whole  ratio,  will  be  as  the  /aid  momentum  is 
**  direSiy ;  that  is,  the  logarithm  of  each  ratio  will  he  at  the  fiuxion  thereof. 
*•  Wherefore,  if  the  root  of  my  infinite  power  he  extrailed  out  of  any  number,  tbt 
•*  different  iola  of  the /aid  root  from  unity  fbail  be  as  the  logarithm  of  ikaf  7iuniber. 
"  So  that  logarithms  thus  produced  may  be  of  as  many  forms  as  you  pleafe  to  ajfume 
**  infinite  indices  of  the  power  whoje  root  you  Jeek  ;  as,  if  the  index  be  fuppqfed. 
**  looooo  ^c,  infinitely,  the  roots  fhall  be  the  logarithms  invented  by  the  herd 
"  Napier;  but,  if  the  /aid  index  were  230258J  i^c,  ^Mr.  Bnggs's  logarithms 
f*  would  immediately  be  produced.  And,  if  you  plea/e  to  flop  at  any  number  of 
"Jiptres,  and  not  to  continue  them  on,  it  will  /uffice  to  a/fume  an  index  ef  a  figure 
**  or  two  more  than  your  intended  logarithm  is  to  have,  as  Mr.  Bright  did;  who^  to 
"  haw  his  logarithms  true  to  \^  places,  by  continual  extraliion  of  (he  fquare  reot, 
**  at  lajl  came  to  hai.ie  the  root  of  the  140,737,488, 355,328/i  power;  but  hq-j) 
"  opero/e  that  extraSion  was  -will  be  ea/ily  Judged  by  who/a  Jhall  undertake  to 
^ "  examine  his  Calculus. 

«  Kow,  though  the  notion  of  an  infinite  power  may  /eem  veiy  ftrange,  and,  to 
**  tbo/e  that  know  the  difficulty  of  the  extraliion  of  the  roots  of  high  powers, 
••  perhaps^  impraSicable :  yet,  by  the  help  of  that  admirable  invention  of  Mr. 
«  Newton,  whereby  be  determines  the  uncijE,  or  numbers  prefixed  to  the  members 
"  eompefing  powers  (on  which  the  doSirine  of  /eries  chiejfy  depends'),  the  infinity  of 
« the  index  contributes  to  render  the  expreffion  much  mere  eafy ;  /or  if  the  infinite 

"  power  to  he  re/ohed  be  put  (a^er  Mr.  Newftn's  method)  p  +  pq,  p  +  pql"  br 

"  q*  iSe  (xohieb  is  the  root  when  m  o  finite)^  becomes  i  +  — q  —  — qq  +  — 
«q»  _  J_q*  +  -Lq»  ^c,  mm  being  infinite  infinite;  and con/equently  wbat/oever 
"  is  divided  therefy  vamjhing.  Hence  it  ftUews,  that  —  multiplied  inte  q  —  iqq 
•*  +  4q>  —  -Jq*  +  4q'  ^ff  is  the  Mffnent  ef  the  firfi  of  our  megn  proporlienals 
*'  between  unity  and  i  -(.  q,  and  is  therefore  the  logarithm  of  the  ratio  of  i  to 
«  I  +  q.  And,  whereas  the  infinite  index  m  may  be  taken  at  pleafure,  the  /everal 
** /tales  of  logarithms  ia/ueb  indices  will  htat  ^t  or  reciprocally  as  the  indices.- 
*'  And,  if  the  index  be  takeft  loooo  ^c,  as  in  the  cafe  of  Napier' f  logarithms,  they 
"  Witt  befimply  q  —  ^q  +  |q»  —  4q«  +  ^»  -  40'  &e. 

**  Again,  if  the  logarithm  of  a  decreafing  ratio  it  /ought,  the  infinite  root  ef 

^  ,  ,  ,  ,  ,  ','1 

«■  I  —  Q,  or  I  —  Qi"!  w  I  —  —  q q*  —  — -q*  —  — q* q*  —  t —  q* 

«<■  i£c ;  whence  the  decrement  of  thefirfi  efenr  infinite  number  of  proportionals  will 
"  be  —  into  q  +  |qq  -^  4q'  +  ■Jq*  +  iq*  +  T<i'»  ^'  i.  which  therefore  will  ifi 
•*  as  the  logarithm  of  the  ratio  of  unity  «  i  —  q.    But,  if  m  be  put  10000  i^e, 
"  then  the/aid  logarithm  will  be  c\  +  4qq  +  4q'  +  jq+  +  Tq'  +  »q'  ^^•" 
tCoi.  H.  R  U 
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In  this  paflage  we  have  frequent  mention  made  of  htfinitg  mimhers,  tnfinitt 
indices  of  f  ewers,  different  infinite  numbers  bearing  frofertions  to  each  other,  fiuxions, 
momintMj  and  differentiola,  and  a  quantity,  mm,  that  is  irrfiniti  infinite.  Surely 
•tliefe  exjirefTions  partake  both  of  the  method  ef  indivijibles  and  of  the  aritbmetick 
of  infinites,  notwithftandiiig  the  author's  boalt  of  the  contrary. 

And,  fecondly,  the  following  paflage  makes  mention  ca  mfinitc  indexes  of 
powers,  and  fupnofes  that  there  may  be  as  many  different  indexes  of  this  kind 
AS  we  pleafe ;  which  certainly  is  a  branch  of  the  arithmetick  of  infinites. 

"  Frvm  the  logarithm  given  to  find  what  ratio  it  exprejfes,  is  a  problem  that  bat 
*'  net  been  Jo  much  confidtred  as  the  former,  but  which  is  fotved  with  the  Uk$  eafe, 
"  and  demcnftraled  by  a  like  -procefs^  from  the  fame  general  theorem  of  Mr.  Nrar- 
"  ton.     For,  as  the  logarithm  of  the  ratio  of  i   to   i    +  q  was  proved  to  be 

«  I  +  jl""  —  I,  and  that  of  the  ratio  of  \  to  i  -^  <\to  be  i  -^  i  —  t^° ;  fo  the  !*• 
**  garithm  (which  we  will  from  henceforth  call  l)  being  given,  i  +  l  imtf  bt 

«'  equal  to  i  +  q^*"  in  the  one  cafe,  and  i  —  l  will  be  equal  to  i  —  jl"  in  the  other  ; 
•*  cenfequently  i  +  lI"  will  be  equal  /o  i  +  q,  and  i  —  lI"  to  i  —  q  j  that  is, 
*•  according  to  Mr.  Newton's  faid  rule,  i  +  m  t  +  -i-  m'  l*  +  -f  m'  l*  +  tt  ni* 
"*  t*  +  -rrtt  m*  l'  &c,  will  be  —  I  -{-  q,  and  i  —  mt  +  4  m*  l*  —  ^  tn*  i'  + 
"  Vt  t^*  !•*  —  TVB-  m'  L*  ^t,  will  be  equal  to  i  —  q,  m  being  any  tiffintte  index 
■**  what/oever :  which  is  a  full  and  general  propofilien,  from  the  logarithm  given  t9 
"find  the  numier,  be  the  fpecies  ef  logarithm  what  it  will.  But,  if  Napier's  lo- 
*'  garithm  he  given,  the  multiplication  kf  m  is  Javed  (which  multiplication  is 
**  indeed  no  other  than  reducing  the  other  fpeties  to  his),  and  tb»  J^iefvnlt  bt 
'*'  nure  fimfle,  viz.  i  +  l  -J-  ^l l  -f  .^l*  +  -^l*  +  tttI-*  &Cj  pr  l  -^  l  + 

w  4.  LL  —  |L*  +  Vt»-*  —  T^rr^*  ^"' 

.  After  reading  thefe  two  paflages  of  this  difcourfe  of  Dr.  Halley,  Cwhich  are 
thofe  which,  with  the  greateft  attention  I  could  beftow  upon  them,  I  have  not 
been  able  perfeftly  to  vinderfland)  I  prefume,  it  will  be  readily  allowed  thai  tljp 
Dof^ori's  not  intitled  to  the  merit  he  feems  to  claim,  of  harmg  expijincd  the 
(kx^rine  of  logarithms  without  having  had  recou^e  to  the  ineiht^  of  indiv^fr- 
,  bles,  or  to  the  arithmetick  of  infinites. 

VI.  It  is,  however,  pofiible  by  another  method  of  applying  Sr  Tfaac  Niw- 
ton's  excellent  binomial  theorem,  to  compute  a  table  of  logarithms  either  of 
Briggs's  fyftem,  or  any  other  that  may  be  thought  fit,  in  the  manner  which  Dr. 
Halley  recommends,  or  without  the  intervention  of  the  hyperbola.or  logwiih- 
mick  airve,  or  any  other  seometiical  figure,  and  likewiie  .witbotic  having 
recourfe  to  the  method  of  indiyifibles.  or  to  the  arithme.tIck.of  infinites,  and  by 
Uie  help  oi  the  principles  of  pure  and  finite  arithmciidc  only,  and  the  contem- 
plation of  the  nature  and  properties  of  ratios,  which  are  the  quantities  of  which 
Jogarithms  are  the  mcafures.  The  method  of  doing  this  I  fballuow  proceed  to 
explain  in  the  following  di£couife;  whkh,  as  it  has  taken  its  rife  from  the 
reflcftions  and  obfervations  of  Dr,  Halley  contained  in  the  foregoing  twit  on 
logarithms^  I  fhall  intitlc  an  Af  pe^dix  to  the  iaid  traft. 
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AKTICLB      I. 

TH  E  logaridunt  of  ratios  in  Bt^gs's  Syftem  are  the  numbers  that  exprefe 
the  magnitudes  of  the  f^d  ratios,  or  their  proportions  to  each  other,  upon 
a  luppofition  th«:  an  unit  is  taken  for- the  reprcfentative,  or  logarithm,  of  the 
ratio  of  lo  to  i.  And  the  logarithms  of  ratios  in  any  other  fyftem  are  dw 
numbers  that  reprefent  the  magnitudes  of- the  faid  ratios,. or  their  proportions 
to  each  Other,  upon  a  fuppc^ition  that  an  unit  is  taken  for  the  reprrfevitative,  or 
togarithm,  of  fome  other  r«io  than  that  of  lo  to  i.  If  therefore  we  can  find 
the  proportion  of  any  other  ratio  to  the  ratio  of  lo  to  i,  we  Ihall  thereby  be 
R  2  enabled 
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enabled  to  difcover  Briggs's  logarithm  of  fiich  other  ratio.  For,  if  the  number 
found  for  the  repiefeniative  of  the  ratio  of  lo  to  i  is  i,  (which  is  griggs's 
logarithm  of  that  ratio,)  the  number  found  for  the  reprefcntative  of  the  other 
ratio  will  be  Briggs's  logarithm  of  the  faid  other  ratio :  and,  if  the  number 
found  for  the  rcprefentative  of  the  ratio  of  lo  to  i  is  not  i,  but,  fome  otlicr 
number,  which  we  may  call  x,  either  greater  or  lefs  than  i ,  we  need  only  diminitli 
or  increafe  the  number  found  for  the  rcprefentative  of  the  faid  other  ratio  in  the 
proportion  of  *  to  t ,  and  the  number  tliereby  obtained  will  be  Briggs's  loga- 
ritlim  of  the  faid  other  ratio.  Thus,  for  example,  if  we  (hould  feek  the  propor- 
tion between  the  ratio  of  1 1  to  lo,  and  the  ratio  of  lo  to  i,  and  (hould  find  it 
to  be  that  of  i  to  24.158,857,928,096,6,  (as  we  fliall  find  it  to  be  in  the  courfc 
of  the  following  pages,)  of  which  two  numbers  the  lefier,  to  wit,  i ,  is  the  rc- 
prefentative of  the  fmaller  ratio  of  11  to  10,  and  the  greater  number  24.158, 
857,928,096,6,  is  the  reprefentative  of  the  greater  ratio  of  10  to  i,  we  need 
only  reduce  die  fmaller  number  i,  (which  is  the  reprefentative  of  the  ratio  o£ 
II  to  10,)  in  the  proportion  of  24.158,857,928,096,6,  {the  firil  reprefentative 
of  the  ratio  of  10  to  1,)  to  i,  (which  is  its  fecond  reprefentative,  or  its  rciH-e- 
Tentative  in  Briggs's  fyftem  of  logarithms,)  and  the  number  thereby  obtained, 

to  wic,  5-j-^ — 5 — -r-Ti  or  0.041,392,685,158,228,29  &c,  will  be  the  new 

'  14. 158,857,938,096,6'  ^    •''  '     J'  J  »       '  y       ' 

reprefentative  01  the  ratio  of  1 1  to  10,  or  the  logarithm  of  the  f^d  ratio  ii> 

Briggs's  fyftem.    And  the  like  obfervation  tnay  be  extended  to  the  logarithms 

of  any  other  fyHem,  in  which  i  b  not  .the  logarithm  of  the  ratio  of  10  to  i, 

but  of  fome  other  ratio.    Our  bufinefs  therefore  on  the  prefent  occalion  is  to 

find  a  method  of  inveftigating  the  propottion  between  any  ^ven  rutio  (as,  foe 

example,  the  ratio  of  11   to  lo,)  and  the  ratio  of  10  to  1,  which   is  the 

fundamental,  or  ftandard,  ratio  in  Briggs's  fyllcm  of  logarithnuj  or  that  to. 

which  all  other  ratios  arc,  in  that  fyftem,  compared  and  referred.    Or,  if  any 

other  fyftem  of  logarithms  were  to  be  computed,  it  would  be  neceflary  to  find 

.a  method  of  inveftigating  the  proportion  between  any  given  rado  and  the  ratio 

of  which  I  was  the  logarithm  in  that  fyftetn.    But,  as,  no  'fyftem  of  logarithms 

befides  that  of  Briggs  is  now  in  ufe,  it  is  needlefs  to  thmk  of^any-  other  on 

this  occaiion. 

2.  Now  in  order  to  find  the  proportion  between  the  ftandard  ratio  of  10  to 

1  and  any  other  ratio  by  the  method  which  we  are  now  going  to  explain,  it  wilt 

be  moft  convenient  (though  not  abfolutely  neccffary)  to  fuppofe  the  faid 

other  ratio  to  be  lefs  than  the  ratio  of  2  to  i,  and  indeed,  for  the  moft  part, 

to  be  a  great  deal  lefs  than  that  ratio,  and  not  U  exceed  the  ratio  of  11  to  lo 

or  that  of  10  to  9.     But  this  will  be  fufficient  for  the  purpofe  of  computing 

the  logarithms  of  all  forts  of  ratios,  how  great  foever,  becaufe'  the-great^  radot 

are  compounded  of,  and  may  be  divided  into,  a  niunber  of  other  lefler  ratios, 

of  which  fome  ftiall  beexadt  multiples  of  the  ratio  of  10  to  1,  and  others  ftiall- 

be  fmall  ratios  .of  the  magnitudes  that  have  been  juft  defcribed.    Thus,  for 

example,  the  ratio  of  1788  to  i  is  compounded  of  the  ratio  of  1788  to  1780, 

that  of  1780  to  178^  that  of  178  to  89,  that  of  89  to  80,  that  of  80  to  8,  and 

that  of  8  to  I ;  of  which  the  ftm  is  a  rery  fmall  ruio,  the  fecond  is  eqtml  t* 

the  ratio  of  10  to  i,  the  diird  is  equ^l  to  the  ratio  of  a  to  t,  the  fourth  is  % 

fmaU 
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fmall  r^tio,  very  little  greater  than  that  of  88  to  801  or  1 1  to  1  o,  the  fifth  is  equal 
to  that  of  10  to  1,  and  the  fixth  is  et^ual  to  three  times  the  ratio  of  2  to  r. 
Therefore  the  logarithtp  of  the  ratio  of  1.768  to  i  is  equal  to  the  futn  of  the 
logarithms  of  the  fatiosof  1788  to  1780,  or  of  447  to  445,  and  of  10  to  i,  and 
of  2  to  I,  and  of  89  to  S.p,  and  of  10  to  i,  and  of  three  times  the  ratio  of  s 
to  I ;  or  Log.  '-^  will  be  =  Log.  ^  +  Log.  ~  +  Log.  ^  +  Log.  ^ 
+  Log.  -^  +  3  Log.  ^  =  Log.  H?  +  Log.  -?5.  +  2  Log.  -^    +  4  Log- 

-+  a  +  4  L(>g.  ■■ — .  And  confequently,  when  the  logarithm  of  the  ratio  of' 
z  to  I,  andlbofe  of  the  fmall  ratios  of  447  to  445,  and  of  89  to  80,  have 
been  computed>  that  of  the  ratio  of  1788  to  i  may  be  derived  from  them  by 
mere  addition.  And,  Jn  like  manner^  the  logarithm  of  any  other  great  ratio' 
may  be  obtained  by  adding  together  the  logarithms  of  the  fmaller  ratios  of 
which  it  is  compounded.  It  is  not  therefore  necelfary,  in  the  prefent  invefti- 
gatioHi  to  take  into  our  conHderation  any  other  ratios  but  fuch  fmall  ones  as 
nave  been  mentioned,  to  wit,  thofe  of  10  to  9,  and  11  to  10^  or  others  of  a 
ftill  fmaller  magnitude. 

3.  Now,  as  the  rcafonings  by  which  we  may  find  the  proportion  of  any  one 
linaU  ratio,  (ftich  as  thofe  c7 1  o  to  9  and  of  1 1  to  i  o,)  to  the  uandard  ratio  of  i  o 
to  I,  are  cxaiSIy  the  fame  as  thofe  by  which  we  may  find  the  proportion  of  any 
other  fuch  fmall  ratio  to  the  fame  ratio  of  10  to  i ;— and,  as-  particular  examples 
are  Ampler  and  eafier  to  underftand  than  general  problems,  1  Qialt  confine - 
myfelf,  in  the  courfe  of  the  following  pages,  to  the  inveftigation  of  the  pro- 
portion which  a  fmgle  particular  fmall  ratio,  namely,  the  rario  of  11  to  10,, 
bears  to  the  faid  ftandard  ratio.  This  therefore  will  be.  the  fubjeft  of  the  fol- 
lowing ProWcm; 


4.  To  find  in  numbers  the  proportion  between  the  ratio  of  11  to  lo  and  th«- 
greater  latio  of  10  to  i . 

SOLUTION. 

Theratib  of  1 1  to  10  is  equal  to  the  ratio  of  —  to  —,  or  of  -°  ■-'  to  — ,  or 
c£  I  +  —  toi.  We  are  therefore  to  find  in  numbers  the  propOTtion  between . 
the  ratio  of  i  -} to  i  and  the  ratio  of  10  to  i. 

Let  this  proponion  be  thai  of  i  to  the  unknown  quantity  jf. 

Then,  fince  the  ratio  of  10  to  I  is  to  the  ratio  of  I  -t- —  to  i  as  x  is  to  i, 
uid,  from  the  nature  of  the  powers  of  qtmntities,  (which  are  only  continual ' 
proportionals  to  unity  and  the  quantiues  cbemfelvcs>  of  which  they  arc  bid  to 

be 
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bc  powers,)  die  ratio  of  i  +  — "  to  i  is  to  the  ratio  of  i  -| —  to  i  in  the  fame 
^pioportiop  of  *  to  I ,  it  follows  that  the  ratio  of  i  +  — I  10  I ,  will  be  equal  to 
the  ratio  of  lO  to  i  ;  and  confequently  t  +  — "  will  be  =  10.  We  muft 
therefore  endeavour  to  find  the  value  of  the  index  ail  in  this  equation  i  +  — " 

~    lO. 

',  ^.  Now,  by  Sh'  Ifakc  Newton's  binomial  theorem,  i  +  —I  'is  =  tlie  {"cries'  i 
-X^-x^'x-^  +  ^x^^x^x^x-^' 


100,000 


6500     "''       240,000  12,000(000 


_  4,        _!,  "  —3"-*  I  ■"  I      •"  '  ..■.^~--      -  — ..^  ^jy  — >-"-»T«'[-»   . 


y;-.i,.-l-8s.'— 5>.+.„^,-..o»         j^^^     Therefor,  this  tail  ferie.  t  +  ^ 

7jo,ooo,ooo  '      10 

.      <r.f-;g       ,       -tJ-^jfj+jy  ar*--6.t'+lljrj;-6jr      .      j:'- t0^4-35jf*-StWJr-FJ4^      , 

"*"       2CO        ''"  6000  "**  140,000  "'"  I2,'POO,00&  T 

;.^>.5^*+g;^H_^,^^,.^^_„a..  ^  gjc  wiU  be  =  10;  and  confequ?ndy  (fub- 

traaing  i  from b^hfides) theferies ±  +  ^H^  +  ilz^^t^f +flz5f!±il£i^ 
^  •'10  aoo     '  gooo  340,000 

12,000,000  710,000,000 

'  z:  9.     This  equation  vvc  muft  now  endeavour  to  rcfolve. 

.6.  Now  the  true  value  of  x  in  this  equation,  fo  far  as  it  can  be  expreffed  by 
eighteen  decimal  figures,  is  24.158,857,928,096,805,5;  as  may  be  coUedled 
from  Mr.  Abraham  Sharp's  computation  of  Briggs's  logarithm  of  1 1  to  61  places 
of  figures.  For  the  firft  twency>two  figures  of  that  logarithm  are  1.041,392,685, 
158,225,040,750 ;  that  is,  the  firll  twenty-two  figures  of  the  logarithm  of  the 
ratioof'^ii  to  i  in  Briggs's  fyftem  are  1.041,392,685,158,225,040,750;  and 
confequently  the  logarithm  of  the  ratio  of  11  to  10  will  be  equal  to  the  excefs 
of  1.041,392,685,158,225,040,750  above  the  logarithm  of  the  ratio  of  10 
to  I,  that  is,  above  i,  or  will  be  =  0.041,392,685,158,225,040,750.  There- 
fore the  proportion  of  the  ratio  of  1 1  to  10  to  the  ratio  of  10  to  i,  is  that  of 
0.041,392,685,158,225,040,750  to  1,  and  confequently  is  equ^  to  that  of  i  to 
.■.o..ooo.ooooo,.ooo.«K..ooo,oco  ^g  ^      Thistheteftte 

0.041, 392,68 J,  158,2 a;,o4o,7so    '         t     3    f    Df>7      >    y  *      jjj 

is  the  true  vtiiue  of  *  in  this  problem ;  which  I  have  here  fet  down  before-hand, 
to  the  end  that  we  may  fee,  in  the  courfe  of  the  following  inveftigadon  of  it, 
to  wlmt  degree  of  exadlnefs  every  new  ftep  in  our  gradual  approaches  towards 
it,. will  exhibit  it. 

7.  To  find  the  value  of  *  in  this  equation  —  +  *'— 1 ^■^         + 

340,000  1 3,000,000  730,000,000 
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+  &c  =:  9,  wc  muH  take  a  few  of  the  ftflt'terms  bf  t^e  feries  which  forms  th« 
left-hand  fide  of  the  equation,  and  fuppofc  tbem  to  be  equal  to  the  whole  feries> 
and  confequently  to  the  ablbtiite  term  9,  and  then  refolve  the  finite  equations 
refuking  from  luch  fuppoCtions.  And  it  is  evident  diat,  iii  this  way  of  pro- 
ceeding, the  more  tertns  of  the  feries  we  retain,  the  nearer  will  the  va!u2  of  x 
thereby  obtained  approach  to  its  tnie  value-;  but  that  it  muft  always  he  fome- 
what  greater  than  the  faid  true  value,  on  account  of  the  fubfequent  terms  of 
the  feries  which  have  not  been  retained.  Tlw  values  of  *  arifmg  from  the 
retenuon  of  the  firft  teim  only,  the  two  fiift  leniis,  the  three  firft  terms,  and 
the  four  firft  terms,  will  be  as  follows. 

8.  If  we  fuppofe  the  firft  term  —  alone  to  be  eqxul  to  the  whole  feries,  and 
confequently  to-  9,  wc  (hall  have  *  :=  10,  x  9  =  510.  This  value  of  x  is 
more  than  triple  of  its  true  value,  which  is  a4-i58,&57,  &c. 

9.  If  we  fuppofe  the  two  firft  terms  • —  +  —^  W  be  equal  to  the  whole 
feries,  and  confequchtly  to  o,  we  ftiall  have  —  +  — ~  (=  —  +  2i^)  = 
9,  or  ■'■^— -  =  ^  and  aonfcqDeatly  19  «  -H  **  (=  aoo ,  x  9)  =  1800. 
Therefor<3ii+'i5*  +  *«wiUbc(=,  ^  +  1800  =  3*1  +  2f22)  =  til' . 

4  4  4  4*4 

and  confequenUy  ^  +  »  wiU  be  (=  il^)  =  *Hs,  and  *  wiU  be  (=  ?^ 
^  i2"zr— ^i^J(-^=,i35;.97..    This  fecond  vaji«s  of  *  is.miieh  nearer  to  iis  trac 
v^uc  thai^  the,  fonoier  viaSy  but  i^  ftill  a  good  deaj  too  large. 
■JO.  1^  us  then,  in  the  third  place,  fuppofe  the  three  terms  -^  +  ^^^  + 

*  "i^oL  -  * '°  ^  equal  to  the  whole  ftries,  and  confequently  to  the  abfohite 

term  9,  and  inveftigate-the.  value  of  ji  refuking  firom.  this  fuppofiiion. 

Now  -i.'i^^'j.i^±i£i±£r^'-"5EEf^  y^-a*"   ,    **-3^-^+'^  -f 
^0*  -X^.^-^^  +  ,    ^',  ^  -  6555,  +      6000      +       fc 

f?"-^-^^.    Therefore  "■^^+^f+^  wiH,-  upon  this'  fuppofeJon,  be  =  9* 

aid  confequently- '5 7W+  a7*».+  «•  will  b«  (=  6000  x  9)  =^  54,000.  We " 
muft  thereforo  endeav.our  to  refolve  thi»  cubicle  equation. 

Now,  if  we  liippofe  x  to 'be  equal  to  30,  and  fubftitoie  30  ipHead  of  *  in 
fhecdn^i^nd  qiiantirjt  ^20f'-^z^3ix  -|- '«?,  (*hich  fonnB  the-  kfc*htnd  fide  of 
the  equMtOD  572*  +27;!!*  +«i  =:  54,000,)  we  fhall  have  xx  =:  900,  and  x'  = 
27,000,  and  coofeqiienitfy,a7fflf :  (—  27  x  9.00)  =  24*300,  and.  57^*  (=  57» 
X  30)  rr  17160,  and  572*  +  27**  +  **  (:=  17160  +  24,300  +  27,000) 
—  68^460;  wlncU  is  greater  thsn.die  abfolitte  tefni,-  54,000,  <^  Uk  cubick 
equation  572*  +  2fxx  ■{- 1^  zz  54,000.  Therefore  30  muft  be  grwier.  than 
the  true  value  of  *  in  that  equation. 

Let  us  therefore  fuppofe  the  faid  true  value  to  be  30  —  a  ;  and  let  30 -^z 
t>e  fubftituted  inftead.  of  x  in  the  cerms  of  the  faid -equation^  but  with  ah 
omiffictn  of  sll  the  cjuantitlet  that  would  involve  cit^hej:  sz.cw  %\  J^i  we 
Ihall  then  have 
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**  (=  30  —  zV  =:  3?'  —  2  X  30  X  2:  +  &c) 
~  90£_— 60  X  z  +  iic, 
and  **  (=  30  —  zV  —  30I*  —  3  x'iol*  x  a  +  &c 
=  30 '  —  3  X  900  X  z  +  &c) 
=:  27000  —  2700  X  z  +  &c, 
andconfequemly27**(=:  27  x  900  —  60  x  z  +  Stc' 

=  27  X  900  —  27  X  60  X  z  +  &:c)  ■ 
=  24,300  —  1620  X  2  4-  &c,' 
and  572;v  (=  572  x  30  —  z  = 

572  X  30  -  5^^  X  z) 
=  17160  —  572  X  Z, 
and  572*  +  27X*  +  *"  =:  .     i'  ■  . 

17,160  —     572  X  z 
+  34,300  —  1620X  z  +  &c 
+  27,000  —  8700  X  2  +  &c  = 
68,460  —  4892  X  «  +  Sec     Therefore  this  laft  quantity  68,460  —  4892  x  z 
+  &c,  -will  t*  rr  54,000;  and  confequently,  (adding  4892  X  z  to  both  fides) 
we  (hall  have  68,460  nr  54,000  +  4892  K  2,  and,  (fubtra£ting  54,000  irom 
both -fides,)  4892  X  2  ==  14,460,  and,  laftly,  (dividing  both  fides,by  4892)  z 
•=:  2.95.    Theiefore  «,  or  30  —  z,  wiH  be  (=  30  —  ^;95)  =^27.05 ;  that  is, 
the  root  of  thejcubick  equation  572*  +  27**  +  x'  =  54,000  will  be  ~  27.05, 
or  (negleding  the  decimal  fraftion  .05)  =  27.    Therefore  27  is  the  third 
Approximation  to  the  value  c^  x  in  the  wiginal  equation  -~  -f-  '?^*~*-  ■+- 

**  ~^^^  '"  +  &c  =  9;  and  ii  is  confiderably  nearer  to  the 'truth  than  the 
foregoing,  or  fecond,  approzimation,  33.95,  which  was  derircd  from' Only  the 
lEwo  &I&  terms  of  the  fenes.  ,     . 

1 1 .  And  if,  in  the  fourth  place,  we  fuppofe  tl>e  four  firft  terms  of  the  feri«s, 
to  wit,  JL+  fir,'  +  '"-1"  +  "  +  ••-^ +  ""'-*•,  to  be  eq.kl  to  the 

'     10     '         WO     -^  .6000  ^~  -.240,000        .       •  -      1 

whole  leries,  and  confequently  to  the  abfolute  term  9,  we  fkall  have  another 
spproximatictD  t«  the  value  of  x,  "whidi  will  come  within  leTath^o  a  35^1  pait 

©f  its.twe  value.    For  we  fliall  then,  have  A+  ^^~r+  **  ~1^L*  '*  + 

to    '         too  0000 

a*  —  S^r*  +  11  **  —  6x    ^ja  X  +  If  X  X  +  Jt*  x*  —  6^  4-  ii  .g*  —  6jf    _ 

«40,oeo  6000  H^iOoo 

40  X  S7ijr  4-  40  X  ay  XX  4-  40*'    ,    X*  -bx*  +  it  xx  —  $x      .  aa<8ojr  +  1080 .wrj-  4P;r* 
340,000  .    "'"  140,000  'V^'xn. 

^-f,:^+„..^t,_  „,8,«»<..o,.»,,+  ^^4..-     ^  confoquentlT 

'  340,000  240,000  ^  •" 

'^"^^"^ '^T^iZ^ ^'^  ^ '^  «iU  be  =.  9,  and  22,874*+  lopi;^  +  34** 
'4.  **  will  be  (="240,000  X  9)  —  2,160,000.  We  muft  therefore  ^ow  eiji- 
deavour  to  rcfoWe  the  biquadraticfc  eqtiation  ^2,87^*  +  1O91  xx  +  34*^  -fi 
V;=  2,160,000. 

1.2.  Nov  the  root  of  this  equation  njuft  be  lefs  than  27.    For,  if  we  fuppoft 
'it  tot*  e<]ual't<l  27,  we  fliaH  have  Mf  =:  729,  and**c=  19j6*3»  andi*c= 

53 >i44i» 
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531,441,  and  confequentljr  a2874*(=  22874  x  27)  =  617,598,  and  1091** 
(=  1091  X  729)  =  795,539,  and  34*'  (=  34  X  19683)  =  669,21a,  and 
22,874*  +  1091X*  +  34*'  +  *•  (=  617,598+  795,539  +  669,222  + 
531,441)  =  2,613,800;  which  is  greater  dian  2,160,000,  or  the  abfolute 
term  of  the  equation  22874*  +  1091**  +  34w»  +  «*  =:  2,160,000 ;  and  con- 
fequendy  27  is  greater  than  the  true  value  of  x  in  that  equation, 

13.   Let  us  therefore  fuppofe  the  true  value  of  *  in  this  equation  to  be 
ay  —  z.    And  let  27  —  2  be  fubftituted  in  its  tertns  inftead  of  x,  but  with  an 
omilEon  of  all  the  qtiantities  that  (hall  involve  cither  zz,  z%  or  z*. 
■  And  we  ftiall  then  have 
XX  (=  27  —  2I*  =  27^*  —  2  X  27  X  2  +  &c)  = 
7*9  —  54  X  a  +  &c, 
and*'   (=  27  —  zl^  =27^*  —  3  X  27!'  X  z  +  &c 

=  ■^1  —  3  X  729  X  Z  ■\- 6CC  =  2y\'  —  2187  X  2+  &C) 
=   19683  —  2187   X  2  +  &C, 

and  «4  (=  aV — jel*  =:  27V  —  4  x  37I'   X  z  +  &c 

=:I^_4X  19683  XZ+ &c  =  ItV  — 78,73a  X2  +  &C) 

=  531,441  —  78.7.^»  X  2  +  &c, 
and  22874*  (zz  32S74  x  27  —  2  =;  22,874  x  27  —  22,874  X  2) 

=  617,598  —  22,8742, 

and  1091JM  (=  1091  X  729  —  54  X  z  4-  &c 

=  1091  X  7S9  —  1091  X  54  X  2  +  &c) 

=  79S>S39  -  58.9H  X  z  +  &c, 
.  and  34**  (=  34  x  19683  —  2187  x  z  +  &c 

=  34  X  19683  -  34  X  2187  X  2  +  &c) 

zr  669,222  —  74,358  X  z  +  &c, 
and  confequently  22874*  +  1091**  +  34**  +  *♦ 

=  617,598  —  22,874  X  2  "1 

+  795*539  -  58,914  X  2  +  &c    I  J  613,800  -  234,878  X  z  +  &c, 

+  669,222  —  74,358   X  2  +  &C     I  *>»ii,ow         *i^,o7o   A  *  T  «»., 

+  53^,441  —  78,73^  X  «  +  Sec  J 

Therefore  this  laft  quantity  2,613,800  —  234,878  x  z  +  &c,  will  be  equal 
to  the  abfolute  term  2,160,000;  and  confequently  (adding  234,878  x  z  to 
both  fides,)  2,613,80b  will  be  =  0,160,000  +  234,878  x  Zt  and  (fubtraiaing 
2,160,000  from  both  fides,)  234,878  x  »  Will  be  z=  453,800,  and  confequently 
2  will  be  =:  *-^.^-^°^  =  1.93.  Therefore  *,  or  27  —  2,  will  be  (=  27  —  1-93) 
=  25.07,  that  is,  the  root  of  the  biquadratick  equatioD  22,874*  +  1091**  4" 
34*'  +  **  =:  2,160,000  is  sc  25.07 ;  which  is  therefore  a  fourth  approxima- 
tion to  the  true  value  of  *  in  the  original  equation  —  +  -*~*  +     '    ^^ 

+  7iS;5Si +  &c  =  9. 
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14.  As  this  foi'.nh  approximation,  25.07,  to  the  value  of  *  in  the  originaT 
equation  agrees  witli  the  third  approximation  to  it,  27.05,  in  the  firft,  or  highefti 
figure  2,  we  might  conclude  (if  wc  did  not  already  know  the  true  value  of  *,) 
that  the  firft  figure  of  the  true  value  of  *  in  the  faid  original  equation  muft  be 
2,  though,  perhaps,  the  fecond  figure  of  it  may  be  lei's  than  5.  And,  furthei^ 
as  the  difference  between  the  third  and  fourth  approximations,  27.05  and  25.07, 
is  lefs  than  2,  whereas  the  difference  between  the  fecond  and  third  approxima- 
tions, 33.97  and  27.05,  is  more  than  6,  we  have  reafon  to  fuppofe,  (without 
taking  the  pains  to  try  it,)  that,  if  we  were  to  take  in  another  term  of  the  feries 
jL  +  tl—fL  +  "'  "l""  +  "  -f  &c,  and  fuppofe  the  five  firft  terms  of  it,  to 

10  200  6000  '^^  ' 

.       ;r  Jt<r— jr        x^—jxx+ix        x*—6x>+tixx-6je        x'—iox*+'}^x*—^axx+nx 

*  "10  100  6000  340,000  13,000,000  * 

to  be  equal  to  the  whole  feries,  and  confequently  to  9,  and  were  to  refolve  the 
equation  of  the  fifth  order  thence  refulting,  the  difference  between  the  value  of 
X  that  would  be  thereby  obtained,  and  the  laft,  or  fourth  value  of  it,"  25.07, 
would  be  lefs  than  i,  and  confequently  that  the  faid  fifth  approximation  to  the 
value  of  *  would  be  greater  than  24.  We  might  therefore  conclude,  without 
refolving  any  more  equations  for  the  purpofe,  that  the  true  value  of  *  in  the 
faid  original  equation  —  +  xx-x  ^  ^^  =  9,  or  of  the  index  *  in  the 

equation  i  +  — '  =:  i  o,  is  greater  than  24,  but  lefs  than  25 ;  and  this  conclu- 
fion  we  ftiall  now  proceed  to  verify  by  raifing  the  faid  binotual  quantity  i  +  — 
to  the  24th  and  25th  powers.. 

15.  Now  1  +  —  is  =  I.I ;  of  which  the  Iquare  is  1.21,  and  the  fourth 
power  isC=  i.zil*)  =  1.4641,  and  the  eighth  power  is  (~  i  .4641V)  =:  2.143, 
588,81,  and  the  fixteenth  power  is  (—  2.143,588,81^)  =  4-594*972j986,357, 
216,1.  Thereftjre  Tti^'*  is  (=  1.1 1"  x  ^^' =  4'594,972)986,357,2i6,i  x 
2.143,588,81)  =  9.849,732,675,807,611,094,711,841,  and  iTil"  is  ( =  iTi^** 
X    i.i    =  9.849,732,675,807,611,094,711,841   X  i.i)  =  to.834,70^,943. 

388,372,204,183,025,1.     It  appears  therefore  that  TTiA .,  or  I  +—     (which  is 


fuppofed  to  be  =  lo,)  is  greater  than  uv*,  or  i  +  — I  ,  but  lefs  than  IT?" 

or  I  +  -^1  ,  and  nearer  to  the  former  than  to  die  latter.  Therefore  the  index 
*  is  greater  than  24,  but  lefs  than  25,  as  we  had  concluded  it  to  be  in  eonfe- 
quence  of  the  foregoing  inveftigations.  We  therefore  now  know  for  certain 
that  the  two  firft,  or  higheft,  figures,  of  the  true  value  of  the  index  *  in  th« 
equation  1  +  -^1    =  10  are  24. 

1 6.  Wc  might  now  proceed  to  inveftigate  the  value  of*  to  a  greater  degree  of 
exaftnefsbytakinginfive,orfix,orfeven,ormore>tennsoftheferies—  +  **~* 
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4.  t-.lJf^.J.'f:  -I-  &c>  and  fuppofing  them  to  be  equal  to  the  whole  ferics,  and 
confequently  to  9,  and  refolving  the  equations  reftiking  from  fuch  fuppofitions. 
But  the  computations  neceffary  to  thefe  refolutions  would  be  found  exceflively  la- 
borious. We  (hall  therefore  lay  afide  the  equation  —  +  "~*  +  ^— ^^ — — 
+  £ec  =  9,  and  (hall  proceed  to  obtain,  in  iis  (lead,  another  equation,  of 
which  the  root,  or  unknown  quantity,  (hall  be  a  much  fmaller  quantity  than  x, 
and -(hall  ^ven  be  lefs  than  i,  and  in  which  the  powers  of  the  unknown  quantity 
fliall  confequently  form  a  decreafing  progreffion,  and  therefore  a  few  of  the  firft 
terms  of  the  feries  will  approach  much  nearer  to  an  equality  witli  the  whole 
feries  than  in  the  former  equation,  and  confequently  our  approaches  to  the 
true  value  of  the  faid  unknown  quantity  by  retaining  firft  one  term,  then  two 
terms,  then  three  terms,  and,  laftly,  four  terms,  of  the  feries,  and  fuppofing 
them  to  be  equal  to  the  whole  feries,  and  refolving  the  equations  rcfulting  from 
thefe  fuppofitions,  will  be  much  fwifter  than  our  approaches  to  the  value  of  x 
in  the  foregoing  operations.  This  may  be  done  in  the  manner  following. 
17.  Since  X  is  greater  than  24,  let  us  fuppofe  it  to  be  =  24  +  z. 

Then  will  i  +  — 1  be  =  i  +  —1  ,  and  confequently  =  10. 


will  be  =:  10. 


Therefore  9.849,732,675,807,611,094,711,841  x  i  +  — I   is  =    10;  and 

confequently  TT^  will  be  (=  ^°^^^°^'^'°'^^'^°'^>'>^'^'^o«>^    ^ 

^        '  10  *>  9.8+9,733,675,807,61 1,094,71 1,841       •' 

1.015,255,979,947,706,347,941,  &c.     We  muft  therefore  endeavour  to  find 

the  value  of  the  index  z  in  this  new  equation  i  +  — 1    =:    '•oi5j*55»979)947» 

706,347.941,  &c. 

18.  Now,  by  the  binomial  theorem,  i  +  — |   is  =  the  feries   i  +  z  x  ~ 

4     X  .^^  +  etc  _  I  +  -  +  __-  +  — g-~       + __ 

+  &c,  or  (to  eiprefs  the  terms  more  corredlly,  becaufe  2  is,  iri  this  cafe,  lefs 
than  I,  and  confequently  zz  is  lefs  than  z,  and  2 ♦  than  2*,)  1  +  —  — 

^^  +  . 1^ ' ,40.00.  '  '      +  '"^-    Therefore  this  fenes  i  + 

X  [z  —  XX  1%—%XX  +  X*  ftz—  USE   +  &=' S*      .       _  .,,   , 

V  -  '-13^  +  —ti ' TiS:^ +  «=<:  "'U  <"'  =  '■■"S-^SS. 

979>947>7°6>347)94i»  &c;  and  confequently  (fubtrafting  I  from  both  fides,) 
S  2  the 
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E  —  awe  +  K*        f6g  —  1 IKB  +  6ai'  ■ 


the  feries ' + ^-— » ^-- +  &c,  wiH  be  = 

10  too  6ooo  140,000 

0.015,255,979,947,706,347,941,  &c.    This  equation  we  muft  now  endeavour 

to  refolve. 

19.  Now  here,  as  in  the  former  equation  ~  +  lf_I_f  _|.  *--"-J^'  '  "  + 


140,000 

true  value  of  the  root  by  taking  in  more  and  more  terms  of  the  feries,  and 
fuppofing  them  to  be  equal  to  the  whole  feries,  and  confequently  to  the  abfo- 
lute  term  0.015,255,979,947,706,347,941,  &c,  and  then  refolving  the  equa- 
tions that  will  rcfult  from  ihefe  fuppoficions.  This  may  be  done  in  the  manner 
following. 

.  20.  If  we  fuppofe  the  firft  term,  — ,  of  the  feries  to  be  alone  equal  to  the 
whole  feries,  and  confequently  to  0.015,255,979,9,  &c,  we  (hall  have  z  —  10 
X  o.oi5,255,979>9,  &c  =  0.152,559,799,  &c;  of  which  the  two  iirft  figures 
.15  are  exaft.  For,  if  z  be  =  0.152,559,799,  &c,  we  fliall  have  *  (=  24  •#- 
z)  =  24.152,559,799,  &c,  which  agrees  with  the  more  exad.  value  of  ar,  to 
wit,  24.158,857,928,096,805,5,  in  the  four  higheft  figures.  Thb  is  no  incon- 
fiderable  approximation  to  the  true  value  of  2,  and  is  obtained  with  hopdly  any 
trouble, 

21.  This  firft  approximation  0.152,  &c,  to  the  value  (rf^  2  in  the  equation  — 

—  1 H ^ — 1 ^ +  &c   =  0.015,255,970,0, 

&c,  is  lefs  than  its  true  value,  becaufe  the  firft  term  of  the  feries,  — ,  is  not  lefs 
than  the  whole  feries,  (as  was  the  cafe  with  —  the  firft  term  of  dw  former  feries 

X      ,    XX  —  X    ,    tc'  ~  ^xx  +  tx    ,    X*  ~  6*'  +  iijrjf  —  6*,*      xu^*    ..      .1. 

i L  .     .  ■ ,    '    , -I-  &c,;  but  IS  greater  than 

10  100     '  6000  '  340,000  '  ** 

the  whole  feries,  on  account  of  the  diminution  of  its  value  by  the  fubtraftion  of 

the  following  term  -"*".  And  for  a  like  reafon  the  value  of  z  derived  from 
the  two  firft  terms  of  the  feries  will  be  greater  than  the  truth,  and  the  value  of 
it  derived  from  the  three  firft  terms  will  be  lefs  than  the  truth,  and  the  value 
of  it  derived  from  the  four  firft  terms  will  be  p-eater  than  the  truth,  and  fo  on 
alternately,  becaufe  any  odd  number  of  the  terms  will  be  greater  than  the 
whole  feries,  and  any  even  number  of  them  will  be  lefs :  all  which  is  the  con- 
fequence  of  z's  being  lefs  than  unity. 

22.  In  the  fecond  place,  let  us  fuppofe  the  two  firft  terms  of  the  feries,  to 


wit,  — 1^ — —f  to  be  equal  to  the  whole  feries,  and  confequently  to  0.015, 

2?5,Q7g,o  &c.  We  Ihall  then  have  —  — ■  *  ~^  (—  —■ — i*  ~  **)  —  0.015, 
855,979,9  &c,  or  '^-"^i^  =  0.015,255,979,9  8cc,  and  confequently  192  + 
zz  (=:  200  X  0.015,155,979,9  &c)  =  3.051,195,800,  &c,  and  =—    +    19Z 
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+  zz  (,=  ^  +  3.051,195,800  =£1+  ±J. 


=  iSiliS,  and  .  (J'^  -13  =  o^)  I  0..S9Z.    Therefore  0..5,. 

is  the  fecond  approximation  to  the  value  of  z  in  the  equation  —  _(lHE 

/ ■  i«  aoo 

a*  —  jisz  +  ai'        (6*  —  i  ixx  +  &«»  —  ««  . 

+  toS ' ^S^S:^ +  ''^  =  =-<"5.JSS.979.947.7o6,3+7. 

94r,  &c,  or  In  the  original  equation  i  +  ^"  =  1.015,255,979,947,706,347, 

9+''  '"^-  q.  E.  I. 

23.  In  the  third  place  let  m  fuppofe  the  three  firft  terms  of  the  foregoing 


feries,  to  wit,  the  three  terms  ^-1^+""^/"  to  be  eqml  to 

the  whole  feries,  and  confequend;  to  the  abfoluce  term  o.oi  c,2  (5,070  oa7  106 
347,941.  &c.  5.  ii..9/9>947,7°". 

We  (hall  then  have  iZ+JS  +  "-/"  +  ''    or  a'^'IC+^o"  ,   «-3«+.- 
100     '        «ooo      ■  6000        T       to; — . 

"'      6000       + S5;;       '  ""^ fa^J '    -   °-°'S.25i.979.947.7°«. 

347.941,  &c,  and  confequently  572Z  +  27ZZ  +  z'  (=  6000  x  0.015,255, 
979.947.7o*.347.94i,  &<:)  =  9i.J35.879.*86,238,o87,646,  &c.  We  miffl; 
therefore  now  refolve  this  cubick  equation,  5722  +  27zs4-a'  =  oi.eac  ftnn 
686,238,087,646,810.  ^  ^    i35.«79. 

Now,  if  we  fubftitute  0.1592,  or  die  value  of  z  derived  from  the  two  firft 
terms  of  the  feries,  (and  which  we  know  to  be  not  very  different  from  the  true 
value  of  z  in  thij  cubick  equation,)  inllead  of  z  in  the  compound  quantity 
572Z  +  27ZZ  +  z'  Cwhich  forms  the  left-hand  fide  of  this  equation)  we  thall 
bave 

2Z  (=  0.1592)*)  =  0.025,344,64, 
and  z'  (=  0.1592I')  =  0.004,034,866,688, 
and  27a:  (=  27  X  0.025,344,64)  =  0.684,305,28, 
and  (J1Z  (=  572  X  0.1592)  =  91.0624, 
and  confequently  572Z  +  27ZZ  +  z'  =: 
9t.o62,4 
+    0.684,305,28 
+    0.004,034,866,688  = 
9r. 750,740,146,688; 
which  is  greater  than  9t.535,879,686,238,o87,646,  &c,  or  rite  abfolute  term  of 
the  cubick  equation  5722  +  27ZZ  +  z>  =  91.535.879,686,138,087,646,  &c. 
Therefore  0.1592  mull  be  greater  than  the  true  value  of  z  in  that  equation. 
Let  us  therefore  fuppofe  the  value  of  z  in  that  equation  to  be  0.1592  —  v. 

Then  we  fliall  have 

zz  (=  0.1592  ^^?)'  =  O.I5921*  —  2  X  0.1592  X  V  +  &c 
=  0.15921"  —  0.3184  X  ^  +  &c) 
=  0.025,344,64  —  0.3184  X  »  + &c, 

and- 


,  Google 


AFPENDIX     TO    THE     F  0  B.  E  C  O  I  N  C     TRACT 


and  2;'  (=  0.1592  —  -pp  =  0.1592I'  —  3  X  0.1592V  x  v  +  &c 
=  0.1J92I*  —  3  X  0.025,344,64  X  f  +  &c 
=  0-1592^*  —  0.076,033,92  X  V  +  &c) 
=  0.004,034,866,688  —  0.076,033,91  X  f  +  2cc, 
and  confequently  5722  (=  572  x  0.1592  —  v 

=  572  X  0.1592  —  572   X  V) 

=  91.0624  —  572  X  -o, 

and  2722  (r:  27  x  0.025,344,64  —  0.3184  x  ^  +  &c 

=  27  X  0.025,344,64  —  27  X  0.3184  X  f  -i-  &c) 
=  0.684,305,28  —  8.5968  XV  +  &Cj 
and  5722  +  27ZZ  +  z'  = 
91-062,4  —  572  X  f 

+  0.684,305,28  —  8.5968  X  V  +  kc 

+  0,004,034,866,688  —  0.076,033,92  X  ^  +  &c 
=  91.750,740,146,688  —  580.672,833,92  X  v  +  8cc.  Therefore  this  laft 
quantity  91.750,740,146,688  —  580.672,833,92  X  V  +  &c  will  be  equal  to 
theabfolute  term  91.535,879,686,238,087,646,  8rc;  and  confequently  (adding 
580.672,833,92  X  V  to  both  fides,)  9 1. 7  50,740, 146,688  will  be  rz  91-535.879, 
686,238,087,646,  &c  -J-  580.674,833,92  X  V,  and  (fubtrafting  9i'535»879, 
686,238,087,646,  &c  from  both  fides,)  580.672,833,92  x  v  will  be  =  0.214, 

860,460,449,912.354.  and  confequently  J  wiU  be  (=  °''''^;\t^*^,']',"""'"*) 
=  0.000,370.  Therefore  z,  or  0.1592  —  v,  will  be  (=  0.1592  —  0.000, 
370)  =  0.15883.     Therefore  0.15883  is  a  third  approximation  to  the  true 

ax  —  jx»  4-  »'       f&E  —  1 1 JB5  +  6a'  —  x* 


value  of  2  in  the  equation  — ^~ , t — . r 

^  10         -  aoo  6000  140,000 

&c  —  0.015,255,979,947,706,347,941,  &c,  or  in  the  original  equation  i '+  —I 

=  1-015,255,979,947,706,347,941,  &c.  And  it  is  a  pretty  near  approxima- 
tion to  it,  the  four  firft  figures  of  it,  0.1588,  being  exu4.  For,  if  we  fuppofc 
z  to  be  =  0.15883,  we  (hall  have  *,  or  24  +  2;,  =  24.15883,  of  which  the  fitft 
fix  figures  24.1588  are  true,  the  more  accurate  value  of  *  being  (as  has  been 
already  obferved,)  24.158,857,928,096,805,5. 

24.  In  order  to  obtain  a  ftill  nearer  approximation  to  the  value  of  z  in  the 

X         tx  —  xx    ,     as  —  %«z  +  as'        ffcjs  —  i  ixx  +  62^  —  x*      ,      o 

equation — — 1 H ^ 1 -f  &c  ^0.015, 

^  10  aoo      '  6000  '  74«,ooo  ■" 

255,979,947,706,347,941,  &c,  let  us  fuppofe  the  four  firft  terms  of  the  faid 

feries  to  be  equal  to  the  whole  feries,  and  confequently  to  the  abfohite  term 

0.015,255,979,947,706,347,941,   &c,  and  refolve  the  biquadrauck  equation 

that  will  refult  from  that  fuppofition. 

3X8  +  SB*  {fix  —  I  tZ8  +  6z'  - 


The  four  terms 1 f- — ' r-rrr- are  equal 


6000  240,000 


to 

S7« 

+  a?**  4- 

«» 

6000 

|6, 

-  1 

xx  +  bx^ 

—  ** 

f6g  —  I  laia  +  bx^  — "y*  _  40  x  S?'"  +  4°  X  '7g=«  +  4t»' 

340,000  *"  140,000 

__    £2880%  +  io8oi!3!  4-  40«*  f 6  z  —  1 1  aa  +  6  z*  —  g* 

"■  340,000  240,000 
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»874»  +  .09.»»  +  34»'  +  '=*.    Therefore  this  laft  qmnrily  "^^^  +  "^'"  +  J^'  +  '* 

140,000  ^  '  240,000 

is  =  0.015,255,979,947,706,34.7,941,  &c;  and  confeqiiently  128742;  +  1091 
Z2  +  34a*  4-  2."  is  (=  240,000  X  0.015,255,979,947,706,347,941,  &c)  rr 
3661.435,187,449,523,505,840,000,  &c.  We  muft  therefore  now  endeavour 
to  refolve  this  biqiiadratick  equation  228743  +  109122  +  342*  +  a*  —  3661* 
435''87.449.5i3»5o534o»ooo,  &c. 

25.  Now  we  know  that  the  root  of  this  equation  cannot  differ  much  fiom 
the  root  of  the  laft  cubick  equation  5722  +  2722  +  2'  =  91.535, 879,6!;6, 
238,087,646,  &c,  which  was  found  to  be  0.15883.  We  will  thereifore  fubfti- 
tutc  0.15883  inftead  of  2  in  the  compound  quantity  228742  +  109122  +  342' 
+z*  (which  forms  the  left-hand  fide  of  the faidbiquadratick  equation,)  in  order 
to  fee  whether  the  value  of  the  faid  compound  quantity  reliilting  from  fuch 
fubfUtution  will  be  greater,  or  lefs,  than  the  abfolute  term,  3661.435,187,449, 
523,505,840,000,  &c,  of  the  faid  biquadratick  equation,  and  confequently 
whether  0.15883  is  greater,  or  lefs,  than  the  root  of  the  faid  equation. 

Now,  if  2  be  fuppofed  to  be  —  0.15883,  we  (hall  have  22  =  0.025,226, 
.968,9,  and  2'  =  o.oo4,oo6,799,47o>387,  and  2*  =:  0.000,636,399,959,881, 
567,21,  and 

22,8742  (=:  22i874  X  0.15883)  —  3633-077»42, 
and  109122  (=  109 1  X  0.025,226,968,9) 
=  27.522,623,069,9, 

and  342'  (=  34  X  o.oo4.oo6,799,47o»387) 
=  0.136,231,181,993,158, 
and  coafequently  22,8742  +  logiea  +  342'  +  «•  = 
3633.077,42 
+      27.522,623,069,9 
+        0.136,231,181,993,158 
+        0.000,636,399,959,881,567,21 
=  3660.736,910,651,853,039,567,211  which  is  lefs  than  3661.435,187,449, 
523,505,840,000,  &c,  or  the  abfolute  term  of  the  equation  22,8742  +  109122 
+  342' +  2*  =  3661.435,187,449,523,505,840,000,  &c.    Therefore  0.15883 
is  lefs  than  the  true  value  of  z  in  that  equation, 

26.  Let  us  therefore  fuppofe  a  to  be  =  0.15883  +  w,  and  let  this  quantity 
be  fubfbtuted  inftead  of  2  in  the  terms  of  the  faid  biquadratick  equation,  but 
with  an  omiffion  of  all  the  quantities  that  (hall  be  found  to  involve  either  w% 
or  w%  or  w*.    And  we  fhall  then  have     

22  (=  0.15883  4- «')'  =  0.15883I'  +  2  X  0.15883  X  w  +  &c- 
=  0.15883]'  +  0.31766  x-at  +  &c) 
=  0.025,226,968,9  +  0.31766  X  IB  4-  8ec, 
and  2>  (=  0.15883  +wl'  =  0.1 5883V  +  3  X  0.158831*  X  te>  +  Src 
=  0.15883!'  +  3  X  0.025,226,968,9  X  TO  +  &c 
=  0.15883I'  +  0.075,680,906,7  X  w  4-  &c) 
=  0.004,006,799,470,387  4-  0.075,680,906,7  X  w  4-  &c, 

and 
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and  2*  (=  0.15883  +  wY  =  O.I 5883!*  +  4  x  0.15883I'  x  w  +  8cc 
=  0.15883!*  +  4  X  0.004,006,799,470,387  X  w  +  &c 
=  0.15883!*  +  0.016,027,197,881,548  X  w  +  &c) 
=  0.000,636,399,959,881,567.21  +  0.016,027,197,881,548  X»  +  &C, 
and  228742  (=  22,874  X  0.15883  +  w 

—  22,874  X  0.15883  4-  22,874  X  «) 
=  3633.077,42  +  22,874  X  to, 
and  1091Z2  (=  1091  X  0.025,226,968,9  +  1091  X  0.317,66  X  w) 

=  27.522,623,069,9  +  346.567,06  X  ot  +  &c 
and  342'  (=  34  X  0.004,006,799,470,387  +  34  X  0.075,680,906,7  xw  +  &c) 
r;  0.136,231,181,993,158  +  2.573,150,827,8  X  o"  +  Sec, 
and  confequently  22,8742  +  109122  +  34  2'-|-  2*  = 
3633.077,4^  +  22,874  X  w 
+      27.522,623,069,9  +  346.567,06  X  w  +  &c 
+        0.136,131,181,993,158  +  2.573,150,817,8  X  «»  +  &c 
+        0.000,636,399,959,881,567,21  +  0.016,027,197,881,548  X  w  +  &c 
=  3660.736,910,651,853,039,567,21  +  23,223.156,238,025,681,548x0'  + 
&c.    Thcreforethislaftquantity  3660.736,910,651,853,039,567,21  +  23,223. 
156,238,025,681,548  x  w  +  JBcc  will  be  =  the  abfolutetenn  366 1.435, 187,449, 
523,505,840,000,  &c;  and  confcquendy  (fubtraftiiig  3660.736,910,651,853, 
039,567,21  from  bothfides,)  23,223.156,238,025,681,548  X  to  will  be  —  0.698, 
276,797,670,466,272,790,  and  therefore  w  wUl  be  =  °-»98.-f>.797.670.tM.-7..79o 

*/     *I71'    7     'T       '     /     '17    '  23,123.156,238,01^,681,548 

=  0.000,030,0.    Therefore  2,  or  0.15883+  w,  will  be  (=;  0.15883  +  0.000, 
030,0)  =  0.158,860,0,  or  0.15886,  and*,  or  24  ^z,  will  be  =  24  +  0.15886, 

or  24.158,86;  diat  is,  die  index  *  in  the  original  equation  i  +  — F^iois^ 

24.15886. 

27.  This  value  of  x  is  exaft  in  the  firft  fix  figures  X(.i588,  and  differs  only 
by  an  unit  in  the  next  figure  from  the  true  value  of  *,  which  is  (as  we  have 
before  obferved,)  24.158,857,928,096,805,5. 

28.  The  labour  of  refolving  the  laft  equadon  was  fo  confideirable,  and  the 
progrefs  made  by  it  in  our  approach  to  the  value  of  2  was  fo  fmall,  (the  value 
of  2  obtained  by  it,  to  wit,  0.15886,  being  not  more  exa&  than  the  next  pre- 
ceeding  value  of  it,  to  wit,  0.15883,  by  fo  much  as  one  figure,  but  only  ap- 
proaching nearer  to  the  truth  in  the  fifiJi,  •  or  laft,  figure,)  that  it  would  be  by 
no  means  expedient  to  feek  for  a  nearer  approximation  to  the  value  of  2  by 

takine  in  more  terms  of  the  fenes 1 4 -—^ ' -^- 

°  10        300     '        6000  340,000 

+  &c,  (as,  for  example,  five  terms,  or  fix  terms,  or  feven  terms  of  it,)  and 

fuppofing  them  to  be  equal  to  the  whole  feries,  and  confequently  to  the  abfo- 

lute  term  0.015,255,979,947,706,347,941,  &c,  and  refolving  the  equations 

refulting  from  fuch  fuppoficions.     But  this  purpofe  will  be  much  better  anfwered 
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6000 


by  dropping  all  fiinher  tonfiderarion  of  the  equafitJn  •~^—*~ 

-  ^^""'^to^'""  +  8tC  =  0.015,255,979,947,706,347,941,  &c,  and 
derivbg  from  the  value  of  z  already  found,  to  wit,  24.15886,  another  equation 
in  which  the  uoknoAvn  quaatky  Ihall  be  a  quantity  much  lefs  than  z,  or  o.i  5886 ; 
as  we  before  dropped  the  confideration  «tf  the  firft  equation  -^  +  ^~*  + 
-6**  +  ii«*- 


6000  340,000 


■»-» —    I     —  .  - 

10  »na       ~  fioaa 


of  the  fecond  equarion  • . -r ? 

^  10  100     '  0000  240,000 

&c  =  0.015,255,979,947,706,347,941,  StCi  This  may  be  done  by  com- 
puting the  value  of  the  24.i5886ih  power  of  the  binomial  quantity  i  H by 

means  of  Sir  Ifaac  Newton's  binomial  theorem,  in  order  to  difcover  whether 
the  faid  power  is  greater,  or  lefs,  than  10,  or  i  +  — r,  and  confequently  whe- 
ther the  index  24.15886  is  greater,  or  lefs,  than  the  indek  x ;  after  which  we 
may  fuppc^e  x  to  be  equal  either  to  24.15886  —y,  or  24.15886  -I- jr,  (that  is, 
to  24.15886  —yy  if  it  is  lefs  than  24.ii;8S6,  and  to  24.15886  -H  j',  if  it  is 
greater  than  24.15886)  and  thereby  obtam  another  equation  of  which  y  fliall 
be  the  root.    This  may  be  done  in  the  tnanner  following. 

29.  By  the  binomial  theorem  1  +  ^1  is  =  the  fertes  i  +  24.15886 

X  i  -H.4..  J886  X  '.^  K  i'+  «+..5«86  X  'J:!^  X  ^  x 
— —  +fcc  =  (if  the  fitft,  fecond,  third,  6«irtli»  and  other  following  tenns  of  the 
feries  be  denoted  by  th«  caf»tal  letters  A,  B,  C,  D,  &c,  refpefttrely)  i  + 

»4- 15886  ^  ^    .     33-'5886   J-    B     .    »-iS«86  ^   ^   -I-   ^'-'S"^  X  D  +  '^'^^^^ 
10  ^2X10  ~5Kio^         '''4x10  -JXIO 

X  E  +  a!i!!!  X  F  +  i;i2?  X  G  +  ^:li25  X  H  +  Iili5»  x  I  + 
'    6  X 10         ^7x10  .  a  X 10         ^  ^  X  i« 

UiSHS  X  K  +  il:ii5!5  X  L  +  '-2:11525  x  M  +  iiaH*  x  N  +  11:1525 

lo  X  lo  ^^11X10  ^    i»  X  lo  ^    13  X  lo  ^14x10 

'     ijxio  ^16x10        ^^^17x10  ^18x10 

X  Y  +  ills!??  X  Z  +  2^^  X  A'  +  &c  ed  mfinitum 
^    J4X 10  ^    ajx  10  ^  ■* 

=    1.000,000,000,000,000,000, 

+  2.415,886,000,000,000,000, 
+  1-797,458,282,498,000,000, 
+  2.066,282,881,257,121,076, 
+  1.093,004,755,122,901,321, 

+  0.440,674,596,757,136,970, 
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+  0.140,713,715,080,440,686, 
+  0.036,504,866,460,365,873, 
+  0^07,829,344,689,901,419, 
+  0.001,405,703,163,731,782, 
+  0.000,113,088,574,605,671, 
+  0.000,027,428,102,685,829, 
+  0.000,003,007,688,027,570, 

+  o.ooo,ooo,28i,3o8,i3j,776, 
•f  0.000,000,022,421,986,457, 
+  0.000,000,001,518,545,475, 

-i-  0.000,000,000,086,925,908, 

+■  0.000,000,000,004,175,519, 
+  0.000,000,000,000,166,066, 
+  0.000,000,000,000,005,383, 
+  0.000,000,000,000,000,138, 
-t*  0.000,000,000,000,000,002, 

+  &C 

=  10.000,001,974,734,858,821,  &c;  which  is  fomewlut  greater  thaa  10. 
Therefore  24.15886  is  a  little  greater  than  the  index  x  in  the  eqmtion  i  +  ^ 
s:  10. 

30.  In  order  to  obtain  the  value  of  «  to  a  ftiU  greater  de^ee  of  exa£bicfs» 
let  us  fuppofe^  to  be  the  difierence  by  which  24.15886  exceeds  it. 


:  10  X  I  +- 
But  we  have  juft  feen  that  i  +  -^  *"  is  =  10.000,001,974,734,858, 
821,  &c.  Therefore  10.000,001,974,734,858,821,  8cc,  is  =  10  X  i  +  ^> 
■  and  confequcntly  TT^'  "  =  ■■'■°°°.°°--«*??4'«i'-°"- «'  =  1.000.000.197, 
473,485.882,1,  &c.  We  muft  therefore  now  endeavour  to  find  theyalueof 
the  index  Jf  in  the  equation  1  +  — r  =  1.000,000,197,473,485,881,1,  &c. 
31.  Now,  by  the  binomial  theorem,  t  + -^  is  =  the  feriej  1  +jrxi+^ 

X  4^  X  ;i; +jr  Xi^  Xi^  X  ^  +  jr  Xi^  Xif^  Xi^  X 
•0,000  T  "V  _   I   -r  ,„  T     ,„     T  f„„  T  240,000  ^  
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J  +  i_|ZEi+2lr^±2!-SZiHES    +    &c.     Therefore  the 

10  aoo  ^^^^    0000  240,000 

ftries  ,  +  l-J^Es  +  ■r-v/+^_f^..j  +  6,--r  +  &<:  will  be  =: 

10  3AO  <10OO  340,000  ' 

1.000,000,197,473,485^882,1,  £fc;  aqd  confequeiuiy  (fubtrafting  i  from  both 
Sdes,)  the(eri«i-Ei  +  'f-^>'  _ (» -  . .i>  +  <!>' -7'  ^  j,^  „m  tc 

'^  lo  300  6000  140,000 

==0.000,000,197,473,485,882,1,  .&c.  This  equation  we  mud  now  endeavour 
to  refolve. 

32.  Let  us  therefore,  in  the  firft  place,  fuppofc  the  firft  term  —  alone  of  the 
)aft-inentioned  feries  to  be  equal  to  the  whole  feries,  and  confequently  to  the 
abfolute  term  0.000,000,197,473,485,882,1,  &c.  Then  will  y  be  ^=  lo  X 
0.000,000,197,  ^*^)  ==0.000,001,97,  &c,  and  cpnfequently  «,  or  24.15886 

—  jf,  will  be  (;=  24.15886  —  0.000,001,97)  =  24.158,858,03;  of  which  tlie 
firft  fcvcn  figures,  24.158,85,  arcexafl::  fo  that  this  &rft  approximation  to  thef 
value  of  y  (which  has  been  obtained  by  the  refolution  of  an  eafy  fimple  equa- 
tion,) enables  us  to  determine  the  value  of  24.15886  —  j-,  or  «,  to  one  ^urc 
^ore  than  we  had  found  before. 

33.  In  the  fecond  place,  let  us  fuppofe  the  two  firft  terms  of  the  laft-men- 

tioncd  feriej,  to  wit,  the  terms  ~ — y''P ^  to  be  equal  to  the  whole  feries,  and 
confMuemly  to  0.000,000,197,473,485,882,1,  &c,  and  then  feek  thfe  value  of 
y  refutting  from  this  fuppofitJon.  ^^^ 

We  Ihall  then  have  ^  -(ZEi  =  !2Z  „(lEi  =  IXlM^  and  confequently 

JO  aoo  «00  300  300  ^  ' 

VP. .  -y  :=  0.000,000,197,473,485,882,1,  &C,  and  ijy  -^xf  (=  ^<*  **  0^00, 
000,197,473,485,882,1,  8cc)  :=  0.000,039,494,697,176,420,0,  &c.  Tbefe- 
foi^  l_i  4.  ijyi  ■\- yy  will  be  (=  * —  +  0.000,039,494,697,176,420,0,  &c  = 
gfei      ,     4  X  o.00Q,039.494.697,iy6.4to«o,  >o    —    3*£      .     0.000, i t7.q78. 7 W.70^6Bo,o. 

^  36,.ooo,.S7.978.7g«'?''?'^«°>°;  and  confequelitly  -^  +  jr  wUl  be  (= 
V36i.ooo,tS7,978,788,?os,68o,o.  _  i9.ooo.oc4,ii7  -nd  y  wUl  be  i"  ">'»o»'»4.'S; 
^22.—  o.ooo^4i' 57^  _  0.000,002,078;  and  confequently  *,  or  244x5886 

—  7,  will  be  (=  44.158,860,000  -^  0.000,002,073)  =  24.155,857,922;  of 
which  number  the  fiiift  ten  figures,  24.158,857,92,  are  cxaft,  the  more  accu- 
rate value  of  the  index  x  in  the  equation  i  -J 1    =10  being  (as  we  bavQ 

already  obferved,)  24.158,857,928,096,805,5. 

34.  Of  thefe  ten  figures,  24.158,857,92,  which  are  exaft,  the  Ttii  figure  5 
was  obtained  by  the  refolution  of  the  fimple  equation  —  =::  0.000,000,197,473) 
485,882,1,  Sec,  and  the  three  next  figures  7,92  haveiieen  obtained  by  the  refoiu* 
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tion  of  the  quadratick  equation  —  —  I— ^^  =:  o.ooo,ooo,i97,473,485,88«,i, 
&c.  And  more  figures  of  the  value  of  x  might  in  like  manner  be  obtained  by 
retaininff  three,  or  four,  or  more  terms  of  the  feries  —  —  V~^  +  ^^7P?^^ . 
-.  [y  -  "tJ?  +  ^  —f  ^  8cc,  and  fuppofing  them  to  be  equal  to  the  whole 
feries,  and  confequently  to  0.000,000,197,473,485,882,1,  &c,  and  refolving 
the  equations  refulting  &om  fuch  fuppofidons.  But  the  labour  of  performing 
thefe  refolutions  would  be  very  conliderable,  and  the  number  of  new  figures  of 
the  value  of  x  which  we  ftiould  thereby  obtain  would  be  but  fmall.  For  I 
have  tried  the  two  next  equations,  to  wit,  the  cubick  equation  that  refults  from 
a  fuppofition  that  the  three  firft  terms  of  the  faid  feries  are  equal  to  the  whole, 
and  confequently  to  0.000,000,197,473,485,881,1,  &c,  and  the  biquadratick 
equation  that  refults  fi'om  a  fuppofition  that  the  four  firft  terms  of  the  faid  feries 
are  equal  to  the  fame  quantity,  and  I  have  found  that  the  root  of  fuch  cubick 
equauon  has  been  =  0.000,002,071,400*  and  that  the  root  of  fuch  biqua- 
drui<k  equation  has  been  =  0.000,002,071,941,6,  and  confequently  that  the 
value  of  X,  or  24.15886  — ^,  obtained  by  means  of  the  faid  cubick  equation, 
has  been  (=  24.158,860,000,000  —  0.000,002,071,400)  =:  24.158,857,92s, 
600,  of  which  the  firft  eleven  figures,  24.158,857,928,  are  exaft,  and  that  the 
value  of  X,  or  24.15886  ~y,  obtained  by  means  of  the  faid  biquadratick  equa- 
tion," has  been  (=  24.158,860,000,000,0  —  0.000,002,071,941,6)  =  S4.158, 
857,928,0^8,4,  of  which  the  firft  twelve  figures,  24.158,857,928,0,  arc  exaft. 
So  that  the  refolution  of  thefe  two  equations  gives  us  only  two  figures  of  the 
true  value  of  x  more  than  wc  had  before  obtained  by  means  of  ue  foregping 
quadratick  equation.  In  order  therefore  to  obtain  the  value  of  '*  exaft  to  a 
few  more  figures  than  the  ten  figures  24.158,857,92,  which  were  obtained  by 
the  refolution  of  the  foregoing  quadratick  equation,  we  will  have  recourfe  to 
another  method  of  proceeding,  which  will  be  lefs  laborious  than  the  refolution 
of  either  the  cubick  or  the  biquadratick  eqiution  that  have  been  juft  men- 
tioned, and,  h  fortiori^  lefs  laborious  than  the  refolution  of  any  of  uie  higher 
equations  that  would  refult  from  the  fuppofition  that  more  than  four  terms  of 
the  foregoing  feries  were  equal  to  0.000,000,197,473,485,882,1,  &c,  and 
which  will  give  us  four  additional  figures  of  the  true  value  of  k  above  the  ten 
figures,  24.158,857,92,  already  obtained  by  means  of  the  foregoing  quadratick 
equation.    This  medit>d  of  proceeding  is  as  follows : 

35.  Let  all  the  quantities  that  form  the  left-hand  fide  of  the  equati<»i  ^  — 

EEi+  y,-3?'+-''-t^^-"^+±i:i>l  +  &c  =  0.000,000,197,473,485, 

•lOD        '  600«  140,000  '  '  '    7ltfl^>-f    Jl 

882,1,  &c,  be  ranged  in  feparate  lines  according  to  the  feveral  powera  of  >, 
thofe  involving  the  fimple  power  of  y  being  placed  in  the  fir^,  or  hi^efl  line, 
and  thofe  involving  yy»  or  the  fquare  of  y^  being  placed  in  the  fecond  line, 
and  thofe  involving  y*,  or  the  cube  of  y,  being  placed  in  the  third  line,  and 
thofe  involving  y\  or  the  fourth  power  oi  y,  being  placed  in  the  fourth  line, 
and  fo  on  of  me  following  powers  of  j.    And  we  fliall  then  have 
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i—    /      j       »     .,        ^         I  W  "» 

10         300  ^^  6000         340,000         11,000,000        740,000,000 

+  JZ._  J2.+  _lie sqy      ,       ^7^7 

300     6000     240,00a"    11,000^000  *^  710,000,000 

~  6o«o        940,000        11,000,000        720,000,000 

+  ^ —   ,">♦    +  .y 

J4fli000       »,ooa»oeo       720,000^000 

+  _j: LS2:_ 

-   M,aae,ao9       720,900^009 

+  — 2^— 

710,000,000 
A  o.oo6,ood,i97^73,485>882,t,  &c 

But,  becsurcj*  is  aa  exccedine  finall  quapttcf  in  comparifoa  of  uni^;  (beit^ 
=  to  about  0.000,002,  or  — ^— ,  or — ,)  it  is  evident  that  all  the  powers 

'  '  1000,000  J00|000''^  *     . 

of  J*  will  be  extreipely  linall  in  comparifon  o£y  itfelf,  and  confequentty  that  all 
the  quantities  contained  in  the  fecond,  third,  fourth,  fifth,  fizth,  and  other  fol* 
lowing  lines  of  the  oompoood  qu&ntity  that  forms  the  left-hand  fide  of  the 
foregoing  equation,  will  be  extremely  fraall  in  comparifon  of  the  quantities 
contained  in  the  £1^  At.  upper,  Uncdf  it,  *hich  invotrronly  the  fimplc  power 
of  ^,  We  may  therefore,  without  erring  mufh  fronj  the  tryth,  confider  the 
quantities  contained  in  the  upper  line  alone  as  bcingequaltb  all  the  quandties 
contained  in'  all  the  lines  tc^ether,  and  confequendy  to  the  abfcdute  term  o.oooj 
000,197,473,485,882,1,  &c;  and  then  the  foreg(»iig  equadon  will  be  con- 
verted mto  the  fi^Iowioe  one,  to  wit,  '^ —  -^  +  3U  -m 2 H  — ^ — 

°      '        '10     200  '  OOOO     240,000     13)000,000 

*' 4-  iBic'=  o.ooo,ooo,iQ7,473,48<,8S2,i,  &c,  or  ■^—  ■■   ^     ■ 


710*000,000 


a  X  3  X 1000        a  X  3  X  4  X  10,000  ^  1X5X4XSX  100,000        3.3.4.5.6  X  1000,000 

4>  &c  =  o.ooo,oooiio7,473^48c,882,i,  &c,  or-^—  — ^^- +  — 2 _ 

T  »        »  yi*Tio*T'S'        *»         y        j(j        3XJoo^3X  1000 

■4rTr~  *-  g-  — ^  ■ —  +  See  =■  0.000^00,107,473,485,882, 

100.000  6  ie  loeo.aoo     '  -  rr       >    :»/»-r/j*-r    jj  > 


4  X  ie,ooo    5  X  100,000    6  X  1000,900 

1,  &c,  or  r   X  the  infinite  fcric*  —  —  — ^ { ' i + 

'  10       3  X  100       3  X  1000       4  X  10,000 

5x1^,000  -  6x.^ooo  +  ^^  =  0.000.000,197^73,485.882,1,  8ic,  or  (if 

we    denote    the    fevend    terms    — ,  — ^ — ,  — 1-^-»,  — ^ , ^ — -, 

10    3  X  100    3  X  1000    4  X  10,000'  s  X  100,000 

t  X  ioooj>oo'  ^^*  ^  *^*  foregoing  infinite  feries  by  tlie  papitfl  letters  A,  B,  C,  D, 

E,F,&c,refpe(ai?ely,)i'  x  Ac  infinite  feries  —  —  — )—  x  A  +  — —   x   B 
'      ^  "^''  10       1 X  10  '    }  X  10 

"  TTTo  ^  ^  ■*■  jhi  ^  ^  "■  rrro  X  E  +  &c  =  o.ooo,ooo,i97.473» 
485,882,1,  &c.  We  muft  therefore,  in  th^  ne^t  place,  ctwipute  the  value  of 
this  infinite  feries  to  as  great  a  degrae  pf  ex^tlnpfg  as  wp  (hall  think  necefiary  ; 
which  will  not  be  very  diiUcult,  becaufe  the  faid  feries  evidently  converges  with 
a  confiderable  ^egree  of  fvyifioefs,  cverynew  term  of  it  being  lefs  than  a  tenth 

part 


y  Google 


«4» 


AH     APPEHDIX     TO    THE     FOREGOIl 


part  of  the  foregoing  tenn-  And  when  this,  value,  wWch  we  will  call  S,  is 
obtained^  we-flialt  have  y  x^  —  0.000^00,197,473,485,882,1,  &c,  and  con- 
fequemly^  =  o.ooo.aoo.rgT^7M8sJ8^>..  a.^^  .     ' 


The  CompufatitH  oftbt  htfimte  Series  -^  -  ~^  X.  j1  +  -—^  X  5  -  — 1- 

^  ^  -^  fh^  X  D  -  j^  X  £  +  fc?f  aditifinitum. 

36.  NOW  the  infinite  feries  -^  -  j^^-j^  X  A  +  ^—-^  x  B  -  ^^  x 


A  is  —  —  =:  0.100,000,000,000,000,000, 
B  is  =    ■''  ■  X  A  ^  0.005,000,000,000,000,000, 

^  =  TTIS  X  ^  =  0-000,001,999,999,999,999, 


H=g-j^  X  G  =  o.ooo,oop,oo  1,^49,999,399,  . 

1   =  '    X  H  =  0.000,000,000,111, III, Ilia 

K  =  — ^-— -  =  aooo»ooo,ooo,Q09,9ji9,9S9, 
L  =  -  —-~  =  o-ooo,oooyooo,ooo,909,oj)o,  . 
M=^^j —  =  0.000,000,000,000,083,333, 
N  =  — zi  0.000,000,000,000,007,692, 

O  =  — i——~  ZZ  0.000,000,000,000,000,7 14, 

p  =  -^ —  6.000,000,000/300,000,066, 

Qj=  -j'^  —  =  0.000,000,000,000,000,0<)6, 

R  =  I  —^  sr  0.000,000,000,000,000,000. 

Therefore  A  +  c'VeV  G  +  1  +  L  +  N  +  P  +  Rare  = 
o.  1 00,000,000,000,000,000, 
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+  ••■•.-.  1. 999.999.999.999. 
+  -.•,.....  I4,»8j,7i+,i85, 

+   ....,. ..„.., HI, III, III, 

■f  •...,...,...,...  ,909,090, 
+  -......,...,...,..7,692, 

+  ....,...,...,...,...,.66, 

^0^100,33^,347,731,075,576  ;■  md  B  +D  +  F  +  H  +  K  +  M  +  0+Q. 

0.005,000,000,000,000,000, 

+  ••••..  24,999.999.999.999. 
+  ,166,666,666,666, 

+  ...........1.249.999.999. 

+  -......,...,..9,999,999, 

I  •■••• .•••.•83,333.. 


+ 


.7'4. 


_  ■        +  ••". ,..6, 

—  o.o05joy,it7,926,75o,7i6j  uul  confequently  A•^C  +  E  +  G4.I* 
+,  V  '^^  ^^-  ?>-  S  -  "  -  "  -  "^  -  M  -  O  -  Q.  &c,    „,    i, 

o-ioo,335,347,73T,o75,576 
—  0-005,025,167,926,750,716 
=  0.095,310,179,804,32*860,  &c 

Therefore  the  infinite  feries  ~ i_  v  a  j.     '      v  R  _      3     v  r 

.o       ix.o^ ''+JX10  '^  "~  JITTJ"^ 

^Jf  ,S  ""  '"  10  IXIO^JXIO         4x10    ^' 

Txlo  ~  iTTo  +  *"^'  "'  *'  f'""  S.  «  =  o.o9J.3"o,l79,8o4,3a4,86o,  &c. 

li  B.  I. 

37.  Therefore ;r  x  the  feries  S  ii  =  j.  x  O.095,jto,i79,8o4,324.8«o.  &cj 
Md confequently;.  X  0.095,310,179,804,324,860,  &c  15=0.000,000,197,473, 
485,882,1,  &c,  and^  is  =  o.°°°,°°°..<7,4;i.t6t,88.....„  _ 

„o,       Xl,„rf  o.»?i,3'<'.7».8<'4,3.*86o.S«:    -0^0.002,071,903, 

403.    Therefore*,  or  24.15886— ^,15 

—  24.158,860,000,000,000 
^_  ^    0.000,002,071,903,403 

H.24jJi'''J7>928,096,597,  or  the  value  of  the  index  x  in  the  ori^nal  equatioB 

'  +7;  =  10  is  24-158,857,928,096,597;  of  which  number  the  firft  14 
figures  24.158,857,928,096,  are  emft,  die  more  accurate  value  of  »  being 
24.158,857,928,096,805,5.  * 

■  u*"  ^'■"*'^  ™  proportion  of  the  ratio  of  jo  to  1  to  the  ratio  of  1 1  to  10 
1!  tto  of  the  number  24.158,857,928,096,597  to  i,  or  (becaufe  597  b  nearly 
=  600)  diat  of  24.158,857,928,096,6  to  I.  i  a.  I. 


39.  CorolV 
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39.  Coroll.  The  proportioh  tif  24.1  j8>857,9z8,096,6  to  i,  is  equal  to  that 

of  I  to =-5-^ — 5 — j-^,  or  o.b4i,392,i5S«,i58,a28,2o.    Therefore,  if  i  be 

34,158,857,918,096,6'  ^  'jy.:     -f'  ■i.'...'-y  • 

taken  for  the  reprefentatire  oi  the  magnitude  of  the  r^o  of  10  to  i,  (as  it  is  in 

Briggs's  fjKlem  of  logarithms,)  0.041,392,68 j,i  58,818129  will  be  the  reprefenta- 

tive  of  the  lefler  ratio  of  1 1  to.  10 ;  or,  in  other  wofds,  the  logarithm  of  the 

fmall  ratio  of  11  to  10  in  Briggs's Tyftem  of  iogarithmi  will  be  0.041,392,685, 

158,228,29  ;  of  which  number  the  Aril  tbirteevi  6g\B'es  o.04i,39Z,685«i58tZ3, 

are  exaft,  the  more  accurate  value  of  this  logarithm  (as  computed  l^-Mr. 

Abraham  Sharp,)  being  0.041,392,685,158,225,040,750. 

40.  And  in  the  fame  manner  we  may  compute  Btiggs's  logarithms  of  the 
ratios  of-  to  to  9,  or  of  i  +  —  to  i,  and  of  81  lo  80,  or  of  1  +  53  '^  i,  and 

of  121  to  120,  or  of  I  4-  ~to  t,-aod  of  2401  to  2400,  or  of  1  +  —  toi, 
and,  in  general,  of  ra  4-  i  to  m,  (m  being  atiy  whole  number  whatfoever,)  or 
of  t  +  ~  to  I,  by  firft  finding  the.values.  of  tbeindex  x  in  the  feveral  equa- 


aons  I  +  *-'  sx  10,  I  4*  A*  t=  ii 
and,  in  general,  i  +  — "  =10*  and  then  dividiog  1,  byih?  Tuduos.flf*  fo 
found ;  the  feveral  values  of  — ,  or  quotients  tif  Tuch  diyifions>  being  the  loga- 
rithms of  the  faid  ratios  of  i  -f  ^^  to  i,  and  of  i  -|-  ^  to  i,  and  <*f  '  +  "t: 
to  I,  and  of  i  4.  -^.^-tO  i,  and,  in  iMfaeral,  of  i  +  —  to  i,  or  of  the  ratios 
of  to  to  9,  and  of  81  to  So,  and  of  121  to  120,  and  ^ai^t  to  !b^oo,,and, 
in  general>  of  m  4-  .1  10  n,  in  Briggs's  fyftem. 

41.  Tl^s  method  of  computing  logandims  is  not  to  be  compared,  in  point 

of  eaTe  and  expedition,  to  either  of  the  two  logarithmick  feriefes  k +  — 

^  il  +  iJL  —  £.+  tcCitd  ik/mitam.  and  *  +  —  +  il-+  —  +  *^  +  4 
+  &c  aJ  infinitum,  which  *ere  invented  by  Mr.  Mefcator  and  Dr.  Wallis. 
But  it  polTefies  the  advantages  recommended  by  t>t.  Halley,  of  being  derived 
from  the  abftrad  nature  of  ratios  and  the  pure  principles  of  arithmetick,  with- 
out the  afliftance  of  the  hyperbola,  or  any  other  geometrical  figure,  and  without 
any  recourfe  to  the  dodtrine  of  infinitefimals,  or  of  fluxions,  or  of  the  limits  of 
ratios,  or,  in  general,  of  the  arithmetick  of  infinites  in  any  (^  its  modifications. 
And  it  is,  I  believe,  conGderably  lefs  laborious  in  the  practice  of  it,  than  the  me- 
thods by  which  Mr.  Henry  Briggs  himfelf  computed  his  logarithms ;  which  were 
likewife  purely  arithmetical  *.    And  it  likewil'e  Terves  as  a  notable  infbuice  of  the 

*  Ste  ftloTe,  ID  page  73.  Mr.  £uelid  Spcidelfi  Lv^rilhnatetbMia^  chapter  tui.  where,  !n 
tpealung  oi  Mr.  Hetir^  Bn^es's  computation  of  the  logarithm  of  2,  be  hai  thefe  word*: 
"  tartly  it  is  a^rtni  thai  ht  did^tdmct  the  hgarilhm  for  i  ta  jC  flaeei  very  true ;  liotigb  I  b^ot 
teen  itU  it  «■«  eight  fer/am*  vitri  /«r  a  ytar*!  iimi  ^itr  hi  i  mtfUj,  vehitit  luat  fy  Urge  and  mdug 
exiraSins  »f  the  Jfuart-rMt," 

4  exten- 
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extenfive  utility  of  Sir  Ifaac  Newton's  wonderful  theorem  for  raifing  the  powers 
of  a  binomial  quantity. 

42.  As  the  fohiUDn  of  the  fbregoing  pcobletn  coafifts  of  a  great  number  of 
fteps,  which,  for  the  eafe  of  the  reader,  have  been  fet  forth  diftindly  and  at 
confiderable  length,,  it  will  not  be  amifs,  before  we  conclude  this  difcouife, 
to  take  a  (hort  review  of  all  the  foregoing  proceffes,  and  of  the  gradual  ap- 

*proximarions  obtained  by  means  of  them,  to  the  value  of  the  index  *  in  the 

•qiiation  i  +■  -^r  —  lo,  the  difcovery  of  which  is  the  objeft  of  the  Problem. 

jf  Revievr  of  the  /everal  Steps  of  the  foregoing  Solution. 

43.  The  objea  of  the  Problem  is  to  find  the  value  of  the  index  *  in  the 
equatim  i  +  — I    =:  la. 

The  firft  ftcp  we  took  towards  finding  this  value  was  to  expand  the  quantity 
I  ^  2.\    into  an~  infinite  feries  by  means  o£  Sir  Ifaac  Newton's  binomial  the- 

«em,  by  which  we  obtained  the  equation  i  +  — -  +  — ~-  +  *■— -l^"*     **  4-  - 
*     '  ^  '     10    '       aoo      ^  6000  ^ 


340,000 
as     .    XX— It    ,    *> — 3**-(-i*    ,    **  —  6**  +  II**  —  &r    ,     . 

—  H H r +  '-    ■"    '  +  «C  ~  Q. 

so     '       aoo'     '  6000  '  340^000  ' 

44.  Then  we  iuppofed,  firft^  one  term,  then  two  terms,  then  three  terms, 
and,  laftly,  four  ttrms  of  the  feries  which  forms  the  left-hand  fide  of  this  laft 
equadon  to  be  equal  to  the  whole  feries,  and  confequently  to  the  abfolute  term 
9,  and  refolved  the  equations  refulting  from  thofe  luppofitioos. 

By  refolyiB^'the  fimple  equation  roulting  from  the  firft  of  theie  fuppontitms, 

to  wit>.  die. Ample  eqnauon  —  =  9,  wefoand  f  to  be  equd  to  90!  which  was  . 
therefore  our  fiift  approximation  to  tlie  vakie  pf  x  in  the  original  equation  ■■ 
1.  +  —I  =  10.  "Hiis  approsimatioa  is  veiy  wide  of  the  true  valueof'*, . 
being  more  than  three  times  as  great. 

From  the  fecond  fupftofition,  to  wit,  ihat-the  tvro  ^erms  —  +  **  ~  *  were 
equal  to  the  whole  feries,  and  confetjuently  to  9,  there  refulted  the  quadrarick 
equation  19X  +■  **  rr  1800 ;  by  the  refolution  of  which  x  appeared  to  be  ^ 
33.97 ;  wtuch  was  therefore  our  fecond  approzimuion  to  the  value  of  x  in  th« 

original  cqtwdon  ,1  +  — t  =.  10.  This  approximation  is  much  nearer  to  the 
trvith  than  the  former,  but  yet  is  confiderablytoo  large. 

Flrdm  the  third,  fuppofition,  to  wit,  that  the  three  terms  —  +  — ~  4- 
— ^i^"—  were  equal  to  the  whole  feries,  and  confequently  to  9,  thertf 
refulted  the  cubick  equation  572*  +  27**  +  «*  =  54,000,  hy  Ac  refolution  of 
which  we  hadx  =-27.05.    TbU  therefore  .was  the  third  approximation  to  the 
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value  of  X  ID  the  original  equation  i  -4-  —T  =  10;  and  it  is  true  in  the  firit^ 
or  higheft,  figure  z,  the  more  accurate  value  of  x  being  84.158,857,918,0961 
805,5. 

From  the  fourth  fuppofition,  to  wit,  that  the  four  terms  —  -j.  — "^  +. 
'''!"*"  +  '•-<"•+•;''-'"  are  equal  to  the  whole  feries.  and  confc- 

6000  140,000  ^ 

quentljr  to  9,  there  rflulted  the  biquadratick  equation  2Z,874X  +  t09ix»  4- 
34jf*  +  **  =  2,160,000;  by  the  refolution  of  which  we  had  *  =  25.07. 
This  therefore  was  our  fourth  approximation  to  the  value  of  x  in  the  original 


equation  i  H — *    =:  10. 

45.  As  the  difference  of  this  fourth  value  of  *,  to  wit,  15.07,  from  the  third 
value  of  it,  to  wit,  27.05,  is  lefs  than  2,  whereas  the  difference  between  the 
third  value,  27.05,  and  the  fccond  value,  33-95,  was  more  than  6,  we  con- 
cluded that  it  was  highly  probable  that  the  exceis  of  this  fouith  value,  25.05, 
above  the  true  value  of  x  was  lefs  than  1 ,  and  confequently  that  *  was  greater 
than  24,  but  lefs  than  25.  We  then  tried  whether  *  was  greater,  or  lefs,  than 
24,  by  raifing  i  +  — ,  or  i.i,  to  the  24th  power;  which  we  found  to  be  fome- 
what  lefs  than  10,  to  wit,  9.849,732,675,807,611,094,711,841.  We  alfo 
raifed  i.i  to  the  15th  power,  whidi  we  found  to  be  10.834,705,943,388,372, 
204,183,025,1 ;  which  is  greater  than  10.  And  we  thcrebydifcovered  with  cer- 
tainty that  the  true  value  of  the  index  « in  the  equation  i  +  -~i   =  10  is  greater 

than  24,  but  lefs  than  25. 

46.  We  then  put  z  for  the  unknown  difference  by  which  the  true  value 

of  *  in  the  equation  i  +  7-I   =10  exceeds  24,  fo  that  v  was  =1  24  -)-  e. 
And  we  thereby  liad  *  +  ^'  X—  '  ^^  ^'  )  —  ^ 


But  I  +  - 

fiaund  to  be  =  9.849,732,675,807,611)094,711,841.  Therefore  9-849,732, 
675,807,611,094,711,841  X  I  +— 1   is  =  10,  and  confequently  1  +  — 1    is 

(=  ;.8«»,3..6,5,«-."6..,o„,,.,.84.)  =.  ■■o-S.M5.979.947.7o6,347,94>.  &c. 
And  thus  we  obtained  a  new  equation  in  which  the  unknown  index  z  of  the 
power  of  the  binomial  quantity  i  -| is  lefs  than  a  unit,  inftead  of  the  ori- 

«nal  equation  1  4-  —T  —  10,  in  which  the  index  x  of  the  power  of  the'iaine 

quantity  is  greater  than  24. 

47.  We  then  expanded  i  +  — 1  by  the  binomial  theorem,  and  thereby  obtain- 

€dthee.)uaaoai+  — -1-^^+— ^ 1 ;„^      .      .+   &c 

=  1.015, 
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E=  1.015,255,979,9471706,347,941,  &C,  and    (by   fubtra^ing   i   from   both 

fides,)  the  equatwn  —  -l^^  + ^ 1 j^^^ +  &c  = 

0.015,255,979,947,706,347,941,  &c.    ■ 

48.  We  then  proeoeded  to  find  approximations  to  the  value  of  2  in  this  new 
equation  in  the  fame  manner  as  we  had  before  found  approximations  to  the 

value  of  *  m  the  equation  ■ —  +  —  -i f + 

^  10  aoo      *  6000  •  340,000 

+  &c  ^  9,  by  firft  fuppofing  the  firft  term  -~  alone  of  the  ferics  that  fonns 

the  left-hand  fide  of  the  equation,  to  be  equal  to  the  whole  feries,  and  confe- 

quenlly  to  the  abfolute  term  0.015,255,979,947,706,347,941,  &c,  and  then 

fuppofing  the  two  firft  terms,  ~ 1~~^*  '^  ^  equal  to  the  fame  quantity^ 

and  then  fuppofing  the  three  firft  terms,  ~  — 'LH^  +  "*  ~^^    *  >  ^°  ^ 
equal  to  the  fame  quantity,  and, .  laftly,  fuppofing  the  four  firft  terms,  -^  ~ 

Et  —  xs         ax  —  %x*  +  X*       (6g—  i 


~^^ — ^'  "    ,  to  be  equal  to  it,  and  by  refolving 

the  feveral  equadons  refulting  from  thofe  fuppofitions. 

From  the  firft  of  thcrfe  fuppofitions  we  had  the  fimple  equation  —  —  0.015, 
255,979,947,706,347,941,  &c;  by  the  refolution  of  which  we  had  z  =  0.152/ 
&c,  of  which  the  two  firft  figures  o.  1 5  are  cxaft. 

From  the  fecond  fuppofiuon  there  refulted  the  quadrattck  equation  1 92  +' 
zz  r:  3.051, 195,800,  tec;  by  the  refolution  of  which  we  had  z  =:  0.1592. 

From  the  third  fuppofition  there  refulted  the  cubick  equation  572Z  +  272:2: 
-4-  2:*  =  91.535,879,686,238,087,646,  &c;  by  the  refolution  of  which  we 
had  z  =  0.15883,  of  wluch  the  four  higheft  figures,  0.1588,  are  exadt. 

And  fivm  the  fourth  fuppofiiion  there  refulted  the  biquadratick  equation 
22874a:  +  10912:2:  +  34a*  -*.  2*  =  3661.435,187,449,523,505,840,000,  &c; 
by  the  refolution  of  which  we  had  z  =  0.15886,  of  which  the  four  higheft 
figures,  0.1588,  are  exa&,  and  the  fifth,  or  laft,  figure,  6,  differs  but  by  an 
unit  from  the  fifth  figure  of  the  true  value  of  z,  which  is  =  0.158,85-7,928, 
096,805,5,  &c.  This  fourth  approximation  to  the  value  of  z  enabled  us  to 
conclude  that  x,  or  24  -(-  2:,  would  be  very  pearly  equal  to  24  +  0.15886,  or 
S4.15886.  __- 

49.  We  then  dropped  all  ftirther  confideration  of  the  equation  -^  — 1*""*^ 

+  f^^ii'-EEI^HEr  +  &c  =  o.o.5,.«,979.947.7o«,347.. 
941,  &c,  and  made  a  trial  of  the  exaAnefs  of  the  laft  value  of  x  obtained  by 
uie  f(»egoing  [»»cefles,  to  wit,  24.15886,  by  raifing  the  binomial  quantity 
r  +  ■—  to  the  power  of  which  24.15886  is  the  index,  which  was  done  by  the. 
help  (rf  Sir  Ilaac  Newton's  binomial  theorem.  And  we  found  that  the  faid 
power  of  I  +  ^va5-=  10.000,001,974,734,858,821,  &c,  (which  is  a  little 
U  z  greater 
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greyer  than  lo)  and  confequendy  that  34.15886  is  fomw^iat,  theu^Tbut  • 

very  litilc,  greater  thiia  the  tiue  value  oi  the  index  *  in  die  equation  i  +  — i 

-=  10. 
50.   We  then  fuppo&d  *  to  be  =  24.i58a6— j-,  and  coirfequenUy 


confequently  i  +  — ' 


-^ — "^'"^''^y  >  — : —  =:  i.ooo,ooo,i97,473,-485,882,i,  &c. 


51.  Having  thus  obtained  a  third  cqimrion  1  + —^  =z  14000,000,197,473, 
485,882,1,  &c,  in  which  y  is  much  falaltar  than  z  in  the  former  equation,  we 

proceeded  to  expand  i  H ^r    into  an  infinite  feries  by  means  of  Sir  Ifaac 

Newton's  binomial  theorem,  and  therein  obt^ed  the  equation  i  +  -^  — 

^+'^-=£^-^^^^^  t  «==  =  .-oo^..„,473,48j, 
882,1,  &c,  and  (by  fubtrafting  i  from  both  fides,)  the  equation  -^ — KT-? 

+  ^^^-^^^^^  +  &c  =  o.ooo,coo,,97^7l485Z, 
J,  &c 

52.  We  then  proceeded  to  approximate  te  the  value  of  jr  in  this  cquarion,  by 

iiril  fuppofing  the  firft  term  —  alone  of  the  feries  -^ fe.--^  -t-  &c»  {which 

10  10         200 

Soma  the  left-band  fide  of  this  equation,)  to  be  equal  to  the  whole  feries,  and 
.  iconfcqueutly  to  the  abfolute  term  0.000,000,197,473,485,882,1,  Src,  and, 
(econdly,  by -fuppofing  the  two  firft  terms  —  —  r  "-^  of  the  faid  feries  to  be 
-equal  to  the  fame  quanuty,  and  refolving  the  equauons  refulting.  fttxn  theie 
.fuppofitions. 

From  the  firft  of  thefe  fuppofitions  we  had  the  fimple  equation  -^  =  o;ooe, 
-000,197,473,485,882,1,  Sic;  by  the  refolution  o(  which  we  had  y  =:  '0.000, 
001,97,  and  corSequenily  x{^~  24.15886— j'  =  24.158,860,00  —  0.000,001, 
97)  =  24.158,858,03;  of  which  number  the  fiift  feven  figures,  24.158,85, 
.are  exaft. 

And  from  the  fecond  of  thefe  fuppofitions  there  rrfuked  the  quadratit3t 
.equation  ijjr  +  jy  =  0.000,039,4.94,697,176,440,0.,  &ei  by  thtiefoliHion  of 

which 
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which  we  had  y  =  0.000,002,078,  and  confequently  *  (=  24.C5886  —  j"  = 
34.158,860,000  —  0.000,002,078)  =:  24.158,857,922  ;  of  which  number  the 
firft  ten  figures,  24.158,857,91,  are  exaft. 

53.  This  is  a  very  confiderable  degree  of  exaftnefs.     But,  in  order  to  ob- 
tain the  value  of  y  exa£t  to  a  few  more  places  of  figures,  we  had  recourfe  to  a 

different  method  of  refolving  the  equation  ~ r '"■—  +  ^  ~a!fL    ^    "■ 

fe-7  ",»'+/  "/^  +  &c  ^  0.000,000,197,473,485,882,1,  8cc,  which  coh- 

140,000  ^  '        '    yi'-ri3'T  jt         >    7  » 

fifted  in  die  omillion  of  all  the  members  in  each  term  of  the  feries  that  involved 
either  yyt  or  _y%  or  j*,  or  any  other  power  of  jt,  except  the  fimple  power,  Qiy 
itfelf :  by  which  means  the  fud  equation  was  changed  into  the  following  fimpW 


fey       .        *Mi  ^1^ 


.  +  &C 


=    0.000,000,197,473^485,882,1,   &C,    or   -^  —  — ^—  4-  •; 


\JL2—  -. 


3  X  3  X  4  X  10,000        aX3X4X  JX  100,00a        XX3X4X5X6X  1000,000 
=  0.000,000,197,473,485,882,1,  &c,  or  — ^  — ^! h 


•     S  X  IOC 
jf  X  the  infinite  feries  — 


3  X  1000       4  X  10,000 
r +  &c  =  o.ooo,ooo,iQ7,473,48c,882,f,  &c,  or 

6x1000,000  '  '    yi'Tl^r-f    jj  J    »  J 


6  X  1000,000 


4  X  10,000       5  X  100,000 
+  &c  =  0.000,000,197,473,485,882,1,  &c.    We  then  computccl ' 


the  value  of  the  infinite  fmes  —  —  —        + +    '    ■' 

10      3x100       3x1000       4x10,000       s  X  100,00b 

-j—i +  &c,ori.--5-+^» 3C.+  .±5-_Ji   + 

6  X  1000,000  '        19        2  X  10        3  X  10        4  X  10        5  X  10        6  X  10 

■■  -—  —  J-  -  +  &c,  and  found  it  to  be  =  0.095,310,179,804,324,860, 
&c;  which  gave  us  the  fimple  equation  jr  x  0.095,310,179,804,324,860,  Sec 
=  0.000,000,197,473,4*5,882,1,  &c,  by  the  refolution  of  which  we  had  j-  =: 

o^ooo,ooo,iQ7,4.74,48e,88z,l,  tS*;  ■      .  c  t_-  1 

" o    ■      oy    tj-  =  0.000,002,071,003,403.     And  tram  this  value 

0.0951310,179,804,334,860,  tSTc  '         '    I     '7    J"-   J 

of  Jf  we  concluded  *,  or  24.158,86  —  jf,  to  be  (=  24.158,860,000,000,000  — 
0.000,002,071,903,403)  =  24.158,857,928,096,597,  or  (becavife597  is  nearly 
=  600)  24.158,857,928,096,6;  which  number  is  true  in  the  ntft  iburteen 
figures^  24.158,857,928,096,  the  more  acccurate  value  of  «  being  (as  has  been 
before  oWerved,)  24.158,857,928,096,805,5.    And  thus  we  obtained  the  value 

rf  the  index  *  of  the  binomial  quantity  i  +  —  in  the  original  equation  i  +  — r 
z:  10  exaft  to  fourteen  places  of  figures.  Oj  E.  i. 

54.  If  any  lover  of  this  fubjeft  (hould  be  inclined  to  compute  the  value  of 
jc  to  flill  more  than  14  figures,  be  may  find  it  to  nearly  as  many  figures 
more,  or  28  figures  in  all,  byraifing  i  +  —tothe 24.158,857,928,096th power 

hy  means  of  the  binomial  theorem,    and  then  proceeding  In  the  manner 
2  -  following. 
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following.   Let  the  number  that  fliall  be  found  to  be  eqiial  to  this  power  of  i  +  — 

be  denoted  by  the  letter  P.  And,  as  this  number  will  be  fotnewbat  lefsthan  10, 
and  confequendy  the  index  24. 158,857,928,096  is  fomewhat  lefs  than  the  index 
X,  let  24.158,837,928,096  +  v  be  fubftituted  inftead  of  *  in  the  equation 

1  +  — 1   =  10 ;  and  the  faid  equation  %vill  be  thereby  converted  into  the  equa- 
"^24.158,857,928,096  +  «  _ 


=  773.4-.sMsM=V9«  ^  ^-;ri}r  =  P  X  ,  +  i'.     Therefore   P    X 

'    10  IP  10 

I  +  — r  will  be  =  10,  and  i  +  —T  will  be  =  ■^. 

Now  let  I  +  — "  be  expanded  into  an  infinite  feries  by  means  of  the  bino- 
mial theorem;    and  we  fliall  have  i    +  -  _|*ZB  +  '"  " J*^  "^  "^  — 


fc-'-"  +  '-"-^  +  &c  cJ  h,Jl.il,f«  (=  1+3')  =  •^,  and  ^  -EH^ 

240,000  ^  10    •*         P'  lO  100 

+  "   ^- ' 7~ +  &c  =  p  -  I,  and  (onutang  all 

the  quantities  that  involve  w,  or  «*,  or  v*,  or  any  of  the  powers  of*  except  the 
fimple  power,  or  v  itfelf,  on  account  of  their  extreme  fmallnefs  in  comparifoa 
fcf  the  terms  that  involve  only  the  fimple  power  of  v.)  — —  +  -^  _ 

'  '         '  '19  200     '      6009 

,.      —  +  &c,  or  «  X  the  infinite  feries  —  —  — - —  +  — ^ —  — i 

a4»,oo»  10        a  X  100   '    3  X  1000        4  x  io,oo» 

4.  i— ^ 7 ~ 1-  &c,  or  w  X  the  infinite  feries  — ^—  4. 

~   5  X  100,000        6  X  1000,000    '         '  "  10         a  X  10   ^ 

^^- -1^4--t£-- -^l-  +  -5^- -2^+  &c  =:i2  -  .  or 
3  X  10       4  X  10  ^  5  X  10       6  X  10  ^  7  X  10       8  X  10  ^      ^         p  '*   *"^ 

(putting  S  for  the  value  of  the  faid  infinite  ferie?  computed  to  a  fufficieni  num- 
ber of  figjites,)  «.  X  S  =  ^  —  I ;  and  confequcntly  »  =  ~  —  i,  and  x  (= 

s 
Z4.i58,'857,928,096  +  v)  =  24*i58»857«928,p96  +  ^  —  i  j  which  will  bo 

true  to  27  or  zZ  places  of  figures, 

55.  Or,  if  it  fliould  be  required- to  find  the  value  of  *-to  only  a  few  figures 
more  than  thofe  which  were  found  in  Art.  37,  to  wit,  24. 158,857,928,096,597,, 
(of  which  the  firft  14  figures,  24.158,857,924,096,  wereexaft,)  it  may  be  done 
without  raifing  the  binomial  quantity  i  +  —  to  the  2^4.i58^8$7,928,096th 
power,  (which  is  a  very  labtmous  operation,)  by  retaining  fome  of  the  tehns 
that  involve  th*  fquare  of  y,  as  well  as  thofe  that  involve  the  fimple  power  of 

,,  in  d>e  laft  equation  -^ -^  +  ^^S^  "  l^'Z^^""*  +  "' 
=  oAoo,ooOji97,473^85,8S2,i,  &c,  and  fuppoUng  the  tcnns  fo  retained  to 

be 
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be  equal  to  the  whole  feries  that  fotms  the  left-hand  fide  of  the  faid  equation, 
and  confequently  to  be  equalto  the  abfolute  term  0.000,000,197,473,485,882, 
I  f  &c>  and  then  refolving  the  qiiadratick.  equation  which  will  refult  from  fuch 
fuppofition.    This  may  be  done  in  the  manner  following. 

56.  If  we  retain  only  the  terms  that  involve  j  and  jfj"  In  the  foregoing  equa- 
tion, it  will  be  converted  into  the  following  equation,  to  wit, 

J.^JL+JZ ^  +       'V ii°2_  +  &c 

lO         »oo        6000        340,000        11,000,000        710^000,000    ' 

+  .^--JM.+  JJM SW_  ^  _J2iZ &c 

'   100     6000     340,000     11,000,000     710,000,000 

=  0,000,000,197,473,485,882,1,  &c, 

ori-^  +  -2 ^- 

10      300      3000      40,000 

+  M.  ^JL^+       "^      _       ^       J.         '74.^         _  gjj. 
100        3000        240,000        340,000    "^  710,000,000 

=  0.000,000,197,473,485,882,1,  &C, 

o:I.-J~+J^ JL_+  -Jl_  _  _-2^  +  8co 

10        300        jooo        40,000        {00,000        0000,000 

+  0.005,000,000,000,000,000  X  jy 

—  0.000,500,000,000,000,000  X  jiy 
+  0.000,045,833,333,333,333  xyy 

—  0.000,004,166,666,666,666  X  yy 
;                            +  0.000,000,380,555,555,555  xyy 

—  d.000,000,035, 000,000,000  X  yy 
+  &c 

=  0.000,000,197,473,485,882,1,  &c, 

oiL^JL+J^ i_  +  —2 —2. —  4.  &c 

10      400      3000      40,000      500,000      6000,000 

+  0.005,046,213,888,888,888  xyy  ] 

—  0.000,504,201,666,666,666  xyy 
=  0.000,000,197,473,485,882,1,  &c 

ori-^+-^ Jl_+— Z —2 —  +  &c 

10     100     3000    40,000     500*000    0,000,000 

+  0.004,542,012,222,222,222  xyy 
=  0.000,000,197,473,485,882,1,  &c,  or 
0.095,310,179,804,324,860,  &c  xy 
+  0.004,542,012,222,222,222  xyy 

=  0.000,000,197,473,485,882,1,  &c,  or  (neglefting  all  but  the  four  higheft 
figures  of  the  co-efficient  of _)y,)  0.095,310,179,804,324,860,  ice  xy  +  0.004, 
54^  X  yy  =  0.000,000,197,473,485,882,1,  &c. 

57.  This  quadratick  equation  may  be  moft  conveniently  refolved  by  approxi- 
mation, by  fubftituting,  inftead  of  j",  in  the  quantity  0.004,542  x  yy  the  value 
ofy  derived  from  the  fimple  equation  0.095,310,179,804,324,860,  Sec  Xy  = 
0.000,000,197,473,485,882,1,  &C,  which  is  =  (  ■='-'^'->7.473.4«S.83a.r,&c      ^^^ 

>         >    ^ff-rij3-r   j>         II        ,  O.09;,3io,i79,8o4.3t4i86o,  Sec'       -* 

io.000,002,071,903,403.  We  (hall  then  have  yy  =  0.000,002,07 1 ,903,403!* 
=  0.000,000,000,004,292,783,711,362,980,409,  and  confequently  0.004,542 
X  jp"  =:  0.004,542  X  0,000,000,000,004,292,783,  &c  1=  0.000,000,000,000, 

019, 
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019,497,810, '&c.  Therefore  0^95,310,179,804,324,860  xy+  0.000,000^ 
000,000,019,497,820,,  &c,  will  be  =0.000,000,197,473,485,881,1,  Stc,  and 
(dividing  all  the  terms  by  0.095,3:10,179,804,314,860,)  y  +  0.000,000,000, 
000,204,  will  be  =0.000,002,071,903,403,  and  (fubtra&ing  0^)00,000,000,. 
ooo,ao4,  from  bodi  fides)  y  will  =:  0.000,002,071,903,199  j  and  confequently 
*,  or  14.158,86  — y,  will  be  = 

24.158,860,000,000,000 

—  0.000,002,071,903,199 

=  24.158,857,928,096,801;   of  which  all  the  figures,  except  the  laft,  are 

cxaft,,  the  more  accurate  valucof  x  being  (as  we  have  before  obferved  in  Art. 

6,)  24.158,857,928,096,805,5.    We  have  therefore  now  found  the  value  of 

the  index  ;ir  in  the  equacioa  1  +  —*    =  10  cxad:  to  fixteen  pkces  of  figures. 

<i.  E.  I. 
58. .  The  valtie  of  *  juft  now  obtained,  to  wit,  14.158,857,928,096,801,  is 

1.000,000,000,000,000,000,  Sec  /n  n  no 

to  I,   asi  "-to        ,^,.^,8^.^,8,^^        =  0.041,39.2.685,158,225,484,  &C.. 

Therefore  the  proportion  of  the  ratio  of  10  to  i  to  the  ratio  of  i  +  —  to  i,  or 

tothenttio  of  11  to  10,  is  that  of  i  to  Q.04.1,392,685,158,225,484,  &c,  or,, 
in  other  words,  Bfiggs's  logarithm  of  the  ratio  of  11  to  10  is  =  0.041,392,685,. 
158,125,484,  &c;  of  which  number  the  firft  fifteen  figures,  (reckoning  from- 
the  place  of  units,)  to  wit,  0.041,392,685,158,225,  are  cxaft,  rfie  more  accu- 
rate value  of  this-  logarithm  .(as  computed  by  Mr.  Abrahanx  Sharp,)  beiog;^ 
0.041,352,685,158,325,040,750. 
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DEMONSTRATION 

Sir      I    S    A    AC      N    E    W    T    O    N*s' 

BINOMIAL      THEOREM 

In  the  Cafe  of  Integral  Powers,  or  Powers  of  which  the  Indexes  arc  whole 
Numbers. 

By    FRJNCIS_   MASERES,    Esq^, 

CUKSITOR  BARON  OJ  HIS  MAJESTy's  COURT  OF  EXCHEQUER.    . 


ARTICLE      1. 

TH  E  binomial  theorem  of  the  great  Sir  Ifaac  Newton  has  been  fo  thuch 
reforted  to,  in  the  preceeding  Difconrfe  of  Dr.  Halley,  and  in  the  laft  fore- 
going Traft,  intitled,  *'  An  Appendix  to  the  faid  Traft,"  for  the  purpofe  of 
computing  logarithms,  and  is  fo  clcfely  connected  with  that  fubjeift,  that  it  will 
prol»bly  be  agreeable  toihe  readers  of  this  colleftion  to  fee  ademonftration  given 
of  it  in  riie  fame  volume  with  the  other  traits,  of  which  it  is  the  chief  foundation. 
I  fliall  therefore  now  proceed  to  give  a  demonftration  of  it  in  the  firft  and  fim- 
plell  cafe,  or  that  in  which  the  mdexes  of  the  powers,  to  which  the  binomial 
quantity  is  raifed,  are  pofitive  whole  numbers ;  which  may  be  done  with  fuffi- 
aent  peripicuity  and  exaftnefs  within  the  compafs  of  a  few  pages. 

2.  This  theorem  is  as  follows. 

THEOREM. 

If  m  be  any  whole  number  whatfoever,  a  -f-  il",  or  the  wth  power  of  the 
binomial  quantity  a -f-^,  will  be  equaltothefollowingferiesof  terms,  towit,  a-  + 

Y   X  a'^"''  h  ■\-  ^  X  ^^   X  a"'"'  b*  -{■  ^  X  '^—^  X  ^^^  X  a""^ 

i»+  vx^  X^  X^^^  Xo""*^*  +  -   X   "^^^^   X    ^    X 
1334  1*3 

-  ~-*  X  ^^^  X  a  "*"  ^  i'  +  &C  continued  to  the  term  —  X  ^— ^  X  ^~  *' 


Vol.  II. 
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X  ^=i  X  !!^^  X  &c  X  ""If^  X  a  •""  X  /-,  or  to  ^  X  ^^^  X 
S-Hi  X  ^^-^^  X  ^^^^  X  &c  X  —  X  1  X  ^,  or  to  —  X  ^^-^  X  ^^^^  X 

345  «r  naj 

»j^  X  2LzJ'  X  &c  X  —  J  in  which  f»ries  the  law  by  which  the  fevaral  term^ 
after  the  firit  term  a",  are  generated  from  the  faid  firft  term,  is  as  follows.  Tho 
literal  parts  of  the  fecond,  and  third,  and  fourth,  and  other  following  terms,  to 

wit,  a'"~^  ita'""'  i*,  a  *  ~  ^  i%  &c,  are  generated  from  the  firft  term  «" 
by  the  continual  multiplication  of  the  fra&ioft  — ,  the  index  of  the  power  of  a 
(the  firft  term  of  the  binomial  quantity  <i  +  ^)  in  every  new  term  decreafing  con- 
tinually by  an  unit,  and  the  iildex  of  the  power  of  i  (the  fecond  term  of  the  bino- 
mial quantity  a  -f  ^,)  incrcafing  by  an  unit  at  the  fame  time.  And  the  feveral 
co-efficients  of  the  fecond,  third,  fourth,  and  other  following  terms  of  the  feries, 

,owi,,^,^x.^,ix^x=f-',^x!^-  xifi  X^. 

i  X  ^^^  X  ^^^^  X  2^^  X  ^-— ^,  &c,  are  generated  from  i,  (the  co-effi- 
cient of  the  firft  term  a",  6t  i  X  4m,)  by  the  continual  friultiplication  of  the  fradlions 
ij  2.Z2^^  '^.ZJt,  HLZJ,  '^-^,  ficc,-  of  whicfe  ^K  denorairuitdr*  are  the  numbers 
1,  2,  3,  4,  5,  &c,  in  their  rvatural  order,  and  the  numerator  of  the  firft  fiaftioa 
—  is  the  index  m,  and  the,  auinerators  of  the  following  fraftioos  ^-^,  ^^-^> 

TT.y  2-Z_*   &c,  are  derived  from  that  of  the  firft,  to  wit,  w,  by  the  continual 
4  5 

fubtra£tion  of  an  unit. 

Examples  of  tie /aid  Theorem, 

3.  Thus,  for  example,  if  m  is  =  2,  or  it  15  required  to  find,  by  mtans  of  this 
theorem,  the  fquare  of  the  binomial  quantity  a  •\-  h^  we  (hall  have  «~+*^  — 

*«+J-X«*~'*  +  -fx^Xa"~'^'=«»'-t--ixfl'*-l.-j-X-^ 
X  <"  X  ^'  =  «'  +  2  «i  +  -^  X  I  X  i*  =  «■  +  2  «*  +  ^*.    . 

And,  in  like  manner,  if  m  is  r:  3,  we  fiiall  have  T+Tl*  — fli+^xa^"' 
i  +  J_  X  2^  X  «  ' -' i"  +  f  X  '-^  X  ^'  X  fl  »"' i'  =  <«' +  -f 

X  a"  *  +  -|-  X  -^  X  fl"  i*  -^  -f-  x  -7  X  -^  X  a*  ^'  =  fl»  -H  3  •'  *  -f  3  tfi* 

And,  if  w  is  =  4,  we  fliall  have  a  +  bY  =  a'-f-^Xfl*     *  i  +  •\-   "H 

4^«x«*-"i'  +  -i.xi^x^x-+-3i'  +  -J-x^xtf^ 


y  Google 


ISAAC     HEWTO  H  S    BINOUIAt     THEOREH. 


'Si 


+  **. 


*'  +  • 


i  X  —  X  -f  X  ■  X**  =  »*+4«'*+  6«»*'  +  4«i' 


And,  if  w  13  =  5,  we  fliall  have  a  +  iY  =  fl*  +  -i-x'a'"'^ 


x«' 

^Xa 


S 


J'  +  f  X 

-*i'  +  4xi 


X  a 


5-3 


<»  +4-X 


+  4 
•  X 


i-'  „  5-3  „  5—4 
3       '^       4      '^       5 
-i-  X  «••*  +  -S-  X  -f  X  "'*'  +  -f  X  T  X  -^  X  «•  *'  4- 


3 


X  --  X  • 


X  «°  J"  =  «'  +  5  < 


S  -' 

3 

-       fx 


4.  Thefe  examples  are  fufficient  both  to  illuftrate  the  meaning  of  the  fore- 
going theorem,  and  to  prove  the  truth  of  it  in  thefe  few  eafy  cafes.  For  *•  that 
*•  the  Aeorcm  is  true  in  thefe  cafes,"  will  appear  by  railing  the  fecond,  third, 
founh,  and  fifth,  powers  of  the  binomial  qoantity  d  -f  ^  in  the  common  way 
t)y  multiplication;  which  will  produce  the  very  fame  quantities  for  the  faid 
powers  as  have  been  juft  now  obtained  by  means  of  the  foregoing  theorem. 
This  may  be  done  in  the  manner  following. 

aa  +  ab 

+  ah  +  bb 
aa  +  2.ab  +  bb  =  a  +  i't* 
^  +  b 

a*  +  1  dab  -f-  abb 
+  aab  +  2obb  +  b* 


tf*  +  4  a*  b  +  ba*  b*  +  4.j'i'  -^  ab* 

+  a*  3  +  4  a'  ^'  +  6  a*  ^*  +  4  a^*  +  ^* 

o»  +  5  ^  *  +  10  a*  **  +  10  a'  *'  +  5  fl^*  +  **  =  «*  +  *\*    

Thefe  values  of  the  feveral  powers  JhP"?^,  a  +  *1*,  a  +  ^1*,  and  a  +  i.*, 
are  the  very  fame  with  thofe  that  have  been  obtained  juft  above  in  Art.  3 
by  means  of  the  foregoing  theorem.  And  confequently  the  faid  theorem  is  true 
in  thefe  four  inftances. 

Of  the  literal  Parts  of  the  ^erms  of  the  foregoing  ProduSISf  and  the  Law  of  their 

Generation  one  from  another. 

5.  The  law  by  which  the  literal  pans  of  the  fecond  and  other  following  terms 

of  the  feries  that  is  equal  to  a  +  b\m  are  derived  from  the  firft  term  a",  and 

X  z  from 
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from  each  other,  to  wit,  *'  that  they  are  generated  by  the  continual  multipKca- 
"  tion  of  the  fraftion  — ,"  will  be  fufSciently  evident  from  the  foregoing  multi- 
plications of  a  +  ^  and  its  powers  hy  a  +  h.  For  it  is  evident  that  the  in- 
dexes of  the  powers  of  a  in  rhofe  feveral  produfts  decreafe  continually  by  an 
unit,  and  that  the  indexes  of  the  powere  of  i  in  the  fame  produfts  increafe  by 
qn  unit  at  the  fame  time ;  fo  that  the  literal  part  of  the  fecond  and  every  fol- 
lowing term  in  each  of  the  faid  produfts  is  generated  from  the  term  next  before 
it  by  muhiplying  the  faid  prcceeding  term  into  — .  And  it  is  eafy  to  fee  that 
the  fame  thing  muft  take  place  in  any  higher  powers  o£  a  +  i  whatfoever,  if 
the  faid  muljiplications  hy  a  +  i  were  to  be  continued  till  fuch  higher  powers 
were  produced.  This  part,  therefore,  of  the  aforefaid  binomial  theorem  Hands 
in  need  of  no  further  demonflxation. 

0/  the  numeral  Co-efficients  of  the  two  firfi  terms  of  the  faid  ProduSts, 

6.  And  with  refpeft  to  the  nufneral  co-eflicients  of  the  feveral  terms  of  thefe 
produtfls  obtained  by  the  foregoing  multiplications  hy  a-k-  b,  (which  co-efficients 
are  in  the  fquare  i,  2,  and  i,  and  in  the  cube  i,  3,  3,  i,  and  in  the  fourth  powa- 
1,4,  6,  4,  r,  and  in  the  fifth  power  i,  5,  10,  io>  5,  i,)  it  is  eafy  to  fee  that  the 
co-efficient  of  the  firft  term  of  every  new  power  of  a  +  i  muft  always  be  i ; 
beciufe  it  arifcs  by  multiplying  the  next  prcceeding  power  of  n  by  n,  or  i  X  a, 
which  cannot  alter  the  coefficient  of  the  faid  next  preceedii^  power,  which  at 
firft  was  I .  And  it  is  alfo  manifeft  that  the  co-efficient  of  the  fecond  term  of  every 
new  power  of  a  +  i  ifluft  always  be  the  index  of  the  faid  new  power,  or,  in  our 
prefent  notation,  muft  be  m ;  becaufe  it  is  produced  by  adding  the  produft  of 
the  multiplication  of  the  firft  term  of  the  next  preceeding  power  of  a  -^  ^,  (of 
which  firft  term  i  is  always  the  co-efficient,)  by  b  to  the  produd:  of  the  multi- 
plication of  the  fecond  term  of  the  faid  next  preceeding  power  of  a  +  hhy  a ; 
the  etFedt  of  which  addition  is,  to  increafe  the  co-efficient  of  the  fecond  term  of 
every  new  power  of  a-i-h  by  an  unit.  And  this,  it  is  eafy  to  fee,  muft  be  the  cafe 
in  any  higher  powers  whatfoever  oi  a+  h,  if  we  were  to  continue  the  faid  multi- 
plications hy  a  -i'  h  till  fuch  higher  powers  were  produced.  We  may,  therefore, 
conclude  that  the  co-efficients  of  the  two  firft  terms  of  the  feries  that  is  equal  to 
a  +  if]m  muft  always  be  i  and  m,  and  confequently  that  the  two  firft  terms  of 
the  faid  feries  muft  always  be  1  X  a"  and  m  X  a  ""    i,  or  a„  and  —  X  a  ""   b. 

7.  It  remains  that  we  fliew  that  the  co-efficients  of  the  third,  fourth,  fifth, 
fixth,  and  other  following  terms  of  the  feries  that  is  equal  to  a  -^  i/]"  are  gene- 
rated from  the  co-efficient  m,  or  — ,  of  the  fecond  term  by  the  continual  multi- 
plication of  the fraftions  — '"^'i  — "^'j  —~A  **"  *  &c ;  which  is  indeed  by  no 
means  obvious. 

Of  the  numeral  Co-efficients  of  the  third  and  fourth^  and  other  fsllowing  Terms  of 
the  faid  PrcduUSf  and  the  Law  of  their  Generation  from  the  fecond  Term,  and 
from  each  other, 

8.  Now,  in  order  to  demonftrate  the  law  of  the  generation  of  thefe  co-effi- 
cients, it  will  be  convenient  to  get  rid  of  the  powers  of  a  and  h  in  the  terms  of 
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the  feries  that  is  equal  to  a  +  *]«,  and  to  fir  our  attention  only  on  the  gene- 
ration of  the  numeral  co-efficients  of  the  third,  fourth,  fifth,  fixth,  and  other 
following  terms  of  the  laid  feries.  This  may  be  done  by  fuppofing  a  and  b  to 
be,  each  of  them,  equal  to  1,  and  confequently  a  +  ^  to  be  equal  to  i  +  i , 
and  a  +  ^m  to  be  equal  to  i "  +  il".  For,  as  all  the  powers  of  both  a  and  b 
will,  on  this  fuppofidon,  be  equal  to   i,  our  theorem  will  then  be  reduced: 

to  this,  to  wit,  that  i  +  lU  will  be  eqiial  to  the  feries  i  4-  —  4-  ^  x  ^^^^  + 


5 


I  a  3  ■       ^ 

+  &c,  continued  to  the  term  —  x  ^^^^  X  ^^—  X  ' 


*  X  &c  X >  or  to  the  term  —  X  ■ 


.  "—  i 


'^ — -  X  &c  X  — ,  or  10  the  term  i.    For  the  laft  term  of  this  feries  muft  al- 

S  « 

ways  be  i  ;  becaufe  the  numerators  of  the  feveral  faftors  in  it  form  a  decreafing 
progreffion  of  numbers  from  m  to  1,  and  the  denotr.inators  of  the  fame  faftors 
form  an  increafing  progreffion  of  numbers  from  1  to  w,  and  confequently,  the 
produft  of  all  the  denominators  is  equal  to  the  produft  of  all  the  numerators,  and 
dierefore  the  produft  of  all  the  faid  faftors,  or  the  faid  laft  term,  muft  always  be 
equal  to  i  ;  which  we  have  feen  to  be  the  cafe  in  the  laft  terms  of  the  values  of 
a  •+  ^r,  a  +  ^P,  a  -4-  ^t*,  a  -f-  ^1*,  as  derived  from  the  feries  in  the  theorem 
in  Art.  3,  which  laft  terms  were  —  x  — -,  and  -2-  x  —  X  — »  and  —  x  -^   >t 

X   —  X  — ,  and  -i-x  —  X  —  X  —  X— ,  which  are,  each  of  them,  equal 

J         4  *  *  3         4  S  

to  1 .    We  are  therefore  now  to  demonftrate  that  i  4-  iV  is  equal  to  the  feiies 

Of  Mr.  James  B^mouilli's  Demonftralion  of  the  Law  of  the  Generation  of  the  faid 
numeral  Co-effidents. 
9.  Now  the  cleareft  and  beft  demonftration  that  I  have  ever  feen  of  this  ufe- 
fiil  propofition  is,  that  which  is  given  us  by  the  learned  and  fagacious  Mr.  James 
Bemeuilli  in  the  third  chapter  of  the  fecond  book  of  his  excellent  Treatile 
on  the  Doiftrine  of  Chances,  intided,  **  De  Arte  ConjeSandt"  which  is  writ- 
ten in  Latin,  and  was  pubUftied  in  a  fmalt  quarto  volume  at  Bafil,  at  Bajle^ 
in  Switzerland,  in  the  year  1715,  eight  years  after  the  author's  death.  This 
demonftration  is  founded  on  the  doitrine  of  combinations  and  the  proper- 
ties of  the  figurate  numbers,  which  are  there  Ibcwn  to  involve  in  them  the 
generation  of  ihefe  co-efficients.  And  the  moft  imponant-  properties  of  the 
laid  numbers  are  in  the  fame  chapter  fet  forth  and  demonftrated  by  that 
great  author  in  a  very  perfpicuous  and  mafterly  manner,  though  with  rather  too 
much  concifenefs  to  be  eafily  underftood  by  begiimers  in  thefe  ftudies.  Thofc 
readers,  therefore,  who  are  defirous  of  feeing  this  theorem  demonftrated  from 
its  natural  and  fundamental  principles,  and  m  the  cleareft  and  moft  fatisfaftory- 

manner  . 

■  u,,u.  u.y^oogle 
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manner  that,  as  I  believe,  the  nature  of  the  thing  will  admit  of,  muft  be  referred 
to  the  faid  third  chapter  of  the  fecond  book  of  that  learned  treatifc;  which,'to- 
gecher  with  the  two  preceeding  chapters  of  the  fame  book,  I  would  advife  them 
to  perufe  with  the  clofeft  attention,  and  to  make  themfelves  thorough  mailers  of 
their  contents;  to  do  wliich  they  will  find,  will  require  a  confidcrable  exertion 
of  their  diligence. 

Another  Demonjiration  wUi  be  here  given  of  the  Jaid  Law. 

10.  But,  though  that  is  the  beft  and  moft  fatisfeftdry  demonftration  that  has 
been  given,  and,  probably  that  can  be  given,  of  this  theorem,  yet  it  may  alfo 
be  demohftrated  in  a  (horter  and  eafier  manner,  and  with  the  fame  degree  of 
■certainty  as  by  that  method  of  Mr.  James  Bernouilli,  though  not  with  the  fame 
■degree  of  originality  and  elegance.  And  fuch  a  deraonftrMion  I  now  propofeto 
give  of  it  in  the  courfe  of  the  following  pages. 

1 1 .  The  demonftration  which  is  here  intended  to  be  given  of  this  important 
theorem  is  founded  on  the  obfervation  "  that  the  faid  theorem  is  found  by 
'*  trial  to  be  true  in  fome  of  the  loweft  powers  of  the  binomial  quantity 
'*  I  +  r ;"  as  has  been  feen  above,  in  Art.  4,  in  the  cafes  of  the  fecond,  third, 
fourth,  and  fifth,  powers  of  a  +  ^.  For,  if  this  theorem  is  true  when  the 
index  tn  is  of  any  particular  value,  as,  for  example,  when  it  is  equal  to  5,  it 
may  be  (hewn  by  abftraA  and  general  reafonings,  derived  from  the  nature  of 
multiplication,  that  it  muft  likewife  be  true  when  the  index  m  is  increafed  by 
an  unit,  or  that,  if  b  be  taken  =:  «  +  i,  the  quantity  1  +  i>,  or  the  »th 
power  of  the  binomial  quantity  i  +  i,  will  be  equal  to  the  feries  i  ■\ f-  — 

X  ^  +  ~  X  ^  X  ^  +  T  ^  "^J-^  ^  ^  ^  ^  +  T   ^ 
+  &c  continued  to  -the  term  —  x  *      ■'    X 
And  this  is  what  I  fhall  now  en- 

12.  To  facilitate  the  demonftration  of  this  propofition  it  ■will  be  convenient 
to  premife  the  following  Lemma. 

A     LEMMA. 

If  the  terms  of  the  feries  i  +  —  +  —  x  ^^^^  +  —  X  ^^^^  X  ^^^^  + 

^x!lZlix^x^  +  -fx^x:Y^x^X^*  + 
&c  +  I-  ^in  which  m  reprefems  any  whole  number  whatfocver,)  be  fet  down 
twice  together  in  two  parallel  lines,  or  rows,  one  under  the  other,  but  with  the 
terms  in  the  lower  row  advanced  one  ftep  further  to  the  right-hand  than  the 
terms  in  the  upper  row,  fo  that  the  firft  term  in  the  lower  row  (hall  ftand 
under  the  fecond  term  of  the  upper  row,  and  the  fecond  term  in  the  lower  row 
ihall  ftand  under  the  third  term  in  the  upper  row,  and  the  third,  fourth,  fifth, 
fixth,  and  other  following  terms  in  the  lower  row  (hall  ftand  under  the  fourth, 
fifth,  fixth,  feventh,  and  other  following  terras  in  the  upper  row,  refpedlivelyi 
7  and 
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and  both  rows  arc  continued  to  the  fame  number  of  terms,  namely,  to  the  whole 
number  of  terms  in  the  faid  feries,  or  to  «  +  i  terms ;  and  then  the  terms  in 
the  lower  row,  (which,  it  is  evident,  will  confift  of  one  faiSor  lefs  than  the  cor- 
rcfponding  terms,  or  terms  Handing  immediately  above  them  in  the  upper  row,) 
be  reduced  to  the  fame  denomination  as  the  terms  that  ftand  immediately  above 
them  in  the  upper  row,  and,  after  being  fo  reduced,  are  added  to  the  faid  terms 
that  ftand  immediately  above  them  in  the  faid  upper  row; — upon  thefe  fuppofi- 
tions  the  new  feries  of  terms  arifing  from  this  addition  of  the  faid  two  rows  of 

terms  to  each  other,  will  be  as  follows,  to  wit,  i  +  - — -  +  —  X  ~ — ^    + 

I  a  J  I  a  3  4  I  J  3 

X  2-^  X  ^-^  +  &c  +  I ;  in  which  feries  the  laft  term  is  i,  as  well  as  in 
the  two  feriefes  from  the  addition  of  which  this  feries  arifes ;  and  the  numerators 
of  the  laft  faftors  in  all  the  terms,  except  the  laft,  are  always  equal  to  m  +  i» 
inftead  of  being  equal  to  f»  —  i,  i»  —  a,  n  —  3,  )»  —  4,  &c,  as  in  the  two 
foregoing  feriefes ;  and  the  number  of  terms  in  the  faid  new  feries  is  »  +  I, 
indead  of  »  +  i,  which  is  the  number  of  terms  in  each  of  the  faid  foregoing 
feriefea. 


DEMOHSTRATIOH. 

13.  This  will  appear  by  fetting  down  the  ^d  feries  i  +  —  +  —  x  — ITJ- 

+   :i  X  :i-^  X  ^!-=-i  +  —  X  2.^^  X  ^^^^  X  ^^=^  +   &c   +    I  twice 

13  3  ■  '.  3  *. 

over,  in  the  manner  that  has  been  juft  delcribed;  which  may  be  done  as. 
follows : 

,  +  i  +  Ji  X  !!i^^  +  —  X  ^!i::^  X  i:^^  +  i  x  ^^^  x  ^!^^  x  ^l::!  +  &c 

1+^  +^x!!^  +Zx^X^!^^^  +&C.. 

In  thefe  two  rows  of  twins  it  is  evident,  in  the  firft  place,  that  the  terms  in 
the  uppar  row,  after  the  two  firft  terms  i  and  — ,  confift  of  two,  three,  and  four, 
and  more,  faftors,  every  new  term  having  one  more  faAor  than  the  term  next 
before  it;  and,  2dly,  that  the  terms  in  the  lower  row  that  ftand  immediately ' 
under  the  third,  fourth,  fifth,  and  other  following  terms  in  the  upper  row,  con- 
fift of  one  fatftor  lefs  than  the  correfponding  terms,  or  terms  itmnediately  over 
them  in  the  upper  row ;  and,  3dly,  that  the  terms  in  the  lower  row  confift  of 
the  very  fame  faftors  as  the  correfponding  terms  in  the  upper  row,  excepting 
that  they  want  the  laft  favors  of  the  faid  terms  in  the  upper  row.  And  hence 
it  follows,  that,  in  order  to  reduce  the  terms  in  the  lower  row  to  the  fame  de- 
nomination as  the  tenns  in  the  upper  row,  we  muft  multiply  them  by  fadors 
that  ftiall  have  the  fame  denominators  as  the  laft,  or  additional  faiftors  in  the 
Upper  row,  and  which  muft  have  their  numerators  equal  to  their  denominators, 
fo  as  to  make  each  c^  them  equal  to  i,  to  the  end  that  the  magnitudes  of 
the  faid  lower  terms  may  not  be  altered  by  the  multiplication  of  them  by  the 

faid 
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faid  new  faftors.  Thus,  for  example,  the  fecondtcrmof  the  lower  row.to  wit, 
. — ,  mufl  be  mukipUed  into  the  faftor  — ,  in  order  to  bring  it  to  the  fame  deno- 
mination as  tlie  third  term  in  the  upper  row,  to  wit,  —  X  "~"-,  without  alter- 
ing its  magnitude ;  and  the  third  term  in  the  lower  row,  to  wit,  —  X  *""  ',  muft 
be  multiplied  into  the  faftor  -^,  in  order  to  bring  it  to  the  fame  denomination 

as  the  fourth  term  of  the  upper  tow,  to  wit,  —  x  *"""—  x  ''~*,  without  al- 
'  '     t  3  3     *  ^ 

tering  its  magnitude  -,  and  the  fourth  terra  in  the  lower  row,  to  wit,  —  x  ~ — - 
X  "-'^^,  mini  be  multiplied  into  the  fadtor  — ,  in  order  to  bring  it  to  the  fame 
denomination  as  the  fifth  term  in  the  upper  row,  to  wit,  —  x  -■"■'  x  "~' 
X  — "il-S,  without  altering  its  magnitude ;  and,  for  the  like  reafon,  the  fifth,  and 
fixih,  and  feventh,  and  other  following  terms  in  the  lower  row  muft  be  multi- 
plied into  the  feveral  faiftors  — ,  and  — ,  and  — ,  Sec,  refpedively;  after  which 
multiplications  the  two  rows  of  terms  tliat  are  to  be  added  to  each  other,  will 
be  as  follows,  to  wit, 
xH,^  +  ^X^+yX^X^+^X^X^X^+    &c 

+  1   +  ~x    -f   +^X^X    4    +  — -X  ^Lzl  X  !!1^  X   -1    +  &c. 

II  I  I  313  3  4, 

14.  And,  if  thefe  two  rows  of  terms,  (being  now  brought  to  the  fame  de- 
nominations,) are  added  togetlier  in  the  manner  above  defcribed ;  that  is,  every 
term  in  the  lower  row  to  the  term  that  is  immediately  above  it,  the  fum  thence 
r^fulting-will  be  the  feries 
i+!l±i  +  ^x  ^  +  ^X^X^+  ^x^X— -'x^  -I-    &c, 

in  which  the  numeratorof  the  laft'fador  in  every  term  is  always  w -J-  i,  inftead 
of  OT  —  1,  w  —  2,  ff»  —  3,  w  —  4,  8rc. 

And  "  That  this  muft  be  the  cafe  in  all  the  following  terms  of  the  faid  new 
"  ferics  as  well  as  in  the  few  terms  of  it  that  have  been  here  fet  down,"  will  be 
evident  from  this  confideration,  to  wit.  That  the  denominator  of  the  laft  fatftor 
of  every  term  in  the  upper  of  the  two  rows  of  terms  that  are  added  together  is 
always  greater  by  an  unit  than  the  number  which  is  fubtrafled  from  m  in  the 
jiumerator  of  the  fame  faftor.  For  from  thence  it  follows  that  the  denominator 
of  the  new  multiplying  fraftion  in  the  correfponding  term  of  the  lower  row 
(which  is  always  equal  to  the  denominator  of  the  laid  laft  finftor  in  the  upper 
row,)  muft  always  be  greater  by  an  unit  than  the  number  which  is  fubtra<9:ed 
from  m  in  .the  numerator  of  fhe  1^  faAor  of  the  faid  upper  term.  And, 
therefore,  the  numerator  of  the  faid  new  muhiplying  fraAion  in  the  lower  row 
(which  is  always  egual  to  its  denominator,)  muft  alfo  always  be  greater  by 
an  unit  than  the  number  which  is  fubtrafted  from  m  in  the  numerator  of  the 
luft  fador  of  the  faid  upper  term ;  the  confcquence  of  which,  in  adding  the 
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lower  terra  to  the  upper  term,  is  to  convert  the  numerator  of  the  lad  fa£lor  in 
the  upper  term  from  m  —  i,  or  m  —  2,  or  jb  —  3,  or  the  excefs  of  «  above  fomc 
other  numoer,  into  w  +  i.  <l_.  e.  d. 

15.  And  the  number  of  terms  in  the  new  ferics,  arifing  from  the  addition  of 
the  two  former  in  the  manner  that  has  been  defcribed,  will  be  greater  by  on? 
than  the  number  of  the  terms  in  either  of  the  two  added  feriefes :  becaufe  the 
lower  row  of  terms,  confilUng  of  the  fame  number  of  terms  as  the  upper  row, 
and  being  placed  one  term  further  Co  the  right-hand,  muft  extend  one  term 
beyond  It;  and  confcquently,  as  the  number  of  terms  in  each  of  the  two  rows 
of  terms  is  «i  +  i ,  the  number  of  terms  in  the  new  fertes,  arifing  from  the 
addition  of  the  two  rows  together,  muft  be  i»  +  2.  q^  e.  d. 

16.  And,  laflly,  the  laft  term  of  the  faid  new  feries  muft  be  the  fame  as  the 
laft  term  of  the  old  feries,  or  of  the  lower  row  of  terms ;  becaufe,  as  the  lower 
row  of  terms  extends  one  term  beyond  the  upper  row,  the  laft  term  in  the  lower 
row  will  not  have  any  term  over  it  in  the  upper  row  to  which  it  is  to  be  added, 
and  confequently  will  continue  the  fame  in  the  new  feries  1  +  "      '■  +  —  x  "      ■ 

+  Jl  X  ^=^  X  !:i±i  +  —  X  ^=i  X  ^1:^  X  ^IJ^  4-  &c  as  in  the  old 
I  »  J  '  a  3  4 

ferics  I  +^+Jlx^  +  -2-X^X^+7-X=^  X^ 
X  ^1^-X  4.  &c.     But  we  have  feen  above,  in  Art,  8,  that  the  laft  term  of  the 

feries  I  +  ^  +  ^  X  '^  +  f  X  ^  X  ^  +  -f  X  ^  X  ^ 
X   21:^  +  &c  is  I,    Therefore  the  laft  term  in  the  new  ferics  i  +  "  **"  -   + 

alfo  be  I .  Qi  E.  D. 


17.  Coroll.  1.  Now  let  the  order  of  the  numerators  «,  w  —  i,  w  —  2, 
n>  —  3,  M  —  4)  &c,  and  <»  +  i ,  of  the  Afters  of  the  feveral  terms  of  the  laft 
feries  i+iii  +  ^X^+^X^X=ii+-=-X^X=^' 
X  - — ^  +  &c,  after  the  two  firft  terms,  be  changed,  by  making  «  +  i  the 
numerator  of  (he  firft  feftor  of  every  term  inftcad  of  being  the  numerator  of 
the  laft  factor.     The  faid  feries  will  tlien  be  as  follows,  to  wit,  i  +  iiJ   ^ 

i±;x^  +  =f:x■f•x^  +  !^lixix'i^x:i^+&c. 

Now  this  change  in  the  order  of  the  numerators  of  the  Icveral  feftors  of  the 
terms  will  create  no  change- in  the  values,  or  magnitudes,  of  the  feveral  terms 
themfelves ;  becaufe  the  produfts  arifing  from  the  multiplication  of  the  fame 
numbers  are  always  the  fame,  in  whatever  order  the  numbers  are  multiplied. 
Therefore  the  foregoing  feries,  after  this  change  in  the  order  of  the  numerators 
Vol.  11.  y  of 
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cf  the  feveral  fa<flors  of  its  terms,  will  Rill  be  of  the  fame  magnitude  at  before, 
and  confequently  will  be  equal  to  the  fum  that  arifes  from  the  addition  of  the 
aforefaid  two  rows  of  termj^s  in  the  manner  above  defcribed;  that  is,  the  ferie* 

I  111*3  123 

?*-"  ■  4-  &c  +  I  will  be  equal  to  the  fum  that  arifes  from  the  addition  of  tlw 
aforefaid  two  rows  of  terms  in  the  manner  above  defcribed. 

18.  CoroH.  2.  Now  let  h  be  =:  w  +  i.  Then  will  «  —  i  be  =  «,  and 
«  —  2  will  be  =  m  ' —  i,  and  «  —  3  will  be  =:  «i  —  2,  and  8  —  4  will  be  = 
m  —  3,  and,  in  like  manner,  »  —  5,  »  —  6,  »  —  7,  &c,  will  be  equal  to 
m  —  4,  f»  —  5,  m  _  6,   &c.  refpeftivcly.      And  confequently  the  fencs 

obtained  in  the  foregoing  Corollary,  to  wit,  i  +  - — •  +  - — -  X  —  +  "■■' 

X   -  X  ^^^  +  ^^-^  X  —  X  ^^  X  ^^  +  &c  +  I,  confifting  of «  +  » 
231*34  *=" 

terms,  will  be  equal  to  the  feries  i  +  —  +  —  x  -——  +  —  X  ^-^  X  ^^-^ 
4.  J.  X  ^-^-^  X  ^— -  ^  — -^  +  &c  +  I,  confifting  of »  +  i  ternjs.  There- 
fore the  feries  i  +  -f  +  -^  X  ~^  +  -f  X  '^  x  ^^=^  +  y  x  —■  x 
l^i  X  '^^^  4-  &c  +  I,  confifting  of  a  +  i  terms,  will  be  equal-to  thefiun 
thac  arifes  by  adding  the  two  aforela^d  rows  of  term^  together  in  the  manner 
above  defcribed. 

TJf  Demonfir^ioH  of  the -prituifal  Prop^tion. 

1 9.  Thefe  things  being  prcmjfed,  the  main  propofition  ftated  at  the  end  of 
Art.  8,  to  wit,  that,  if  m  denote  any  whole  number  whatfoever,  the  quantity' 
I  4.  1^,  or  the  «th  power  of  the  binomial  quantity  i  4-  i»  will  be  equal  to 
the  feries  i  4-  7-  +  -f  X  ^'  4:  -7  X  ^^  X  — ^  +  -7  X  ^  X  !~ 

X  ^^-^  +  7"  X  ^4^-  X  ^^-^.  X  — ^  X  ^-^  +  &c  continued  to  w  4-  i   ' 
te^ms,  or  to  the  term  i,  may  be  demonftrated  in  the  manner  following. 

30.-  The  produA  that  arifes  by  multiplying  the  feries  i  +  —  4-.  —  x  — "^ 

4.  i  X  ^t^^  X  i^^  4-  —  X  2L^^*  X  ^-^  X  ^-^  +  &c  into  i  4-  I 
^13  *ia  3  4 

IS  the  fum  that  arifes  by  fetting  down  the  faid  feries  twice  following  in 
two  parallel  rowi,  one  under  the  other,  with  the  terms  in  the  lower  row.  ad- 
vanced one  term  fiirther  to  the  right-hand  than  the  terms  in  the  upper  row,  in 
the  manner  above  defcribed,  and  then  adding  the  terms  in  the  lower  row  to  the 
correfponding  terms  in  the  upper  row.  And  the  m  +  if*  power  of  i  4-  t  is 
the  i^odudl  of  the  multiplication  of  the  xith  power  of  i  4-  i  into  1  4-  i* 
'  Therefore,  if  in  any  particular  v^ue  of  m  the  mth  power  of  i  +  i  is  equal  to 

the 
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the  feries  i  +  7-  +  -f  X  ^  +  ~- X  ^  X  ^  +  ^  X  =1^  X 
"~  *  X   "~^  +  81C  +  i,confiftingof(B+  i  terms, the 'm+Ty*  power  of  i  +  i 

will  be  equal  to  the  fum  that  arifes  by  fctting  down  the  faid  feries  twice  follow- 
ing in  two  parallel  rows  in  the  matiner  above  defcribed,  and  adding  the  faid 
two  rows  of  terms  together.  But,  by  the  fecond  Corollary  of  the  foregoing 
I^einma,  if  n  be  =:  m  +  i,  the  fum  anting  fr;^m  the  addition  of  the  faid  two 

rows  of  terms  is  the  feries  i  +  —  +  —  X  ^-^—  +  —  X  ^-— —  X  ^-^^  + 
—  X  ^-^  X  ^-^-^  X  ^-^^  +  &c  +  I  confining  of  « -f  i  terms.  There- 
fore, if  in  any  particular  value  of  m  the  wth  power  of  i  +  i  is  equal  to  the 
feries  T  +—  +  —  X  Z^^  +  i  X  21^^  x  '^^^^  +  —  X  2zU  x  '!^^=^ 

X  "~  ^  +  &c  +  I,  confiding  of  «  +  i  terms,  it  will  follow  that  die 
m  +  iV*,  or  «th,  or  next  higher  power,  of  i  +  i  will  be  equal  to  die  feries 

+  &c  -|-  I,  confifting  of  n  4-  I  terms.  But  it  has  been  Ihewn  in  Art.  3 
and  4  that,  when  m  is  equal  either  to  2,  or  to  3,  or  to  4.,  or  to  5,  the 
the  flith  power  of  i  -^- 1  is  equal  to  the  feries  i  +  —  +  —  x  ^-^  +  —  X 

^T"'  ^  ^T^  '*'  "7"  ^  ^T"'  ^  ^^T^  ^  ^T^  +  &c  +  I  confifting  of  w  +  1 
terms.  Therefore,  if  »  be  equal  to  5  +  1,  or  6,  the  j  -(-  iV*  power,  or  6th 
power,  or  »th  power,  of  i  -f-  1  will  be  equ^  to  the  feries  I  +  —  +  —  X  ^^-—^ 
+  -1  X  ^  X  !^-^+  —  X  '-^  X  *-^^  X  lll?4.&c+  i,confiftingof 
»  -f  I ,  or  6  +  I ,  or  7,  terms.    And  in  the  fame  maAAer  it  may  be  proved  that, 

.  fince,  when  nr  is  =  6,  the  nth  power  of  i  +  >  i^  equal  to  the  feries  i  +  — 
+  i  .  li^  +  i  X  iirii  X  :^  +  i  X  =^  X  i=i  X  i=:i  +  &c 

-  +  I,  confifting  of  »  -f-  i,  or  6  -f  1,  or  7,  terms,  the  m+Tl'*,  or  6~+i\'*, 
or  7th,  or  (putting  »  —  M  +  i  =6  +  1  =7)  the  »th,  power  of  i  +  i  will 
be  equal  to  the  feries  i "+  i  +  i-  x  "^-^  +  ^  x  *-^  x  '-^^  +  -^  X 
^-^-^  X  ^^-^  X  ^-^  +  &c  +  I,  confifting  of  »  +  :,  or  7  +  i,  or  8,  terms. 
And  fo  we  may  proceed  from  number  to  number  ai  ii^nitum.  And  confe- 
quently,  whatever  be  the  whole  number  denoted  by  w,  it  will  always  be  true 
that  I  +  i>  is  equal  to  the  feries  i  +  —  +  —  X  ^-^ — h  —  X  "~      X 

3  ~  a  ~i  4      "'"  ~        ~T~  3  4 

^^-^  +  &c  +  I,  confifting  of  »  +  I  terms.  <U  b.  d. 
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^e  fongoing  Demonjiration  exprejed  in  a  more  concije  Manner. 

2 1.  The  foregoing  reafonings  may  be  exprefled  in  a  more  concife  manner  as 
'  follows.     If  «  be  =  w  +  I ,  and  it  be  true  in  any  particular  value  of  m  that 

I  +  ih  is  =  the  feries  i  +  ^  +  ^  x  ^^^^  +  -^  X  ^^  X  ^^"^  +  -^ 


X  — ^-  X  ^  +  &c,  it  will  alfo  be  true  that  i  4-  il"  will  be  = 

•    3  4 


X 

I    +  -f  + 
+  &c. 
For  1  +  1^"  is  =  I  +  il"  +  •  =:  1  +  il"  X  i  -f-  i  zi  the  feries  i  +  —   + 


~  X  — -:  +  —  X  ^ 
multiplied  into  1  +  1  = 
'+T-t  ix^  +  TX- 

-  I  +  "  +  "  X  ^  +  7  X 

+i+'x    t+tX 

=  ,  +  liti  +  =  x=±i  +  = 


■-3 


+  &c 


+  =  x 


X    ^    +■ 


X  • 


X  i  +  &c 

+  &C. 

:x=rJ  +  &c 
ix  -i   +  &c 


zi  X  i:ii  +  ^  X  =::i  X  :^' X  iti  +  &c 
'        s        ■       «        3        4   ^ 

=  X  !!=i  +  :2L'  X  :  X  2=-'  X  =::-"  +  &c 
»       3  '       "       3         ♦ 


+  -j-  X  ^  X  :^  X  "-^+  &c. 
But  ic  has  been  Oiewn  in  Art.  3  and  4  that,  when  A  is  equal  either  to  2,  or  to 
3,  or  to  4,  or  to  5,  1  +  iV"  is  equal  to  the  feries  i  +  —  +  —  X  ^^^  +  — 

X  ^^^  X  ^^  +  —  X  i:^  X  ^^^^  X  ^^  +  &c.  Therefore,  if  »be  =  5  +  1, 
»  3  I  »  3  4 

or  6,  I  4-  il%  or  i  +  it*,  will  be  =  the  feries  i  +  —  +  —  X  ^-^  +  —   X 

iZi  X  ^^-^  +  —  X  "-^  X  ^^^  X  t^  +  &c.     And  it  may  be  ihewn 

».  3  >  a  3  4 

in  like  manner  that,  if  »  be  put  for  7,  8,  9,   10,  &c  ad  iKfiniium  fucceffively, 

1  +  i\"  will  in  all  thefe  fiippofitions  be  always  equal  to  the  feries  i  +  —  4- 

—  X  ^^  +  -7  X  ^-^^  X  2-^  +  -f  '^  ^^  X  ^^—~  ^  ^^— ^  +  &c;  and 
therefore  the  propofmon  is  univcrfally  true,  whatever  be  the  whole  number 
denoted  by  the  letter  «.  o^  e.  d. 

2z.  This  demonftration  of  the  binomial  th'eorem  in  the  cafe  of  integral  pow- 
ers, is  nearly  the  fame  wkh  that  given  by  Mr.  John  Stewart,  of  Aberdeen,  in 
the  6th  Sedion  of  his  Commentary  on  Sir  Ifaac  Newton's  curious  little  Traft, 
intitled,  jinalyfis  by  Equations  of  an  infinite  number  of  Terms.    See  his  edition 
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of  Newton's  Treatife  oh  the  ^a4rature  ef  Curves,  and  of  i 
intitled  Analy/ts,  ^c,  with  his  learned  Comments  on  both,  it 
quarto,  publilhcdat  London,  in  the  year  1745,  page  471,  Arc  i 


Of  the  Jnvenlion  of  the  foregoing  Theorem. 


23.  This  famous  theorem  is  ufuaily  afcribed  to  Sir  Ifaac  N 
the  cafe  of  roots,  or  fraftional  powers,  of  a  binomial  quantity, 
agreed  that  he  was  the  firft  inventor  of  it.  But  Jn  the  cafe  of  id 
(which  has  been  the  fubjedt  of  this  Difcourfe,)  it  feems  to  have  l 
many  years  before  by.  Mr.  Henry  Briggs,  the  ingenious  comput 
rithms  that  are  called  by  his  name.  i*or  it  has  been  lately  ob 
Hutton,  (the  learned  Profcflbr  of  Maihematicks  at  Woolwich 
his  very  curious  hiftorical  Introduiftion  to  his  new  edition  of 
thematical  Tables,  that  there  is  a  paffage  in  the  faid  Mr.  Br 
Treatife,  intitled,  jiritbmetita  LogaritbmUa,  (wliich  was  publifl 
1624,)  in  which  Mr.  Briggs  (hews  how  to  derive  the  third,  ai 
fifth,  and  other  following  terms  of  any  integral  power  of  a  bin 
from  the  fecond  term  of  it  without  raifing  alt  the  intermediate,  o 
of  the  binomial  by  continual  multiplication  ;  which  is  the  operati< 
mial  theorem.  But  Mr.  Briggs  has  only  defcribed  the  method  ol 
words,  and  has  not  cxprefled  it  in  Algebraick  fymbols,  as  Sir  Ifa 
done,  by  affigning  the  fradions  ^-3J,  ^_ZJ,  "  ~  ^,  1z^  g^c, 
by  the  continual  multiplication  of  which  the  co-efficients  of  the  { 
be  produced.  The  merit,  therefore,  of  being  the  firft  inventor, 
of  this  ufeftil  difcovery  in  the  cafe  of  integral  powers,  muft  be  : 
Briggs,  and  only  that  of  giving  the  invention  a  more  convenient  foi 
ing  it  by  a  ihort  and  fuitable  algebraick  notation,  muft  be  afcribi 
Newton,  together  with  that  of  extending  it  by  his  fagacious  ct 
the  cafe  of  powers  of  which  the  indexes  are  pofitivc  whole  numb' 
ous  other  cafes  of  it  in  which  the  indexes  of  the  powers  are  elthi 
~  -1-  -L,  — ,  J-  — ,  and  — ,  or,  in  general,  -,  or  negative  w 
as  —  I,  —  a,  —  3,  —  4,  —  5,  &c,  or,  m  general,  —  w,  or  negi 
as  -^j  -^j  ^—i  ^>  — ,  ^^,  ^^—^,  or,  in  general,  ^^ ;  wl 
of  it  is  of  wonderful  utility  in  various  branches  of  the  higher  pa 
and  maihematicks,  as  we  have  fcen  in  the  remarks  that  have  bet 
the  former  volume  of  thefc  Trafti  on  the  Logarithmick  Seriefc 
Mr.  Mercator  and  Dr.  Wallis,  and  in  the  foregoing  Traift  concei 

lution  of  the  equation  1  +  — 1    :s  10,  or  the  inveftigaiion  of 
of  the  ratio  of  10  to  1  to  the  leifer  ratio  of  j  +  —  to  i,  or  of 

24.  Yet  it  may  reafonably  be  conjedured  that  Sir  Ifaac  NewK 
an  inventor,  as  well  as  Mr.  Briggs,  of  this  ufeful  theorem  even 
jnt-egral  powers,  though  not  the  firfi  inventor  of  it.     For  it  is  well 
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was  not  an  extenfive  reader  of  mathematiclitl  works;  and  he  appears  to  havft 
applied  himfelf  principally  in  his  younger  years  to  the  ftudy  of  Des  Cartcs'l 
Geometry,  with  Schooten's  Commentary  on  it,  and  the  other  Tra<Ss  publilhed 
by  Schooten  with  it,  and  of  Dr.  Wallis's  Aritbmetiea  Infinitorum,  and  his  other 
uorks  on  mathematical  lubjetts  then  publiihed.  And  therefore  he  may  well  be 
fiippoftd  not  to  liave  feen  Mr.  Briggs's  Aritbmetiea  Logaritbmica,  in  which  this 
method  of  deriving  the  co-efKcients  of  die  terms  of  the  powers  of  a  binomial 
quantity  one  from  another  is  contained,  at  the  time  of  his  difcovering  this  femous 
theorem  himfelf,  which  was  about  the  year  1665,  or  when  he  was  only  23  years 
old.  And,  if  he  had  feen  that  book,  and  obferved  this  difcovery  to  be  contained 
in  it,  it  is  hardly  to  be  conceived  that,  when  he  was  fpeaking  of  this  theorem,  he 
would  have  omitted  to  make  mention  of  this  difcovery,  and  to  acknowledge 
that  it  contained  the  fubftance  of  the  faid  binomial  theorem  in  the  cafe  of  in- 
tegral powers,  though  not  exprefled  in  algebraick  fymbols.  For  thefe  reafons 
I  am  inclined  to  think  that  Sir  Ifaac  Newton  had  not  feen  Mr.  Briggs'i 
Aritbmttica  Legaritbmiia,  when  he  invented  the  binomial  theorem,  and  there- 
fore, that  he  was  truly  an  inventor  of  it  even  in  the  cafe  of  integral  powers, 
though  not  tbefirfi  inventor. 

25.  But  it  feems  more  furpiifmg  that  Dr.  Wallis,  who  was  a  much  more 
copious  reader  of  mathematical  works  than  Sir  Ifaac  Newton,  and  who  actually 
had  feen  Mr.  Briggs's  Aritbmetiea  Logaritbmica,  and  makes  mention  of  it  in 
his  Algebra,  chapter  xii,  page  60,  fliould  not  have  attended  to  the  coiyents 
of  that  ingenious  treatiie  enough  to  have  obferved  that  it  contained  this 
moft  ufeful  theorem.  Yet  tliis  appears  to  have  been  the  fail,  from  what 
the  Dodor  tells  us  in  the  8jth  chapter  of  his  Algebra,  page  319,  where,  in 
fpeaking  of  Mr.  Newton's  method  of  generating,  or  deriving,  the  co-effi- 
cients of  the  third  and  fourth,  and  other  following  terms  of  the  «th  power  of  a 
binomial  quantity  ixom.  »,  the  co-efficient  of  the  fecond  term  of  it,  by  the 

continual  multiplication  of  the  fraAions  "  ~-.  ^  ~  '.  f-Hi,  T~^  &c,  be con- 

*  3  ♦  5 

feffes  that  he  had  fought  after  this  method  of  generating,  or  deriving,  thefe  co- 
efficients himfelf,  but  without  fuccefs.  His  words  are  thefe,  after  fpeaking  of 
fome  other  excellent  inventions  it)  the  mathematicks  contained  in  a  letter  of 
Mr.  Ifaac  Newton  (at  that  time  Profeffor  of  Mathematicks  in  the  Univerfity  of 
Cambridge,  and  who  was  afterwards  better  known  by  the  title  of  Sir  Ifaac 
Newton,)  to  Mr.  Oldenburgh,  (the  Secretary  of  the  Royal  StKiety  at  London,) 
dated  Oflober  14,  1676.  **  He  [Mr.  Newton']  then  ebjerves  {wbat  I  bad  for* 
"  merly  Jougbt  after ^  but  unfucee/sfuUy,')  that  tbe  fellowing  numlers  are,  from  tbt 
"  two  firfi,  to  be  found  by  continual  multiplication  of  tbti  feriej  i  x  *~°    x 

**  ZrJ.  X  ^Lr_?  X  2-U  X  ^-=-*  X  &c."    Thefe  are  the  words  of  Dr.  Wal: 

a  3  4  S  , 

lis  in  his  Algebra,  page  319;  from  which,  I  think,  we  may  conclude  that, 
though  he  had  feen  Mr.  Briggs's  Aritbmetiea  Logaritbmica,  he  had  not  read  '» 
with  fufficient  acteation  to  difcover  that  this  method  of  generating  the  co-effi- 
cients of  the  terms  of  the  mth  power  of  a  binomial  quantity,  when  m  was  any 
whole  number  whatfoever,  was  contained  in  it :  though  it  feems  indeed  un-  » 
accountably  ftrange  that  he  (hould  not  have  taken  notice  of  it. 

1  a6.  Dr. 
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»6.  Dr,  WalHs's  Algebra  was  publifhed  in  the  year  1685.  And  that  wa$ 
the  firft  time,  after  Sir  Ifaac  Newton's  difcovery  of  it,  that  the  binomial  theorem 
(in  Sir  Ifaac  Newton's  manner  of  expreffing  it)  was  pubiilhed  in  print,  and 
tnade  known  to  the  learned  world  in  general,  though  Mr.  Oldenburgh  and 
Mr.  Licibnitz,  and  probaWy  Dr.  Barrow,  (who  was  Sir  IGiac  Newton's  great 
friend  and  patron  in  his  youth,)  and  fonie  other  learned  mathematicians,  of  that 
time,  had  feen  it  in  that  l^ter  to  Mr.  Oldenburgh,  <^  Oflober  24,  1676, 
Toon  after  the  faid  letter  was  written.  But,'  how  Sir  Ifaac  diicovered  this  theo- 
rem, is  not  known  ;  nor  is  any  demonllration  of  it,  even  in  this  eafieft  cafe  of 
it,  (in  which  the  index  »  of  the  power  to  which  the  binomial  quantity  is  to  be 
raifed,  is  a  whole  number,)  any  where  to  be  found  in  all  his  works. 


Of  tbt  Povitrs  of  0  Refidual  ^antity  d  -^  h,  vttn  tbtir  Indexes  are  wboU 
Numbers. 

17.  We  have  hitherto  been  confidering  the  int^ral  powers  of  a  binsmial 
quantity  a  +  b,  or  of  the  /um  of  two  fingle  quantities  a  and  b ;  and  we  hare 
feen  that,  if  the  faid  binomial  quantity  a  +  ^  be  raifed  to  any  power  of  which 
a  whole  number  denoted  by  m  is  the  index,  the  quantity  a  +  *V\  or  the  faid 
iwlh  power  oi  a  +  b^  will  be  equal  to  the  feries  a"  +  ■Z,  a    ~    b  ■{ X 

■  I  a  3  1  »  3  4 

a^'^b*  +  ^  X  ^'  X  ^  X  ^  X  ^  '«'•"*  i'  +  Sic  +  b',  or  (if 
we  put  A  =  I,  B  =  i  A,  C  =  ^^^  B,  D  =  ^-3-!  C,  E  =  ^^^  D,  F  = 
=^liE,  andG,  H,  I,  K,  L,  «tc,  =  ^F,  !^^G, —^H,*!^  I,  5!^^=^ 
K,  &c,  refpeaively,)  to  the  fcrie»  a"'+.^A»  *•*'*  +  ^^-^  B  a  "'~*  i'  + 
:i^  C  a  ""3  b'  +  "^t—^  D  a  ""'♦  h*  +  ^*  E  fl '"'  ^  i'  +  &c  +  *«;  in  which 
all  the  terms  after  the  firft  term  a"  are  marked  with  the  fign  +  >  or  are  added 
to  the  faid  firft  term.  We  will  now  proceed  to  confider  the  value  of  a  —  ^f, 
or  the  mth  power  of  the  r0dual  quantity  a  —b,  ix  the  difference  of  the  two 
quantities  a  and  bj  upon  a  fuppolition  that  a  is  the  greater  of  the  two. 

28.  Now,  if  d  be  fuppofed  to  be  greater  than  b,  and  m  be  any  whole  num- 
ber whatfoever,  the  quantity  a  —  ^V,  or  the  Brth  power  of  the  refiduiU  quantity, 
or  difference,  a  —  b,  will  be  equal  to  the  feries «*—  ia***'  i  +  —  x 

=^^— «-_^  X  =fi  X  !^"»"-3-i.  +  ix!4^xlf^x'sf5 

,"-»i«_i  X  ^  X  ::^^  X  2^^'  X  i:-=^»'"~'  «•  +  &c,  or  (if  wc 

put  A,,  as  before,  =  i,  and  Br:  — A,  and  C  =  ^^^B,  and  D  =  Z^Zl  C,and 
E  =.ZZJ  D;  and  F  =i=^  E,  and  G,  H,  I,  K,  L,  &c,  =  ^'  F.  ^^^ 
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5,  ^H,=^ 

»  9 


p  K,  &c,  refpcflively,)  to  the  feries  a"  —  ~  A  a**"' 
!^^ii  C  a ""3  ^'  +  2L::i  D  a"-*^* -EEi  E  « *- 5 

3*5 
^*  +  &c,  which  confifts  ot  cxadly  the  fame  terms  as  the  feries  that  is  equal  to 
n  +  ^'i",  or  the  fame  power  of  the  binomial  quantity  a  +  i,  but  with  the  fign 
—  prefixed  to  the  fecond,  and  fourth,  and  fixth,  and  every  following  even 
term  in  the  feries,  which  denotes  that  the  faid  terms  are  not  to  be  added  to  the 
firft  term  a",  ajid  to  the  third,  and  fifth,  and  other  following  odd  terms,  (as 
they  were  in  the  former  feries,  which  was  equal  to  a  +  il"',)  but  to  be  fubtrai5led 
fr-om  them. 

29.  That  this  muft  be  fo,  will  be  evident  from  confidering  the  manner  in 
which  the  feveral  powers  of  the  refidual  quantity  a  —  3  are  generated  from 
each  other  by  the  continual  multiplication  of  tf  —  ^,  of  which  we  will  now 
exhibit  a  fpccimen  with  refpeft  to  a  few  of  its  lowed  powers.  The  fecond, 
tliird,  founh,  and  fifth  powers  of  a  —  ^  are  derived  from  a  —  i  itfelf  by  the 
following  multiplications. 
a  —  i 


aa 

-ah 

—  ah  ■{■it 

—  lab  -\-  bif  —  a 

a-  b 

b' 

a- 

—  %a'i  +  ab' 

—  a^b  +  i.ab*  — 

a' 

-3a-b+  3ab-- 
a  ~ 

-b'  =  a-b\' 
-  b 

a' 

-3a-b  +  3a-b- 
—     a'  b  +  }a'b' 

-ab' 

—  J  «*•  +  I* 

If 

-ia-b+6a-b' 

-^aP  +  bt=a. 
a  -  b 

-tU 

«• 

-^a-i  +  ba'b- 
—     a'b  +  ^a'  b' 

-^a'b'  +ab- 
—  ta'b'  +  tab'- 

-P 

.■ 

—  ^a*  b  -t-  10  a^  b 

•  —  loo'i'  +  s'b" 

-b'  = 

30.  From  thefe  operations  it  is  evident  that,  wherever  the  odd  powers  of  ^ 
occur  in  the  faid  powers  of  a  —  B,  the  terms  are  marked  with  the  fign  — , 
and  that,  wherever  the  even  powers  of  ^  occur  in  the  faid  powers  of  <i  —  i,  the 
terms  are  marked  with  the  fign  +.  And  the  fame  thing,  it  is  evident,  muft 
happen  in  all  higher  powers  oi  a  —  i  whatfoever,  as  well  in  thofe  -that  have 
been  here  fet  down,  becaufe  3  is  marked  with  the  fign  —  in  the  two  original 
faftors  a  —  t  and  «  —  ^ ;  whence  it  follows,  from  the  nature  of  algebraick 
multiplication,  that,  whenever  h  is  multiplied  into  itfelf  an  even  number  of 
times,  the  produft  will  be  marked  with  the  fign  +  ;  and,  whenever  it  is  mul- 
tiplied into  itfelf  an  odd  number  of  times,  the  produd  will  be  marked  with  the 
fign  — .  And  it  is  fiirther  evident,  fi-om  the  foregoing  multiplications,  that 
the  odd  powers  of  ^  occur  in  the  fecond,  and  fourth,  and  fixcb,  teinu  of  the 

fixt- 
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foregoing  produfts,  and  that  the  even  powers  of  b  occur  in  the  third  and  fifth 
terms  of  them.  And  it  is  eafy  to  fee  that  the  odd  powers  of  b  will  occur  in 
like  manner  in  the  eighth,  and  tenth,  aad  twelfth,  and  other  following  even 
terms  of  all  higher  powers  of  «  —  h  whatfoevcr,  and  that  the  even  powers  of  h 
win  occur  in  like  manner  in  the  feventh,  and  ninth,  and  eleventh,  and  other 
following-  odd  tenftS  of  tkfe  faid  higher  powers  of  »  —  ^.  And  it  is  aBTo  evi- 
dent, from  the  foregoing  multiplications,  that  the  terms  themfelves  of  which 
the  feveral  powers  of  a—b  will  be  compofed,  are  exaftly  the  fame  with  the  terms 
of  which  the  fame  powers  of  a  +  b  are  compofed.  And  hence  it  follows  that 
the  feries  which  is  equal  to  a  —  Si*  will  be  the  fame  with  the  feries  which  is 
equal  to  a  +  il",  when  the  fign  —  has  been  prefixed  to  the  fecond,  and  fourth, 
and^Mh,  «nd  other  following  cren  terms  of  it,  inftead  of  the  fign  +,  or  that 
a  —  bV,  or  the  iwth  power  of  the  refidual  quantity  a  —  b,  will  be  equal  to  the 
fenes  a ~a         b  -^  —  x  —^  a         b*  —  —x  —^  X  — -—  a       ^ 

P  +  —  X  X  — -—  X a        ^b* X  X  X 

•33+  ^  »  3  ♦ 

X  Iin+^^-S  ^«  +  &c,  or  o"-  — A  a"~'*  +  ZZH^  a"'~' b*  ~ 
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Sir      ISAAC       NEWTO    N'S 

BINOMIAL      THEOREM. 

In  the  Cafes  of  Roots  and  the  Powers  of  Roots,  as  well  as  la  the  Cafe  erf 
Integral  Powers ;  publiflied  by  Mr.  John  Landen  in  the  Year  1 758. 


IN  the  year  1758  the  very  learned  Mr.  John  linden,  erf"  Wakon,  near 
Peterborough,  in  Northamptonshire,  publiflied  a  mathematical  Traft  in 
quarto,  containing  43  pages>  intitled,  A  Dtftourfe  tmctming  the  Rifidual  Ana- 
lyfis :  a  new  Branch  of  the  Algehratck  Arty  of  very  extenfive  UJe  both  in  Pure 
Matbematich  and  Natural  Philofephy.  In  this  Difcourfe  he  has  given  us  a  de- 
monftration  of  the  famous  binomial  theorem  of  Sir  Ifaac  Newton,  that  extends 
to  the  cafes  of  roots  and  the  powers  of  roots  erf"  a  binomial  quantity,  as  well  as  to 
the  cafe  of  its  integral  powers ;  and  this,  without  having  recourfe  to  the  doifbine 
of  fluxions,  which  had  ufually  been  employed  for  this  purpofe  by  the  writen 
that  had  zone  before  him.  The  proportion  he  demonllrates  is  as  follows,  to 
wit,  "  Tnat,  if  m  and  n  be  any  two  whole  numbers  whatfoever,  the  quantity 

I  +  *)",  or  that  power  of  the  binomial  quantity  i  +  x  which  is  denoted  by  the 
fraAional  index  — ,  will  be  equal  to  the  feries  i  +  —  *  -|-  —  x  "~  •  x*  ^  .^ 

w  — «         m^am     .    ,     m         «r  — «  .,   m  —  im  ,,   m  —  9«     -     ,      «»    ..   m  —  » 

X  -IT  ^-^  'J-TX-jrx-i;;-><-jr'^  +  TX-xrx 

- — -  X  - — 25  X  : — ^  »•  +  &c,  or  (putting  A  =  t,  and  B  =  — ,  and  C 
-  :L:ZJ:  B,  and  D  =  J:^^^  C,  and  E  =  i=JJ  D.  and  F  =  iiHl?  E,  and  G, 
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fpeaively,)  to  the  feries  i  +  ^  A  x  +  5^^  Bx*  +  ^^^^  C  x'  +  ^^-^^  D  a* 
+  ^IZJSZx*  +  ^-^  F*'  +  ^^  G  *'  +  &c.  And  it  is  the  firft  propofi- 
tion  contained  in  the  faid  Difcourfe.  I  {hall  therefore  here  give  the  reader  both 
the  propofition  itfelf  and  the  demonftraiion  of  it,  in  the  learned  author's,  own 
words,  together  with  the  refle<5tions  with  which  he  introduces  it ;  and,  as  the 
demonftration  is  in  itfelf  rather  fubtle  and  difficult,  and  is  alfo  expreffed  in  a  very 
concife  manner,  I  ftiali  afterwards  fubjoin  fiich  an  explanation  of  it  as  will,  I 
hope,  enable  the  reader  to  comprehend  it  eafily.  The  author's  words  are  as 
follows : 

"  Before  Sir  Ifaac  Newton  invented  the  Method  of  Fluxions,  mathematicians 
*'  had  made  confiderable  improvements  in  the  algebraic  art,  and  had  devifed 
*'  feveral  curious  rules  for  refolving  certain  problems  relating  to  the  greatcft 
"  and  leaft  ordinates,  points  of  inflexio^i,  tangents,  curvature,  and  quadrature 
y"  of  curve  lines,  and  the  cubature  of  folids,  &c.  Thofe  rules,  however,  were 
**  efteemed  of  little  value,  upon  the  appearance  of  the  fluxionary  method ; 
*'  which,  being  of  far  more  extenfive  iJle,  was,  by  the  mathematical  world, 
*' received  with  great  admiration,  and  ftudied  with  great  eagernefs.  Highly 
**  indeed  has  that  method  been  extolled  by  many  writers ;  yea,  a  certain 
•*  gendeman  has  gone  fo  far  as  to  fay,  Tlie  method  of  fluxions  is  capable  of 
•'  refolving  fiich  difficulties  as  raife  the  wonder  and  furprife  of  all  mankind,  and 
"  which  would  in  vain  be  attempted  by  any  other  method  whatfoevcr.  So  that 
**  it  is  juftly  efteemed  the  greateft  work  of  genius,  and  the  nobleft  thought  that 
**  ever  entered  the  human  mind.     Pre/,  to  Emers.  Flux, 

"  Yet,  notwithftanding  the  method  of  fluxions  is  fo  greatly  applauded,  I 
"  am  induced  to  think  it  is  not  the  moft  natural  method  of  refolving  many 
•*  problems  to  which  it  is  ufually  applied. — The  operations  therein  being  chiefly 
"  performed  with  algebraic  quantities,  it  is,  in  faft,  a  branch  of  the  algebraic 
•*  art,  or  an  improvement  thereof,  made  by  the  help  of  fbme  peculiar  principles 
•*  borrowed  from  the  doArine  of  motion :  which  principles,  I  muft  confefs,  to 
'*  me  feem  not  fo  properly  -applicable  to  algebra  as  thofe  on  which  that  art  was, 
**  before,  very  naturally  founded.  We  may  indeed  vejy  naturally  conceit*  a 
"line  to  be  generated  by  motion;  but  there  are  quantities  of  various  kinds, 
"  which  we  cannot  conceive  to  be  fo  generated.  It  is  only  in  a  figurative  fenfe 
"  that  an  algebraic  quantity  can  be  faid  to  increafe  or  decreale  with  fome 
"  velocity  or  degree  of  fwiftnefs ;  and,  by  tie  fluxion  of  a  quantity  of  that 
"  kind,  we  mull,  1  prcfume,  to  have  a  clear  idea  of  its  meaning,  underftand 
"  the  velocity  of  a  point  fuppofed  to  defcribe  a  line  denoting  fuch  quantity. 
*•  Fluxions  therefore  are  not  immediately  applicable  to  algebraic  quantities; 
"  but  in  fluxionary  computations  made  by  means  of  fuch  quantities,  we,  to 
•*  proceed  with  perfpicuity,  muft  have  recourfe  to  the  fuppofition  of  lines  being  " 
"  put  to  denote  thofe  quantities,  and  the  generation  of  thofe  lines  by  motion. 
**  It  therefore,  to  me,  feems  more  proper,  in  the  inveftigation  of  propofitions  by 
*'  algebra,  to  proceed  upon  the  anciently  received  principles  of  that  art,  than  to 
"  introduce  therein,  without  any  neceffity,  the  new  fluxionary  principles,  de- 
"  rived  from  a  confideration  of  motion ;  and  the  rather,  as  the  introduction  of 
Z  a  "  thofe 
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"  thofe  new  principles  is  not  attended  with  any  peculiar  advantage. — That  the 
"  borrowing  principles  from  the  doftrine  of  motion,  with  a  view  to  improve 
"  the  analytic  art,  was  done,  not  only  without  any  neceflity,  but  even  without 
"  any  peculiar  advantage,  will  appear  by  (hewing  thai,  whatever  can  be  done 
"  by  the  method  of  computation,  which  is  founded  on  thofe  borrowed  princi- 
"  pies,  may  be  done  as  well  by  another  method  founded  entirely  on  the 
"  fl«rti;ff//)'-rff«'-yi?i/ principles  of  algebra  :  And  that  I  (hall  endeavour  to  (hew, 
*'  as  foon  as  I  have  leifure,  in  the  treatife  I  lately  propofed  to  publifh  by  fub- 
*'  fcription. — In  the  mean  time,  this  eflay  is  intended  to  give  the  inquifitive 
"  reader  feme  notion  of  the  new  method  of  computation,  which  is  the  fubjeft 
"  of  that  treatife. — Which  method  1  call  the  Re/idual  Analyfis;  becaufe,  in  all 
"'  the  enquiries  wherein  it  is  made  ufe  of,  the  conclufions  are  obtained  by  means 
"  of  relidual  quantities. 

"  In  the  application  of  the  Refidual  Analyfis,  a  geometrical  or  phyfical  pro- 
*'  blein  is  naturally  reduced  to  another  purely  algebraical ;  and  the  folution  is 
**  then  readily  obtained,  without  any  fuppofition  of  motion,  and  without  con- 
*'  fidering  quantities  as  compofed  of  infinitely  fmall  particles, 

**  It  is  by  means  of  the  following  theorem,  viz. 


W 

(where  m  and  n  are  any  integers,) 

*  that  wc  are  enabled  to  perform  all  the  principal  operations  in  our  faid  Ana- 
'  lyfis  ;  and  I  am  not  a  little  fLirprifcd,  that  a  theorem  fo  obvious,  and  of  fuch 
'  vail  ufe,  Ihould  fo  long  efcape  the  notice  of  aJgcbraifts! 

"  I  have  no  objedion  againft  the  truth  of  the  method  of  fluxions,  being 
'  fully  fatisfied,  tliat  even  a  problem  purely  algebraical  may  be  very  clearly 
'  refolved  by  that  method,  by  bringing  into  confideration  lines,  and  their 
'  generation  by  motion.  But  I  mtiR  own,  I  am  inclined  to  think  fuch  a 
'  problem  would  be  more  naturally  relblved  by  pure  algebra,  without  any  fuch 
'  confideration  of  lines  and  motion. — Suppofe  it  required  to  invcftigate  th« 

*  binomial  theorem  ;  i.  e.  to  expand  i  +  *"  into  a  feries  of  terms  of  x,  and 

*  known  co-efficients. 

*'  To  do  this  by  the  method  of  fluxions,  we  firft  affume  i  -^  x'  zz  i  J^  sx  -^ 
'*  hx*  +  «'  +  dx*  &c.  We,  to  proceed  with  perfpicuity,  are  next  to  concejv* 
'*  X,  and  each  term  of  that  alTumed  equation,  to  be  denoted  by  fome  line,  and 
'*  that  line  to  be  defcribed  by  the  motion  of  a  point ;  then,  fuppofmg  x  to  b« 

*  the  velocity  of  the  point  defcribing  the  line  x,  and  taking,  by  the  rules 
'*  taught  by  thofe  who  have  treated  of  the  faid  method,  the  feveral  contemporary 
■*  velocities  of  the  other  defcribing  points,  or  the  fluxions  of  the  feveral  terms 

*  in  the  faid  equation*,  we  get  —  X  i  i-  *"       V.  x  ~  ax  -^  2bxx  +  ^cx^x  + 

'*  4dW*  Sec.  becaufe,  when  the  fpace  defcribed  by  a  motion  is  always  equal  to 

"ibe 

*  See  Mac  Laurio't  Flu^ont,  toI.  3,  page  585,  Art.  714, 
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"  the  fum  of  the  fpaces  dcfcribed  in  the  fame  time  by  any  other  motions,  the 
**  velocity  of  the  firft  motion  is  always  equal  to  the  fum  of.  the  velocities  of  the 
**  other  motions. 

**  From  which  laft  equation,  by  dividing  by  x,  or  fuppofing  *  equal  to  unity, 
«  we  have  —  X  i  +  *"        =:  a  +  i^x  +  ^cx*  +   ^Jx*  kc.     Confequenily, 

**  multiplying  by  i  4*  *,  we  have  —  X  i  +  *' ,  or  its  equal  —  4.  —  a*  +  — 
"  ^*'  +  ~  cx^  &CC  r=  a  +  '^\  X  +  ^A  x'  +  *^j  *'  &c.  From  whence,  by 
«•  'comparing  the  homologous  terms,  the  co-efScients  tf,  3,  c,  6fc.  will  be  found. 
**  The  fame  theorem  is  inveftigated  by  the  Rtfidual  Analyjis,  in  the  following 
**  manner : 

**  AITuming,  as  above,  i  +  *"  '=1  +<»*+  ^**  +  «*&c,  wehave  1  +^"  = 

"  I  +  ^  +  h"  +  fy'  &c;  and,  by  fubtraftioji,  i  +  *"  —  1  +^'  =  d.*  —y 
"  +  h.x*  ~my*  4-  tf  .**  — _y'  4.  J. «:*__)'♦  &c. 

**  If,  now,  we  divide  by  ihe-refidual  *  —y,  we  fliall  get 


«  =fl  +  i,»4'j+v.K»4-«y  +  y  +''.**  +  *!y  +  *r*+;''&c;  which 

**  equation  muft  hold  true,  let  ji  be  what  it  will ;  from  whence,  by  taking  y 

'*  equal  to  *,  we  find,  as  before,  —  X  1  +  *"  =  «  +  2^x  +  ^cx*  +  ^dx* 
"  &c.     The  reft  of  the  operation  will  therefore  be  as  above  fpecified. 

**  Now,  as  to  either  of  thefe  methods  of  inveftigarion,  1  (bal!  not  take  upon 
**  me  to  fay  any  thing  in  particular ;  it  is  fubmittcd  to  the  reader  to  compare 
'*  one  wiih  the  other,  and  judge  which  oS  the  two  is  moft  natural." 

Upon  this  paflage,  at  the  place  marked  with  an  aftcriik  *,  the  author  has 
fubjomed,  at  the  end  of  his  difcourfe,  in  page  41,  the  following  note. 

..A.^,.        ■-.    '  +  r  +  I  +  ll'     w 

" —  being  =  «•        X ^ —  '   _       ' , 

•*  (as  is  obferved  in  page  5)  we  have,  by  writing  1  -^  x  and  i  +  y  refpeflively. 


I  4-*— |i  +  y 
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This  is  Mr.  Landen's  demonftration  of  the  foregoing  celebrated  theorem,  ex- 
preffed  in  his  own  words  in  the  above-mencioned  Traft,  intitled,  jt  Di/cour/i 
cettcertiing  the  Refidual  Analyfiiy  ^c,  which  was  publithed  in  the  year  1758. 
Six  years  afterwards,  to  wit,  in  the  year  1764,  Mr.  Landen  pubhfhed  a  fc'cond 
Trad:  on  the  fame  fubjeft,  containing  218  pages  in  quarto,  intitled,  The  Refi. 
dual  Analyjii ',  Book  I.  To  which  the  former  Trad,  intitled,  A  Difccurfe  ton- 
certiing  the  Refidual  Analyjis,  i£t,  had  been  only  an  introduftion.  In  this 
fecond  TraA,  pages  5  and  6,  Mr.  Landen  informs  us  that  one  of  the  theorems 
which  chiefly  enabled  him  to  perform  a  certain  divifion  of  one  refidual  quantity 
by  another,  which  is  of  great  ufe  in  his  Refidual  Analyfis,  was  the  following,  to 


*it,  . 


(«) 


•¥i-  +  l- 


I  — 4W        VB 


(0 


m  and  r  being  pofitive  integers.     And  in  the  bottom  of  the  faid  page  6  he 
fubjoins  the  following  note,  coataining  an  inveftigation  of  the  faid  theorem. 


Note.— ^This  theorem  may  be  invcftigated  as  follows : 
It  is  well  known,  that 
V     —  w  m—i  m—t  ■•■"3 

V  —  w 

and  that 

'■- *  .  '■-3  ,, 


a  —  b 


IS  =  d         +  d 
n  and  r  being  pofitive  integers. 


(»)i 


(0. 


In  the  fecond  equation  write  v  '  and  tc  '  inAead  of  a  and  h  refpeAirely ;  and 
you  will  have 

!Z —  ^       »■+»        '■«)'•+» 


(O- 


V'  ■ 


Then,  from  the  firft  and  third  equations,  it  will  appear  by  divifion,  that 
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vhich  being  fo  obvious,  it  is  maner  6f  furprife  to  me,  that  algebraifts  have  not 
before  obferved  it,  and  fhewn  its  lingular  ufe  in  analytics. 

Thefe  arc  all  the  paflages  that  I  have  found  in  thde  two  Trails  of  Mr. 
X^anden  concerning  the  foregoing  demonftration,  of  which  I  will  now  proceed 
to  give  »  full  aod  dear  an  ezplsmation  as  I  can. 


EXPL  \. 
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EXPLANATION 

OF       THE 

FOREGOING   DEMONSTRATION 

OF      T  H  B 

BINOMIAL       THEOREM, 

In  the  Cafe  of  the  fraStiona!  Index  ~,  invented  by  Mr.  John  Landen. 

By    FRANCIS    MASERES,    Esq. 

CUR6ITOR  BARON  OF  HIS  MAJESTY'S  COURT  OF  EXCHEQUER, 


ARTICLE      I. 

TH  E  propofition  dcmonftraied  by  Mr.  John  Landen  is  as  follows :   If  m 
and  ft  be  any  whole  numbers  whatfoever,  and  x  be  any  quantity  not 

greater  than  i,  the  quantity  i  +*)" ,  or  that  power  of  the  binomial  quantity 
1  -f.  X  which  has  for  its  index  the  fradion  — ,  wiU  be  equal  to  the  feries  i  -)-  — 

X  +  !1  X  ::!-■«•  + i  X  =^  X  =::i-"  »■  + i  X  i:ii!  X  ^i^' X  =iV  + 

H  m  n  la  3a  '     n  aa  }«  4a  ' 

•=•  X  =^  X  =^'  X  ^^  X  ^^«'+  &c,or(puttingA=i.andB  = 
—  A,  and  C  =  =^^  B,  and  D  =:  =^^"  C,  and  E  =  =^15-"  D,  and  F  =  iHif 
E,  and  G,  H,  I,  K,  L,  &c  =  ^^  F,  and  !^^  G.  and  =^  H,  and 
ini.'  I,  and  i:i2."  K,  &c,  refpoaivdy,)  to  the  feiies  i  +  —  A  »  +  ^-iri! 

B  «•  +  =^"  c  !<■  +  i^  D  *•  +  i^  E  «•  +  ::^  F  «•  +  i^  G  xr 


3«  '4"  i»  '6.  ■  7« 
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this  propolition  is  deduced  from  the  two  following  Lemmas. 

L    E    M   M    A       I. 

a.  If  a  and  h  be  any  two  quantities  whatfoever,  of  which  a  is  the  greater, 
and  m  be  any  whole  number  whatfoever,  the  difference  of  the  wth  powers  of 
0  and  bi  to  wit,  a-—  b'y  will  be  capable  of  being  exadUy  divided  by  a  —  ^,  or 
the  difference  of  the  {aid  quantities  themfelves,  fo  as  to  leave  no  remainder ; 
and  the  quotient  that  arifes  by  fuch  divilion,  or  the  value  of  the  fraAion 

— 3T->  will  be  a  feries  of  terms  in  continued  geometrical  proportion,  confid- 
ing of  m  terms,  of  which  a""^  will  be  the  fiift  term,  and  i**"*  will  be  thetaft 
term,  and  the  common  ratio  of  the  terms  will  be  that  of  a  to  ^. 

EXAMPLES. 

Thus,  for  example,  if  we  divide  a'  —  i*  by  a^hy  the  quotient  will  be 
a  +  b.    The  divilion  is  performed  as  follows : 

a  —  b)  a*  '    *  —  i'  (a  +  6 
a*  —  ab 
•   +  ab~  b* 
•^  ab—  b* 

" « i- 

And,  if  we  divide  a'  —  i'  by  a  —  i,  the  quotient  will  he  a*  ^  ab  +  bK 
The  divilion  is  performed  as  follows : 

a^b)  a'      •  •    ^b'  (a'  +  ab  +  b* 

a*  ^a*  b 

*  +a*  b      * 
+  a*  b  —  ab^ 
•     +ab*  —  b* 
+  ab*  -  b* 

•        • 

And,  if  we  divide  a*  —  ^  by  a  —  ^,  the  quotient  will  be  a*  -f  a*  J  +  a^ 
+  i'.    The  divilion  is  performed  as  follows : 

a^b)  a*      •  *  •    _  ^  (a*  +.  a*  i  +  a**  +  ^ 

a*—^b 


+  «*■-*•■ 

•        « 
'  "     «  A 

And, 
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And,  if  we  divide  a*  —  ^*  by  a  ■*  *,  the  quotient  will  be«*  +  iH^+«*^ 
+  aP  +  h*.    The  divifion  is  performed  as  folloivs  : 

a  —  h)a^      •    •    •    «    -  *•  (a*  +  a*  *  +  a'  i'  +  fl^*  +  K 


+  a'  h*  —  a*  h* 

"^        +7^  •  .  - 

+  a*  ^*  —  tf3* 

•       +  «*♦  -  i* 

+  a^*  —  y 

S  *" 

3.  In  ati  thefe  examples  we  fee  that  this  Lemma  is  true ;  fince  each  of  diefc 
quotients  a  +  i>  *i  +  »*  +  W,  «*  +  «•  i  +  «*'  +  i*,  and  rf*  +  d»  *  +  «i»^ 
+  «^'  +  *♦,  is  a  geometrical  prc^reffion  of  terms,  of  which  the  common  ratio 
is  that  of  « to  ^,  and  the  number  of  terms  in  each  feries  is  equal  to  the  number 
of  uaits  in  f»,  or  tbe  indez  of  the  po^vers  of  a  aad  h  in  the  dividend ;  and  the 
firft  term  of  each  feries  is  a  ""* ',  to  wit,  in  the  firft  example,  a**"',  or  « ,  and 

inthefecond  example,  -«*"',  or*%  »nd  in  the -third  example,  <**""',  or«*^, 

and  in  the  fourth  example,  a  ^~^,  ur  «*  j  and  the  hft  term  of  each  leries  i& 

*'""',  CM-^VaadiathcdujfdeKample,^'*'^  ari*i  and  in  tlw fcaanh  otam- 
plc,  i*~*,  or  #♦, 

BBHOHSTKATIVK. 

4.  And  that  the  fame  thin^  muft  take  place  when  n  is  equal  to  any  greater 
whole  number  whatfoever,  wJl  appear  by  perfiprmipg  the  divifion  o(  a"  —  i" 
by  0  -.  ^  in  general  terms ;  which  may  be  done  in  the  manner  following. 


■-1, 
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Now  it  is  evident  that  the  tenns  of  this  quotient,  a*"' +  « ""'^  +  a""' 
i*  +  «""~*^*  +  o""*  i*  +  d*"  ^*  +  Sec,  decreafe  in  tlie  continud  propor- 
tion of  a  to  i.  For  the  index  of  the  power  of  i  in  every  new  term  of  it  is  greater 
by  an  unit  than  the  index  of  the  power  of  i  in  the  term  next  before  it  j  and  the 
index  of  the  power  of  a  in  every  new  term  of  it  is  lefs  by  an  unit  than  the  index 
of  the  power  of  a  in  the  term  ne^t  before  it ;  fo  chat  every  new  term  is  equal 

to  the  term  next  before  it  muluplied  into  the  fradion  — .  And,  further,  the  firft 
term  of  this  feries,  or  quotient,  is  a  "  ;  and  its  laft  term  will  be  ^  "for  the 
feUowing  redbn.  The  index  of  the  power  of  k  in  every  term  is  lefs  by  an 
unit  than  the  numbo*  fubtraded  from  m  in  the  index  of  the  power  of  a  in  the 
fame  term.  Thus,  for  example,  in  die  fourth  term,  «*"~*i',  the  index  of  ^ 
is  3,  which  is  lefs  by  an  tuiit  than  the  number  4,  which  is  fubtra&ed  from  m  in 
the  index  ffi  — 4  <^  the  power  of  a.  It  follows  therefore  that,  by  continuing 
the  divifion,  and  obtaining  more  and  more  terms  of  the  quotient,  we  {hall  come 
at  laft  (whatever  be  the  magnitude  of  the  number  m,)  to  the  term  a"'"*'  x 
^"~',  or  a"  X  **'~\  or  I  x  i""**,  or  i*"""^;  and' this  term,  being  multi- 
plied into  the  divifor  a^h,  will  produce  the  terms  ab'"~  —  h'^t  which  being 
fubtraftcd  fium  the  laft  dividend,  (which  will  alfo  be  «i"~*  —  i**,)  wiU  leave 
no  remainder.  Therefore  i*""'  will  be  the  laft  term  of  the  quotient,  as  is 
aflerted  in  the  propdition.  And,  laftly,  fince  h'^~^  is  the  laft  term  of  the  f^d 
quotieitt,  uid  the  terms  of  the  (aid  quotient,  b^iiming  with  the  fecond  term 
a'*~  k,  involve  all  the  powers  of  by  from  i,  or  ^",  to  i''"^  in  their  regular 
order,  it  follow^  that  there  will  be  as  many  terms  in  the  faid  quotient  that  will 
involve  fomc  power  of  ^,  as  there  are  units  in  the  index  in  —  i ,  that  is,  n  -^  i 
fuch  turns;  and  confequently,  the  whole  quotient,  including  the  firft  term 
tf  ~  ,  (which  does  not  involve  h  in  it,)  will  confift  of  n  •*  i  terms  and  one 
term,  that  is,  of  m  terms.  It  appears  therefore,  in  the  Brft  place,  that  the  terms 
of  this  quouent  will  conftitute  a  decreafmg  geometrical  progreflton,  in  which  the 
,  common  ratio  of  the  terms  mil  be  that  of  a  to  ^ ;  and  fecondly,  that  the  firft 
term  of  the  Cud  progreffion  will  be  a'*'~',  uid  that  the  1^  tenn  of  it  will  be 

^*~    ;  and,  thirdly,  that  the  number  of  the  terms  of  the  Cud  progreffion  will 
be  M  i  which  are  the  feveral  points  which  were  to  be  demonftrated. 

I.   B   U    H   A      ,11. 

5.  If  m  and  n  be  any  whole  numbers  whatfoever,  and  a  and  b  be  ^ny  two 
quaatiues  of  which  a  is  the  greater,  and  p  and  q  be  &ny  two  quantities  of  which 

X  A.  %  P^        I 
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m  wt 

p  is  the  greater,  the  fiaflion     ■- ^ ,  or  the  quotient  6f  the  divifion  of 

.mm 

pn  —  ja  by  p  —  q,  will  be  equal  to  the  fradlon 

/>"'"'+/'*'"' J  +  f"*"^  J* +/>**"*  y'  +  &c,  continued  to  w  terms, 

P      "  +  p       "  y  «  +p       "  X  y  "  -^  p       "  xy  * +&C,  continued  to » terms. 

PEMONSTRATION. 


By  the  foregoing  Lemma  we  (hall  have  — 7-  =r  the  feries  a"""'  +  a' 


h  +  a*"'  0*  +  o"**  h^  +  a"""^  h*-  +  &c,  continued  to  a  terms.    Therefore^ 
if  we  fubftiture  /> "  inftead  of  a,  and  q  "  inftead  of  ^  in  this  equation,  we  fliall 

■s— 1 1 =thefenes^"l       +p"'        X3'+f    *       X  q"'    + 


have 

P'-1' 


will  be  =  the  feries  ^      *+p       "XJ'+P     ~Xj*+^     ~*Xy* 

+  y      "  X  y  *  +  &c,  continued  to  0  terms.    Therefore,  the  reciprocal  of 

this  fraAion,  or  the  fraftion  ^ — ,  will  be  equal  to  the  quotient  that  arifes 

m~-ia  ni—-lm  m  «r  — aw  xm  m  — 4M 

by  dividing  i  by  the  feries  p      '  +  p       '  x  q'  +p       *  X  q*  -i-  p      *x 

1'  +P      "  X  f  ■  +  &c,  continued  to  »  terms;  that  is,  the  fraftion '^ ^-~' 

will  be  equal  to  the  fradion 


m—m  M  —  im  m  n  — 301  im 

"  +  P      "  X  q"  +  p       '  X  ^''  +  &c,  continued  to » terms. 

«  M 

Funher,  by  the  foregoing  Lemma,  the  fraction  ^   "^f..   is  eqtial   to   the 


feries^*"    ^  +  p"    ^  q  +  p""^ q*  +  p*   *j' +;>"'*  j*  +  &c,  continued 


'^ogle 
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m  terms.    Therefore,  if  we  multiply  the  fraAion  ^ !—   by    the  fra<5lion 


?■ i-,  and  the  fradion 


f      *  +  p       *X}*+/'      "X?'+  &c,  continued  to  »  terms,  by  the 

feries^"*"    +  p"      J  H-  P        9*  -^  P        ?'+?'"?*  +  &c,  continued  to 
»  terms,  the  products  thence  arifing  will  be  equal.    But  the  product  of  the 

multiplication  of  the  fraflion *_  by  the  fradion —  is  the  fra-Sioa 

f   -9  ^~* 

£-— ~.^  - ;  and  the  prodmfl  of  the  multiplication  of  the  fradlion 


P  '  +  p  '  X  i"  +  P  '  X  9"  +  &c,  continued  to.  n  terms»  by  the 
feries  j>"""  +  p"'"'  q  +  p'"~^  q*  +  p^^^q^  +  p'"~^  q*  -f-  &c,  continued  to 
m  terms,  is  the  fra^lon 

p"'^  +  p''~*q  +  p'"~^  q*  +  p'~*9'  +  p'"~^  q*  +  8cc,  continued  to  w  term?, 
w— IB  m—mt     m^  m—xrn^    aw 

P      '  +  p       "  q"  +  p      '  q'  +  &c,  continued  to  «  terras. 

Therefore  the  fraction -i—  wilt  be  equal  to  the  fradion 

f'~*  •¥  p'""*  q  +  P^~^  q*  +  p'^~*  q^  +p''~^  q*  +  Stc,  continued  tow  teams, 

m—im         m~tm    m  M  —  jnaa         m  —  ^^m 

^      '+p       »  J"  +p       '  q"  ^p       "  j"  +  &c,  continued  to  »  terms. 

<U   E.    D. 
©«    —  0  *  —  —  I 

6.  Coroll.    The  faid  frafiion  ^ i—  is  alfo  equal  to  *  *       X  the  fraftioa 

-^  -?~^ 

I  +  -1  +  -^1*  +  -M  +  4T  +  -^f  +  *fc.  continued  to  m  terms, 
/        / '        /  '        ^1        / ' 

i  +  3^  +  5"  +  ?1"  +  ?"  +  8rc,  continued  t 
/I  /!  /I  ^ 

Fortheferies;)*"'  +/■'""'?  + /""'j* +^"'~*f'  + /*"*y*+&c,coii. 
tinued  tow  terms,  is  =^'*~' X  the  feries  I +/~*  f +/**^  j' +f  "^  jV  + 
p"*  q*  +  &c,  continued  to  »  terms, 
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_  fl*""'  ^  the  feries  i+  —  +-^  +  -^+-C  +  &c,  continued  to  ni  terms, 

=  /■'""*  X  the  feries  i  +  —  +  — f  +  -H^  +  —1*+  &c,continuedtofiitenns. 
f        fi\        fi        fi 

m—m  ta—tm     m  w— gw    3m  n— 4jn    jw 

And  the  feries  p      "  +  p       "  q"  +  f      «  q"  ^  p      wj«+  Jjc,  conti- 
nued to  »  terins>  is  = 

m—m  —m     m  —im    am  —y    SM 

p      «  X  the  feries  i  +  p    "q"  +  p    "  q"  +  p     '»j»«+  &c,  contmued  to 
n  terms,  r: 

m  2M>  ^m 

m—m  -_  — .  i_ 

p      *  X  the  feries  i  +  i~  +  1 1-  L_  +  Jtc,  continued  to  « terms,  = 

p*         pn         p' 

/      *  X  the  feries  i  +  ^V  +  — F  +  -^j"   +,  &c,  continued  to  »  terms. 

Therefore  the  fraflion 
;""' +^*~V  +  j)''"^ +^''~*?' +^"*~*  f*  +  &c,  continued  to  w  terms, 

m—m  m—im    m  m—yn    am  m—^    im 

P      "+^      «j»+^      »yT  +  p      *J*+  &c,  continued  to  n  term^ 
will  be  =  the  fraAion  m.  -,...  x  the  fraAion 

i>     « 
I  -f  -i-  +  -J-j'  +  2*  +  Zl^  +  &c,  continued  to  n  terms,     . 

^  S  J? 

I  +  -H  +  -J-r  +  -M*  +  &c,  continued  to  n  terms. 

But  the  fraftion ? is  =  i>""*X ~p"    ^P      /*=/  " 

m—m  '  m—m      •  *       - 

r  '•  t    ' 

m 

.     Therefore,  if  we  fubftitnte  f       inftead  of  -;;;zi  ""  ''"  '"''  «?'»'»'',  we 

fliall  have  the  frafUon 

f"'  H-p*"*?  +P**~^  j'  +p''~*9'  +^*~'?*  4-  fee,  continued  tow  terms, 

A      "  +  ;       *  i*  +  P      *{*+^      ";"+  &c,  continued  to  »  tenns^ 

m 

=  t'~    Xthcfraftion. 
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1  +  -^  +  ■— I   +  -^1  +  -^P  +  &c,  CMitinued  to  m  terms,  . 

—  "         S         IT 

*  +'a'|    +  ■ff  +  "ff  +  •^'  +  &c,  contimwd  to  «  terms. 

Therefore,  the fraftion ^     ~^    ,  (which  is  flicwn  in  the  foregoing.  Lemma 
to  be  equal  to  the  fraAion 
/'*"    +y*~'g  +f*~^?*  +  y*'~*y'  +p'*~^^*  +&C,  contbuedtoaterms.v 

^      *+i>      *j«4.^      «j«+y        ■j»4.  &c,  continued  to  n  terras^ 

will  be  equal  to  ;>"       x  thefraftion 

I  +  -J-  +  ^1  +  -Jl  +  -J-j*  +  Sec,  continued  to  m  terms, 

»  M  3»  4« 

I  +  ir  +  -j-r  +  -|-r  +  -^r  +  &c,  continued  to  n  terms. 

Qj   B.   D. 

Thefe  things  being  premiTed,  Mr.  L^anden's  Demonftration  of  the  BiDomlaE 
Theorem  will  be  as  follows : 

7.  In  the  lirft  place,^  Mr.  Landen  foppofes  that  the  qimnticy  i  +  M" ,  or  the 
— th  power  of  the  bioomial  quantity  i  +  x,  will  be  equal  to  a  certain  feries  of 
quantities,  of  which  the  firft  term  will  be  i,  and  the  following  terms  will  in* 
volve  the  fereral  powers  of  «  in  their  natural  order,  to  wit,  x,  **,  »',*♦,*',  &c« 
multiplied  by  certain  fixt  numbers,  as  £o-efficients,  which  may  be  denoted  by 

the  letters  B,  C,  D,  E,  F,  G»  H,  &c,  or  that  i  +  *i""  is  =  the  feries  i  +  B* 
+  €*•  +  D»'  +  E«*  +  Fjt'  -»-  &c,  in  which  the  co-efficients  B,  C,  D..  E, 
F,  Stc,  are  hitherto. unknown,  and  are  now  to  be  invefligated.  And  this  he 
fupp<^es  to  be  true,  of  whatever  magnitude,  not  greater  than  i,  the  quantity  x 
be  taken. 

i.  Now,  if  1  +  *l"  is  always  equal  to  t^  feries  i  +  B*  +  C**  +  Vx^  + 
E**  +  F**  &c,  whatever  be  the  magaimde  of  x,  (fo  long  as  it  is  not  greater 
than  I,)  it  follows  that,  if  we  fuppole  x  to  decreafe  &om  its  fiitt  magnitude 
(which  we  will  fuppofe  to  be  denoted  by  x,)  to  a  nugoitude  fomewhat  kfs  thaa 

X,  which  we  will  call  j?,  we  (hall  have  i  +y\'  equal  to  a  feries  containing  the 
iame  powers  of  j*,  combined  with  the  fame  co-efficients  B,  C,  D,  E,  F,  &c, 
refpeftively,  as  there  were  powers  d"  *  in  the  former  feries  which  was  equal  to 

or  T+>\' will  be  equal  to  the  feries  I  +  By  +Cy  +  T>y*  +  E^-* 
+  &c.    Tberefoce,  if  we  fubtraa  this  lauer  equation  from  the  former, 
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we  fliall  have  1  +  x]"  —  fi  +  jl"  =  the  feries  i  +  B*  +  C*'  +  D**  -f-  Erf*, 
+  Fx'  +  &c  —  the  feiies  i  +  Bj-  +  Cy*  +  Dj-*  +  Ej>*  +  F^'  +  &c  = 
B  X  x  —  y  +  C  X  *'  — y  +  D  X  *'— jr»  +  E  X  **  — >*  +  F  X  **  — ;*' 
+  &c ;  and  confequenllj',  if  we  divide  both  fides  by  *  —  j",  "we  fhall  liave 


+  F  X  i^ — i^  +  &c  =  (by  <hc  firft  Lemma)  B  +  Cyx+ji  +  Dx 

*     J* ' 

»'  +  '?'+;'■  +  E  x«'  +  »*^  +  *)''  +/  +  F  x»'  +  x'j+x'y  +101'  +y' 
+  &c. 


.  1  +  «f  — li  +l/\ 


But  *— Tisn  I  +*  —  fi  +y.    Therefore     ^  "' ''  ^  '^'    will  be  = 

B  +  Cxx  +  y  +  Vxx'  +  xji  +  y  4-E  X  «■  +«>  +  «c'+>'  +  F  X' 
**  +  x^y  +  x'j'  +  *?'  +  J'*  +  &c.     Now  it  has  been  ihewQ  in  the  Corollary 


to  Lemma  l,  that  - 


-  is  =  ^  "        X  the  fraftion 


I  +  i  +  ill'  +  13'  +  Xl*  +  &c,  continued  to  i» 
fi        ^'         f'         f' 
Ji  i?  1?  12 

I  +  ll"  4-  ^  +  Ij"  +  — f  +  &c,  continued' to  »  terms. 
Therefore,  if  we  fubftitute  i  +  *  for  p,  and  I  +7  for  j,  it 


will  follow  that 


1  +«l~-fi  +y? 


will  be  =  1  +xT       X  the  fraftion 


r  +«•— (T  +  y  

t  -(-  ^  '''-^  J.  L±3'  +  Li2f  +  &c,  continued  to  m  terms, 

T  X  Ei21"  +  i-±2l"  +  ijt2r  +  &c,  continued  to  »  terms. 

But  it  has  been  Ihewn  that  '  t  *'"  ~  fjti^is  =  B  +  C  x  « +Ji  +  D  X 
I  +  X  — |i  +;■      

X'  +iv+y'  +E  X »'  +  »■> +  »r'  +j''  +  F  x«'  +  »'j'  +jf/+«7'+j'* 

+  &c.    Therefore  i  +  »F~   X  the  frafUon 

,  ^  '  +-y  +  I±2\*  +  L±^'  +  &c,  continued  fo  m  terms, 

I  4.  '  +J'\'  +  '^-^Ir  +  i-i^r  +  &c,  continued  to  n  terms, 

will 
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will  be  =  B  +  Cx*+j'  +  Dx  *•  +  *y  +  j**  +  E  x  *'  +  AfV  +  **'  +  -7* 

+  F  X  *•  +  «V  +  *>'  +  ^y*  +/  +  &c. 

9.  Now  let  y  (which  was  fuppofed  to  be  lefs  than  *,)  be  fiippofed  to  incrcafe 
gradually  till  it  becomes  equal  to  x. 

Then,  fince  the  laft  equation  is  always  true,  however  little  y  may  differ  from 
*,  it  will  alfo  be  true  when  y  becomes  abfoiutely  equal  to  * ;  as  might  eafily 
be  proved  by  a  demonftration  ex  ab/urdo,  if  the  matter  were  not  too  evident  to 
make  fuch  a  demonftration  ncceffary.  But,  when  y  is  equal  to  *,  we  Ihall  have 
X  +  y  =■  ^x,  and  **  +  *T  +  j'  =  3**,  and  *■'  -^  x*y  +  ^y*  +  j''  =  4**,  and 
■¥*  +  *'j  +  *y  +  xy'  +  _y*  =  5jf* ;  and,  in  like  manner,  in  the  following 
terms  of  the  feries  B  +  C  x  *  +^  +  D  X  *•  +  *y  ■\-y*  4-  E  X  x*  +  *'_y  +  :^*  -ty* 
+  F  X  **  •+  ar'j'  +  x^y*  ■{•  xy^  +  y*  +  &c  we  fhall  have  6*%  7**,  8^^.  &c. 
Andi-i^  will,  in  this  cafe,  be  =  li^  =  1,  and  confequently,  i-ii'l  and 

I — ;»3  I 1*  ^^         ■'     i+*l 

i— ^  and  ■^-T-=^| ,  and  ail  the  following  integral  powers  of  -j-r^,  and  likewifc 

"         p        in 

LX2\  and  i-i^f  and  -i-i^l' ,    and  all   the   following  fraftional   powers   of 

i-i^,  will  become  equal  to  i.     Theref(ire  the  laft  equation,  to  wit,  i  +  *!" 

X  the  fraftion  

I  +  J-i^  +  |-i^r  +  ~^  +  &c,  continued  to  w  terms. 


'  +  rS"  +  T+l'  +  ff^"  +  *^'^'  continued  t 


=  ^  -f^x*'H;'  +  Pxjt"  +  ;g'  +  7'  +  E  X  i«^  +  ''J-  +  Ay'  +  j* 
+  F  X  X*  +  *>  +  A^j"*  +  *y'  +^*  +  &c,  will,  in  this  cafe,  be  transformed 

into  the  equation  1  +  A'       X  the  fradion 

1  +  .  +  ,  +  ,  +  &c,con.inucdto»,tem..,  ^3        C  X  2,  +  D  x  3«- 
-I  +  I  +  I  +  I  +  &c,  continued  to  »  terms,  _  ^ 

■I 
+  E  X  4*'  +  F  X  Jjt*  +  &c,  or  I  +«1'        x-J  =  B  +  CX2*+Px 

3«'  +  E  X  4*"  +  F  X  5*<  +  &c,  or  -^  X  i  +  M"       =  B  +  C  X  m  + 
D  X  3«'  +  E  X  4*"  +  F  X  J«*  +  &c.    Therefore,  (multiplfing  both  fides 

of  this  laft  equation  by  i  +  «,)  we  fliall  have  —  x  i  +  *|"  = 

B  +  C  X  2«  +  D  X  3«*  +  E  X  4«'  +  F  X  s«'  +  &c 
+  Bx    »  +  CxM*  +  DX3»'  +  EX4«*+&c 
=  B  +  jC«  +  3D»*  +  4E«>  +  5F«>  +  &c 
+    B»  +  iC«"  +  3D»' +4E)[' +  &c. 
Vol.  ]I.  a  B  But 
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But  T+x^  is  =  the  ftries  i  +  6x  +  C**  +  Da:'  +  E**  +  Fal*  +  fciv 

and  confequently  —  X  i  +  x]"  is  =  —  x  the  feriea  i  4*  B*  +  C*"  +  Dk'  + 
■Ex*  +  F*»  +  &c  =  the  feries  ^  +  ^  B*  +  -^  C*»  +  ^  Dsc  +  ^  E**  + 
—  F*»  +  &c.  Therefore  the  feries  i  +  ^  B»  +  -J  O*  +  i  D*'  +  — 
E.V  +  ^  F*>  +  &c  will  be  = 

B  +  2C*  +  3Dr'  +  4E*'  +  5F**  +  &c 
+    B*  +  2C*"  +  3DK'  +  4E**  +  &c. 
JO.    By  die  help  of  this  equation  —  +  —  B*  +  —  C«*  +  —  D**  +  — 

Ex*  '+  ^Fx>  +  &C  =: 

B  +  2C*  +  iDx^  +  4E*'^  +  5F**  +  Sec 
+     Bx+  iCx*  +  3D*'  +  4E«*  +  &c 
we  may  determine  the  values  pf  B,  C,  D,  E,  F,  &c,  or  the  co-efficients  of  the 
powers  of  w  in  the  aflUmed  feries  i  +  B*  +  C»*  +  Dx^  +  Er*  +  F**  +  fee 

(which  is  ~  I  +  M'  ))"by  proceeding  in  the  following  manner : 

1 1 .  This  equation  is  always  true,  how  fmall  foever  we  fuppofe  the  tnagnitude 
of  X  (9  be  :  and  therefore,  it  will  alfo  be  true  when  *:  is  =  o.  But,  when  * 
is  =:  o,  all  the  terms  on  both  fides  of  the  equation  iH  +  —  B*  +  —  Cx*  +  — 
D<»»  +  -J  E**  +  -SL  F*'  +  &c  = 

B  +  iC*  +  3D**  +  4E*'  +  5F*«  +  &c 
4-    B*  +  2C**  +  3D*'  +  4E**  +  &c 
that  inrolve  any  power  of  *,  will  become  equal  to  o  kkewife,  that  is,  all  the 
terms,  except  —  on  the  left  fide  of  the  equation,  and  B  on -die  right  fide  of  it, 

will  become  equal  to  o;  and  coniequendy,  —  and  B  will  be  the  only  remala- 
ing  terms  of  the  equation.  Therefore  B  will  be  —  — ;  that  is,  the  co-efficient 
•f  *  in  B*,  the  fecond  -term  -^i  the  affumed  feries  i  +  Bv  -K  Cx*  +  D**  + 

E**  -4-  F**  +  &c,  which  is  =  i  rf  #1",  will  be  =  — .  .ii.  e.  i. 

IS.  To  find  the  value  (^  C,  the  co-efficient  of  «"  in  the  third  4£rm  Cx*  at 
the  faid  affumed  feries,  we  muft  proceed  as  follows  :. 

Since  — .  +  —  B*  +  — -C«*  -|-  —ID*'  +  —  Er*  +  &c,  is  = 

B  +  2iC*  +  3  Dx*  *r  4  5^*'  «l-  iF^*  +  &c 
+     B*  +  2C<*  +  3D*'-f-  4Er*  +  &c, 

«ad  B  has  been  fliewn  to  be  equal  to  — ,  it  follows  that,  if  we  fubtrad  —  and  B 

oa 
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<m  tlte  c^poftfcfides  of  the  equatioa,  the  remaintt^  quantities  will  be  equal  to  each 
other;  that  is,  the  feries  —  B«+  — 0**  +  — D**+:^E**  +  &c  will  be 

equal  to  the  feries 

2C*'+  $Dx*  +  4E*'  +  sFx*  +  &c 
+  8*  +  aC**  +  sDx*  +  4Ejf*  +  &c. 

Therefore  (dividing  all  the  terms  by  jc^  we  fhall  have  —  B  +  "^-C  *  +  — 

Da*  +  -^E*»  +  &c  = 

iC  +  3D*  +  4E*'  +  5F*'  +  &c 
+  B  +  iCx  -t-  3D*'  +  4E*'  +  &c, 

and  (fuppofing  x  to  become  =10)  —  U  =s  zC  +  B.  Therefore  2 C  will  be  = 
^B-  B  =  ---Jx  B  =  —^  X  B;  and  C  will  be  =  ^^  B  = —^  X 
— ,  or  —  X  HLZJ!-  that  is,  the  co-efficient  of  x*  in  the  third  term  C*»  of  the 
affumed  ieries  1  +  B*  +  C«*  +  D**  +  E**  +  F*'  +  &c,  (which  is  = 

rrrF,)  will  be  ^-=^  X  B,  or  ^  X  ^^T^. .  <i.  e.  i. 

13.  To  find  the  value  of  D,  the  co-efficient  of  *'  in  the  founh  term  of  the 
faid  affumed  feries  i  +  B*  +  C**  +  D**  +  Ex*  +  F*'  +  &c,  we  muft. 
proceed  as  follows : 

It  has  been  feen  in  the  laft  article  that  —  B  +  —  Ge  +  —  D*»  +  —  E**  + 

is  =  1 C  +  B.  Therefore,  if  we  fubtraft  this  laft  equation  from  the  former, 
we  fhall  have—  C*  +  —  D«*  +  ~Ex'  +  &c  r: 

+  I  c'  t  til''  X  il'-X  &c}.  ""<ico„fequ«,ly  (dividing  all  the  cem>s 
by  I,)  v  C  +  -^  D»-  +  —  Ei"  +  &c  = 

+  ic't  3*0:  :  ^E^:  X  tl]  ■  «nd  (fuPPofi-S  '  «>  become  =  o,)  i  C 
=  3D  +  2C.  Therefore  J DwiUb«  =  i*C-2C=|F^X  C=  S-^ 
X  C,  and  D  wiU  be  =  ir^  X  C,  or  ==^*  +  :^'  X  f ,  „,  ■=.  X  ^ 
X  **"  ";  that  is,  the  co-efficient  of*?  in  the  fourth  term  of  the  feries  i  +  Bjr 

+  C»'  +  Djt"  +  E»*  +  F»>  +  &c  (which  is  =  T+xf,)  wiU  be  =:  ?^ 
1  B  >  14.  To 
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14.  To  find  the  value  of  E,  the  co-efficient  of  x*  in  the  fiitb  term  of  the 

feries  1  +  B«  +  C*'  +  D*'  +  E**  +  Fx*  +  &c  (which  is  =  iT*FO 
we  muft  proceed  as  follows : 

It  has  been  feea in  the  laft  article  that  -^  C  +  -2.  D* +  -2.E*'  +  &cis  = 

^i- ^?  t  ^n' t  ^F*'.  1  S^i»  ^d  li>^e'if<=*ati  C  "is  =  3D  +  2C. 
Therefore,  if  we  fubtrad  (his  laft  equation  fi'om  the  former,  we  ihall  have 
f  Dx  +  i  E«-  +  &c  =  {  ^  Jd«  +  ^e',-  t  tc}'"">"-^«l""«'y<<«- 
Tiding  all  the  terms  by  *,)  —  D  +  —  E*  +  &c  = 

+  3Dt4E!^t&c}'^dCfuppofing*to  become*  o.) -J  D=4E  + 
3D.  Thcrefore4EwilIbe  =  — D— 3D  =  ^^X  D  =  i^:^xD;  and 
confequemIyEwillbe=:2LZJ^  ^  D;  that  is,  the  co-efficient  of  x*  in  the  fifth 
term  of  the  afliimed  feries  i  +  B*  +  C*'  +  D*>  +  E**  +  F*'  +  &c, 

(which  is  =  r+tF,)  will  be  a^^^  X  D,  or  — x  ^^^^^  X  ^^-^^  X  '!!^^. 

(U   E.   I. 

15.  Laftly,  to.  find  the  value  of  F,  the  co-efficient  of  *'  in  the  fixth  term  of 
the  aflumed  feries  i  +  Bx  +  C**  +  D**  +  £*•  +  F*'  +  &c,  we  muft 
proceed  as  follows : 

It  has  been  feen  in  the  lafl  article  that  —  D  +  -^  E^f.  +  Sec  is  = 

+  lEi4l'T  &c}-  ""-J  likewrrchat^D  U  =  4E  +  3D.  There- 
fore,  if  we  fubtraA  this  Uft  equation  from  the  former,  we  Ihall  have  —  Kx  -f- 
=-Fx'  +  -  G..  +  &c  =  r  5?!'  t  '?'!  t  2r'.'  tfc  I.  ""'"»' 

m  M  '  \  +  4Ea:  +  jFjf*  +  6G**  +  &c  J  * 

fequently  (dividing  all  tbe  terms  by-w,)  —  E  +  — F*+— G**-f-8cc=i 

(F  +  6G*  +  jHx*  +  feci       _,  ,r        r  u  —N-'ir 

+  4E  +  5F*  +  6G*'+&tl'^  (fuppoCng  « to  become  =  o.)-E 

=  5F  +  4E.    ThcEefore  5F  wiUbc  =  ^  E  — 4E  =  p^x.  E  =  '!^ 

X  E,  and  confequently  F  will  be  zz^-——  x  E ;  that  is,  the  co-efficient  of  *> 

in  the  fixth  term  of  theaflumcd  feries  i  +  B*  +  C«»  +  D*'  +  E**  +  F*' 

+  &c  (which  is  =  r+l^,)  will  be  ^=-1^  x  E,  or  -  x  ^^-^  X  '^^-^^^    X 

iHi"  X    =^^.  <U   E.    I. 

*"  "  \      ^    A 
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16.  Aad^  in  like  manner,  we  (hall  have  for  the  detemiinalion  of  the  values 
of  the  following  co-eiEcients  G,  H,  1,  K>  L,  &c,  the  following  equations,  to 
wit, 

■iF  =  6G+  5F, 
^G  =  7H  +  6G, 
i  H  =  8 1  +  7  H, 
il  =  9K  +  8  1, 
and  —  K=ioL+9K, 
&Ci 

And  confequently 

6G=.=^F  -  jF  =  |^x  F  ='!^  XF, 
and  7H  =  -i  G  -  6G  =  f^  x  G  =  i^  x'  G, 

-Z-'  X  H, 


andS  I  =  — H-7H=: 


'xH  =  : 


and  9K  =  ■=■  I  -  81  =  7~  ''  X  I  =  =^"  X  I, 
andioL  =  -^K-9K  =  |^xK  =  i:^  X  K, 


!ec;  and 

confequently 

X 

F, 

■ 

indH 
and  I 

_«-6» 
7> 

X 
X 

H, 

andK 
andL 

_  11.-8. 
_"-9« 

X 
X 

I, 
K. 

17.  And  in  the  fame  manner  w*  may  determine  as  many  more  of  thefe  co«- 
efficients  as  we  think  proper*  the  law  of  their  generation,  or  continuation,  from 
each  other  beii^  manifeft  from  the  manner  in  which  the  final  equation  —  + 

—  B«  +  —  C*'  +  — D*'  +  — E**  +  —  Ex'  +  &c  =: 

^ :  if:  I?;-"":  t^t- 1 H':-  i  n}  -  *-  '■  ^"^  — »' 

which  they  ^e  inveftigated,)  was  obtained. 

18.  We' may  therefore  conclude  that,  if  m  and  n  be  any  whole  numbers. 

whatfocver,  i  +  xY  will  be  equal  to  the  feries  i  +  —  *  +  —  x  ~^  *"  +  ^ 
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llli?  X  ^^^^"  X  "^-^  *'  +  8tc,  or  (putting  A  =  i,  B  =  -^A,  C  =  ^ 

B,  D  =  '^■^^  C,  E  =  ^^^^  D,  F  =  ^■^'  E,  and  G,  H,  1,  K,  L,  &c,  for 
the  co-efficients  of  the  following  powers  of  *,  to  wit,  *",  *',  x'y  x*,  «"*,  &c, 
derived  from  the  former  co-efficients  by  the  fame  law  of  generation  or  continua- 
tion^ to  the  feries   i  +  —A*  +  -  ~-*  B  jr*  +  — ~—  C*'  +  '""  ^*  Dx*  + 

2_  Ex'  H ;^  F*'  H Ga;*  +  — =-i-H*   +  ■ Ix*  +  2. 

;>  6n  7"  8s  9"  lo* 

K*'*   +   &C.  <li    E.    D. 

19.  Coroll.  I.  If  m  is  lefs  thui  »,  (as^  for  example,  if  m  is  6  and  »  is'17,) 
m  —  n  will  be  a  negative  quantity,  and  therefore  the  third  term  of  the  feries,  to 
■wit,  —  X  ""-  X*,  will  be  a  negative  quantity  Hkewife,  and  will  be  equal  to 
—  m  ^  *  ~  *  jf»^  and  confequently  muft  be  fubtraiied  from  the  two  firft  terms  i 
and  —  X,  inftead  of  being  added  to  them.  And,  in  like  manner,  -~.**  and 
— ~-3-  and  — "l",  and  all  the  following  faftocs  in  the  feveral  co-efficients  of  the 
powers  of  *  in  the  following  terms  of  the  feries,  will  alfo  be  negative  quantities, 
on  account  of  the  excefs  of  in,  3)1,  4^,  &c,  above  m:  and  confeqviently,  thofe 
terms  in  which  thefe  negative  fa<5tors  occur  an  odd  number  of  dmes,  will  be 
negative,  and  muft  be  fubtrafted  from  i  and  —  *,  the  two  firft  terms  of  the 
feries ;  and  thofe  terms  in  which  the  faid  negative  feftors  occur  an  even  number 
of  times,  will  be  pofitive,  and.miA  be  added  to  the  faid  two  firft  terms;  diat 
is,  the  third,  fifth,  feventh,  And  other  following  odd  terms  of  the  feries  will  be 
negative,  and  muft  be  fubtra£ted  from  i  and  —  x;  and  the  fourth,  fixth,  eighth, 
and  other  following  even  terms  of  the  feries  will  be  pofitive,  and  muft  be  added 
to  the  faid  two  firft  terms.  Therefore,  when  m  is  lefs  than  »,  the  foregoing 
feries,  when  its  terms  are  fet  down  corrcftly,  with  the  proper  figns  prefixed  to 
them,  will  be  as  follows,  to  wit,  i  -|-  —  *  —  —  x  ^-^-^ **  -1-  —  X  '  ~"   X 

3«      *  T^      a«      **       J»       ^       4^     '     "•"  T  **       an      "^       3*       ^        4» 

X  ^^=^x'  -.&c,or(if  Abeput=  i,B  =  — ,  C  =  :^=^B,D  =:  ii^^^C,E 
_  %n-m  DP  tLH^E.  and  G,  H,  I,K,  L,  &c,to  i^  F,  ^^^^^^  G,  2^  H, 
%n~^  J    9«-«  j^  ^     refpedUvcIy,  1  +  —  A*  _E*  B*'  +  VLZJ^Cx^  _ 

^^    'Kar^-F  &c. 

20.  Coroll,  2.  If  m  is  an  exa^  aliquot  part  of  «,  and  is  contained  in  it  p 
times,  or,  if  »  is  =  fm,  f  being  put  for  fome  whole  humber,  the  foregoing  feries 
will  exhibit  the  ^ih  root  of  the  binomial  quantity  x  +  x . 

I  For 


W*  -  "  L 
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For  wc  Ihall  then  have  —  =  4-»  ^^^  -— -  =  ^  ~"  =  ^^r^>  and  *'  "■" 

3^  *3f  4*  4/*«»  4/  5" 

^——,  and,  in  like  manner,  S!  ""— ,  and  —~-.  and  — .— .  and  — ^ 
Sf  '      OK    '  7"  8«  9« 

,  S£-^  ^-2  2j;j.   8^^   ^j  Wj::^   j,     refpeaivdy;  and 


',and§ 


Ccc,  equal  to  ' 


V 


7f 


confequently  i  +  xT  will  be  =  I  +  *1^ ,  and  the  feries  i  +  — *  —  —  X- 


«•  +  - 


3" 


«•  +  —   X 

-4-xi;^ 


— ?  >^  **~7  X*  —  &c  will  be  =  I  +  —  j 
S^  >  ^  y  4^  f  'f 


3t      '^       V      ^       Sf 

of  the  binomial  quantity    i  +  *,   will  be   =   the  feries    i   +  — x 

'^  «■  +  T  "'^'  X  '-^  »•  -  4-  X  '-T^  X  '^  X  ^^^i-  +  -L  X 
f  t  'f  3f  f  'f  IP  V  t 

^  "  '-^  "  ^  X  '-^''   -««:.  "  .  + -i  A« -lEZl  B,-  + 
V  a?   ^4/  sp  f  'f 

VjzlCx'-I^^Dx'  +  t^^Ex'  -Ice.     .  <».i.  I. 

tf  «  s>  ^ 


jh  Example  to  the  foregnmg  Corollary. 

ai.  Let  it  "be  required  to  find  by  means  of  the  laft-mentioned  ieries  the  cube 

I 
root  of  the  binomial  quantity  i  +  jr,  or  the  value  of  i  +  *13 . 
Here  ^  is  =  3.     We  ftiall  therefore  have 


B=i-xA=fA, 


md  C  =  i 


.:B=1b, 
—  C  =  i-  c. 


and  D  =  'J-=^  C  i= 

and  E  =Ji^'D  = -i— ^  D  = -i  D, 

and  F  =  a^'  E  =  ii:^  E  =  ii  E, 

a*  '5  '5 

«,d  G  =  2^  F  =  li^'  F  =  '4  F, 


'G=^F  =  ^*F  =  :-5' 


«od  H  =  Stii;  G 
and  I  =  2L:-!  H  ; 


iG=iZG, 
-H=!4H, 
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and  K  =  -^  I   =  ii^'  I  =  i-'  I, 

and  L  = -SLlLl  K  =  ii^  K  =  J?  K, 

and  M  =  ^St^  L  =  52^' L  =  a  L, 
"^  3)  33 

and  N  =  '-!^^^  M  =  2i^  M  =  5i  M, 
13/  36  36 

smd  O  =  l^i^li  N  =  3^^^  N  =  5i  N, 
'3?  J9  35 

and  P  =  'Jt^  O  =  li:i-'  O  =  52  O. 
14^  43  41 

and  a=  ^^f^'  P  =  ii^  P  =  i!  P. 

'!•  4S  <S 

„d  S  =  i^t^  R  =  ^±Z^  R  =  1-'  R, 

'7f  Ji  S' 

and  T  =  i2_lJ  s  =  Si^  S  =  i^  S. 

'«/■     S4  S4  - 

therefore  the  feries  i  +  -  A»  -it^  B«^  +  2i^  C«  ■  _EEi  0,4  ^ 
p                 tf                   If  ^ 


<£lLiE«'  -IS^  F»'  +  &cwmbe=  I  +  —  A«-  -i-B*-  +-^  C*'- 

Idx'  +  iiE«'-^F«'  +  iJG«'_'-2H«'  +  ai,.  _;5k»»+  'J 

II  IS  .8  T^  z,  14  '     J,  30  T^  33 

L»"  -  32  M«"  +  55  N»"  -  £  0«'«  +  il  P  jr"  _  ^  Q»"  +  a  R«"  _  i2 

36  39  •       4.  ^  4S  48  ~^  51  -  S4 

Sif"  4.&C— i+  —  — -i-i- 1;!_;2£  J.  inL  —  iii^  J.  i2*fL_  93!«' 

f,A;+Sc_I+j  ^    +    ,_         -^+    ,„  6,6.   +  liSsT        15^ 

3 1  so; J'     _     Si.9'3-''°      ,       '47.4°7-'"     _     ■,i;9.'i^-'"      .      4'.'73.9'«^'    _ 
'.594.3*3  4-783.969  •4.348.907     "     139.140,163  5,036.465,357     — 

3  1 1,019,330^'*  918.640,4343^'*  3,5:6,161,166*"  118,734,174,803,1" 

'5. '09.399.071  135.984.591,639  407.9S3.774.917  10,805,643,530,767      ~ 

^ — ^  .  J^^f^"    +  &c,  which  dierefore  is  ~  i  +  *!' ,  or  the  cube  root  of  the 

56i,75'»348.o6o.709 

binomial  quantity  1  +  x.  q.  e.  r. 

22.  CoroII.  3.    The  foregoing  propofition  demonftrated  by  Mr.  Landen,  to 

wit,  that,  if  m  and  11  be  any  whole  numbers  ^hatfoever,  the  quantity  i+in" , 

"or  the  — th  power  of  the  binomial  quantity  i  +  «,  is  equal  to  the  feries  I  H 

«  +  i"x  i::-!-"  «■  +  i  X  i;^"  X  =^"  «•  +  f  X  =-=-•  X  ^   X 

n  im  n  IK  ^n  n  i«  yi 

2_  j;+  4.  _  X  X  — —  X  —  X  ~  **  +  &c,  includw  within  it 

the  cafe  of  the  int^ral  powers  of  i  +  »  which  was  the  fubjed  of  the  preceeding 
difcouife.    For  we  need  only  fuppofe  m  to  be  greater  than  n,  and  to  contain  it 

p  times. 
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^9i 


f  times,  or  to  be  equal'to  fit,  and  we  ftiall  have  i  +  xV  =  i  +,«.  Therefore 
"in  this  cafe  the  foregoing  feries  will  be.  =  i~+~xf.  But,  when  —  is  =  ^,  and 
M  is  =:  pftf  we  Ihall  have 


and  - 


v  ~  tn  ^  fn  ~  in  __  p  —  * 
3«       ~        3"       ~       3 

and  — 
and,  in  like  manner,  ""  ^% »  — 7— ■ 


pn-  ifl  _,/-4 

-,  and  - 


3&c=:to«i^, 
jj^J.  e-j,  c^  ^tilsi  s^'  refp^ively,  or'totri,  t^,  tlz, 
f  ~-,  and*  ~  ,  &c,  refpe&ivelyj  and  confequently  the  feries  i  ^  —  m  +  — 

i  X  - — -  X  """  X  ^ — ^  X  - — —  *'  +  &c,  will  be  =  the  feries  i  + 


px+px' 


■  *'  +  t  x'- 


i-'^t-i 


m  + 


X  * — 3  X  - — -  «*  +  &c.     Therefore  T  +  xf  will  be  =  the 


feries  i  +  px  +  f  x  t:^  x-  +  p  \ 


f-t 


■  f-' 


-X'  +  px  <^  X  ^-^  X 

X  ^-^^  X  ^-^^  X  ^^-^^*'   +  &c;  which  is  the  bino- 
•  3  4  5 

mial  theorem  in  the  cafe  of  integral  powers,  which  wa*  demonllrated  in  the 

foregoing  difcourfe. 


t^x'+pxtZ 


Vol.  II. 


aC 
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AltTICLEI. 

TH  E  PropoHtion  known  by  the  name  of  the  Biuomial  Theorem^  to  wit, 
"  that  I  +  *1",  or  the  wth  power  of  the  binomial  quantity  i  +  x,  b  equal 
to  the  fcries  I  +  ^  *  +  i  X  ^  **  +  -^  X  ^  X  =^^"  *»  +  i   X 

^^^-^  X  =-=^  X  '!^  «*  +  —  X  ^!^-=-'  X  ^^^^  X  ^^  X  ^L^:^x'  +  uc;* 

»34  **34S 

is  found  to  be  true*  not  only  in  the  cafe  of  the  integral  powers  of  i  +  «,  «" 
when  the  index  m  of  the  power  to  which  the  fwd  quantity  is  to  be  raifed,  is  a 
whole  numbec,  but  alfo  in  the  cafe  of  its  roots,  or  when  the  index  m  is  a 
fraftion,  of  which  i  is  the  numerator,  and  any  whole  number  whatfoever  is  the 

denominator,  fuch  as  the  fraftions  — ,  — ,  — ,  — ,  -r-,  —  &c :  and  Ukewife  in 

23*567 
the  cafe  of  the  powers  of  any  roots  of  the  faid  bmomial  quantity  i  +  x,  or  the 
roots  of  any  powers  of  it,  (which  comes  to  the  fame  thing,)  or  when  m  is 
equal  to  a  fradion  of  which  any  whole  number  whatfoever  is  the  numerator, 
and  any  other  whole  number  whatfoever  is  thedenominator,  fuch  as  the  fraftiom 

2.,  X,  ±,  ±,  1,  &c,  or -2.,  -1,  i.,  -1,  4-,  &c.  The  truth  of  this  theo- 
j'^'S'O       7'        '         »3       4.5       6. 

rem  m  the  former  cafe,  or  when  the  index  m  is  a  whole  number,  has  been 
already  fliewn  in  the  laft  traift  but  one  in  this  colledion,  from  p^e  153  to  p^ 

169: 
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169 ;  and  therefore  will  here  be  taken  for  granted,  and  made  ufe  of  as  a  ftep  in 
the  reafonings  by  which  we  (hall  endeavour  in  the  preTent  Difcourfe  to  eflabliOt 
the  truth  of  it  in  the  other  cafes.  But,  before  we  attempt  to  demonftrate  the 
fwd  theorem  in  thofe  other  cafes,  it  will  be  proper  to  fet  it  forth  in  the  ex- 
prelTions  and  forms  in  which  it  will  appear  in  thofe  cafesi,  upon  a  fuppofitioii 
that  the  faid  theorem  extends  to  the  (aid  cafes,  or  to  fet  down  thofe  exprcflions 
of  the  firft  theorem  above-mentioned,  which  will  arife  from  a  fuppofition  that 
it  continues  to  be  true  when  the  index  of  the  power  to  which  the  binomial 
quantity  i  +  *  is  to  be  raifed,  is  a  fraftion,  as  well  as  when  it  is  a  whole  num- 
ber. And,  in  doing  this,  it  will  be  convenient  to  divide  the  fiibjeft  into  three 
cafes,  according  as  the  index  of  the  power,  to  which  i  +  «  is  to  be  raifetj, 
(hall  be  a  fraftion  of  which  i  is  the  numerator,  and  any  whole  number  what- 
focver  is  the  denominator,  or  a  fradion  of  which  any  whole  number  whatfoever 
is  the  numerator,  and  any  greater  whole  number  is  the  denominator,  or  a  frac- 
tion of  which  any  whole  number  whatfoever  is  the  numerator,  and  any  lejfer 
whole  number  is  the  denominator.  The  expreflions  that  will  be  derived  from 
the  original  feries  i  +.  -^  *  +  T  ^  ^^  «•  +  -^  X  ^^  X  '^^  **  +  ^ 
X  =^  X  -^  X  —^  **  +  Y  X  -7-  X  -^  X  -^'  X  -y-J  *'  + 
Sec,  according  to  thefe  different  fuppofitions,  will  be  as  follows: 

Of  the  Binomial  Theorem  in  the  Cq/e  of  Roots,  as  derived  from  the  fame  Theorem 
in  the  Cafe  of  Integral  Powers. 

a.  When  the  index  m  of  the  power  to  which  the  binomial  quantity  i  +  * 
is  to  be  rufed,  is  e^ual  to  a  fraction  of  which  i  is  the  numerator  and  a  whole 
number  is  the  denominator,  let  »  be  put  for  the  faid  denominator,  or  let  »  be 
fuppofed  to  be  =  — .    Then,  by  fubfUtuting  —  inftead  of  m  in  the  terms  of  the 

forgoing  theorem,   i  +  M*  =i+-^*+-^X  2LlLl  jf*  +  ^  x  ^-^  X 


- — *  * »  +  &c,  we  Ihal!  (if  the  faid  theorem  extends  to  the  cafe  of  roots,)  have 

I 
1  +  *i"  =  to  the  feries 

±         JL      i_,  J.      i...       i-. 

«  +  T' +  T  X  V*"  +  T  X  V  >*  V"* 
II  1  1 

_         _,      __,      __j 

+  —  X X  X  »• 

■  •  3  4 

I  I  I  I  1 

+  7  X -V^  X -ij^  X -i^  X  ij- «•  +  &« 


I  c  » 
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+ 

± 

X 

1  - » 

I  —1» 

I-J, 

-— 

X 

s 

X 

"       X 

4 

X* 

+ 

J. 

X 

I  —  « 
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that  is,  1  4-*!" ,  or  the  »th  root  of  the  binomial  quantity  i  +  *>  will  (if  the 
binomial  theorem  extends  to  the  cafe  of  roots,)  be  equal  to  the  feries  i  +  — 
*  —  L  X  'LZl  «•  +  J.  X  !I^^  x  ^^-=-i  *»  —  -  x  ^^^^  X  ^^^^  X  21;^ 

«  M  '      «  Zn  3a  B  a«  311  4« 

**  +  J.  X  ^— ^  X  '-^^^^  X  2!^^^  X  *;:^^  *>  +  &c,  or  (if.  for  the  fake  of 
brevity,  we  put  A  =:  i,  and  B  =  —  A,  and  C  =  2-^  B,  and  D  =  "*  ~  '  C, 
and  E  =  1:1^  D,  and  F  =  ^^^^  E,  and  G,  H,  I,  K,  L,  &c  =  i^  F, 
^■^G,2^H,!i^  I,  21^'  K,  &C,  refpeaively,)  to  the  feries  i  +  -i- 


5lIliG«'-(2^H«'  +  !l:^I«'  _('^Z1k«»+&c;  in  which  the 
7«  8a  '        9B  lOM  '  ' 

fecond  term  —  A*,  or  —  x,  is  marked  with  the  iign  +,  or  is  to  be  added  to 

the  firft  term  i,  but  all  the  following  terms  are  marked  alternately  with  the 

Jigns  —  and  + ,  or  are  to  be  fubtra£led  frcmi,  and  added  to,  the  faid  iirft  term 

I,  or  the  two  firft  terms  i  ■{ —  *,  alternately. 

This  is,  as  T  apprehend,  the  cleiu-eft  and  mod  convenient  way  of  exprefling 

the  binomial  theorem  in  the  cafe  of  roots,  or  of  fetting  down  the  feries  which 

is  equal  to  i  +  xy ,  or  to  v^  i  +  *,  or  the  ath  root  of  the  binomial  quantity 

6  0/ 
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Of  tbt  Binomial  theorem  in  the  Cafe  of  tba  Powers  of  Roots,  when  tbt  Index  of 
the  Power  of-  the  Root  is  left  than  the  Index  of  the  Root. 

3 .  When  the  index  m  ftands  for  a  frafUon,  of  which  a  whole  number  is  the 
numerator,  and  another  whole  number,  greater  than  the  former,  is  the  denomi- 
nator, we  mull  fubllitute  —  inllead  of  m  in  the  theorem  Hated  in  Art.  i,  to 

wit,  the  theorem,  i  +  xC  =i  ■!-—*+—  X  ^^^-^  sc"  +  —  X  S-Z-i  X  ^-^ 
xi  +  —  X  ^^^'  X  ^^^  X  ^^^-^  «♦  +  —  X  ^1^^^  X  "^^^^  X  ^^^^  X  ^^^ 
K*  +  &c;  and  then  (ff  the  binomial  theorem  extends  to  this  cafe,)  we  Ihall 

have  I  +  xT  —  the  feries  i-f-—     +—     '  —  -i  —      — -i       — -• 

■7'     tX-^'  +T"-T-x-l- 

..MM'  m  m  m  tn  m  mm 

*   +T       T—       --'      --'  —      --'       --'      T-'     T-* 

—  X  X X   «*  +  —  X  X  X  •: X 

»>    +  &c  =  .   +i,+ix=f-"«'+  tX^X^^^«'  +  T    X 

i=i  X  i:=-t"  X  '^'•+^'x  ^  X  '^^'x  =^"'x  =^*'  + 

»     ~3      ~"4  »       3       ♦       r~ 

&€=    1+    — *  +  —  X  2-11?  x«  -f  —  X  '*""  X  *"  ~  ^''  «*  +   —  X  **"* 

izj;  X  ^' ,."+  i  X  i^  X  '::^:i"  x  ^t:^  x  i^^»'  +  8tc'= 

3*  4«  '     ■  3»  3»  4^  sa 

t  +  i*-ix  i:ii:,-  +  ix"-^^x  :irir;t. _ix  i^:^x  'JLzj: 

M  n  in  »  3«  3«  s  3«  34 

X  11:1^  **  +  i  X  :^^^  X  '-i^:^  X  2lrf!  X  1^:^  *»  +  &c,  or  (if,  for 
the  fake  of  brevity,  we  put  A  =  i,uidB  =  — ,  or  —  A,  andC  =^^^B,andD 
=  ii:i^C,andE  =  2lrJrD,andF=il::^E,andG,  H,  I,K,L,  &c  = 
S^P  6--«Q  VtfJItH^JL^^l^^^JZ^  K    &c,  refpeftively,  to  the  fcrics 

M  i«       ^^^       3«  ,  4B     .5*  '    6« 

SM~mj.        l9"-"i; 


'         7n  8«  9"  >°" 

the  fecond  term  —  A  *,  or  —  *,  is  always  to  be  marked  with  the  iign  + ,  or  to  be 
added  to  the  firflterm  i,  but  the  third,  and  fourth,  and  fifth,  and  other  following 
terms,  are  marked  alternately  with  die  iign  —  and  the  fign  +,  or  are  to  be 
fubtraded  from,  and  added  to,  the  faid  firft  term  i(  or  the  two  iird  terms 
I  +  —  *,  alternately. 

This 
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This  is,  as  I  apprehend,  the  cleareft  and  moft  convenient  way  of  exprcfling 
the  binomial  theorem  in  this  cafe  of  the  power  of  a  root  of  the  binomisU 
quantity  i  +  x,  when  m,  or  the  index  of  the  power  to  which  the  root  of  i  +  x 
is  to  be  raifed  is  lefs  than  »,  or  the  index  of  the  root. 

0/  the  Binomial  Theorem  in  the  Cafe  of  the  Powers  of  Roo/Sf  when  the  Index  4>/ 
the  Power  of  the  Root  is  greater  than  the  Index  of  the  Root. 

4.  When  the  index  m  (lands  for  a  fraftion,  of  which,  a  whole  number  is  the 
numerator,  and  another  whole  number,  lefs  than  the  former,  is  the  denomi- 
nator, we  muft,  as  in  the  laft  cafe,  fubftitute  —  inftead  of  m  in  the  theorem  ftated 

Art.  I,  to  wit,  the  theorem,  {"+  x\    =1  +— *  +  ^x  '^^-^-^x*  +  iL   x 

■■-  '  X   ""'  *I  O.  —   V  ""'   V  '^~*   V  ""?  X*  4.  il   V  ""'   V  **-'    V 

-;-  X  -p*  +  V  X-^-  X  -J-X  -f-**  +  -r  X  -J-  X  -^  X 

— ^  X  ""* **  +  &c ;  and  then  (if  the  binomial  theorem  extends  to  this 

caie,)  we  Ihall  have  i  +  a^*  =s  i  +  ^     +  T  ^  7""*      +  —  X  — -i   X 
— *       —       *•       —        — 

III  t  z 

--'      +-7  X-J-'  X  T-'**T-'      +  T  >=  T-^  X~-a  X  --3  X 

3  1334  1334 

i-4      +&C=I+f*+^X=4^       +^X=4^X!4^"        +^X 

i — **  ■       "      -^*'    •"     -^     — ^«' 

iiiTx^xJ^i-"      +^x2LAix=^x^x^ 

■  +  T '  +  T  X  =ii-"«-  +  T  X  =^"  X  =^""  +  T  X  =jr  X  =ii^' 

5.  Now,  fmce  tn  is  in  this  cafe  greater  than  m,  it  will  be  pollible  to  fubtraft 
n  from  m,  and  confequently  the  term  —  X  — ~  ■  *•  will  be  a  pofitive,  or  affirm- 
ative, term,  and  muft  be  added  to  the  firft  term  i ;  and  therefore  the  three  firft 
terms  of  this  feries,  to  wit,  i,  —  x,  and  —  x  "LZJ.  ^^  will  in  this  cafe  be  added 
together,  or  connected  by  the  Ggn  +.  And,  if  w  is  not  only  greater  than  », 
but  likewife  than  2»,  the  fourth  term  —  X  ^-^  x  — ~'"  x*.  will  alfo  be  a  po- 

'  ff  3M  31*  '  *^ 

fitive  or  affirmative  quantity,  and  muft  be  marked  with  the  fign  + ,  and  added 
to  the  three  former  terms.  And,  in  like  manner,  if  n  is  greater  dian  30,  but 
lefs  than  4»,  the  five  firft  terms  of  the  feries  will  be  pofitive,  or  added  to  each 
other ;  and,  if  m  is  greater  than  40,  but  lefs  than  50,  the  firft  fix  terms  of  the 
feries  will  be  pofitive,  or  added  to  each  other ;  and,  if  m  is  greater  than  5»,  but 
lels  than  6»,  or  greater  than  6»,  but  lefs  than  70,  or  greater  than  70,  but  lefs 

than 
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than  8«,  the  firft  feven,  or  eight,  or  nine,  terms  of  the  feries  will,  refpeftively, 
be  pofitive,  or  added  to  each  other.  But,  however  great  we  may  fuppofe  m  to 
be  in  comparifon  to  n,  it  is  evident  that  there  will  always  be  fome  term  or  other 
of  the  feries  in  which  the  multiple  of  «  that  is  to  be  fubtraifted  from  »»,  will 
become  equal  to,  or  greater  than  m.  Let  pn  denote  the  greaieft  mijltiple  of  /t, 
that  is  lefs  than  m.  Then  it  is  evident  that  the  next  multiple  of  n,  namely, 
f  +  I  X  »,  or  pn  +  »,  muft  either  be .  equal  to,  or  greater  than  m.  If  it  is 
equal  to  w,  m—pn  —  n  will  be  =  «  —  ai  =  o,  and  confequently  that  term  of 
the  feries  in  the  numerator  of  which  the  quantity  m  —  pn  —  n  occurs,  will  be 
=  o  likewife ;  and  fo  will  all  the  fubfequent  terms  of  the  feries,  becaufe  they 
are  derived  from  the  faid  tenn  by  niulliplication.  Therefore,  the  feries  will  in 
this  cafe  confift  of  a  finite  number  of  terms,  of  which  the  term  in  which  the 
quantity  m  -^  pn  firft  occurs  will  be  the  laft.  But,  if  ^«  +  »  is  greater  tbttii  m,  k 
cannot  be  fubtrafted  froin  m,  but  m  muft  be  fubtraded  from  it,  and  the  term 
in  which  w  —  pn  —n  occurs  muft,  (inftead  of  being'  added  to  the  firft  term 
I,  as  the  forgoing  terms  were,)  be  fubtra£ted  from  it;  after  which  all  the  fol- 
lowing terms  of  the  feries  will  be  alternately  added  co,  and  fubtraded  from,  the 
iaid  firft  term  i,  juft  as  in  the  laft  cafe,  (which  is  fet  down  in  Art.  3)  all  the 

terms  after  the  fccond  term  —  *  are  fo  alternately  fubtrafted  and  added.  There- 
fore (if,  for  the  fake  of  brevity,  we  put  A  =  i,  and  B  =  — ,  and  C  =  Ji^i^B,  and 
D  =  — ^ —  C,  or  — "^—f  according  as  «>  is  greater,  or  lefs,  than  2» ;  and  E  =: 
i!^—  D,  or  ^""^  D,  according  as  «*  is  greater,  or  lefs,  than  3s;  and  F  = 
'LzJ^  E,  or  --""  E,  according  as  m  is  greater,  or  lefs,  than  4» ;  and,  in  like 
manner,  G,  H,  I,  K,  L,  &c  =.  refpeaively,  to  '^^  F,  SZli?  G,  '^-^  HT 
1, 2^K,&c,ortoi-- — F, G,i-5 — H, 1, 2- — K,SEc,)we 


ihall  have  i  +  x\"  =1  +  —  A*  +  ^-—  B«'  +  ' — -  C*'  +- — "Dx*  + 

«  3«  3-  4« 

~ — ^  E  a:*  +  &c,  till  we  come  to  the  term  in  which  the  generating  fraftion  is 

t^zZl"  I  or  —""'-,  after  which  the  terms  will  be  marked  with  the  fiens  —  and 
7+71  X  «'      >a  +  »'  ^ 

+  alternately,  or  will  be  alternately  fubtrafted  from,  and  added  to,  the  firft 

term  1,  as  in  the  former  cafe  fet  forth  in  Art.  3 ;  and  the  numerators  of  the 

generating  fraflions  in  the  following  terms  will  be  the  exceflcs  of  the  fucceffive 

multiples  of  «,  to  wit,  pn  +  »,  ^»  +  2»,  pn  +  yt,  pn  +  ^'^  pn  +  jb,  &c, 

above  «,  as  they  before  were  the  exceffes  of  »  above  the  prececding  lower 

multiples  of  n,  to  wit,  2»,  3«,  4»,  5«,  Sn,  Sec. 

6.  This  law  of  the  continuation  of  the  co-efficients  C,  D,  E,  F,  G,  H,  I,  K, 

L,  &c,  in  the  terms  of  the  feries  that  is  equal  to  i  +  «1^,  when  w  is  greater  than 
»,  will  be  more  clearly  underftood  by  fettmg  down  a  few  examples  of  this  feries 
according  to  difierenC  relative  infinitudes  of  m  and  a.  This  may  be  done  as 
follows : 

u  ,,u...  .y  Jbogle 
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If  «  is  greater  than  »,  but  lefs  than  xn,  we  Ihall  have  i  +  xl"  =  the  fcriej 
■  ■  +  -T*  +  ^  X  ^^  «■-■?■  X  ^^  X  2^  «'  +  —  X  ^  X  "-^ 


'  —  —  X  ■ 

'B«'-S 


3" 
'Cx>  +  £ 


■  Dx'- 


«■  +  &c  =  I  +  -^  A« 


Ex'  +  i 


'  8fl  as  '         io« 


If  ffl  is  greater  than  z»,  but  kfs  than  js,  we  (hall  have  i  +  xY  =  the  feries 

x::^"x 

3"  "  —  3" 

<    ^ X   ^-- A*  —  &C  =   I    +   —    A* 

4*  S"  • 

—  D,v4  +  ^i:::^:'  e*'  -  fil^  f.v«  + 


-.V+-X- 
^B«'  +  - 


ta-n 


-H«'  + 


If  »  is  greater  than  ^n,  but  lefs  than  4ff,  wc  Ihall  have  i  +  «!*  =:  the  feries 

X  ifi^x-  _  i  X  =;^"  X  ^"  X  :^'  X  *^  »■  +  &c  =  I  +  i 


A«  +  : 


'c*>  +  !l:ii;D«"-l 


E*-  +  i 


■  Gx'  -i-l^Hx' 


And,  if  w  is  greater  than  4«,  but  lefs  than  5»,  we  (hall  have  i  +  *1*  = 


'+.'+.  X     „    «■  +   .   X     „     X     J. 

'*  +    .    X     „     X     ^ 

x^'+T^=i^''<-i.^x--^"x 

^''•-TX=^x 
+  f  A  «  +  ^j;^  B  *■  + 

!L::i:c*' +  2-=-2^D*« +^i^^E*' -l^ip^F*' +  5i:i^G*'-l^if^ 

Thefc  examples  will,  I  prefume,  be  fufficient  to  illuftrate  the  courfe  of  the, 
co-efficients  C,  D,  E,  F,  G,  H>  I,  K,  L,  8tc,  in  ail  the  different  relative  mag- 
nitudes of  m  and  «  that  can  be  fuppofed. 

7.  Before  we  enter  upon  the  inveftigations  of  thefe  important  theorems,  it 
may  not  be  amifs  to  apply  the  three  foregoing  feriefes,  (which  have  been  de- 
rived from  the  original  feries  fct  down  in  Art.  i>  by  fubftituting  —  and  —  in 
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its  terms  inftead  of  «,)  to  the  determination  of  the  values  of  i  +  *\*   and 

I  +  x]"  in  a  few  panlcular  inftances :  after  which  we  fhall  prove,  by  railing  the 
particular  feriefes  thereby  obtained  to  the  proper  powers,  that  in  diofe  inftances, 
at  leaft,  the  feveral  theorems  are  true ;  which  will  be  a  good  inrroduftjon  to 
the  general  invefUgations  of  the  faid  theorems  in  all  other  vahies  of  a  and  », 
which  will  be  prefented  to  the  reader's  confideration  in  the  fubfequent  part  of 
this  Difcourfe. 

Examples  of  the  ExtraSiien  of  fame  particular  Roots  of  the  Binomial  ^antity' 
I  +  X  hy  means  of  the  Series  given  above  in  Art.  z, 

8.  In  the  firft  place  we  will  extract  the  fquare  root  of  the  binomial  quantity 

1  +  *  by  means  of  the  feries  given  in  Art.  2,  to  wit,  the  feries  i  +  —  A  x  — 

^Dx*+*^E*»-&c. 
'"  3-  v  S" 

Now,  in  this  cafe,  i  +  arl"  is  =:  i  +  xV  ,  or  »  is  —  2.     Therefore  2»  is  (— 

2  X  2)  r:  4,  and  yt  is  (=  3  x  2)  =  6,  and  4«  is  (=  4  X  2)  =  8,  and  5»  is 
(^  5X2)  =  10,  and  confcquently  »  —  i  is  (=:  2  —  i)  =  i>  and  2«  — i  is 
(=  4—  i)  =  3,  and  3»  —  I  is(=  6  —  1)  =  5,  and4»—  i  is(=  8  — i)  =  7. 

We  (hall  therefore  have  i  +  -  A*  —  (HZi  B*'  +  ^^^  C*'  -illT^D** 
»  j«  3»  4« 

+  lirJ  E*»-  &c  =  I  +  1  A*--B*'  +  -l-C*'  -  i-D**  +-Ie«' 
S"  *  4  '6.8  '10 

^&c=i+---^+  4-— ^+^-&c.    Therefore,  if  the  binomial' 

3  B  lO  130  3  JO 

t 

theorem  is  true  in  the  cafe  of  roots,  i  +  xY ,  or  the  fquare-root  of  the  binomial 

quantity  i  +  x,  will  be  equal  to  the  feries  i  -J T"'^~6'~''^'^^ 

—  &c. 

9.  Now  that  this  feries  is  really  equal  to  the  fquare-root  of  i  +  a:,  will  apfjear 
by  multiplying  it  into  itfelf.  For  we  (hall  find  that  the  produft  of  the  faid 
multiplication  will  be  i  +  x.    This  may  be  done  in  the  manner  following : 

■+f-T  +  -S-S  +  $-^'= 

■+f-7+T?-lr;+:-^-''' 

+  T  +  T-T^  +  F-if6  +  ^'= 

138  2(6 


I  ^  *  »  •  *  •  8(C.  Digitized  by 
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Google 


BtiOVXSE       COHCBRKI 


It  appears  therefore  that  d\e  feries  i  +^— ~+  fl_ifg+2i!_&cU 
really  and  truly,  as  &r  as  relates  to  the  faid  fix  firft  terms  of  it,  the  Iquate-root 
of  the  binomial  quantity  i  +  x,  and  consequently  that  the  binomial  theorem 
is  true  in  the  cafe  of  fquare-roots. 

10.  In  the  next  place  we  will  inveftigace  the  value  of  i  +  x\i ,  or  the  cube- 
root  of  the  binomial  quantity  i  +  *,  by  means  of  the  fame  feries  i  +  —  A  » 

-^Hb^  +  'JiZJ.Cx*~^^T)x*+^!^^^'Ex*  -&c. 

Now  in  this  cafe  «  is  =  3,  and  confequently  we  Ihall  have  in  =  6,  3»  = 
9,  4Jl=  12,  and5w=  15,  and  «  —  i  =  2,  2»—  1=  5,  ^a—  1=8,  and  4s  —  i 

=  II.    And  therefore  the  feries   i  +  —  Ax  — 1^^-^  B*'  +  "'~'  C**  — 


/2iZi  D«*  +  ^^^:-i  Eff'  -  8ec  will,  in  this  cafe,  be  =  1  +  J-  A*  -  4-  B** 
4*  S»  30 

^9  "  ^  »S  3  9  ^    8'  »43  7*9 

—  &C. 

1 1 .  Now  that  this  feries  is  really  equal  to  the  cube-root  +  of  ix,  will  appear 
by  multiplying  the  fad  feries  twice  into  iifelf.  For  we  (hall  find  that  the  pro- 
dufi  of  the  faid  multiplications  will  be  equal  to  i  +  *.  Thefe  multiplicauont 
will  be  M  follows : 

.     *  *•    .     !'*         10**    .     **** 

,  *  *•  ,  (*•  I6«*  ,  Six*  g 


ii 


■+7-7  +  ^-  — +  ^-8«: 

-  +  -■ 
3  9 


^    »i   ^    »43  7"9 

to**        lo** 
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.     -    -    +     8> 


1") 


+  Scc 


1  +« 


It  appears  therefore  that  the  feries  i  +  —  ~  ~  +  ^ 12fl  +  ££i!   _ 

&c  is  really  and  truly,  as  far  as  relates  to  the  firft  fix  terms  of  it,  the  cube-roor 
of  the  binomial  quaority  i  +  v,  aad  con&quently  that  the  binomial  theorem  is 
true  in  the  cafe  of  cube-roots  as  well  as  in  that  of  fquare-roots. 

Examples  of  the  Extraliion  of  the  Roots  of  feme  f  articular  Pomers  of  the  Binomial 
^antity  i  +  x  iy  meant  of  the  Series  given  ahve  in  Art.  3 ;  in  which  the 
Numerator  of  the  FraSiauil  Indtx  Z-  isf^eftd  to  he  10  than  its  Denominator. 

a 
12.  In  the  next  place  we  will  inveftigate  the  value  of  1  +  xp ,  or  of  the 

cube-root  of  the  f^uare  of  the  bmomial  qiiantity  i  -(-  *,  by  means  of  the  feries 

5" 


I  +  _A«- 


*»  _^5d**  +  ^E*'-&c 


given 


in  Art.  3  as  the  value  of  i  -I-  x\' . 

Now  in  this  cafe  iiv  is  =  2,  and  s  is  ^  3.    And  therefore  nC  fliall  have'i* 
=  6)  3ff  ==  9,  4A  =:  12}  and  yi  =r  ig, 

and    «  -•  m  (=    3  —  z)  :r  i, 
aa  —  »  (=    5  —  2)  =  4, 
3«  -»(=    9-  a)  =  7, 
and  4»  — »(=  is—  a)  =  10,  ^^^ 

and  confequcntly  1  +  i  A*  -£^  B*»  +  ^iZj  C*»  -  EE?  D**  + 

41^J?E»»  -&c=  I  +  -A*-  i-B**  +^C*»--2-D«»  +  -  E*» 
5-  3  69  la  "^    IS 

-&c=ri+2;-!:!+^-£L  +  il^_&c.    Therefore,  if  the  bino- 

mial  theorem  if  true  ia  the  cafe  of  the  powers  of  roots,  or  the  roots  of  powers. 

a  D  s 
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7  +  )c\3 ,  or  the  cube-root  of  the  fquare  of  the  binomial  quantity  i  +  *,  will 
be  equal  to  the  fcries  i+^-^  +  ^-2i^+^-&c. 


13.  Now  that  this  fcries  is  really  equal  to  i  ^"jf\3,  or  to  the  cube-root  of  tfce 
fquare  of  the  binomial  quantity  i  +  *,  or  to  the  cube-root  of  the  trinomial 
quantity  1  +  ix  +  xx,  will  appear  by  multiplying  the  faid  feries  twice  into 
itfelf.  For  we  (hall  find  that  the  product  of  thcfe  muItipUcatioos  will  be  tlie 
fiud  trinomial  quantity.    Thefe  multiplications'  will  be  as  follows : 


.  +  ^-^ 

+  T^ 

_  2i.'  +  Mi  _  &c 

3           9 

,+2f_il 

+  ^ 

_z£.*  +  ie:_&c 

3           9 

'i1^    T1 

I  +  — —  — 

+  f- 

-lil+'JUl^Uc 

3           9 

+  f+1-' 

'7 

+l-f+- 

*■ 

_  — 

.    8»<         i.'     .     . 

■  +  &c 
-  +  &c 


,+ii  +  ;i:_e!+H.*_ 

■ST- 

&c. 

■+f+T"-^'  +  ^- 

8.' 
7"9 

+  &C 

.+f-X  +  ^-^  + 

-  &C 

?'9 

•  +  f+'f-^  +  f- 

6*' 
7'9 

+  &C 

+if  +  5i:  +  4i!_ifi  + 

-fire 

_i_t:!_^  + 

iii 

-  &c 

9     17     81  ^ 

V^> 

+  ^+i^*  + 

-  &c 

7" 

-  &c 

243 

7=9 

+ 

.;'9. 

+   &C 

I   -^  2X  •{•  XX 


&c. 


2£.*x  iii! 


It  appears  therefore  that  the  feries  i  +— -.f-4.^_Zi-'+  iiil  —  &c 
is  really  and  truly  the  cube-root  of  the  trinomial  quantity  i  -f  2*  +  **,  or  of 
the  fquare  of  the  binomia  quantity  i  +  *,  and  confequently  that  the  binomial 

theorem 
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theorem  is  true  in  the  cafe  of  the  cube-root  of  the  fquare  of  a  binomial  quan- 
tity, or  when  «,  the  numerator  of  the  fraction  — ,  which  is  the  index  of  the 
power  of  I  +  *,  is  =  2,  and  n,  the  denominator  of  the  feid  fraftion,  is  =  3. 

14.  As  another  example  of  the  inveftigation  of  the  value  of  7*+^"  by 
means  of  the  foregoing  feries  i  +  -^A*  —1^-^  B*'  4-  '*  "  C*'  — U'  ~  "* 
D;e*  +  y""  E*'  —  &c,  we  will  fuppofc  w  to  be  r:  3,  and  «  to  be  =  5,  or 

^  3_ 

I  +  jrl"  to  be  equal  to  i  -|-  x\'> ,  or  to  the  fifth  root  of  the  cube  of  the  bino- 
mial quantity  1  ^-  *,  or  to  the  fifth  root  of  the  quadrinomial  quantity  i  -f-  3* 
+  3*'  +  *'. 

In  this  cafe  we  fhall  have  211  =  10;  30  =  15,  411  :r  20j  and  5/1  =:  25,  and 
confcquently 

»'-«(=    5-3)  =  2, 
and  2a  —  ffl  (=  10  —  3)  =  7, 
and  3»  —  M  (=  15  —  3)  =  i^» 
and  4»  —  m  (=  20  —  3)  =:  17, 

an^i  +^Ax-fHH~B*'  +  *-^C:H-^^D**-f.i^~  E*'  -Sec 

=  i+-2-AA:--Bff'  +  -^C«'--D**  +  -^E*'-&c=i+2f_ 

^    S               10          ^  IS  to  »5  ^    S 

21.  4.  2f —  lll~  +  3S2f g(c.     Therefore,  if  the  binomial  theorem  is  true 

^3, 

in  the  cafe  of  the  powers  of  roots,  or  the  roots  of  powers,  the  quantity  1  +  *1S , 
or  the  fifth  root  of  the  cube  of  i  -)-  *,  or  the  fifth  root  of  the  quadrinomial 
quantity  i  -H  3*  +  3**  +  at*,  will  be  equal  to  the  feries  i  +  i^  —  21.  ^  Zi_ 


1 5.  Now  that  this  feries  is  really  equal  to  1  -H  x\S ,  or  to  the  fifth  root  of  the 
cube  of  the  binomial  quantity  i  +  *,  or  to  the  fifth  root  of  the  quadrinomial 
quantity  i  +  3*  +  3**  +  *',  will  appear  by  raifing  the  faid  feries  to  the  fifth 
power  by  multiplying  it  firft  intoitfelf,  whereby  we  fliall  obtain  its  fquare,  and  af- 
terwards muhiplying  the  faid  fquare  into  itfelf,  whereby  we  (hall  obtain  its  fourth 
power,  and,  laftly,  multiplying  the  faid  fourth  power  of  it  into  the  feries  itfelf, 
whereby  we  (hall  obtain  its  fifth  power.  For  wc  Ihall  find  that  the  produft  of 
thefe  three  multiplications  will  be  the  faid  quadrirromlal  quantity  i  -)-  3;^  -J-  3*' 
+  X*.     Thefe  multiplications  will  be  as  follows : 

^5  ^S    ^  "S         6*5  ^   >S6'S  - 

l±i .^+..s       6,s+Tfe^-^^ 
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10$ 


I  J.  3f  _  a;  J.  'i!  _  iif!  J.  ^s2i^  _  «tr 

11**  M*' 


'»s 


135         oa^         'S^>5 


This  is  the  rquarc  of  the  feries  ,  +  3f  _  Ji!  +  !i  _  ^  +  iJifl.&c 


e> 


15615 


+  &C 


^-^^.  +  tcc 


^fiii; 


«S  us  oij  3"S 

"S  'i!  3'"5  • 


'  U6is  ' 


81c 


Thisisthefourthpowerofthcferiesi  +  2^  _  2f.  ^.  Zf.  _ 


62s 


+  \ 


jtij 


'  +  -r  +  ^  + 


"5 


_J ''.       "'.        '".       T^ 

,    ,    i«    ,    4i*»    ,     16*1  iH*         16B** 


61s         is'ij 

-  &c 


"  ^     IS    "^     .25  61S     ■•■  Ijiis 

•S  "S,  ''S  3"! 

_  Jfl  _    3^'  _  "6**  _   84*'     ,    ^^ 
'5     ~     "5  ''5  3'«! 

■  &c 


"5 


615 

"SIT 


3»»S 
3riJ«' 
3115 


3ffiS-8cc 


>  +  3«  +  3«'   +    «• 
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It  appears  therefore  that  the  fcries  i+H_3^+?fI_^+  352;^  _ 
&c,  is  really  and  truly  the  fifth  root  of  the  quadrinomial  quantity  1  +  3*  +  3** 
+  X*,  or  of  the  cube  of  tbe  binomial  quantity  i  +  '>  and  confequcntly  that 
the  bioomial  theorem  is  true  in  the  cafe  of  tbe  fifth  root  of  the  cube  of  a  bino- 
mial quantity,  or  when  *»,  the  numerator  of  the  fraiftioo  — ,  which  fs  the  index 
of  the  power  of  i  4*  «>  is  =  3,  and  n,  the  denominator  of  the  faid  fraction,  is 

Examples  of  tbe  Extra^ion  of  tbe  Roots  ef  fome  particular  Powers  of  tbe  Binomial 
^anti^  1  +  X  ly  ineans  tf  the  Series  given  above  in  Art.  4  and  5,  in  wbicb 
tbe  Numerator  of  tbe  FraSional  Index  —  is  Juppojed  to  be  greater  than  its  De- 
nominator. 

J. 

16.  In  the  next  place  we  will  invrfligate  the  value  rf  i  +  *1* ,  or  ctf  the 
fquare-root  of  the  cube  of  the  binomial  quantity  i  4*  x  by  means  of  the  feries 
fet  down  in  Art.  4  and  5.  Now  in  this  cafe  m  is  =:  3,  and  ff  is  =:  z>  and  coa- 
feqifendy  m  is  greater  than  8,  but  lefs  than  an.    Therefore^  by  Aft.  6,  the  feries 

that  is  equal  to  1  +  *\"  will,  in  this  cafe,  be  1  +  —  a«4-^^^  B^ —'^^^ 

**      .  s»      . 

Now,  fince  «  is  =:  3,  and  «  is  =:  2,  we  mail  have  »  —  «  (=  3  — ■  2)  rr  i, 
sbd  2ff  =  4,  3*  =  6,  4JV  =:  8,  and  50  =:  10,  and 
2Jr-OT(=4-3)  =  I, 
3»-ffl(=  6-3)  =3, 
4»-«(=  8-3)=_5, 


and  the  feries  i+iA*  +  ^^^B**  -VJt:^  C*»  +  ^^tZ^-Dii"  -I^LZJI 
E*'  +  &c=  I  +  J.A*+  —  B«'  --i-C*»+  -|-D**-  ■^E*'+&c  = 
J  +^+  ^^—*1+  ifl^  yil  +  Sec.    ThereftMT,  if  the  binomial  dteorem 

X 

is  true  in  the  cafe  of  the  roots  of  powers,  the  quantity  i  +  *)* ,  or  the  fquare- 
rootof  the  cube  of  the  binomial  quantity  I +*,  or  the  fquarc-root  ofthequadrino- 
mhil^antity  i+3x+3*'+^,  -will  be  equal  to  the  feries  *  +  ^  +  ^5 \  + 

17.  Now  that  this  feries  is  really  equal  to  the  fquare-root  of  the  cube  of 
1  +  «,  or  to  tbe  fqUare-root  of  the  quadrinemial  quantity  i  +  3*  +  3**  +  *•, 
will  appear  by  multiplying  the  faid  feries  into  itfelf.  For  we  fliall  find  that  the 
produA  of  the  faid  multiplication  will  be  the  faid  quadrinomial  quantity.  This 
mulriplication  will  be  as  foUows : 

6 


y  Google 


DISCOURSE       COKCBRNI 


I  + 

H 

+ 

31.' 
8 

- 

]6 

+ 

i]8 

.(6 

+  &C 

+ 

3f 

+ 

4 

+ 

9*  J 

- 

^> 

% 

-  &c 

+ 

^X 

+ 

^ 

+ 

9'* 

6;~ 

Ws 

+   &C 

l6 

+ 

3" 

Si.' 

+  &C 
+  &C 

-&c 

I  +  3*  +  3**  +  ** 
It  appears  therefore  that  the  feries  i+H+2f!_^+2^_3^  +  &c,is 

really  and  truly  the  fquare  root  of  the  qtiadrinomial  quantity  i  +  3*  +  3**  +  *•, 
or  of  the  cube  of  the  binomial  quantity  i  +  x,  and  confequently  that  the  bino- 
mial theorem  is  true  in  the  cafe  of  the  fquare- root  of  the  cube  of  a  binomial 
quantity,  or  when  m  is  =  3,  and  »  is  =  z. 

18.  I  fhall  add  one  more,  example  of  the  feries  given  in  Art.  4  and  5,  in 
which  it  is  fuppofed  that  the  numerator  m  is  greater  than  the  denominator  n. 

' J. 

Let  it  be  required  to  find,  by  means  of  the  faid  feries,  the  value  of  i  +  x\i , 
or  of  the  cube-root  of  the  fifth  power  of  the  binomial  quantity  i  +.*,  or  of 
the  cube-root  of  the  fextlnomial  quantity  i  +  5*  +  10**  +  lo**  +  5*+  +  «'. 

]n  this  cafe  m  is  =  5,  and  s  is  ^  3.     Therefore  m  (though  greater  than  »,) 

is  lefs  than  a»,  and  confequently,  (by  Art.  6,)  1  +  x'^  will  be  equal  to  the 
feries  I  +  J!lAx  +  ^!!^^'Bx^-^*-^Cx'  +  3l:i:?D*4 -(S^  E*'  + 

&c. 

Now,  fmce  «  is  =  5,  and  « is  =  3,  we  (hall  have  have  «  —  »  (:=  5  —  3) 
=  2,  and  2»  =  6,  3n  =  9,  4»  =  12,  51  =  15,  and 
2»  —  «  (=     6  —  5)  =  I, 
3B_  w(=    9-5)  =4, 
and  4a  —  w  (=  12  —  5j  =  7,^  ^ 

and  confequently  the  feries  i  +  -^  As:  -f  ^^^  Ux*  —  l"""*  Cx*  +  ^IT- 
D;f*-EpE*'  +&c=  I  +  S.Ax  +  ±Bx'--~Cx'  +  -^^X)x*  ~ 
i-E*'  +&c=i  +H  +  if:_^  + if>_2i!+&c.  Therefore,  if  the 
binomial  theorem  is  true  in  the  cafe  of  the  roots  of  powers,  the  quanuty 

^J. 

r+^.3 ,  or  the  cube-root  of  the  fifth  power  of  the  binomial  quantity  :  +  *,  or 

the 
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the  cube-root  of  the  fextinomial  quantity  i  +  5*  +  lox*  -f  10^  -f-  5**  +  .v*, 

will  be  equal  to  the  ferics  i  +  5^+^—  —+*—  —  ^'  +  &c. 
3         9         81        343       719 

19.  Now  that  this  ferics  is  really  equal  to  the  cube-root  of  the  fifth  power  of 

I  4-  *»  or  to  the  cube-root  of  the  fcxtinomial  quantity   1  +  5^-1-  lox*  4-  ioa:* 

+  5**  +  *',  will  appear  by  muhiplying  the  faid  feries  twice  into  itfelf.     For 

we  ftiall  find  that  the  produd  pf  the  faid  multiplications  will  be  the  faid  feiui- 

Jiomial  quantity.     Thefe  multiplications  will  be  as  follows  : 

I  +  if.  +  Jil  _  J£l  +  iil  _  ill  J.  &c 

_2 8'  ^43  7Jq 


'■<+ 

.^+iil. 

-^ 

L+iil 

._ 

Jii 

+  &c 

J              9 

81 

2  43 

7'9 

+ 

.Jl+i5i-*4 

.din 

1.  _ 

>;»• 

+ 

'!»' 

-&C 

'          ', 

*7 

"43 

7'9 

+  ^  + 

.  iil 

-  + 

ill 

_ 

J,-*' 

+  &c 

9 

^7 

81 

7'9 

- 

■-^ 

-- 

"43 

- 

'Ji 

;'9 

+  arc 

+ 

iil 

"43 

+ 

7 '9 
7'* 

+  &C 

-&c 

7'9 

I  + 

^3^ 

14OA 

1  +  iS^ 

_ 

I4£S 

&c. 

3             9 

81 

'43 

7'9 

^+- 

3    -1-     ,     -^ 

140** 
81 

+ 

'43 

- 

14^' 

7*9 

&c 

I  +■ 

Sl  +  1^^ 

-T^ 

+ 

Jil 

,_ 

Jx' 

+   &C 

1              9 

81 

'41 

7'9 

I  +■ 

L2i+3H!  + 

14a.' 

+ 

3S" 

~ 

■4»' 

&c 

3             9 

81 

'43 

7 '9 

+■ 

f  +  ^  + 

'7 

+ 

'43 

+ 

■7i*' 
7'9 

-&c 

+  1^H- 

i2il 

+ 

■TS'- 

+ 

7'9 
175'' 

-&c 

^ 

_ 

i2il 

+  &c 

81 

'43 

7'9 

+  ■ 

»43 

+ 

7'9 
7"' 
7'9 

+  &C 

-&c 

I  ■!.  jx  -t-  ID**  +  10*'  4-   5**   +    x*         &c. 

It  appears  therefore  that  the  feries  i+if+ii.  —  ^  +  i^  —  ?i.-}-  &c 
•    3         9         81    *   143       719 

is  really  and  truly  the  cube-root  of  the  fifth  power  of  the  binomial  quv«ity 

I  -H  ff,  or  the  cube-root  of  the  fextinomial  quantity  i  -I-  5*  +  10*'  -j-  lojr*  -|- 

5x*  +  X',  and  confequently  that  the  binomial  theorem  is  true  in  the  cafe  of  the 

cube-root  of  the  fifth  power  of  a  binomial  quantity,  or  when  m  is  =  j>  and  v 

13=  3. 
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20.  Thefe  fix  examples  of  the  application  of  the  binomial  theorem  to  tK<- 
inveftigation  of  the  fquare  and  cube-roots  of  the  binomial  quantity  1  +  *,  an«d 
of  the  cube-root  of  the  fqnare  of  i  +  ar,  and  of  the  fifth  root  of  the  cube  of 
I  +  *,  and  of  the  fquare-root  of  its  cube,  and  the  cube-root  of  its  fifth  pow^r-, 
may  fufiice  for  the  purpofe  of  iUuftrating  the  meaning  of  that  celebrated  thei>- 
rem,  and  the  mariner  of  applying  it  to  particular  calirs,  when  the  index  of  the 
power  of  I  -I-  *  is  either  the  fraction  —  or  the  fraAion  — .     And  the  proofs  tha.t 
have  been  given  of  the  truth  of  the  feriefes  obtained  by  means  of  the  binomia-l 
theorem  in  thefe  examples,   by  railing  the  feriefes  fo  obtained  to  the  proper 
powers,  and  (hewing  that  the  powers  thereby  produced  are  exaiftly  what  they 
ought  to  be,  afford  a  very  firong  prefumptioft,  **  that,  fince  the  binomial  theo- 
"  rem  is  true  in  thefe  particular  values  of  m  and  »,  it  muft  alfo  be  true  in  all- 
"  other  values  of  them  whatfoever."     But  in  the  mathematical  faiences  we 
ought  to  aim  at  fomething  more  than  this  high  degree  of  probability,  and  to- 
endeavour,  if  poflible,  to  demonftrate  the  proportions  we  advance.     And  this 
is  what  I  iliall  now  proceed  to  do  with  rcfpedt  to  this  theorem  in  the  cafes  men- 
tioned in  Art.  2,  a,  4,  and  5.     And,  that  we  may  not  fall  into  confufion  by 
making  our  inquiries  too  extenfivc,  and  embracing  too  many  objefts  at  the 

fame  time,  I  (hall  firft  confidcr  the  cafe  of  j  -^  x]" ,  or  the  «th  root  of  the 
binomial  quantity  i  -|-  *,  and  endeavour  to  demonftrate,  chat,   whatever  be 

the  whole  number  denoted  by  »,  the  value  of  i  -f-  k1"  will  be  equal  to  the  feries 
x21iii««+-x  '-^^  x^^^  x2i^  X  41^«'-&c,ori+-L  A« 

4J»  '      »  2n  }J»  4«  s«  '  '     « 

_  flZlB**  +  i^^li  Cx»-rEZlD;e*+  ii^^li  Ex'  -  &c,  fet  forth  above 

IB  3"  4"  S"  . 

in  Art.  2,  and  afterwards  (hall  proceed  to  give  a  like  demonftration  of  the 
truth  of  the  other  feriefes  fet  forth  in  Art.  3,  4,  and  5,  for  the  values  of 

Before  we  enter  on  the  invefUgation  of  this  ferics,  it  will  be  neccffary  to  makt 
the  following  obfervations. 


Ohfervations  preparatory  to  the  htvefitgalien  ef  the  Series  that  is  equal  to  i  +  xY , 
or  the  nth  root  of  the  binomial  quantity  14.*. 

21.  In  the  firft  place,  we  muft  obferve  that  the  firft  term  of  the  feries  that  is 
I 
equal  to  i  +  xY  or  y/'i  -(-  x,  muft  always  be  i. 

This  follows  from  the  common  manner  of  extrafting  the  roots  of  a  binomial* 
or  other  more  compound  quantity,  of  which  1  is  the  firft  term.  For,  if  we 
were  required  to  extra(5t  the  fquare *root,  or  the  cubc-riot,  or  any  othof  root, 

of 
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.  of  fuch  compound  quantity,  according  to  the  common  rules  laid  down  in  books 
of  arithmetick,  or  algebra,  for  fuch  extraiflions,  the  firft  ftep  of  fuch  an  ex- 
traftion  would  be  to  extrad  the  fquare-root,  or  the  cube-root,  or  other  higher 
root,  of  its  firft  member  i ;  which  fquare-root,  or  cube-root,  or  other  highei' 
root,  of  1 ,  would  be  I ;  fo  that  i  would  be  the  firft  term  of  the  faid  fquare- 
root,  or  cube-root,  or  other  higher  root,  of  the  faid  binomial,  or  other  more 
compound,  quantity  i  -|-  x,  or  i  +  *  +  &c.  q^  e.  d. 

The  truth  of  this  obfervation  may  alfo  be  deduced  from  the  following  confi- 

deration,  to  wit,  "  that  the  feries  that  is  equal  to  i  +  x\'',  or  y/'i  +  x,  miift 
**  be  equal  to  it  in  all  magnitudes  of  *,  or  while  x  is  of  any  magnitude  lefs  than 
*'  I ,  which  is  fuppofed  to  be  the  firft  and  greater  piember  of  the  binomial  qiian- 
•*  tity  I  +  *."    For,  it  follows  fi'om  hence  that  the  faid  feries  muft  be  equal-to 

i"4.  x]' ,  or  to  s/'  I  +  *,  when  *  is  =r  o.     But,  when  a:  is  =  o,  i  -j-  x]"  is  = 

i'  -I-  ol"  zz~iY  =  i.  Therefore,  the  faid  feries  mnft,  in  that  cafe,  be  =  r. 
Therefore,  the  firft  tei-m  of  the  faid  feries  cannot  be  involved  with  any  of  the 
powers  of  *,  (by  which  it  would  be  made  to  become  equal  to  o  when  *  was 
equal  to  o,)  but  muft  be  =  i.  <!.  e.  d. 

14.  In  the  next  place  we  muft  obferve,  that  the  fecond  and  third,  and  other 

1 
following  terms,  of  the  feries  that  is  equal  to,  i  +  xf ,  or  v'  *  i  +  «»  will  con- 
tain the  feveral  powers  of  x,  to  wit,  *,  **,  a;',  x*,  **,  &c,  in  their  natural  or- 
der, without  interruption,  and  confequently  that  the  faid  quantity  will  be  equal 
to  a  feries  of  the  following  form,  to  wit,  i,  Hx,  C**,  D*',  E**,  Fx',  &c ; 
in  which  the  fecond  and  third,  and  other  following  terms,  Bx,  Cx*,  D*S 
E**,  F*',  are  to  be  either  added  to  the  firft  term  i,  and  in  that  cafe  to  have 
the  fign  +  prefixed  to  them,  or  to  be  fubcrafted  from  the  faid  firft  term,  and 
in  that  cafe  to  have  the  fign  —  prefixed  to  them.  But,  as  it  is  not  yet  certain 
to  which  of  the  faid  terms  the  fign  -4-  is  to  be  prefixed,  and  which  of  them  are 
to  be  marked  with  the  fign  — ,  or  which  of  them  are  to  be  added  to  the  faid 
firft  term  i,  and  which  of  them  are  to  be  fubtrafted  from  it,  I  have  not,  on  this 
occafion,  (where  it  was  only  neceflary  to  mention  the  form  of  the  feries  which 

is  equal  to  i  +  xY ,)  prefixed  either  of  thefe  figns  to  any  of  them,  but  hare 
only  feparated  the  feveral  terms  of  tlie  faid  feries  one  from  another  by  placing  a 
comma  after  each  term. 

23.  Now,  •'  that  this  obfervation  is  true,  or  that  i  '+  x]' ,  or  \/"  j  +  x, 
"  will  be  equal  to  a  feries  of  the  faid  form,  i,  Bjc,  CV,  D**,  E**,  Fx^,  &c," 
has  already  been  ftiewn  in  two  inftances^  to  wit,  when  w  is  ir  2,  and  when  h  is  =: 
3,orin  the  cafes  of  the  fquareroot  and  the  cube-root  of  i  4-*-  For  it  has  been 
fhewn  by  Art.  9,  that  the  feries  i  +^  —  ^+^_5i-+Zi__&cis  equal 
£  E  1  '         td 
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to  the  fqiiare  root  of  i  +  j; ;  and  it  has  been  (hewn  in  Art.  1 1,  that  the  ferie» 

I  + V  h 1- «c  IS  equal  to  the  cube-root  or  i  +  *i 

And  both  ihefe  feriefes  are  of  the  fame  form  as  the  general  fcries  i,  B*,  C**, 
Dx3,  Ea:4,  Fx*,  &c  above-mentioned.  And,  "  that  all  other  roots  of  the  bino- 
"  mial  quantity  i  -t-  *  miift  iikewife  be  equal  to  feriefes  of  the  fame  form,"  wilt 
appear  from  confidering  the  manner  of  extrading  any  root  of  fuch  a  binomial 
quantity.  For  the  fii"ft  ftep  of  fuch  an  extradiion  gives  us  the  firftterm  of  the 
root  fought ;  which  firft  term  (as  we  have  aheady  obferved)  is  always  i  :  and 
the  fecond  ftep  of  fuch  an  extraction  is  to  fquare  the  faid  firil  term,  i,  of  the  root 
fought,  if  we  are  performing  the  extraction  of  the  fquare-root  of  i  -J-  *  ;  or  to 
cube  the  faid  firft  term,  i ,  of  the  root  fought,  if  we  are  performing  the  extrac- 
.  tion  of  the  cut)e-root  of  r  +  « ;  or,  in  general,  to  raifc  the  faid  firfl:  term,  i ,  of  the- 
root  fought  to  the  «th  power,  if  we  are  performing  the  extradion  of  the  »th  root 
of  I  +  *;  and  then  to  fubtrad  fuch  fquare,  cube,  or  «[h  power  of  the  faid  firil 
term,  i,  of  the  root  fought  ^which  will  always  be  i,  becaufe  all  the  powers  of  t 
are  equal  to  i),  from  i  4-  *,  or*he  original  quantity  of  wliich  the  root  islbughti- 
in  confequence  of  which  fubtraftion  there  will  remain  the  quantity  *  (which  is- 
the  fecond  and  lefler  member  of  the  binomial  quantity  i  -{■  x,)  for  the  ground- 
work of  the  gradual  evolution  of  the  fecond  and  third  and  other  following  terms 
of  the  feries,  or  root,  fought.  And  the  third  ftep,  or  procefs,  of  fuch  extraction 
(whereby  we  (hall  obtain  the  fecond  term  of  the  feries  that  is  equal  to  the  root. 
jbnght)  is  to  double  the  firft:  term  of  it  already  found,  to  wit,  the  term  i,  in  the 
cafe  of  the  extraction  of  the  fquare  root ;  and  to  treble  the  faid  firft. term  i,  in  the 
cafeof  the  extraftion  of  the  cube-root;  and,  in  general,  tomiiltiply  the  faid  firft 
term,  i,  by  a  in  the  cafe  of  the  extraction  of  thesth  root ;.  and  theato  divide  the 
faid  remainder  x  by  the  faid  produCt ;  to  wit,  by  z  X-  ij  or  2,  in  the  cafe  of  the 
fquare-root;  and  by  3  x  i,  or  3,  in  the  cafe  of  the  cube-root-;  and  by  »  X'  i»- 
or  B,  in  the  cafe  of  the  «th  root :  which  will  give  us  —  in  the  cafe  of  the  ftjuarc- 
root,  and  -  in  the  cafe  of  the  cube-root,  and—  in  the  cafe  of  the  »lh  root,  for 

the  fecond  term  of  the  feries  that  is  equal  to  1"  -f-  x)' 

that  the  two  firft  terms  of  the  feries  that  is  equal  to  i  +  *1*  will  be  i  +  — ,, 

and  the  two  firft  terms  of  the  feries  that  is  equal  to  i  -t-  x\i  will'be  i  +  — ,  and! 

in  general,  the  two  firft  terms  of  the  leries  that  is  equal  to  1  -|-  .r^"  will,  be  l-|-  — .. 
And  the  next  operations  of  thefe  extractions  will  be  to  raife  i  -| —  to  the  fe- 
cond power  in  the  extraction  of  the  fquare-root,  and  to  raife  1  -) —  to  the  third. 

power  in  the  extraction  of  the  cube-root,  and,  in  general,  to  raife  i  -i-  -  to  the 
hUi  power  in  the  extraction  of  the  »th  root;  and  then  to  fubtraCt  thefe  powers 
from  tlie  original  binomial  quantity  i  -f  *,  of  which  we  are  feeking  thcroctti  or. 
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to  fpeak  more  correftly,  (becaufe  thefe  powers  of  i  H — ,  i  +  -,  and  i  +  — 
will  be  greater  than  i  +  *,)  to  fubtraft  i  +  x  from  the  faid  powers :  after  which 


the  third  term  of  the  feriea  that  is  equal  to  i  +  «|'  »  or  i  +x\i  ,  or  i+iq"  , 
will  be  ob«ained  by  dividing  the  remainder  of  the  laft  fubtraiftion  by  2  X  (i  -}-  —  * 


or  4  +*,  in  the  extraiftion  of  the  fquare-root;  or  by  3  x  i  +  — ,  or  3  +flf,  in 

the  extraftion  of  the  cube-root;  or,  in  general,  by  »  xji  +  — ,  or  »  +  *,  in  the 
extraftion  of  the  »th  root.  Now,  it  it  is  evident,  that,  by  raifing  the  aforefaid 
powers  of  the  binomial  quantities  i  +  — ,  i  -i — ,  wid  i  +  — ,  (In  the  fecond 
member  of  each  of  which  the  fimple  power  of  x  occurs,)  we  (hall  obtain  quanti- 
ties in  which  the  powers  of  m  will  occur  in  their  natural  order,  to  wit,  x,  «*,  **, 

**,  x*y  &c,  without  any  interruption.  Thus  i  +  —  is  =  1  +  *  +  — ,  and 
t  +  ^''5(=  ■  +  3  X  I  X  J  +  3  X,  I  X  ^  +  f^)  =  I  +  «  +  ^  +  fj', 
and  1  -+  —  is  (by  the  binomial  theorem  in  the  cafe  of  integral  powers,  which 
has  been  already  demonlbrated  above,  in  the  lalltrad  but  one,  from  page  153  to 
page  169,)  =  i+lx^+7X^x||'+^X~X^X^'  + 
TX^x^xi^x:jlVlx^'x*-^x^x"-^^xt  + 
&c=  I  +i  X  ^  +~x~-x  ^  +  ^  x'-^x'^  X  ^  +  ~  + 

a  3  4»*ia  3  4.  5«> 

■  +  '  +_—  "+  —  X— '•  +  —  x^x-;J»;*  +  —  X  —  X 
— -  X  ^^  **   +   &cj  in  ail  which  powers  of  the  faid  binomial  quantities. 

I  +  ~»  ■  "f >  ^^^  1  +  —  the  powers  of  *  occur  in  their  natural  order,   to 

wit,  *,  x',  *',  X*,  .V*,  &c,  without  any  interruption.  Therefore,  when  1  +  x 
has  been  fubiradted  from  each  of  thefe  powers,  the  remainders,  (which  will  be 
—  in  the  cafe  of  the  fquare-root,  and  —  -|-  —  in  the  cafe  of  the  cube-root,  and 
*_  _  3    _  a?  _  * 

^X*'-|-^X^X*'+l-ix^X^X:*:'-J-^X 

!i-^  X  ^— ^  X  '^•^  X  *»  -^  &c  in  the  cafe  of  the  »th  root,)  will  conlift  of  the 
regular  powers  of*,  beginning  with  xx,  combined  with  certain  numeral  co-effici- 
ents ;  and  confequently  the  quotients  of  the  divifions  of  thefe  remaioders  by  a 
+  X,  and  3  +  X,  and  n  +  x,  refpeftively,  will  be  quantities  that  involve  in. 
them,  the  fquare  of  x;  to  wit,  in  the  cafe  of  the  fquare-root,  the  faid  quotient 

wiU. 
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will  be—  =  — —  &c=-^—  &c;  -and  in  the  cafe  of  the  cube-root  the 

4  4  •' 

3  +  *  2 

faid  quotient  will  be  —  +  ■ —  =  —  &c  =  —  &c ;  and,  in  the  cafe  of  the  nth 


3  +  '  3 

root  the  faid  quotient  will  be  ^^  xx  +  ^-^^  x  ^^-^  X  *'  +  &c  =  - — -xx 

—-—  - 

&c  =  ^L^LL  XX  &Ci  fo  that  the  third  term  of  the  feries  that  is  equal  to  i  +  *!* 

will  be  ~  and  the  third  tennof  the  feries  that  is  equal  to  i  +  jrl3  will  be  — 

I 

and,  in  general,  the  third  term  of  the  feries  thit  is  equal  to  i  +  x]'  will  be  ^-^ 

XX ;  all  which  third  terms  involve  in  them  the  fquare  of  x.    And  thus  we  f« 

1 

that  the  three  firft  terms  of  the  feries  that  is  equal  xo  i  +  xY  will  be  i  +  —  — 
^,  and  the  three  firft  terms  of  the  feries  that  is  equal  to  i~+^3  will  be  i  +  — 

—  ff.,  and  the  three  firft  terms  of  the  feries  that  is  equal  to  i  +  *|*  will  be 

1  +  —  —I*  ~  '  ** ;  in  all  which  feriefes  the  powers  of*  afcend  regularly. 

And  as  the  following  terms  of  thefe  feriefes  are  derived  from  the  three  firft 
terms  of  them  by  the  repetition  of  the  fame  procefles  of  multiplication,  fubtrac- 
lion,  and  diviiion,  by  which  the  third  term  is  derived  from  the  firft  and  fecond 
terms,  and  the  fecond  term  is  derived  from  the  firft,  it  follows  that  the  fourth 
and  fifth  and  fixth  and  other  following  terms  muft  involve  in  them  the  cube  and 
fourth  power  and  fifth  power,  and  other  following  powers,  of*,  in  their  natural 
order,  without  interruption,  and  confcqucntly  that  the  form  of  the  feries  that  is 

equal  to  i  +  x]"  will  be  i,  Bx,  C*',  D*',  Ea+,  F**,  &c,  or,  rather,  (fince 
we  now  know  that  the  fecond  term  of  the  feries  is  to  be  added  to  the  firft  term,  r , 
and  that  the  third  term  of  it  is  to  be  fubtrafted  from  them,)  i  +  B*  —  C*% 
X>x',  Ex%  Fx*,  &C.  0^  E.  D. 

24.  The  foregoing  reafonings  may,  perhaps,  feem  rather  abftraft  and  diffi- 
cult, as  they  areexpreffed  in  words  in  the  laft  article.  But  the  force  of  them 
will  become  more  apparent  by  adtually  exhibiting  to  the  reader's  view  an  ex- 
ample of  the  extraiftion  of  a  root  of  the  binomial  quantity  1  -J-  *  in  th?  manner 
alluded  to  in  them.  Now  the  cxtra&ion  of  the  fquare-root  of  i  -H  #  is  per- 
formed in  the  following  matmer. 

The 
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y>*  ExtraSion  oftbejquart-root  of  the  binomial  quantity  1  +  .v. 

1 

«  +  i)  T  +  » 


•  +  '--)     •_  — 


"^  X"^  "16         64"  "^  Ts? 


i:S 


+  ^  +  -rrr  -  &<: 


!.+  «-— +  4--' 81C  )        •-iii-&c 


45.  It  appears  from  the  forgoing  extraftion  of  the  fquarc-root  of  i  +  *, 
that  the  faid  fquare-root  is  equal  to  a  feries  of  quantities  of  which  the  firft  fe- 

ven  terms  arei  +  —  —  t-+  -z —  -^^  X  -^r —  in  which  the  powers 

'2  S  16  tas  356  1014  ^ 

©f  *  increafe  regularly  from  *  ta*'.  And  it. is  plain  from  the  manner  in  which 
he  fecond  of.thofc  terms,  to  wit,  — ,  and  all  the  terms  that  follow  it,  are  gradu- 
ally derived  from  *,  or  the  remainder  of  the  firft  GabtraAion,  that  the  following 
terms  of  the  feries,  to  whatever  number  they  Ihould  be  continued,  would  in- 
volve in  them  the  next  following  powers  of  x,  to  wit,  **,  *',  j;%  x'°,  x",  &c 
in  their  natural  order.  And  the  fame  thing  would  appear  in  the  extraftion  of  the 
cube  root  of  i  -J-  *,  or  of  its  fourth  root,  or  its  fifth  root,  or  any  higher  root  of 
it  whatfoever ;  though- the  operations  neceflary  to  thcfe  extractions  would  be 
much  more  complicated  and  laborious  than  ihofe  that  occur  in  the  foregoing 
.extraftion  of  the  fquare-root.  And  therefore  we  may  conclude  in  general  from 
the  nature  of  thefe  extraftions,  that  the  »th  root  of  the  binomial  quantity  i  +  x 
will  in  all  cafes  be  equal  to  a  feries  of  the  before-mentioned  form,  to  wit,  i,  B  *, 
C*',  D**,  E*%  F**,  &c,  in  which  the  powers  of  k  occur  in  theirnalural  ordcF, 
or  increafe  gradually  by  the  continual  niultiplication  of  x.  %_  e.  d. 

26.  la 
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z6.  In  the  third  place  we  muft  obferve,  that  the  fecond  terra  B  *,  of  the  ferie* 

i,Bx,Cx*,  Dx^,  Zx*,  Fx*,  &c,  which  is  equal  to  i  +  x]"  ,  or  \/"f i  +  x, 
muft  be  added  to  the  fiift  term  i,  and  confequently  liave  the  fign  +  prefixed 
to  it. 

This  obfervation  has  been  already  Ihewn  to  be  true  in  the  reafonings  ufed  in 
Art:  23  to  demonftraie  the  fecond  obfervation.  But,  as  it  will  be  referred  to  in 
the  following  inveftigation  as  a  neceflary  preliminary  propofition,  it  wUl  not  be 
aniifs  to  give  the  following  additioiial  dcmonftration  of  it  before  we  begin  that 
inveftigation. 

Now,  fince  i-+  *  is  greater  than  i,  it  follows  that  i  +  *) * ,  or  the  »th  root 
of  I  +  *,  or  the  firft  d  n  —  1  geometrical  mean  proportionals  between  i  and 
I  +  .V,  muftalfo  be  greater  than  j.     Confequently  the  feries  1,  B*,  Cff%  D**, 

I 
E**,F**,  &c,  which  is  equal  to  i  +  *]* ,  muft  alfo  be  greater  than  i.  And 
this  muft  always  be  true,  of  how  fmall  a  magnitude  foever  we  fuppofc  «  to  be 
taken,  fo  long  as  it  has  any  magnitude  at  all.  But,  in  order  that  the  feries  i, 
Bx,  Ck*,  D*',  E*r*,  F«%  &c,  may  be  always  greater  than  1,  howerer  fmall 
the  magnitude  of  #  be  taken,  it  is  neceflary  .that  B  x  (hould  be  added  to  the  firft; 
term  i ,  and  not  fubtrafted  from  it.  For,  if  B  *  were  fubtrafted  from  i ,  it  would 
bepoffible,  by  diminiftiing  the  magnitude  of  *,  to  make  all  the  terms  C**,  D**, 
E*»,  F;f*,  &c  that  follow  B*,  put  together  become  lefs  than  B*,  however  greai 
we  may  fuppofe  the  magnitudes  of  the  co-efficients  C,  D,  E,  F,  dtc,  to  be;  in 
which  cafe  it  is  evident  that  the  whoile  feries  I  —  B*,  C*',  D*',  E**,  F**, 
&c  would  (even  though  all  the  terms  after  B*  were  to  be  added  to  the  fitft  term 
I,  and  the  feries  were  to  be  i  —  B*  +C*'  +  D**+  E**  +  F x'  +  &c,) 
be  lefs  than  the  firft  term  i :  which  is  contrary  to  the  fuppofition.  Therefore 
the  fecond  term,  B*,  cannot  be  fubtraded  from  the  firft  term  1,  but  muft  be 
added  to  it,  and  confequently  muft  -be  marked  with  the  fign  +  ;  and  therefore 

-the  feries  that  is  equal  to  i  +  x]' ,  will  be  of  this  form,  1  -f- B*r,  C**,  D*', 

E**,  F*',  &C.  Q^   E.   D. 

a;.  By  the  help  of  thefe  three  preliminary  obfervations  we  may  now  proceed 

I 

to  the  inveftigation  of  the  feries  that  is  equal  to  1  +  x\f ,  or  the  «th  root  of  the 
binomial  quantity  i  +  *,  when  m  is  fuppofed  to  ftaiwi  for  any  whole  niunber 
■whatfocver.    This  inveftigation  may  be  made  as  follows. 
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Difcourfe  on  the  Binomial  Theorem. 


ITie  Binder  it  defired  to  ^e  this  and  the  other  filets  with  jtttrrti fi^tttres  mi 
felios  after  fage  2 1 6  w  tbe/ecand  VDlumeJ^ 


Article  i.   The  foregoing  conclufion  concained  in  articles  21,  23,  24,  and 

25.  to  wic»  "  that  I  +  «|",  or  \/"[i  +  *,  or  the  oth  ,root  of  the  binomial 
quantity  i  +  *,  is  equal  to  a  feries  of  the  before- mentioned  form,  to  wit,  i, 
B*,  C*%  D*',  E**,  F*',  &c  (in  which  the  powers  of  *  follow  each  other 
in  their  natural  order  wichouc  any  interruption,  or  increafe  gradually  by  the 
continual  multiplication  of  «)  or  tbat  a  feries  of  this  form  may  always  exifl  (to 
whatever  whole  number  we  fuppofe  the  letter  »  to  be  equal)  which  fliall  be 

I  

equal  to  the  faid  quantity  1  +  x\*f  or  v^"|i  +  x"  may  be  alfo  flicwa  in  the 
following  manner. 

a.  Whatever  whole  number  may  be  fuppofcd  to  be  denoted  by  n,  it  is  evi- 
dent that  a  feries  of  the  before-mentioned  form,  to  wit,  I,  Bj:,  Cm*,  D*', 
E**,  Fjf'»  &c,  will  be  equal  to  it,  if  the  feveral  numeral  co-efficients  B,  C, 
D,  E,  F,  &C,  of  «,  **»  *',  *♦,  **,  &c,  in  the  fecond  and  other  following 
terms  of  fuch  feries,  are  of  fuch  magnitudes,  and  the  laid  fecond  and  other  fol- 
lowing terms,  to  wic»  Bjf,  C**,  D*',  E**,  F«*,  &c,  arc  fo  conneded  with 
the  6rft  term  i ,  by  die  figos  +  and  — ,  or  by  addidon  and  fubtra^ion,  that, 
when  the  faid  feries  i,  B*,  C**,  D*',  E«*,  F«*,  &c  is  raifed  to  the  irth 
power,  or  muhipUed  n  —  i  times  into  itfelf,  the  compound  feries  which,  ic  is 
evident,  will  be  produced  by  fuch  multipltcation,  Ihall  be  equal  to  the  binomial 
quantity  i  -f  x,  or  that  the  two  firll  terms  of  the  faid  compound  feries  (halt  be 
1  and  X,  and  diit  the  Ggn  prefixed  to  the  Gud  fecond  term  k  (hall  be  +,  and 
that  the  third,  and  fourth,  and  fifth,  and  fixth,  and  other  following  terms  of  the 
laid  compound  &ries  lbatl,each  of  them,  be  equal  to  nothing,  or  that  the  mem- 
bers of  each  of  the  faid  terms  of  the  faid  compound  feries,  after  the  fecond 
term,  fliall  be  nurked  with  bo^  the  figns  +  and  — ,  that  is,  fome  of  them 
with  the  fign  +,,  and  others  of  them  with  the  figa  *— ,  And  that  the  fum  of 
chofe  of  the  laid  members  of  each  term  which  are  marked  with  the  fign  —  fliall 
be  equal  to  the  fum  of  the  other  members  of  the  fame  term  which  are  marked 
with  the  lign  + ,  fo  as  thereby  to  counterlxdance,  or  deftroy,  them,  and  make 
the  whole  of  the  laid  compound  term  be  equal  to  nothing. 

Vol.  II,  .  a  E  •  3.  Thug 
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3.  Thus,  for  example,  if  »  is  =.2,  the  feries  i,  B*,  C**,  D*',  E**^ 

I  

F*',  &c,  will  be  equal  to  1  +  *]  * ,  or  \/*f~+~x,  or  the  fquare-root  of  the 
binomial  quantity  i  +  *,  if  the  numeral  co-efficients  B,  C,  D,  E,  F,  &c,  of 
X,  *',  «S  **i  *S  &c,  in  the  fecond  and  other  following  terms  of  the  faid  fe- 
ries, to  wit,  B*,  C**,  Dx'y  Ex*,  Fx',  &c,  are  of  fuch  magnitudes,  and  the 
faid  fecond  and  other  following  terms  of  the  faid  feries  are  fo  connected  with  the 
firft  term  i  by  the  figns  +  and  — •,  or  by  addition  and  fubtraflion,  that,  whea 
the  faid  feries  i,  B*,  C*',  D**,  E**,  F*',  &c,  is  raifed  to  the  fquare,  or  fe- 
cond power,  or  multiplied  2—1  times,  or  once,  into  iifelf,  the  compound  fe- 
ries which,  it  is  evident,  will  be  produced  by  fuch  muhiplication,  (hall  be  equal 
to  the  binomial  quantity  i  +  *,  or  that  the  two  6rft  terms  of  the  faid  compound 
feries  (hall  be  i  ai^  x,  and  that  the  (ign  prefixed  to  the  faid  fecond  term  x  (hall 
be  -)-,  and  that  the  third,  and  fourth,  arid  fifih,  and  (ixth,  and  other  following 
terms  of  the  faid  compound  feries  (hall,  each  of  them,  be  equal  to  nothing,  or 
that  the  members  of  each  of  the  faid  terms  of  the  faid  compound  feries,  after  the 
faid  fecond  term,  fliall  be  marked  with  both  the  (igns  +  and  — ,  that  is,  feme 
of  them  with  the  fign  +,  and  the  others  with  the  (ign  — ,  and  that  the  fum  of 
thofe  members  of  each  term  which  are  marked  with  the  (ign  —  (hall  be  equal 
to  the  fum  of  the  other  members  of  the  fame  term  which  are  marked  with  the 
fign  + ,  fo  as  thereby  to  counterbalance^  or  deftroy,  them,  and  to  make  tht 
whole  of  the  faid  term  be  equal  to  nothing. 

4.  And,  if » is  =  3,  the  feries  i,  E*,  C*',  D*^  E»*,  F*>,  &c,  will  be 

t  _^__ 

equal  to  "1  +  *l3,  or  v^'fi  +  *,  or  the  cube-root  of  the  binomial  quantity 
1  +  X,  if  the  numeral  co- efficients  B,  C,  D,  E,  F,  &c  of  a-,  **,  x',  x*,  **,  &c, 
in  the  fecond  and  other  following  terms  of  the  faid  feries,  are  of  fuch  magni- 
tudes, and  the  faid  fecond  and  other  following  terms  of  the  faid  feries,  to  wit^ 
Bff,  C**,  D*',  E**,  F*',  8tc,  are  fo  conneded  with  the  firft  term  i  by  the 
figns  -t-  and  — ,  or  by  addition  and  fubtraftion,  that  when  the  faid  feries  i,  Bx,, 
€**,  D*',  E*',  F*',  &c,  is  raifed  to  the  cube,  or  third  power,  or  multiplied' 
3  —  1  rimes,  or  twice,  into  itfelf,  the  compound  feries  which,  it  is  evident,  will  be 
produced  by  the  faid  two  multi plications,  (hall  be  equal  to  the  binomial  quantity 
J  +  »,  or  that  the  two  firft  tenns  of  the  faid  compound  feries  (hall  be  i  and  *, 
and  that  the  ftgn  prefixed  to  the  faid  fecond  term  x  (hall  be  + ,  and  that  the 
third,  and  fourth,  and  fifth,  and  fixch,  and  other  fallowing  terms  of  the  faid' 
compound  fenes  fliall,  each  of  them,  be  equal  to  nothing,  or  that  the  members 
of  each  of  the  faid  terms  of  the  faid  compound  feries,  after  the  faid  fecond  term, 
fliall  be  marked  with  both  the  (igns  +  and  — ,  that  is,  fome  of  them  with  the 
fign  +,  and  ihe  others  with  the  fign  — ,  and  that  the  fum  of  thofe  members  of 
each  term  which  are  mark<$l  with  the  fign  —  (hall  be  equal  to  the  fum  of  the 
other  members  of  the  fame  term  which  are  marked  with  the  fign  +,  fo  as  there- 
by to  counterbalance,  or  deftroy^  them,  and  to  make  the  whole  of  the  fajd  term 
be  equal  to  nothmg. 

5-  W-c      . 
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"  5.  We  iT.uft  therefore  cndeavotir  to  fliew  that,  if  «  be  equal  to  2,  or  to  j,  or 
to  any  other  whole  number  whatfocver,  it  will  be  poffible  for  a  feries  of  the  be- 
fore-mentioned form,  to  wit,  i,  B*,  C**,  D«S  "Ex*,  Fjf%  &c,  to  exift,  in 
which  the  magnitudes  of  the  numeral  co-efficients  B,  C,  D,  E,  F,  &c,  of  *,  **, 
**,  **,  X',  and  the  following  powers  of  *,  in  the  fecond  and  other  following 
terms  of  the  faid  feriesj  to  wir,  B*,  C**,  D*',  Ea;*,  F*',  &c,  are  fuch,  and 
the  faid  fecond  and  other  following  terms  of  the  faid  feries  are  fo  connefted  with 
the  firft  term  i  by  the  figns  +  and  — ,  or  by  addition  and  fubtraftion,  that,  if 
the  faid  feries  be  raifed  to  the  fquare  or  the  cube,  ot  the  wth  power,  or  be  multi- 
plied into  itfelf  2  —  i,  or  3  —  i  times  (that  is,  once  or  twice)  or  »  —  i  times, 
the  compound  feries  that  will  arife  from  fuch  multiplications  {hall  be  equal  to 
the  binomial  quantity  i  -|-  x,  or  that  the  two  firft  terms  of  the  faid  com  pound 
feries  (hall  he  i  and  x,  and  that  the  faid  fecond  term  x  Ihall  have  the  Cgn  -f- 
prcfixed  to  it,  or  Ihall  be  added  to  the  firft  term  i,  and  that  the  third,  and 
fourth,  and  fifth,  and  fixth,  and  all  the  following  terms  of  the  faid  compound 
feries,  (hall,  each  of  them,  be  equal  to  nothing,  or  that  (bme  of  the  members  of 
each  of  the  faid  terms  of  the  faid  compound  feries,  after  the  fecond  term,  (hall 
be  marked  with  the  (ign  -|t,  and  the  others  with  the  (ign  — ,  and  that  the  fum 
of  the  latter  members  which  are  marked  with  the  fign  — ,  fhall  be  equal  to  the 
fum  of  the  former,  members,  which  are  marked  with  the  fign  -(-,  fo  as  thereby 
to  counterbalance,  or  deflroy,'  them,  and  to  make  the  whole  of  the  faid  term  be 
equal'  to  notbing.   ' 


0/tbe  Square-root  of  \  -|-  *. 


6.  Now  that  It  IS  poffible  for  fuch  a  feries  of  the  before-mentioned  form,  i, 
B«,  C**,  D*»,  £*♦,  F*',  &c,  to  cxift  in  the  cafe  of  the  fquare-root  of 
I  +  *,  or  when  »is  equal  to  2,  may  be  (hewn  in  the  following  manner. 

Let  the  feries  i,  B*,,C«'.,'  D*',  EJf*,  F**,  &c,  be  muKipUed  into  itfelf; 
which  may  be  done  aa- follows. 

1,     B*,     C*S      D*',       E«S        F*',   &c 
1,     B*,     C«*,      D*S       E**,        F«',   &c 


1,     B«, 

"c*-, 

D«',       E«'.        F»', 

&c 

B». 

B'»', 

BC«>,      BD»',     BE«i 

,    He. 

■  c«-, 

BC»>,      C'**,       CD*' 

•     &0 

Dj<',        BD««,      CD;(' 

,  &c 

E««,        BE*' 

.   &c 

F«s 

&c 

i>  iBir, 

iC«-, 

2D*',     2E«*,      2F*', 

&c 

BV, 

2BC*',  2BD«S  2BE*' 

,  &= 

C'*i,    2  CD*' 

>  &<: 

a  E  2  • 

This 
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This  compound  feriei  is  the  fqiiare  of  the  fimple  fcries  i,  Bar,  C*',  D*', 
Ex*,  Fx\  &c.  Therefore,  if  we  can  prove  that  it  is  poffible  that  the  co-effi- 
cients B,  C,  D,  £,  F,  8cc,  may  be  taken  of  fuch  magnitudes,  and  that  the  fe- 
cond  and  other  following  terms  of  the  fimple  feries  j,  'Bx,  C**,  D**,  E**, 
F  « S  &c,  may  be  fo  connected  with  its  firft  term  i  by  the  figns  +  and  — ,  or 
by  addition  and  fubtraiftion,  as  to  make  the  faid  compound  feries  become  equal 
to  I  +  *,  it  will  follow  that  the  faid  fimple  feries  i,  B«,  C«',  D**,  Ea:', 
F*^,  &c,  will  be  equal  to  the  fquare-root  of  i  +  «.  We  muft  tberefore  endea- 
vour to  fhew  that  it  is  poflible  for  the  numeral  co-efiicients  B,  C,  D,  E,  F,  &c, 
to  be  of  fuch  magnitudes,  and  for  the  terms  Ba;,  C«*,  D*',  E**,  F**,  &c,  to 
be  fo  connected  with  the  lirll  term  i  of  the  iunple  feries  s,  Bx,  Cx*,  Dx', 
£  X* ,  F  X ' ,  &c,  by  the  figns  +  and  — ,  or  by  addition  and  fubtra£UoD,  that  the 
whole  compound  feries  above-mentioned  Iball  be  equal  co  i  +  x*  'i'^is  ma|' 
be  done  in  the  manner  following. 

7.  In  the  firft  place  it  is  evident  that  the  firft  term  of  die  Caid  compound  fe- 
ries is  I .     This  is  too  plain  to  admit  of  any  proof. 

In  the  next  place  it  is  plain  that,  if  we  prefix  the  fign  +■  to  the  fecond  terni 
B X  of  the  fimple  feries  i,  Bx,  Cx*,  Dx',  Ex*,  Fx',  &c,  fo  as  to  convert 
the  faid  feries  into  the  feries  i  4-  Bx,  Cx»,  Dx',  Ex*,  Fx*,  &c,  the  fign  + 
will  likewife  be  prefixed  to  2  B  x,  or  the  fecond  term  of  the  compound  feries 
!i,  2Bx,  aCx*,  &c~J 

"^^B'x*,  8ccj  above-mentioned,  fo  as  to  convert  it  into  the  feries 
Ir4-  iBx,   2CxS  &C^ 

^-^B^xSjccJ- 

And,  in  the  3d  place,  it  h  evident  that,  if  we  fuppofe  aB  to  be  equal  to  i,  or 

B  to  be  equal  to  — ,  the  fecond  term,  i  B  x,  of  the  faid  compound  feries  will  be 

equal  to  2  x  —  x  x»  or  —  x  *>  or  x,  and  confequentljr  the  two  firft  terms  of 

the  faid  cwnpound  feries|i.  2  Bx,  2  Cx",  &cl      , 

'  "tB'x*,  8tc),Tor[i  -f-  2  Bx,  2  Cx',  Bcc^) 

'-    -     ■  ^'x*,  &cj,  wilt 
be  I  +  X.  .      ; 

If,  therefore,  we  can  prove  that  il  is  pofllble  to  take  the  following  numeral  co- 
efficients C,  D,  E,  F,  &c,  of  fuch  magiMCodes,  and  -Rr  connei^  the  third  and 
fourth,  and  other  foltowiog  tertns  of  the  fimple  feries  i,  Bx,  Cjf',  Dx*,  Ex*^ 
Fx',  &c,  to  wit,  the  terms  Cx*,  D«',  Ex*,'  Fx*,  &c,  with  the  two  firft 
terms  i,  Bx,  or  i  -f-  B«,  or,  i,  +.— ,  by  ihc  figns  +  and  — ,  or  by  addition 
and  fubtra<5lion,  in  fuch  a  manner,  that  every  f&Uowing  term  of  the  compound. 
feries  .  _ .  _     ....     - 

li+aB*,  aC«%   aDx»,     fEx*,      2F;¥',   kc  1 
^^ --^B'xS  zBCa.',  iBD;?*,   aBEx',    &c  < 


-^ 


iCD«',    8tc( 
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iCx*,    zD*',     aE«*,      aF*%  &c  "^ 
— \^*x\  zBCatS   ihDx*,    2BEx>,    &c< 


2  CD*',    &c 


fliftll  be  equal  to  nothing,  or  that  fome  of  their  members  (for  each  of  thefs 
terms  is  evidently  a  compound  quantity,  or  a  quantity  confiding  of  more  than 
one  member)  (ball  be  marked  with  the  fign  +,  and  others  of  them  fliall  be 
marked  with  the  iign  — ,  and  that  the  fum  of  the  latter  members  in  each  term, 
which  are  marked  with  the  fign  —,  Ihall  be  equal  to  the  fum  of  the  former 
members  in  the  fame  term,  which  are  marked  with  the  fign  4-,  fo  as  to  exadljr 
counterbalance,  or  deftroy,  the  faid  former  members,  and  make  the  whole  term 
become  equal  to  o,  it  will  then  be  evident  that  (he  whole  compound  feries 
above  mentioned  will  be  equal  to  its  two  firft  terms  i  +  *,  and  confcquently 
that  the  fimple  ferics  i,  B*,  C**,  D*%  E**,  Fx',  &c,  or  i  +  Bat,  C**, 
Dj»',  E*.sF*'.'&c,  or  I  + -J,  C«S  D*',  E**,  F*S  &c,  (of  which  the 
faid  compound  fcries  is  the  fquare)  will  be  equal  to  the  fqoare-root  of  i  +  x. 
This  therefore  is  what  we  muft  now  endeavour  to  prove. 

8.  In  order  to  this.  We  mull  obTerve,  in  the  fiirft  place,  that  in  the  diA,  or 
upper,  horizontal  row  <^  terms  in  the  faid  compound  feries,  Co  wit,  i,  2  Bx, 
aC**,  a  D«*,  2  E**,  2  F*',  &c,  oc  1  +  x,  zC**,  »D*',2E«*,  aF*', 
tec,  the  fign  +  or  — ,  diat  is  to  be  prefixed  to  every  term  of  it,  miift  be  the 
£une  which  is  prefixed  to  the  correfponding  term  of  the  original  fimple  feries  i , 

B*,  C*%  D*',  £**,  F*',  &c,  or  I  4-  -.  C*%  D»',  E**,  F*',  &c,  or 
term  which  involves  the  (ame  capital  letter,  C,  or  D,  or  E,  or  F,  &c.  Thus, 
if  the  fign  —  is  to  be  prefixed  to  the  term  Cx^  of  the  fimple  feries  1,  B;v, 
C**,  D**,  Ear*,  F«',  &c,  the  fame  fign  —  muft  Hkewife  be  prefixed  to  the 
term  zCx^,  in  the  upper  horizontal  row  of  terms  in  the  compound  fcri«s 


Ii,aB*,2C*»,  zVx',  kcl 

lB«*',  zBC^S  &cj,  or[i  +rf,  tCjrS  sD*',  &cl 

tB*y%  aBCx',  8fc^ ;  becaufe  the 


laid  lenn,  2  C  «' ,  in  the  faid  compound  fcries,  arifes  from  the  addition  of  the 
two  like  terms  C  x*  and  C  *•  to  each  other,  of  which  the  firft  C  « *  is  the  pro^ 
4ioft  of  the  mulciplicatioB  of  C*'  by  i,  and  the  other  Cjt'  ia  the  produd  of  the 
mukiplicaiion  of  i  by  C**,  and  each  of  thcfe  produfts  muft  evidently  have  the 
lame  fign  -f-  or  —  prefixed  to  it  as  is  prefixed  to  its  fador  Cx*,  or  the  third 
tema  of  the  fimple  feries  i,  B*,  C*»,  D**,  E*«,  F«S  &c,  its  other  feftor  be- 
ing I.  And  fcr  the  fame  reafon  each  of  the  following  terms  2  Dx',  2  Ex», 
a  Fr»,  &c,  in  the  faid  firft,  or  upper,  horizontal  row  of  terms  moft  have  the 
fame  fign  -4-  or  —  prefixed  to  it  as  is  prefixed  to  the  correfponding  term,  or 
term  involving  the  fame  capital  letter  D,  or  E,  or  F,  8cc,  in  the  fimple  feries  1, 
B*,  C*%  D*S  £«♦,  Fa:',  &c,  or  i  4- -J,  C*%  D*S  £«♦,  F*',  &c. 

In  ibe  Ifcoftd  i^ce,  it  is  evident  from  the  1^  obfervatiaB  dui,  if  we  can  dc 
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terminc  ihe  fign  +  or  — ,  which  ought  to  -be  prefixed  to  any  term  in  the  fald 
upper  hoiizonial  row  of  xerms  i,  2  \ix,  2  Car*,  2  D*',  2  E**,  2  F*',  &c,  or 

1  +  j;,  2  Cx%  2  DiV*,  2  E*:*,  2  F.r',  &c,  we  (hall  al  the  fame  time  determine 
the  fign  +  or  — ,  which  ought  to  be  prefixed  to  the  correfponding  term  (or 
iciim  involving  the  ^ame  capital  letter,  D,  or  E,  or  F,  &c)  in  the  fimple  feries 

I,  B.V,  C.vS  Dx\  Ex*,  F*i,,&c,or  i  -f  -,  C*S  Da-%  E.*sF*'    &c,  the 
figns  to  be  prefixed  to  the  faid  two  correfponding  terms  being  always  the  fame. 
In  the  third  place  it  is  evident  that  in  the  Arft,  or  upper,  horizontal  row  of 
Jerms  in  the  above-mentioned  compound  feries 

■li,  z'&x,    aCx\    aD*%     tE**,      zF»',    &c~] 

\B\x\  iBCx\  2BD*«,  2BE*>,   &cc{ 

^C';^*,     2CO*',    &:^1 

("which  is  equal  to  rhe  fquare  of  the  fimple  feries  i,  B«,  C  *',  D«',  E**, 
Fx\,  &c)  the  CO  efficients  of  *,  **,  *',  *♦,  *',  &c,  are  2  B,  2  C,  2D,  2  E, 

2  F,  &c,  or  exaAly  the  doubles  of  the  co- efficients  of  the  fame  powers  of  «  in 
ihe  fimple  feries  i.  Bar,  C.r*,  D*^  E**,  F*',  &c,  fo  that  a  new  capital  letter 
C,  or  D,  or  E,  or  F,  &c,  enters  into  every  new  term  of  the  faid  firft,  or  upper 
horizontal  row  of  terms. 

For  each  of  thefe  terms  in  the  faid  upper  horizontal  row  is  the  fum  of  two 
*qual  terms,  of  which  one  is  placed  in  the  higheft  horizontal  row  of  terms  rf 
the  original  fet  of  feparate  prodi«a«  arifing  from  the  multiplication  of  the  feries 
I,  B*,  C«*,  Dx^,  E**,  F x',  &c,  into  itfelf,  before  the  flVnilar  terms  in  the 
faid  feparate  produfts  are  added  together  at  the  bottom,  and  the  other  is  placed 
at  the  bottom  of  the  fame  vertical  column  of  terms  in  which  the  former  is  the 
upper  term.  Thus,  in  the  firft  vertical  column  of  terms  in  the  faid  original  fct 
■of  produfts  arifing  from  the  muhiplication  of  the  feries  i,  B*,  C**,  D*',  E**, 
F*',  &c,  into  itfelf,  there  are  two  equal  terms,  to  wit,  Bx  and  B*,  whofe  fum 
forms  the  term  a  B*  in  the  upper  horizontal  row  of  terms  of  the  compound  fe- 
ries at  the  bottom,  to  wit,  the  feries 

1,  2B*-,  aCx*,  2D*',  2E**,  2F**,  &c 
B'*S  2BC«',  zBD**,  2BE«',  &c 
C'*S  2  CD*',  &c, 
jvhieh  is  equal  to  the  fquare  of  the  feries  i,  B*,  C«*,D*S  E«*,  F*',  &<:;aiid 
in  the  fecond  vertical  column  of  the  fame  original  fet  of  produ<fts,  there  are  the 
lerms  C*S  B^x*,  and  Cx*,  of  which  the  higheft  and  loweft  are  equal  to  each 
other,  and  their  fum  is  confequently  equal  to  2  Cjt*  ;  and  in  the  third  vertical 
column  there  are  the  terms  D*S  EC*',  BC*»,  and  D**,  of  which  the  higheft 
and  the  loweft  are  equal  to  each  other,  and  their  fum  is  confequently  equal  to 
aD«'  ;  and  in  the  fourth  vertical  coluihn  there  are  the  terms  E**,  BD**» 
C***,  BD«*,  and  E**,  of  which  the  higheft  and  the  loweft  are  equal  to  each 
other,  and  their  fum  is  confequently  equal  to  2  Ex*  ;  and  in  the  fifth  vertical 
column  there  are  the  terms  F*%  BE*',  CD*',  CD*',  BE*',  and  F*',  of 
which  the  higheft  and  the  loweft  are  equal  to  each  other,  and  their  fum  is  con- 
fequcndy  equal  to  2  F*'.  And  it  is  evident  that  the  fame  thing  would  take 
place  in  all  the  following  votical  columns  of  tenns,  to  whatever  aumber  of 
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teniis  the  faid  feries  1,  B*,  Cx*^  D*',  E**,  F**,  &c,  fliould  be  continued  r 
So  that  the  following  terms  of  the  upper  horizontal  row  of  terms  after  the  term 
iF**  muft  be  sG*',  2H*',  2I*',  iKx^,  zL-x'",  zMx'\  &c,  ad  it(fi- 
mtum. 

And  in  the  fourth  place  it  muft  be  obferved,  that  the  capital  letter.  C,  or  D, 
or  E,  or  F,  &c,  which  enters  into  the  higheft  term  of  any  of  the  faid  vertical- 
columns  of  terms  (which  higheft  terms  ace  aC*',  2D*',  2  E**,  2  F*% 
2  G  ,v*,  &c)  will,  not  enter  into  any  of  the  other  terms  of  the  fame  vertical  co- 
lumn, but  the  faid  other,  or  lower,  terms  of  the  faid  vertical  column  will  in- 
volve in  them  only  fuch  capital  letters  as  had  appeared  in  the  upper  terms  of 
the  preceeding  vertical  columns.  Thus  for  example,  in  the  vertical  column 
2C*',  B'x*  (which  is  the  firft  vertical  column  of  the  compound  feries  in 
which  the  (imilar  terms  have  been  added  to  each  other)  the  letter  C  enters  only 
in  the  upper  term  2  C**,  and  the  other  term  B*x*  involve*  only  the  preceed- 
ing tetter  B;  and  in  the  fecond  vertical  column  of  terms  in  the  fame  compound 
feries,  to  wit,  the  vertical  column  2  D*',  z  BC*^  the  letter  D  enters  only  in- 
the  upper  term  2  D**,  and  the  other  term  2  BCx*  involves  only  the  preceed- 
ing letters  B  and  C  ;  and  in  the  thir-d  vertical  column  2  Ex*,  2  BD**,  C*a'% 
the  letter  E  enters  only  iu  the  upper  term  2-E**,  and  the  two  other  terms 
2  BD**,  and  C  **,  involve  only  the  preceeding  letters  B,  C,  and  D ;  and  in- 
the  fourth  vertical  column  2  Far',  a  BE*',  a  CD**,  the  letter  F enters  only  in 
the  upper  term  2  F«',  and  the  other  two  terms  2-BE  *'  and  2-CD**  involve 
only  the  preceeding  letters  B,  C,  D,  and  E. 

And  it  is  eafy  to  perceive,  from  the  nature  of  the  multiplication  by  which  the 
faid  compound  feries  is  obtained,  that  the  fame  thing  would  take  place  in  all  the 
following  vertical  columns  of  terms  in  the  faid  compound  feries,  co  whatevep 
number  of  terms  the  faid  feries  Ihould  be  continued.  We  may  therefore  con- 
clude that  there  will  be  one,  and  but  one,  new  capital  letter  B,  or  C,  or  D,  or 
£,  or  F,  £cc,  contained  in  every  new  venical  column  of  terms  in  the  above- 
mentioned  compound  feries,  which  is  equal  to  the  fquare  of  the  Ample  feries  i,. 
B*,  C**,  D*»,  Ex*,  F«S  &c,  and  that  this  new  letter  will  appear  only  in  the 
upper  term  ot  fuch  vertical  column. 

This  is  a  moft  important,  remark,,  and  ought  to  be  well  underftood  and  re- 
membered. 

In  the  5th  place  ir  is  evident,  that  when  the  figns  +  and  —  ,  which  are  to  be' 
prefixed  to  B*  and  C**  and  D**,  or  any  greater  number  of  the  terms  of  the 
-  fimple  feries  1,  Bst,  C**,  D*',  E**",  Fx>,  &c,  after  the  firft  term  i,  hav^c 
been  determined,  the  figns  thai  are  to  be  prefixed  to  all  the  fevcral  terms  in  the' 
next  following  venical  columns,  except  the  higheft  term,  will  be  thereby  deter- 
Bimed  likewifc.  Thus,  if  the  figns  -|-  and  — ,  which  are  to  be  prefixed  to  the 
fecond,  third,  and  founh  terms,  B*,  C**,  andD*',  of  the  fimple  feries  r, 
Bflf,  C*.*,  D*^,  E«*,  F*',  &c,  are  determined,  the  figns  irf all  the  terms,  c»- 
cept  the  higheft,  in  the  next  following  vertical  column  of  terms,  which  involves 
in  it  the  next  co-efiicient  E,  to  wit,  the  column  <;pntaining  the  terms  2  E**, 
aBD**,  C***,  will  be  determined. Hkewife  ;  becaufe  they  will  involve  in  them 
©niy  the  old  letters  B  and  C  and  D,  which  are  the  co-eiEcienis  of  the  powers  o£ 
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X  in  the  tefrms  B.t,  C*',  arid  D*',  of  which  the  figns  are  Slready'fuppoftd'to 
be  determined.  For  example,  if  the  firftfour  terms  of  the  fimple  feries  i,Bx, 
C*',  D*S  E**,  Fa:*,  &c,  are  i  +  B*  —  Cx*  +  D*'  (as  in  truth  they  art 
found  to  be)  the  faid  following  vertical  column  of  terms,  which  involves  in  it 
the  leiter  E,  to  wit,  the  Column  containing  the  terms  i  E**,  2  BDa:*,  and 
C*x*,  will  be  lEx*  +  2  BD^r*  +  C'x*.  For  2  ED*'  and  CV  being  pro- 
duced by  the  multiplications  of  B  .v  into  Dx'  and  of  Cat*  into  C**,  it  is  evi- 
dent that,  when  it  is  afcertained  that  the  (ign  +  is  to  be  prefixed  to  Ear  and  to 
D«',  and  that  the  (ign  — -  istobepi^efixed  to  C**,  it  will  Deceffaril/  follow  !hat 
BD**  will  be  (=  +  B*  X  +  Dx')  =  +  BD*»,  and  confeqwently  that 
2  BD**  will  be  =  +  iBDx*,  and  that  C*'  X  C*»  will  be  (=  —  C«* 
K  —  Car')  —  +  C'**,  or  that  tiie  lign  +  moft  be  prefixed  both  to  the  term 
a'BDx*  and  to  the  term  C***.  This  is  a  neceffary  confequcnce  of  the  com- 
mon rules  of  multiplication  in  Algebra,  according  to  which  when  the  figns  of 
ihe  faftors  of  any  prodiift  are  known  or  deterniincd,  the  fign  to  be  prefixed  to 
Ae  produft  may  be  thence  determined  likewife. 

*  Thefe  five  obfervaiions  being  well  underftood  af»d  affented  to  as  fufficicntly 
demonflrated,  we  may  now  deduce  from  them  a  proof  of  the  proppfition  ihit 
was  ftaied  in  the  latter  part  of  art.  7,  to  wit,  that  it  is  poffible  for  a  ftrics  of 
the  form  i,  Bx,  C**,  D«',  E**,  Fx*,  &c,  to  exift,  in  which  the  co-efficicnti 
<^,  D,  E,  F,  &c,  of  the  third,  founh,  fifth,  fixth,  and  other  following  terms  of  ir, 
to  wit,  C**,  D*',  E**,  Fx',  &c,  fhall  be  of  fuch  magnhudes,  and  the  faid 
terms  jfacmfelves  Ihall  be  connefted  with  the'  two  fim  terms  i  +  B*,  or 

X  •^  — |-by  the  Ggos  •+■  and  — ,  oc  by  additioD  and  fubtraAian,  in  fucU  a  nuui* 
oefi  that  every  following  term  of  the  compound  feries 

It  +  2Bxy  2  Car*,   zDx*,     2E**,      iFa^,   &c  ") 

'  \BV.  2BC*',  iBD«S  2BE»S    &c( 

iC'y*,    2CDj:',    feci 
tori+araCjc',    xDx',     2E«*,     2F«',    &c  ^ 

"^'         \BV\2BC«S2BD«*,  iBE*',    &c  { 

\C'*%  2CD;g',  fecj, 
{hall  be  equal  to  nothing,  or  that  fome  of  its  members  (for  each  of  thefe  t*ii&$ 
is  evidently  a  compound  quantity,  or  quantity  conliiling  of  more  than  one  mem- 
ber) Oiall  be  marked  with  the  fign  + ,  and  others  of  them  ftiiU  be  marked  with 
the  fign  — ,  and  that  the  fum  of  the  latter  members  in  each  terth,  which  are 
markM  with  the  (i^n  — ,  fhall  be  equal  to  the  Cum  of  the  former  members  ia 
the  fame  term,  which  are  marked  widi  the  fign  +,  fo  as  to  exu&iy  counterba- 
lance, oc  deftroy,  the  (aid  former  members,  and  make  the  whole  term  be  etfial 
to  nothing ;  in  coorequence  of  which  the  whole  of  the  £ud  compound  feries  w^ 
be  equal  to  its  two  firft  terms  i  +  a  B*,  ori-|-2X—  «,  ori+Af.  This 
propofition  may  be  proved  in  the  manner  following. 

9.  Since  the  fecond  term  B *  of  the  fimple  feries  i,  B*,  C*',  D*%  Ejt*, 
Fx*,  &c,  is  to  have  the  fign  +  prefixed  to  it,  fo  that  ^c  faid  feries  will  be  i 

.+  B*, 
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+  B*,  C«%  D*',  E**,  F«',  &c,  it  follows  (by  art.  8,  obf.  ?)  that  the 
quantity  B*x*>  which  forms  the  fecood  member  (^  the  third  tenn,  iCx*,  B'x', 
of  the  loregoiog  compound  feties 

\i»  zBx,  zCx*,  aD*»,    iE«S     iF*»,  &c1 

^ — \B'x\  2BC*S  iBDjcS  2 BE*',      f 

y:'ys    2CD*S     J 

mnft  alfe  have  the  lign  +  prefixed  to  it.  For  it  is  the  produft  of  the  multipli- 
cation of +  Bx  into  +  6«,  which  is  +  B'x'. 

And,  fince  the  faid  fccond  member  B*«»  of  the  third  tenn  iC*^,  B'jc*  ot 
the  Cud  compound  fcries  is  to  have  the  iign  -f  prefixed  to  it,  it  is  evident  that* 
in  order  to  make  the  whole  of  the  faid  term  zCx',  B*xSor  %Cx*  +  B*x*, 
be  equal  to  o,  we  muft  prefix  die  contrary  fign  —  to  its  firft  member  z  C  «*» 
and  at  the  fame  time  muft  take  C  of  fuch  a  m^nicude  that  the  fud  ficft  member 
ft  C«'  fludl  be  equal  to  the  fccond  member  B*x',  that  is,  we  muft  take  C  equal 
to  —t  Of  (becaufe  B  lias  been  already  found  to  be  equal  to  — )  we  muft  take  C 

equal  to  j  x  — ,  or  •^.  And  then  we  fhall  have  die  whole  third  term  z  Cx*> 

h'M*  =  —  2 C«'  +  B«««  =t  -  »  X  J *'  +  7  X  7 *•  =  -  -J «•  +  ^ 

»•  =  o. 

And,  bectufe  the  fign  —  is  to  be  prefixed  to  z  C  «*  in  the  afbre(aid  ctaa- 
pound  fcries,  which  is  equal  to  thefquare  of  the  fimple  fcries  i,  B«,  Cx'', 
D«»,  E««,  F«»,  &c,  or  I  +  B«,  C«',  D*»,  E«*,  Fjf%&c,  it  muft  like- 
wife  (bf  art.  8,  obf.  i)  be  prefixed  to  the  correlpottdiog,  or  third,  term  Cx*  of 
the  Gud  fimple  feries ;  and  confequently  the  three  firft  terms  of  the  faid  fimplo 
feijes  will  be  I  +  B*  —  C«»,  <x  i  +  ~  x  ~  -^  xx^or  i  +  ^  ^^. 

And  therefore,  if  the  three  firft  terms  of  the  fimple  fcries  i,  B«,  Cx*,  Dx*, 
ExSFx>,&^arei  4-  7  —  ^,  the  three  firft  ttnns  of  the  for^oii^  com- 
pound  feries 

II,  iB«,  aC««,  »D**,    aEx*,    ftF*',  &c 


iC««,  »D*»,  aExS  ftF*',  «ec  1 
\B*x*,  2BC*',  iBDx*,  2BE«»,  ttc  } 
*  \C*x*,    2 CD*',  fiecj 


(which  is  eqtnl  to  tbeiqua^  of  die  faid  fimple  feries  1,  Bx,  Cx',  Px%  Ex*, 
Fjr»,  &c)wmbe 

It  +  »B«— C*»  \ 
S+B'x-J, 

ori  +2X  —  x-^o,  ori  +jt— o;  which  are  equal  ro  i  +  «- 
Vot.n.     *  •  F  •  10.  The 
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-  lo.  TKe  fourth  tertn  of  the  foregoing  compound  feries  is  i  D*«i  z  feC*»^,  # 
(becaufe  the  three  firft  terffls  of  the  fimple  fcnes  i,  Zx,  G*',  D»*,  E**^Fif', 
&c,  have  been  fhewn  to  be  i  +  B*  —  C**)  iD*'  —  iBC*'. 

Now,  fince  the  fcfond  member,    zBCx.*,    of  this  fourth  term,   aD;** 

—  2  BC*',  has  the.fign  —  prefixed  to  it,  it  is  evident  that,  in  order  to  make 
the  whole  terai  be  fequal  to  o,  we  muft  prefix  the  liga  +  to  its  firft  member 
aDyi,  and  wemufl:  at  the  fame  time  take  Dof  fuch  a  magnitude  as  (ball  make 
aD*«  be  exadly  equal  to  a  BC«',  t^*»»  wemuft  take  D  =  BCor(bccaufe 
it  has  been  (hewn  that  B  is  =  — ,  and  tliat  C  is  =:  ■^)  ie  muft  take  t>  i^X 

Ajtd,  bccauftp  the  Cgn  ^  is  to  be  prdixed  to  2  Dx*  in  the  albrelaid  cott- 
pound_feries,  which  i«  equal  to  the Jquarp  of  the  hmple  feries  j,  Bje,  C*'i 
I)«',E»',  F»'i&«,.ori  +B»— Cjf,D»',E««,F»',  &c,  itmnftlifcewife 
(by  lay  6f  obf>.  i)  be  ptehzed  Co  the  oorre&onding*-  or  &urth>  tenn^  tix',  of 
the  faid  hmple  fehet,  and  confequently  the  four  firll  terms  .of  the  faid  fimple 
ftries  Yijll  be  I  +  B»  — Cx"  +  D»',  or  i   +  -i  *  —  |.««  -j-  iv't  or 

^48^  I6- 

And  thereToTe,  if  the  foiS  itrft  terms  of  the  finiple  feries  1,8;^  Cx^-,  D«'"> 
E«*,  F*',  &c,  arc  I  +  —  —  ^  +  -7,  the  four  firft  terms  of  the  fbftgoiiig 
.cbmjw'und  fertes  (which  is  ei^ual  to  the  fqtnirb  of  the  laid  fimple  feries)  Witt  be 

(t+_iB*  — C*'    -t-aDi'    1 
H  B'jc'  -  iBCj;'  )  . 

on  +»  %  ^«a.o4-otor>  +*iib4-<s»  WWth  are  tqiial  ib  i  <f  )h 


II.  The  19th  (^rhi  df  ^  foi^gbing  com^und  Ut\ii  , 
iBDi 


|i,  lB»,  aCic',    aD»",     iE««,      aF«!,  SecV 

IB'iS  iBC*',  lBD»S  iBEi',  &c  (• 

^■^ '^ "'■"      -'-D»',  atcj 


or  (prefixing  the  piopir  figns.  to  the  fereral  lernn  that  involve  only  the'  letten 
B,  C,  and  D,  which  have  been  already  inveftigated)  of  the  compound  feries 

.1  +  2B»i-aC*"  +»B»'i       ifi*S      4*«»,  &c   1 

'  v+     B'«r'  —  aBC«'  +  iBDf,     aBElr^.'Scf 

■      t+.  .C'«>-aCDj'.   tccj, 

isaE«<  +  aBDA;'  +  C**'. 

Now,  fioce  liie  £«i   +  is  prefixed  to  the  IJECQnd.  and  third  members, 
aJU}x<andC'«*,  of  this  fourth  term,  it  i>  evident  thA,  in  orderio  Uiake  tht 

'     vKoIc 
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y^aU  t^irm  ^  equal  to  o>  we  muft  prefix  the  contrary  fien  —  to  its  firft  mem- 
faer^Ey*;.  2Dd.mujl  lil^ifet^ke  £  (^fuch  a  magnicude  that  2  Ex*  {halt  tae 
equal  to  the  fun)  of  t^ie  other  two  members  2  BD  x*  and  C  ^x* ;  that  is,  we  muft 

tA=E^  BD  +  ^  =  7  X^  +  T  ><  T  X  T  =h  +  Til  =  I3  +  HI 

<=^ 

And,  bccaufe  the  fign  —  is  to  be  prefixed  to  the  quantity  a  E  *♦  in  the  fbrv 
goii^g  compound  feries  w         is  equal  to  the  fquare     '  le  feries^ -p  *, 

C«*,P*?,  EkS  p*%  .r  I  +  B*  — C*»  -I  f  F*'.  &c,  it 

mitftUkewife  (t^y Art. 8, 1         )  be  jjire^xed  to  the  c<  ,  or  fifth,  term, 

'Eit*,  of  the  faid  fi^ple  i  and  confequemly  tht  ms  of  the  ik^d 

€mple  fcries  w^  bo  i  •h  Bv  —  C*^  +  D«»  _  p**,  ori  +ir)ir-^^jr» 

And  therefore,  if  die  five  fuft  terms  of  the  fimple  ferin  i,  Bx,  Cx'i  Px'a 
E*',  F*',  &c,  »re  I  +  i.  —  ^  +  ii  -  1^,  the  fite  fiift  terow  of  the  fore- 
^iog  compound  ferjes  (^ch  is  equal  to  die  fqiure  of  the  laid  Timple  fetiet) 
will  be 

I  +  »B«  — lC«*  +  2D«>    — »E«* 
+     B'«' —  2  BCx>  +  »  BD»» 
+     €•«; 

or  I  +2X  —  «—  0  +  0  —  o,  on  +x  —  0+0  —  o;  which  are  equal  v> 
.%  .*■ «. 


tz.  The  lixth  term  of  the  foregoing  compound  feries 

1 1,  jB*,  2C»',  2D«>,    aE«',     iFx',   &c 

^ — TB'«%2BC»S  2  BD««,  2  BE*>     ' 

' \C''',     2  CD*' 


or  Cprefixingithe  proper  ligns  to  the  feveral  terms  that  involre  only  the  letters 
Bt  C,  Dj  and  £,  which  have  been  aheady  inreftigated)  of  the  compound  feries 


)  1  +2B«  —  2C«'    +2D»>     —  2E«'  iF»'     &c 
'\^-     B'«'  —  2BC«'  +  2  BD«*  —  2  BE«l    &c 
'• ' 1+     C-«'    -  2.CD«',    &i 


&c  1 
',  &c}. 
',   ticj 

1 

), 


i»2F«»  —  2BE*>  -  a  CD*'. 

Now,  firice  the  fign  —  is  prefixed  to  the  fccond  and  third  members,  z  BE** 

^d  aCDx'i  of  this  fixth  terniy  it  is  evident,  that,  in  order  to  make  the  whole 

term  be  equal  to  nothing,  we  mi^  prefix  the  contrary  fign  +  to  its  firft  mem- 

fccr  zFx*,  and  muft  likewife  take  F  of  fuch  a  magnitude  that  the  faid  firil 

a  F  2  •  ■  metnber 
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igember  2.F;|f*  fliaU  be  equal  to  die  /urn  of  the  other  two  members,. ilte**" 
uid  2  CDx' ;  that  is,  we  mud  take  F  equal  to  BE  4-  CD,  or  (becatife  it  hak 
^d!a^^  tfatt  Bis  c-^,  and  that  Cii  =  -|-, and  that  D.ii  =  ^^  aodibbt | 

U.m  ■jfj)  we  muft  take  F  equal  W  ^  X  ^  ^-.j  X  ^  or  to  jSg  +  ;^.;or  v? 

hL  +  :iy,  or  to  -^.  ' 

And,  becaufe  the  lign  +  is  to  be  prefixed  to  the  qaandtjr  z  Fx>  in  the  fore^ 
going  compound  feries  which  is  equ^  to  the  fquare  of  the  limpte  feries  i,  Br, 
C«*,  D«»,  £*♦,  F«*,  &c,  or  I  +  B*—  Cm*  +  Dm*  -  Ejt*,  F«»,  &c, 
it  muft  likewife  (by  art.  8,  obf.  i)  be  prefixed  to  the  correfponding,  or  fixtb, 
tcrOii  F  X  *  y  of  the  uid,  fimple  feries ;  and  coniequently  the  ^  firft  t^rms  <^  ,the 
faidfimple  feries  will  be  1  +B*  —  Cx*  +  D**.—  E**  +  F«%or  i  +-^.« 
^:j«.  +  '  *.  _JL**+-7-*.,  or  n-i-^+4-i^+z|. 

.    ■  .f  J*  i3»  '    3j6      *  ^     J      .    8    ^  I*         118  ^    as*  ' 

' ';  And  theicfbre,  if  thefixfirfl  terms  of  the  fald  fimple  feries  i,  Bx,  Cx*,  D«^j 
E**,  F«S&carei  +i*-^+^— i^+l^,  thefix  firfttemwofthf 
f 4>reeoiiig  compound  feries  (which  is  equal  to  the  fquare  of  the  laid  fimple  feries) 
iwiUbe 

,  I  +2Bjf  —  2C*»  +  aD«»    -  lE 
;,  +     B**'  —  iBC*»  +  aBD 


—  aE«*  +  aF**  T 
+  aBD««  —  2BE«'  \ 
+     C'**   —  aCD*'J» 


or  I  +  1  X— *— 0  +  0— 0  +  c,ori+/c— 0  +  0  —  o  +  Of  wludi 
arc  equal »  i  +  ar.      ,  ... 

it  wilt  evidently  be  poffible  to  take  the  following  no* 
,  K,  U  M,  &c  of  *•,  k\  *•,  *•  «^°,  *",  and  of  the 
p  in  the  feventh,  eighth,  atnth,  tenth,  eleventh,  and 
g  terms  of  the  feries  i,  B*,  C*",  D«*,  E**,  F/, 
^,  M«*',  &c,.  of  fuch  magnitudes,,  and  fo  to  con- 
h,  nintb,  tenth,  eleventh,  twelfth,  vid  other  fol|oW- 
with  its  firft  term  1  by  the  figns  +  and  — ,,  or  by  ad* 
>  make  the  whole  of  the  feventh,  and  9^  the  pigbth, 
and  of  the  ninth,  and  of  the  tenth,  and  of  the  eleventh,  and  of  the  twdftb,  and  of 
every  followiiigtenaofthe  compound  feries  which  is  the  fquare  of  the  fiitd  fim- 
ple feries  i,  B*.  C**,  D*',  E**,  F«»,  G«*,  H*%  !*•,  K.*»,L*«',  M«",  &C, 
be  equal  to  o,  and  confequently  to  m^e  the  irhole  of  the  f;ud  compound  feries 
be  equal  to  its  two  firft  terms  1  +  x.    And  therefore  we  may  conclude  .that 
there  is  a'cCrtain  infinite  feries  of  the  aforefaid  form,  to  wit,  i^  Bx,  Cx",  Dx*, 

1 

E**,  FA  Gk*,  Hx%  l**,  Yix\  Lj**,  M/',  &C,  which  is  equal  to  I  +*lT 
or  to  ^  U  +  Jf,  Qt  the  fquare-root  of  the  binomial  quantity  i  -f  at.     q±.  e.  d. 

14.  Having 
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.  M.  Havinfl^thus  proved  the  truth  of  this  jpropafition  in.  the  cjJe  of  the  fguare- 
l^pt  ofthe  l&oiniJauantity,  T  V  ?^^  or  whwi'die  number  ilt  in  the^gcp^'^^i 

ttwffionV+«)^,  or  v^  fi  ■+-«,  is  equal  toa,  -ffiB  wilt  now  prboed]  tcrfliBw.tbtf 
It  is  alfa  true  it\  the  cafe  pf  the  cubie-rpot  of  j  +  *,  or  wheB  n  is  equal  to  3  j  after 
"Which  are  T#ill  epiieavour  to- flttwih(tt-it will  alf* be trae  in  thie  oiftof  atiy  OEhtt 
root  of  I  +  *,  or  when  h  is  equal  to  any  oiiicr  whole  number-whatfoeTcr.        5 


C>f  ti»  cuhe  ivet  ef /be  Hmmiai  fuaatitjt  t  +  «. 


15.  Now  it  is  rrident  (as  has  been  already  obferved  in  art.  4)  that"i  +*\j, 
*>r  V*f  1  +  it^  or  the  cube-root  of  the  binomial  quantity  i  +  *,  will  be  equ;U  to 
aa  infinite  feries  <rf  this  form,  to  wit,  i,  B«,  C*",  D**,  E**,  F**,  fltc,  if  it  is 
poffible  to  afliga  fuch  magnitudes  to  the  numeral  co-efficients  B,  C,  D,  £,  F, 
&c,  of  the  powers  of j;  in  the  fecond  and  other  foltovii^g  terms  of  ibis  fqrie|t,  and 
to  to  conneft  the  faid  fecood  and  other  following  terms  of  the  faid  fcrics  with  the 
firft  term  x,  by  the  figns  +  and  — ,  or  by  addition  and  fubtiaftion,  -  that  the  fe- 
cond term  of  the  compound  feries  which  is  the  cube  of  thtj  faid  feries,  or  is  clut 
Sroduft  that  arifes  by  multiplying  it  twice  into  itfelf,  (hall  be  equal  to  x  and  fka& 
vre  the  fign  -f-  preBxed  to  it,  or  (hall  be  added  to  i  (which  mud  evidendy  be 
thefiril  term  of  the  faid  cube  or  compound  feries^/and  that  the  third  term  of  the 
faid  compound  feries  (halt  be  equal  to  nothing,  and  that  the  fourth  term  of  it 
fhall  alfo  be  equal  tq  nothing,  and  that  every  following  term  of  it  {hall  in  like 
manner  be  ec^al  to  nothing,  or  that  each  of  the  faid  terms,  after  the  faid  fecond 
term,  (hall  confift  of  two,  or  more,  members,  and  that  fome  of  the  faid  mem- 
bers of  each  term  (ball  be  marked  with  the  (ign  +,  and  the  criher  members  of 
the  fame  term  (hall  be  marked  widi  the  fign  — ,  an 
members  of  each  term,  which  are  marked  with  the  It 
fum  of  the  former  members  of  the  fame  term,  which  a 
%}  as  to  counterbalance,  or  d^roy^  them,  and  to  r 
term  be  equal  to  nothing.    We  muft  therefore  (hcv 
fuch  magnitudes  to  the  numeral  co-eificients  B,  C,  E 
neft  the  terms  B*,  €*•,  Dat*.  E**,  F**,  &c,  of  th 
B**,  E**,  F**,  &c,  with  its  firft  term  1  by  the  figc 
dte^e^juft  now  defcribed. 

i^.  It  has  been  (hewn  above  in  art.  6,  that,  if  the  finiple  (cries  i,  Bx,  Cjc', 
D**;  E**,  F**,  &c,  be  multiplied  once  into  itfelf,  the  produft  diencc  ari'fing, 
or  the  fquare  of  the  faid  (imple  feries,  will  be  the  foUowiog;  compound  feries,. 
to  wit, 

11,  iBx,  zC**,.  2D*S    a  Ear*,     aF**,  &c    1 

^~ ; — \B'x'y  iBCjc'.  2BD**,  iBE*',  &c  [ 

'  ^0*S4CD*',  &c/. 

,     .  ■■    ■    .  Therefore, 
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Therefore,  in  order  to  obtain  the  cube  of  the.  limplBieries  I,  B^«'  Ciir**-  Jix^^ 
£A  Fx%  &c,  we  muft  multiply  this  compound  feries  (which  is  equal  to  its 
lijuate)  into  the  fimple  feries  i,  B»,  Cif,  Dx",  E**,  Fjt".  (ce,  itfelf.  Tbi« 
may  be  done  in  the  tnanner  folbwing* 


B-«-,  aBC*',  iBD«*,    tBE«',  &c 
C'»»,      aCD«',   &c 


i;     Bx,     C»',      D«",       E«',         Fir',   &c 


1,  iSx,  aC*",    aD*>,    aE*',      aF«S  fee 

B'»S  aBC«',  2BD««,    aBE«',    fcc 

C'r*,     aCD«',   &c 

B*,  »B"»',  aBC«>,  »BD«*,    »BE»',  fee 

B'»',    tB>C«',  9B«D«'    &c 

BC'«',   &c 

Car",    aBC*',  aC'**,     a  CD*',  8fc 

B'C»«,  aBC'«',  &c 

D*',     >BD«',    iCD*",  &c 

»'D«',  fcc 

Er»,       aBE«S  &c 

Fi',  fcc 


3B«,  3C«',    3D*',     3E^',       3F«',  fcc 
3B'*-,  6BC*',  *BD*',    BBE*',  &c 
B'«',    jC'*',      6CD*>,  Sc 
3B"C«',  3B"D*',  &c 
3BCrv,&c. 


"Therefore  this  laft  compound  feries 

\},  jB»,  3C»',   3D*>,     3E*<,      3F*',  fcc    ' 

^SB-*-',  6BC*'.  6BD*',    6  BE*',  &c 

^     '^'^B'*',    3C'«*,     6CD«>,&<:' 

V3B'C»',  3B'D«',  fcc 

^ '\3BC'«',  f- 


«iU 
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will  1)0  th«  ctfbe  of  cbr  fimple  Tcries  i,  Bfl,  C»%  Dx*,  Ejv^^FxS  &c,  «//»• 
JlMitKm.  Let  this  compoood  feries  (for  the  fake  (^>  brevity)  be  denoted  by  the 
Greek  capital  letter  P. 

'  We  are  therefore  now  to  prove  that  it  ii  poffible-taaBigo  fuch  tnognicudes  ts 
the  numeral  co-efficients  B,  C,  D,  E,  F,  Sec,  of  the  powers  of  *  in  the  fecond 
aud  OthM  foUowmg  terms  of  the  fimple  feries  1,  B^r.  Cx*,  Dx*,  £««,  F^t* 
Ccc,  and  fo  to  conned  the  faid  fecond  and  other  following  terms  of  the  faid  feries 
4rtth  hs  firft  term  1  by  che  ligiis  +  and  — ,  that  the  fecond  term  3  By  of  the 
faid  compound  feries  T  Ihalt  be  equal  to  «  and  fhall  have  the  fign  +  prefixed 
to  it,  or  ftiall  be  added  to  the  Brft  term  i  of  the  faid  feries,  and  that  the  whole 
compound  third  tarm  of  the  faid  feries,  to  wit,  3  C**,  3  B**',  (hall  be  equal  ta 
O)  and  that  the  whole  compound  fourth  term  of  the  faid  feries,  to  wit,  3  Dx>^ 
6BCk>>  B'k*,  (hall  alfobe  equal  to  o,  and  that  the  whole  compotind  fifth  term, 
(6  Wit,  3E**,  6BD*',  3C*«*,  3B»C**,  (hall  alfo  be  equal  too,  and  that 
die  whole  compound  firth  term,  to  wit,  3  F*>,  6  BE*',  oCDif*,  3  B'D'j(% 
3  BC*x*,  (hall  alfo  be  equal  to  o,  and,  in  like  manner,  that  every  following 
compound  term  (hall  alfo  be  equal  to  o,  and  confcquently  that  the  whole  of  the 
faid  compound  feries  T  Ih^  be  equal  to  its  two  firil  terms,  or  to  the  binomial 
quantity  i  +  »* 

fl  7.  Now,  to  the  :cn4  that  the  fecond  term  3  B  j;  of  the  compound  feries  T 
may  have  the  fign  + .  pitefixed  to  it,  vre  need  only  prefix  the  lame  (ign  +  td 
the  (ecohd  tei'iii  B*  of  the  fimple  feries  i,  B.*,  C**,  Dx',  Ex*,  F*',  &c;  Jc 
bdng  evident  from  the  rules  of  multiplication  that,  if  the  fign  +  be  prefixed 
to  die  term  B«  in  the  feries  i,  Bx,  Cx*,px^,  Ex*,  F*',  &c,  icmuft  like- 
wife  be  prefixed  to  the  term  ^  B  x  in  the  feries  T*,  which  arifes  by  muhiplying 
the  faid  feries  t*itfeintoitfelN  ■      '     ■ 

And  to  the  end  that  3  B*,or  the  fecond  term.Qf  the  compound  feries  T,  may- 
be equal  &>  x,  we  need  only  fuppofe  that  3  B  is  equal  to  i ,  or  diat  B  is  equal 
to  -.    For  then  we  fliail  have  3  B*=3X  —  X»  =  -ix«  =  *. 

Therefore,  if  chctfrofirft.terms  of  the  finale  feries  i,  Bx,  Cx*,  Djr>,  Ex% 
FxS  2cc,be  I  4.  i-x,  or  t  +  -^j  thctwofitfi  terms  (^  the  compoisid  feries  F 
will  be  I  +  jf. 

16.  In  the  next  place  we  muft  obferve  that  in  die  compound  feries  T  (which 
is  equal  to  the  cube  of  the  limple  feries  I,  B*,  C*',  P*>,  Kx*,  F«',  &c)  as 
well  as  in  the  former  compound  ftries  (which  was  eqial  to  the  fquare  trf"  the  feid 
feries)  one  new  capital  letter  C,  or  D,  <x  E,  or  F,  &c,  and  but  one,  will  enter 
into  every  new  compound  term,  or  votical  oolMmn  of  terms ;  and  this  new  letter 
will  appear  in  the  higheft  tcim  of  evt^y  fuch  vertical  column,  and  only  in  the 
faid  higheft  term,'  and  the  other  terms  of  fuch  vertical  column,  or  thofe  which 
are  placed  inunediftely  under  fuch  hi^eft  term,  will  involve  in  ihem  only  fuch 
of  the  capitalletters  B,  C/D,  E,  F,  Scc>  as  had  occurred  in  the  pKceedkigcbm- 
''  ^  S  pound 


y  Google 


*Z^t     AK  ADDITieV  to  THE  STSCOlTfiL^  OV  THE  BI50HtAL  TRlOtBH 

pound  terms,  or  vertical  columns  of  terms.  And,  ftirther,  when  the  magnitude* 
of  any  number  of  the  faid  capital  tetters,  B,  C,  D,  E,  F,  &c  (or  co-eficients  of 
rtie  powers  of*  in  the  terms  of  the  fimple  feries  i,  Bx,  C  «•,  Da*,  £*♦,  F«»»  ' 
Ccc)  have  been  determined,  and  the  figns  +  and  — ,  which  are  to  be  pcefiyed  t» 
tbofe  of  the  terms  B*,  C**,  D*S  E**»  F*'>  &c  of  the  faid  Cmple  feries,  im, 
which  the  faid  letters  are  involved,  have  been  likewife  determined,  the  magni- 
tudes of  all  the  quantities  in  the  compound  feries  r  which  involve  the  (aid  letters 
of  which  the  magnitudes  have  been  determined,  and  the  iigns  4*  and  •>— ,,thae 
kre  to  be  prefixed  to  fuch  quantities,  will  all  be  determined  likewife. 

Thefe  obfervations  are  obvious  confequences  from  the  rules  of  algebraict 
multiplication  and  the  manner  in  which  the  compound  feries  T  has  been  derived, 
firom  the  fimple  feries  i,  Bat,  Cjf*,  Dx',  Ex*,  FxS  8cc,  to  wit,  by  muMplyr 
ing  it  twice  into  itlelf.  And  they  are  true  likewife,  with  refpeft  to  a)i  bigbcr 
power?  of  the  feries  i,  B*,  C«*,  D**,  E**,  F«',  &c,  whatfocver,  as  weQ  as 
with  reTpeA  to  its  cube. 

19.  SinM,  by  art.  17,  it  appears  that  Etc,  or  the  (ecoivl  term  c^  the  Cnsple 
feries  i,B«,  Cx*,  Dx*y  Kx*,  FxS&c,  is  to  have  thefign  +  prefixed  to  it,  it 
follows  that  the  fame  &pi  +  mull  alfo  be  prefixed  to  the  quantity  3  B*jf  *,  which. 
is  the  fecond  member  of  the  third  term,  3  C^*,  3  BV*,  of  the  compound  feries 
r,  fo  that  the  did  third  term  will  be  3  C*'  +  3  B'»».  Therefore,  to  the  end 
that  the  whole  of  the  faid  third  term  3  C  af  *  +3  B*«^  nuy  be  equal  to  nothiagi 
we  muft  preRx  the  contrary  fign  —  to  the  firft  member  of  it,  to  wit,  3  C*',  and 
muft  likewife  take  C  of  fuch  a  m^nitude  that  3  C  «^  Ihatl  be  equid  to  3  B*x*, 
or  that  3  C  (hall  be  equal  to  3  B*,  that  is,  we  muft  take  C  equal  to  B*,  or  n> 
i-  X  —  or  — .  And  then  we  Aiall  have  the  fiud  third  term  3  Cx*  +3  B*x'  = 
—  3C*'+3B'**as-3  x-^*'+3X-J**  =  o. 

And,  becaufe  3  C  «*  in  the  compound  feries  r  has  Ae  figo  —  prefixed  to  it, 
the  third  term  C*'  in  the  fimple  feries  i,  B*.  C*»,  D*',  E«*,  Fjf*,  &c, 
which  correfponds  to  it,  mufl.  alfo  have  the  fign  —  prefixed  to  it,  and  confe- 
quently  the  three  fiift  terms  of  the  faid  fimple  fmes  will  be  i  +  Ba:  ~  Cx*, 

II  ,     X  *x 

or  I  +  —X  —  ~xx,ot  1  +  —  —  — , 

3  9  3  « 

And,  therefore,  if  the  three  firft  ttrms  of  the  Cud  Cmple  feries  i,  Bx,  Cx*, 
D**,E*»,F«',8ec,  arc  I  +  —  —  — ,  the  three  firft  terms  of  the  compound 
fenes  T  (which  is  equal  u>  the  cube  of  die  faid  fimple  feries)  will  be 

1  +  3B«— 3Caf* 
+  3  B'*', 

bri+3  X  —t  ^  o,ot  I  +  X  ^  oi  which  are  equal  to  i  -f  x. 

:       .  10.  The 
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•  le.  Tbc^rdiurni  of  tbe  compaund  ferics  ris  3D«',  6BCx\  B>jr>,oc 
QwcauTo  tbe  three  firftcernu  of  the  fitnple  feries  i,Bx,  Cx*,  Dx',t:.x*,  F^', 
&C  have  been  foundto.be  i  +  Bgf  —  Cw'^jD*'  —  6BC*'  +  Vl'x\,  oc 
(b^caufe  B  has  been  found  to  be  equal  to  — ,  and  C  his  been  found  to  be  equal 

*%  or  3  D«*  —  -^  *».  Now,  fincc  the  fign  —  is  prefixed  to  the  fecond  mem- 
ber of  this  term,,  to  wit,  -^pfS  it  is  evident  that,  in  order  to  make  the  whole  of 
^e  fud  term  be  equal  to  o,  we  muH  prefix  the  fi^  +  to  the  firil  member  of  it. 
3  Dx^,  and  we  muft  alfo  uke  D  of  fudi  a  magnitude  as  will  make  the  faid  iirtb 
member  of  it  3  Dk'  be  equal  to  the  fecond  member  -^x*]  that  is,  we  muft  uke  D 
equal  to  —  X  -^,  or  ^   And,  becaufe  the  fign  +  is  to  be  prefixed  to  the  quan-' 

titj  3  Dx'  in  the  compound  feries  F,  we  mull  prefix  the  fame  fign  +  to  th^ 
corr«fpondent  term  Dx'  of  the  fimple  feries  i,  Bx,  Cx*,  Dx^,  Ex*,  Fx>,  &:c, 
and  confequcatly  the  four  fiift  Ferms  of  tbe  faid  dmple  feries  will  be  i  -f  B;if 

*-  Cx'  +  UxK  or  s  -f  -i  *  —  "  XX  +  i-  *»,  on  ^  i  —  —  +  ti. 
3  9  '"  39*' 

And  therefiare,  if  .the  four  foft  terms  of  the  fimple  feries  i,  Bx,  Cx',  Dx*, 

Ejt  ♦,  Fx  *  I  &c,  are  1  +  —  —  22  +  H!^  the  four  firft  ternis  of  tbe  compound  fp- 

rieS  r  (which  is  c(^al  to  the  cube  of  the  faid  fimple  feries)  will  be  t  4-  J  B  x 

•— 0+0,  OTi  4-3  X— X  —  0  +  0,  ari-f-x  —  o  +  oi  which.  a.ii  equal 

41.  The  fifth  term  of  die  iaid  compound  feries  T  is  3  Ex*,  6  BDx*,  3  C^**, 
3  B*C  X*,  or  (prefixing  the  proper  figns  +  and  —  to  the  three  laft  membcri  df 
this  term,  to  wit,  6BD»f*,  3  C*x*,  and  3  B'Cx*,  which  inwlre  wAf  fbt 
co-efficients  fi,  C,  and  D,  which  have  dh-eady  been  Inweftig^tcd)  $Z:if 
+  6  BDx*  +  3  C*x*  -  3  B»Cx*,  or  (becaufe  B  has  been  found  to  be  =  -, 

«Bd  C  hiA  been  found  to  be  =:  — ,  and  D  has  been  found  to  be  =  X)  4  £«« 

9  "* 

*«X-jX^»'+3X-jX^««-3X-J  XJ.X-;"'.  9'  3?,; 
+  5^  »*  +  ^  »*  —  ^  «',  er  3  E»'"+  j2  ,;  Now,  in  vorder  «o  make  iWs 
whole  term,  3  Ex*  -f  |2  x*  (of  which  the  fecond  member  ^f  *  w  fflarked  with 
fbcfgn  +>  be  equal  too,  weimift  fteHx  the  contrary  fi|n  —  to  ks  firft  mem- 
ber 3  £v*,  and  We  miift  lillewife  take  £  of  fucb  a  magmtude .  that  3  Em*  fliail 
be  equal  to  J?  «",  that  is,  we  mall  take  E  =  -i  x  ^  =^.  And,  becaufe 
■Vol.11.    '  a  G  *  ,  the 
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thfc  iSgn  —  is  to  be  prefixed  to  3  Ea:*  in  the  compound  fcriw  r,  it  muftaUbbe 
prefixed  to  the  correfponding  term,  E**,  in  the  fimplc  feries  i,  B*,  C*»^ 
D**,  Ex*,  F«S  &c;  and  confcquently  the  five  firft  terms  of  the  faid  fimple 

feries  will  be  i  +  Bjf  —  C**  +  D*'  —  E«*,  or  i   +  1  *——*#+  i 

5  9  Bt 

'**     4  J.  *       **  ,   I*:      10** 

~   *43       '  "T  3  9  8'  343' 

,    And  therefore,  if  the  five  firft  terras  of  the  fimplc  feries  i,  Bx,  C**,  D*', 

E**,  F«*,.&c,  are:  +  —  — —  +1 I^,  the  firft  five  terms  of  the  com- 

3        9        »i         34J 

pound  feries  r  (which  is  equal  10  the  cube  of  the  faid  feries)  will  be  i  +  3  Bir 
— 0+0—  o,  ori+3X— *— 0+0—  o,  or  I4>j(  —  o  +  o  —  oj. 
which  arc  equal  to  1  +  *. 

22.  And  the  fixth  term  of  the  faid  compound  feries  F  is  3  Fx*,  6  BEx'» 
6  CD«'>  3  B*D*',  3BC'*',  or  (prefixing  the  proper  figns  +  anti  —  to  the 
fecond]  and  third,  and  fourth,  and  fifth  members  of  this  term,  to  wit,  6  BEx', 
6CD*S  3  B'D«',  and  3  BC***,  which  involve  only  the  co-efficients  B,  C,  X>, 
and  £»  which  have  already  been  inveftigated)  jFx^  —  6BEx*  —  6CDx* 
+  3  B*D*'  +  3  BC*«>,  or  (bccaufe  B  has  been  found  to  be  =  — ,  and  C  t» 
be  =  -,indDtobe  =  #,  and  E  to  be  =  — )  3  F*'  —  6  x  -  X  —  «» 

9  ,81  343'  ■^  3         J43 

-fix|x^*»  +  3X^x|x^«'+3X-i  X-^X-i*',  or 
3  Fx'  —  —  *•  -  —  «>  +  -i.  *>  +  JL  *»,  or  3  F*»  -  -^  *•  +  -1  X.*, 

or  1 F*'  —  —  «'.   Now,  in  order  to  make  this  whole  tenn  3  Fx*  —  —  »*- 

**  343  ^  ^43 

(of  which  the  fecond  member  —  **  is  marked  with  the  fign  —  )  be  equal  to  o, 
we  muft  prefix  the  contrary  fign  +  to  its  firft  member  3  F  x' ,  and  we  muft  Itke- 
wife  tjike  F  of  fuch  a  m^nitude  that  3  Fx^  ftiall  be  equal  to  -—  x*>  that  is,  we 

muft  take  F  =  —  x  —-»  or  ^.  And,  becaufe  the  fign  +  is  to  be  prefixed  tc» 
3  F  «'  in  the  compound  feries  F,  it  muft  alfo  be  prefixed  to  the  correfponding 
term  F*'  of  the  Iiinple  feries  i,  B*,  C**,  Dk',  E**,  F**,  &c;  and  confe— 
quently  the  firft  fix  terms  of  the  feid  feries  will  be  i  +  Bx  —  Cx'  +  D«* 

—  Ex*  +  F*',or  I  -h±*  — .!»»  +i.*i  _  i5.;f«  +iL,i  on  +  — 
3  9  8»  '43  7^9  » 

**  J-  iii       ">**    .  ;;** 
"~  9    """   Si  243  729 ' 

And  therefore,  if  the  fix  firft  terms  of  the  fimple  feries  i«  B  x,  €«%  Dx', 

ExSF«',Gj(',H*%&c,arei  +  i  -  i  4.  ^  _  i^i!  +  ilf^,  the  firft 
»  '  '  '       '  'IJ  9    ^   81  a43  7»9 

fiztenns  of  the  compound  feries  F  (which  is  equal  to  the  cube  of  the  faid&riA^ 
8  wiU 


y  Google 


,  „  IB  TMZ  CATB.QF  PXACTK^VAL  PQWBRS.   ,       .  ^iS* 

villf.be  1  +  3B*  —  o  +  0  —  0  +0,  oc  I  +SX— *  —  0  +  0  — 0  +  0, 
Ori'+*  —  o  +0  —  0  +0;  which  are  equal  to  i  +■  *. 

23.  And  in  the  fame  manner  it  will  evidently  be  poffible  to  take  the  following 
numeral  co-efficients,  G,  H,  I,  K,  L,  M,  &c,  of**,  *%  »',  «",  *"*»  *",  &c,  m 
the  «h,  8lh,  9th,  loth,  inh,  12th,  and  other  following  terms  of  the  fimple  fe- 
Hes  I,  B«,C*%D*SE4S  F*',  G«%  H*',  I*',  K*',  L**%  M*",  &c,  of 
fuchmagnitodes,  and  loto  conned:  the  faid  7th,  8ih,  9th,  loth,  i  irii,  izdi,  and 
other  following  terms  of  the  faid  feries  with  its  firll  term  1  by  the  iigns  +  and  — , 
or  by  addition  and  fubtrafbion,  as  to  make  the  whole  of  the  feveoth  term,  and  the 
whole  of  the  eighth  term,  and  the  whole  of  the  nirfth  term,  and  of  the  tenth  term, 
and  of  the  eleventh  term,  and  of  the  twelfth  term,  and  a£  every  following  term, 
of  the  compound  feries  T  (which  is  equal  to  the  cube  of  the  laid  iimple  feries)  be 
equal  to  nothing,  and  confequently  to  make  the  whole  of  the  faid  compound  fe- 
ries be  equal  to  its  two  ftrft  terms  t  +  x.  And  therefore  we  may  conclude  that 
tiure  w  a  certain  infinite  feries  of  the  aforefaid  form,  to  wit,  i,  Bm^  Cx*,Dk*, 
E«*,  F«',  G*%  H«',  I*',  K«S  L*'",  Mx",   &c,   which  is  equal  to 

I  •fx'^  3 »  or  to  V^ji  +  X,  or  the  cube-root  <rf'  the  binomial  quantity  i  +  x. 

<X«  E.   D. 

24.  We  have  now  fhe\vn  that  an  infinite  feries  of  the  foregoing  form,  i,  Bx, 

C**,  DjtS  E**,  F«S  &c,  may  exift,  that  (hall  be  equal' to  1"  +  *]~,  or 
V"  (i+Xj  or  the  fquare-root  of  the  binomial  quantity  i  +  *  j  and  that  ano- 
ther infinite  feries  of  the  fame  form,  i,  B*,  C*',  D*',  E««,  F*',  &c,  but . 
with  different  values  of  the  co-efficients  B,  C,  D,  E,  F,  &c,  may  exift,  that 

I 

(hall  be  equal  to  i  +  xhy  or  \/'  fi  +  x,  or  the  cube-root  of  the  binoitaial 
quantity  1  +  m.  It  remains  that  we  prove  that,  if  «  be  any  other  whole  jiunji< 
ber  whalfoever  greater  than  3,  it  will  always  be  poffible  for  an  infinite  feries  of 
the  fame  form  i,  B;f,  C*S  D*',  E**,  F*',  &c,  to  exift,  that  Ihall  be  eqiftl 

I  ____ 

to  1  +  *)  * ,  or  i/"  \i  +  Xj  or  the  «th  root  of  the  binomial  quantity  i  +  x.     ' 


Of  the  nth  root  of  the  binomial  quantity  i  +  *, 
a^  whole  number  whatjoeoer- 


when  n  is 


45.  Now  the  poffibility  of  the  exiftence  of  fuch  a  feries  in  alt  values  of  the 

index  n  may  be  deduced  from  an  attentive  confideraiion  of  the  two  foregoing 

compound  feriefes  (which  are  equal  to  the  fqtare  and  the  cube  of  the  faid 

fimple  faies  i,  B*,  C**,  D*',  £*♦,  F«*,  &c)  and  of  the  feveral  properties 

i  G  2  *  'of 
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of  flieir  terms- defcribed  above  m  wt.-H,  and  refiiHmg  from  the  naftrt*  of  nttSW- 
plication.  For,  ic  will  appear,  ypon  fuch  a  confideration  of  thofe  feriefes,  thai, 
if  we  were  to  raife  the  faid  fimple  fcries  1,  B*-,  Car',  D*',  E**,  F«','&c,to 
the  fourth  power,  and  to  the  fifth  power,  and  to  the  fiith  power,  and  to  the  fc- 
venth  power,  and  fo  any  greater  number  of  its'  foHowing  powers  whatfoe\'«rt  b^ 
continual  multiplications  of  the  next  preceeding  powers  of  it  into  the  faid  feries 
I,  Bx,  Cx*,  D*%  Ear*,  F*',  &c,  itfelf,  the  obfervalions  contained  ih  art. -8 
would  always  be  true  of  all  thele  powers,  or  produfts,  as  well  a»  of  the  tjwo  for- 
mer atid  las  complicated  compound  feriefes  which  are  equal  to  its  fquare  and 
cube. 


ft6.  And  hence  it  follows  that,  if  tho  ftid  iimple  firries  i;  fir,  Ck*^  Dx*, 
Ex*',  Fff*,  &c,  were  to  be  raifed  to  the  nth  power  (»  being  any  whole  number 
wbatfoev«r)  the  firA,  or  upper,  horizontal  row  of  terms  in  the  compound  feries 
thkc  would  be  equal  to  fuch  »th  power  of  it,  would  be  1,  x&x,  nCx*,  nDx', 
»E«*,  hFjt*,  ^c  a/ flfAttAMf ;  jufl  as,  whens  was  :=  2,  we  have  feen  tfaacit 
was  I,  3  Bx,  2C«*,  %Vt!*t  a  Ex*,  2  Fx>,  &c;  and,  when  u  was  =  5^  «c 
have  feen  that  it  was  1,  3  B*,  3C**,  3D*',  3E**,  3F**,  &c. 

And  it  will  likewife  be  evident  that  the  fecond  term,  or  term  involving  x,  in 
the  faid  compound  feries  will  be  only  a  fmgle  quantity,  to  wit,  nBx,  but  that 
every  fdlowing  term  of  the  fdd  compound  feries  involving  any  of  the  following 
powers  gfx,  to  wir,  xx,  *%  *♦,  *S  **,  **,  &c,  will  be  a  compound  term,  or 
will  confifl  of  two,  or  more,  Angle  quantities. 

And.  sdly,  it  will  be  evident,  that  in  the  third  term,  or  term  involving  'xx 
(which  will  be  the  firil  compound  term,  or  vertical  column  of  terms)  the  capi- 
tal letter  C,  which  entei-s  in  the  highefi;  term  of  the  &id  vertical  column,  ib  wit, 
inthetprm»C**,  will  not  be  contained  in  the  other,  or  lower,  terms  of  the  fame 
vertical  columt*  j  but  the  did  lower  terms  will  only  involve  the  preceeding  ca- 
pital letter  B.    And>  in  like  manner,  the  capital  letter  D,  which  enters  in  the 
high^  term  of  the  nest  vertical  column  of  terms,  involving  *',  to  wit,  in  the 
term  »  D«',  will  not  be  contained  in  the  other,  or  lower,  terms  of  the  fame  ver- 
tical column ;  b\jt  the  feid  lower  terms  will  only  involve  the  preceeding  capital 
letters  B  and  C.     And,  in  like'manner,  the  capital  letter  E,  or  F,  or  G,  or  H, 
&c,  that  will  tnter  in  the  higheft  term  of  any  fubfcquent  vertical  column  of 
terms,  will  not  be  contained  in  the  other,  or  lower,  terms  of  the  fame  vertical 
column ;  but  the  faid  lower  terms  will  involve  only  the  capital  letters  preceed- 
ing the  faid  capital  letter  that  enters  in  the  hi^eft  term  of  the  faid  vertical  co- 
lumn. 

And  therefore,  4tbly,  if  the  magnitudes  of  the  capital  letters  contained  in  any 
given  number  of  terms  in  the  firft,  or  upper,  borizontal  row  of  terms  of  the  laid 
compound  feries,  to  wit,  i,  «  Bar,  »C **,«!)»',  b  E**,«Fflf',  &c,  have  been 
determined,  and  the  figns  +  and  — ,  which  are  to  be  prefixed  to  the  faid  terms 
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ia-  th*  Qiid  horixoBtfd  co^i  have  aJfo  been  determined,  and  conf«;i^eotly  the  £giis 
wbich^are  to, be  prefixed  to  the  corrcfponding  terras  gf  the  fimple  feries  j,  ax, 
C**,  t)x',  E**,  F*S  &c  (which  are  always  the  iame  with  the  former  figns, 
by\arc.  S,  abC  i..).hAve  alCo  been.  determined|,  the  magnitudes  of  all  the  terms  of 
the  next  foUowjng  vertical  colamn  of  terms,  except  the  higheft  term,  will  be. 
thereby  determined;  and  likewife  the  figns  +  and  —  which  are  to  be  prefixed 
to  all  the  faid  terms  <^  the  fakl  next  following  vertical  column  of  terms,  except 
the  btgbeft  term,  will  alfo  be  thereby  determined. 

And  therefore,  5tfaly,  fince  both  the  magnitudes  of  all  the  terms  in  the  laid 
next  vertical  column  of  terms,  except  the  higheft  term,  and  the  figns  +  and  — , 
that  are  to  be  prefixed  to  the  dad  terms,  are  determined,  in  the  cafe  here  fup- 
pofed,  or  when  the  preceeding  terms  of  the  firft,  or  upper  horizontal  row  of  term.? 
I,  »Bjr, »C«^,  »D**,»E**,  «F*',  &c,  and  the  figns  +  and  — ,  that  are  tQ 
be  prefixed  to  dteoi,  have  been  determined,  it,  follows  that  in  the  fame  cafe  tb« 
refidthg  vahu  erf  all  the  terms  of  the  faid  next  vertical  column  of  terras,  except 
the  hfgheft  term,  oc  the  value  refulting  from  the  computation  of  their  feparate. 
values,  and  the  addition  of  thofe  feparatc  values  to  each  other,  or  the  fubtraiftioii 
of  fome  of  them  from  the  otbera,  or  from  the  ftrft  term  i,  of  the  faid  compound 
feries,  according  as  the  figns  -I-  or  —  are  prefixed  to  them,  will  likewife  be  deter* 
mined. 


27.  If  thefe  conclufions  arc  allowed  to  be  juft,  they  will  enable  us  to  provft 
that  the  faid  compound  feries.  (which  is  equal  to  the  Mh  power  of  the  fimple  fe- 
ries 1,  B«,  C«*,  D*',  E«*,  F*S  &c)  niay  be  made  to 
mial  quantity  i  +  '>  ^i^d  confequently  that  the  faid  limpl 
to  be  equal  to  the  sth  root  of  the  faid  binomial  quantity, 
cients  B,  C,  D,  Ej  F,  &c,  of  certain  proper  magnitudes,  j 
fecond,  and  third,  and  other  following,  terms  of  the  faid 
the  terms  B*,  C**,  D*',  E«*,  F«',  Sec,  with  its  firft  n 
and  — ,  or  by  addition  and  fubtraftion,  id  a  certain  proper 
foregoing  conclufions,  if  admitted  to  be  juft,  will  enable  ui 
Htion  in  the  manner  following. 

In  the  firft  place,  let  the  figa  +  be  prefixed  to  the  fecond  term  B 
ilnple£erie>  1,  Bx>  C«*,  Dk',  Ex*,  FxS  &c.  And  it  will  follow 
fecond  term  »  B  x  of  the  compound  feries  which  is  equal  to  the  Hch  powc 
fimple  feries  i,  B*,  C»»,  D*S  Ea^S  F*',  &c,  or  i  +  B*,  Cx* 
£«*,  Fx',  &c,  miift  likewife  have  the  fame  fign  -f*  prefixed  to  it ;  a 
fcquctttly  the  two  firft  terms  of  the  faid  compound  feries  will  be  i  -f-  »  B  v. 

Secondly,  let  us  fuppofe  B  to  be  eqi*d  to  -i-.   Then  will  »Bjfbe=:s>c-^;r 

=:  »,  and  confequently  the  two  firft  terms  i  +  f  B  x  of  thft  compomid  feries 

which 
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which  is  equal  to  thewth  powtr  of  ihe  fimple  fcrics  i  i^Bx,  C,ffS(I>;r^,  £:?■•- .^ 
F*',  &C3,  will  be  I  +  »  X  —  *.  of  I  +  *•  ' 

,  Thirdly,  lince  the  figa  +  is  prefixed  to  the  fecond  term  B*  6f  the  firtiplcfe"- 
ries  I,  Bar,  C*SD*S  E«*,  Fx',  &c,  or  i  +  B:t,  Cx%  T>x>,  Ex%  F**, 
&c,  and  B  has  been  taken  =  to  — ,  let  the  refuk  of  the  value  of  tlie  lower  tero^ 
of  the  firil  vertical  column  of  terms  in  the  fald  compound  feries  (in  which  lffi*cir 
lerm  only  the  capital  letter  B  will  enter)  be  computed,  and  be  marked  with  ins 
proper  fign  +  or  —  ;  and  then  let  the  contrary  fign  be  prefixed  to  »  C  *' ,  or  the 
upper  term  of  the  faid  vertical  column ;  and  let  C  be  taken  of  fuch  a  magnitude 
as  to  make  nCx*  equal  to  the  faid  refult.  And,  ladJy,  let  the  fame  (ign  +■  or 
— ,  which  is  prefixed  to  «C**,  be  alfo  prefixed  to  the  correfpondiog  term., 
C**,  of  the  fimple  feries  r.  Bat,  Cat*,  D*',  E**,  Px',  &c.  And  the  confe- 
quence  will  be  that  the  whole  of  the  faid  vertical  column,  or  third  term  of  the 
did  compound  feries,  will  be  equal  to  o,  and  confequentty  that  the  tiiree  firft 
terms  of  the  faid  compound  feries  will  be  i  +  *,  o ;  which  are  equal  to  r  +■  at- 

Fourthly,  fince  the  values  of  B  and  C  are  now  determined,  and  likewifo  the 
figns  4-  and  — ,  which  are  to  be  prefixed  to  the  tenns  B  x  apd  C  a:  '  in  the  fimple 
feries  l,  B«,  C**,.DAf%  E**,  F*',  &c,  let  the  values  of  the  feveral  lower 
terms  of  the  vertical  column  of  terms  which  involves  *',  and  of  which  the 
highcft  term  is  »  D  * ' ,  be  computed ;  which  will  evidently  be  poffible,  becaufe 
all  the  faid  tower  terms  will  involve  only  the  two  capital  letters  B  and  C,  which 
have  been  already  determined  :  and  let  the  values  of  the  faid  feveral  lower  terms 
be  added  to  each  other,  or  fome  of  them  be  fubtrafted  from  the  others,  or  from 
'  the  firil  term  1  of  the  faid  compound  feries,  according  as  the  fign  +  or  the  fign. 
—  is  prefixed  to  them  ;  and  let  the  refult  of  fuch  additions  and  fubtraftions  be 
marked  with  its  proper  fign  +  or  — .  And  then  let  the  contrary  fign  be  pre- 
fixed to  the  highcft  term,  »D*',  of  the  faid  vertical  column,  which  involves  the 
new  capital  letter  D ;  and  let  the  faid  capital  letter  D  be  taken  of  fuch  a  magni  • 
tude  that  the  faid  higheft  terms  D«>  Hiall  be  equal  to  the  faid  refult  of  the  values 
of  all  the  lower  terms  placed  under  it  in  the  fame  vertical  column.  And,  laftly, 
let  the  fame  fign  which  is  prefixed  to  »  D*',  be  alfo  prefixed  to  the  correfpond- 
ingterm  D*'  of  the  finiple  feries  i,  B*,  C**,  D*',  Ex*,TFx^,  &c.  And  it  is 
evident  that  the  whole  of  the  faid  vertical  column  of  terms  of  which  »D*'  is  the 
highcft  term,  or  the  whole  of  the  fourth  term  of  the  faid  compound  feries  will 
be  equal  to  o,  and  confequently  that  the  four  firft  terms  of  the  faid  compound 
feries  will  be  i  +  *,  o,  o ;  which  are  equal  to  i  +  *. 

And,  in  like  manner,  by  computing  the  feveral  lower  terms  of  the  next  verti- 
cal column  of  terms,  of  which  «  E  »*  is  the  highcft  term,  and  finding  the  refult 
of  them,  and  prefixing  the  proper  fign  +  or  —  to  fuch  refult,  and  then  prefix ■?■ 
ing  the  contrary  fign  to  the  faid  higheft  term  «E«*,  and  fuppofing  E  to  be  of 
fuch  a  magnitude  as  to  make  «E**  be  equal  to  the  faid  refult,  and,  laftly,  pre- 
fixing to  the  correfponding  term,  Ex*,  of  the  faid  fimple  feries  i.  Bat,  C**, 
D*',  E**,  Fa;',  &c,  the  fame  fign  as  was  prefixed  to  the  faid  higheft  tenn, 
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n%**,  of  the  fatd  venial  colomn  involving  x*,  ve  (hall  nuke  the  whole  of  the 
faid  venical  column,  or  the  whole  fifth  term  of  the  faid  compound  feries,  to  be 
equal  to  o,  and  confequently  the  five  firft  terms  of  it  to  be  i  +  *>  0,0,0;  which 
are  equal  toi  +  *. 

And  in  the  fame  manner  it  will  be  poOible  to  affign  certain  proper  magni- 
tudes, or  values,  to  the  following  capital  letters  F,  G,  H,  I,  K,  L,  M,  Sec, 
which  are  involved  in  the  following  terms  F*',  G«',  H*',  Ix*,  K  *•,  L.x'% 
Mar",  &c,  of  the  faid  fimple  feries  i,  Ba:,  C**,  D«S  E**,  Fx',  Gx*,  H«% 
I*',  K»»,  Ljf"*,  M*",  &c  (to  whatever  number  of  terms  the  faid  feries  may- 
be continued)  and  to  conned  the  faid  terms  with  the  firft  term  i  of  the  faid  fe- 
ries by  the  figns  +  and  ^>  or  by  addition  and  fiibtraftion,  in  fuch  a  manner, 
that  the  whole  of  the  fiith  term,  and  of  every  following  term,  of  the  compound 
feries  that  is  equal  to  the  «th  power  of  the  faid  fimple  feries,  or  that  arifcs  by  the 
multiplication  of  the  faid  fenes  »  •—  i  times  into  itfelf,  Ihall  alfo  be  equal  to  o, 
and  confequently  that  the  whole  of  the  faid  compound  feries  fhall  be  i  +  j^,  o, 
o>  o,  o»  o,  o,  o,  o,  o,  o,  &c  ad  it^nitum ;  which  are  equal  to  i  +  x.  And  therefcH-e 
an  infinite  feries  of  the  foregoing  form,  i,  B*,  Car*,  D**,  E»*,  F*',  G*% 

^^^^  I 
H«%  I x'y  K*»,  L*",  Mjt",  &c,  mayexift,  which  fhall  be  equal  to  i  +  x\*, 
or  to  \/'  fi  +x,  or  to  the  nth  loot  of  the  bioomial  quantity  i  +  x* 

(U  s.  D. 
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An  Iweflfgation  of  the  Series 
which  ii.Jet  down  aBoiw  in  Art,  2,  as  being  equal  tt 


I  +  x\m  or  %/"[i  +  X. 

c8.  Let  I,  B«,  C«%  D*',  E**,  F**,  &c,  be  the  fcries  tliat  is  equal  to 

i  +  *1 "  ,  or  x/'  I  +  X;  in  whicJhferies  the  capital  letters  B,  C,  D,  E,  F,  &c,  (land 
for  certain  number*,  or  numeral  co-efficients  of  the  feveral  powers  of  Xy  which  are 
hitherto  unknown,  and  which  it  is  the  o^edJ:  of  this  inveftigation  10  difcover. 
And  further,  fine*  we  have  foen  that  the  iecond  term,  B  x,  of  this  feries,  is  al- 
ways 10  be  added  to  the  flrft  term  i,  let  us  prefix  the  lign  -f-  to  the  faid  fecond 

^       t 
term;  and  then  welhall  have  i  -i-  *1"  =  the  feries  i  -H  B*,  C*%  D*',  E**, 
F*s,  &c. 

29.  Further,  let  all  the  temis  of  the  faid  feries  i  -I-  B«,  C*%  D*%  E**, 

I 
F*',  &c,  except  the  firft,  be  reprefented  by  the  letter^;  fothat  t  +  x\*  Ihall 
be  equal  i  +  jf, 

1 

Then  will  the  gth  power  of  I'-l-  x\  -  be  equal  to  the  ath  power  of  i  +^ ;  that- 
is,  I  +  vwill  be  =  i  +>)'  —  (by  the  bincmial  dKorem  in  the  cafe  of  integral 
powers,  which  has  been  already  demonftrated  above  in  the  lail  tra£t  but  one,  in 
pages  153, 154,  &c,-"  169,)  to  the  feries  I  +  ^y  +  \  y,  '~y*  +  7  X  ^' 

»<  ^V  +  i  X '-=i  X  S^' X -f^.  +  ^  X '-^  X  "-f  X --ri  X --fl 

jr*  +  &c ;  and  conlequencly,  (fubtraCting  1  from  both  fides,)  x  will  be  equal  to 
the  fcrici:,  +  i  X  '-^ij,-  +  i  X  '-f  X  :^'^'  +  i  X  •-=!  X  "-=i  X 
'-^'y  +  tx^'x^x^x  !^j"  +  &c. 

For  the  fake  ofbrerity,  let  the  fmaUleners  e,  d,  €ta.nAfttscc,  be  fubftituted  in- 
fleadofi  X  ^,  -i  X  --^  X^,  f  X  ^  X  ^  X  "-r'""*T  X  ^ 
X  i^  X  i^  X  ^I^,  &c,  refpcftively,  in  the  laft  equation.  And  we  (hall  then 
have  «  =  v  +  O"'  +  '';''  +  O'*  +  ^*  +  &c. 

30.  In  the  next  place  let  the  feries  B*,  C**,  D**,  Ex*,  F**,  &c,  which  is 
equal  tojf,  be  raifcd  to  the  fecond,  third,  fourth,  fifth,  and  other  following 

Vol.  IL  _  a  F  powers. 
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powers,  in  order  to  have  the  values  ofj*',  J'Sj'*,^',  &c,  expreffed  in  the  poneee^a 
of  X.    This  may  be  done  in  the  manner  Allowing. 


J.  =B,, 
J  =B«, 

Cx-,      D«', 
Cr',      Dx', 

£»♦,     F»«,  &c 
Ex',     F«',&c 

BV, 

BC«',    BDx% 

BC*",    C'«4, 

BDrt. 

BE«%  &c 
CD«',  &c 
CD«',  &c 
BE*',  &c 

J  = 

zBC*-,  iBD** 

£■«', 

B«,  C»',  D«', 

,2  BE*',  &c 
2  CD*',  &c 

Sec 

• 

B'C*' 

,  2B'D*',  &c" 

,      BC-*',  &C 

2BC»',  &c 

B?D«',.  &c 

y  = 

B'r-.jB'C*' 
B*,  C«»,  &c 

,  3B'D*',  &c 
3BC'*',.  &c 

B'«' 

,  jB'C*',  ««■ 
B'C*',  &c 

^.  =B'«. 
J.    =B«, 

,  4 B'C*',  &c 
fee 

:  B'  *S8ec 

•  Now  let  theft  values  of j'jjF'ijf*^,  J*-,  jf',&c,  be fubftituted  inftead  ofjf,/,/^ 
7*)  J*'*  &c,  refpcAively,  in  the  equation  ;if  X  wj*  +  f^j"'  +  Jy*  +  ^j"*  +/j^ 
+  &c.    And  we  lhallhay& 


;«B*,       sC**,      trBx';         »E** 

.  »E«' 

fee 

+  tB'«',  2cBC«',    2cBD*' 
2cC-«' 

If  BE*' 
2jCD*' 

fee 
fee 

+  rfB!»',3iB'C*' 

3</B'D«' 
3iBC'«' 

&a 

+  f  B*  *.* 

4«B>C*' 
+  /B'*' 

arc. 

B\'  means  of  this  equation  we  may  determine  the  values  of  as  many  of  the ' 
co-emcients  B,  C,  D,  E,  F,  &c,  as  we  think  proper,  by  proceeding  in  the 
manner  following.. 


is.  To 
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31.  To  find  the  value  of  B,  we  muft  proceed  as  follows.   Divide  all  the  tcnns 
of  this  equation  by  x ;  and  we  Ihall  have 
'»B,  nCx,        nDx 

+  tB'x^   zcBCx 


uE*', 

xF*' 

&c 

2£BD«', 

2fCD«', 

8fc 
&c 

jJB-Cx; 

3dB'Dx>, 
3^BC'«», 

+  «B'«>, 

4«B'C«", 
+  /B'»*, 

&c 

This  equation  is  always  true,  of  how  fmall  a  magnitude  foever  we  fuppofe  * 
ta  be  taken.  And  therefore  it  will  be  true  when  *  is  =  o.  But,  when  x  is  =:  o, 
all  the  terms  that  involve  x  in  them  will  be  equal  to  o  likewifc,  and  confequently 
the  equation  will  be  i  =  »  B.  Therefore  B  will  be  =  — ;  and  cosfequently  the 
two  firfl:  terms  of  the  feries  i  +  B*,  C**,  D*',  E**,  F*',  &c,  which  is  equal 

to  1  +  x] »  will  be  I  +  —  *,  or  I  +  — ,  Qj  e.  i. 

This  value  of  the  co-efficient  B  agrees  with  that  which  we  before  found  for  it 
in  Art.  23,  in  which  it  appeared  that  the  three  firft  terms  of  the.  feries  that  is 

equal  to  1  +  *\«  would  be  i  +  —  —  "■  ~  ^  xx,  or  i  +  —  —  I'^-^^xx. 

3a.  To  find  the  value  of  C,  the  co-efficient  of  the  third  term,  C**,  of  the 

faid  feries  i  -(-  B*,  C*",  Dat',  Ear*,  F*',  &c,  which  is  equal  to  i  +  x]~,  and 
tikewlfe  to  determine,  which  of  the  two  figns  +  and  —  is  to  be  prefixeid  to  the 
faid  term,  or  whether  the  fjud  term  is  to  be  added  to  the  two  foregoing  terms 
I  -f-  B  X,  or  I  +  — ,  or  to  be  fubtraited  from  them,  we  mud  proceed  as  follows. 
Since  i,  which  forms  the  left-hand  fide  of  the  equation  obtained  in  Art.  31, 
is  equal  to  «  B,  which  is  the  firft  term  of  the  upper  line  of  terms  on  the  right- 
hand  fide  of  that  equation,  it  follows  that  all  the'other  terms  on  the  right-hand  fide 
of  that  equation,  taken  together,  muft  be  equal  to  o ;  that  is,  the  compound  feries 
nC Xf         H D k',  « E «',  » F «*,  &c 

+  fB**,     2rBC*',     zfBD**,      zcBEx*,  &c 
2£C**S     2fCD**,  &c 
-J- rfB'**,  3^B*C*»,   3</B'D**,  «Ec 
3rfBC**,  &c 
+  #B*)r',  4tfB>  C**,  8ec 
-H/B***,  8tc 
will  be  rr  o  J  that  is,  fome  of  the  terms  of  this  feries  muft  be  fubtra<aed  from 
the  others,  and  the  fum  of  thofe  that  are  fo  fubtrafied  muft  be  equal  to  the  Cum 
of  the  other  terms  from  which  they  are  fubtraded. 

2  F  2  J^om^ 
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Now  let  all  the  terms  of  this  compound  feries  be  divided  by  x.  And  it  is 
evident  that  the  terms  that  were  fubtrafted  from  theodiers,  and  which  were 
equal  to  them  before  fuch  diTifion,  will  ftill  be  equal  to  them  after  it.  There- 
fore the  new  feries  that  will  refult  from  fuch  divifion,  will  ftiil  be  =  o  i  Aat  is,, 
the  compound  feries 


»c. 

«D«, 

»E«»,           »F«' 

Sec 

+  <:B% 

2tBC», 

2tBD«',      2cBE«> 
2cC'«',      icCDxf 

&c 
&c 

+  ^B- «, 

3i/B'C»",   jJB'Dx' 
3JBC-:,' 

&c 
&c 

Hf  »B<»V   4«B'C«> 
+  /B'«. 

&c 

will  be  =  o^  And  this  equation  will  be  true  in  all  the  poffible  magnitudes  of 
X  i  and  therefore  It  will  ^fo  be  true  when  x  is  =  o.  But,  when  x  is  =  o,  all 
the  terms  of  the  faid  feries  that  involve  w  in  them  will  be  equal  K>  o  Ukewife,. 
and  the  whole  feries  will  be  reduced  to  the  two  terms  -hQ  +  c  B*..  Therefore- 
thefe  two  terms  » C  +  c  B  *  will  be  r:  o ;  and  confequently  »  C  mufl  be  fubtraded. 
from  «  B*,  and  marked  with  the  fipi  —  For,  if  it  were  to  be  added  to  e  B', 
it  would  not  be  poflible  tbatsC  +  cB*,.  (whichon  that  fuppoGtion  would  mean, 
the  fum  of  the  two  quantides  »C  and  cB*)  could  be  equal  to  o.  Therefore  irC 
muft  have  the  fign  —  prefixed  to  it;,  and  confequently  the  third  term,  C«*,  of 

t 

tire  affumed  feries  I  +B.x,  Cx*\  D*»,  E**,  F**,  &c,  which  is  =  i  +  x\~t 
(from  which  third' term  the  faid  quantity  nC  has  been  derived  by  muhiplication- 
and  divifion  in  the  couHe  of  this  invelligatian,)  muft  likewife  have  the  fign  — 
prefixed  to  it,  and  mud  be  fubtraded  ^om  the  two-former  terms  i  -]-  Bx,  or 
I  +  — ;  fo  that  thcthree  firitterrasof the  fiud.aflumed  feries,  which  is, equal  tO' 

1  +  *1 » ,  will  be  1  +  B*  —  C**,.or.  I  +  —  —  C*»., 

And,  for  determining  the  m^nitude  of  the  co^efficient  C,  we  (hall'  have  thc' 
equation  —  »C+  f  B'  =  o;  whence  cB*  will  be  =  »  C,.  and  C  will  be  =  —  x 

'B-  =  T  X  f  X  =^  X  B-  =  ^  X  B-  =  ^  >^1^  ='^  x""!:- 
Therefore  the  three  firft  terms  of  the  affumed  feries  i  +  B*,C**,  Dx',  E«*,, 

F*S  *tc,  which  is  equal  to  i  +  *1«",  will  be  i,  +  —  — ^  x  ^^—^  **»  or  i  +■ 

—  A  *  —  p^  B  XX.  <K  K.  I. 

J3.  To  find  the  value  of  D,  the  co-efficient  of  D*',  the  fourth  term  of  the 

aiTiimcd  feries  i  +  B*,  C.v*,  D*S  E**,  F*',  &c,  which  is  equal  i  +  x]", 

and 
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»c. 

nDx, 

»Ex', 

«F«" 

&c 

+  ^B-. 

2<BC*, 

2fBD«', 

2tC'«% 

2<:BE»> 

Sic 
Sec 

+  ^B'*, 

3^B'C»-, 

3,/B'D«. 
3</BC"«' 

&c 

+  <B'«', 

4«B>C«> 
+  /B'x' 

&c 

«nd  to  determine  whether  the  fign  +  or  the  fign  —  is  to  be  prefixed  to  the  faid 
fourth  term,  we  muft  proceed  as  follows. 

In  the  courfe  of  the  laft  article  we  obtained  the  following  equation ;  to  wlt^ 


=  o. 


And  it  was  alfo  found  in  the  laft  article,  that  the  term  s  C  in  this  equation  was 
to  have  the  fign  —  prefixed  to  it.  Therefore  the  terms  icBCx  and  3  </  B* 
Cx*,  and  4^B'  C*',  in  the  fame  equation,  (which  contain  the  fimple  power 
of  C,  or  are  produced  by  multiplications  into  C,)  mufl:  likewife  have  the  fign  — 
prefixed  to  them;  but  the  termsZfC***  ands^BC**',  (which  contain  the- 
bjuare  of  C,)  muft  have  the  fign  +  prefixed  to  them,  becaufe  —  C  x  —  C  is- 
=  +  C*.  Therefore,  if  theie  feveral_tenns  have  their  proper  figns  prefixed  c* 
tbeitif  the  faid  equation  will  be  as  follows  i  to  wit, 

—  aC,  fiDx^  »E*",  Mfx\  &c 

+  fB»  — 2fBC*,        2fBD*S  afBE*',  &c 

+ ieC*x\         acCD*S  &c 

+  3  JBC*«»,  &c 

+  e'B^x*  —  4*  B»Ca:'^  &c 

+  /B»*S  &c 

But  it  has  been  aTfo  fiiown  in  the  laft  article,  that  —  »  C  +  r  B^  is  =:  o^ 
Therefore,  if  we  drop  thefe  two  terms,  the  remaining  terms  on  the  left-hand  fide; 
of  the  equation  will  ftill  be  equal  to  o ;  that  is. 


'will  be =• 


And,  if  we  divide  all  the  terms  on  the  left-hand  fide  of  this  equation  by  x,  the 
equation  will  ftill  be  true,  or  the  terms  on  the  left-hand  fide-  of  it  will  ftill  be 
•qual  to  o,  or  thofe  of  the  laid  terms  which  are  marked,  or  to  be  marked,  with 
the  fign  — ,  and  are  to  be  fubtrafted  fi'om  the  other  terms,  will  ftill  be  equal  to 
the  terms  &Qm  which  they  are  fubtra^ed ;  and  therefore  the  equation  will  be  as 
follows,  to  wit. 


»D*, 

»£«•, 

»F*> 

&c 

-2tBC«, 

2f  BD«*, 

2cBEx> 

&c 

+  icC'x', 

2«CD«' 

&c 

+  i<B'» 

-iJi'Cx', 

iJS'Dx' 

&c 

+ 

iJSC-x' 

&c 

+  eE*  X' 

4rB>C«' 
+  /B>««, 
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»D,  nEx,  »F«',  &C 

-jtBC,        2cBD»,         aeBE»',  &c 

+  2tC-«,  a^CD«S  &c 

+  </B"  —  s^B'Ca',      3.;B"D«',  &C 

+  jJSC'x',  &c 

+  tB'»  —  4«B=  C«",  &c 

+  fB>x',  &c 

And  this  equation  will  be  true  in  all  the  pollible  magnitudes  of  x  :  and  there- 
fore it  will  alfo  be  true  when  *  is  =  o.  But,  when  «  is  =  o,  all  the  terms  that 
involve  *  will  be  equal  to  o  hkewife,  and  confequentiy  the  equation  will  be  a  D 

—  2fBC  +  (/B*  =  o.    Therefore,  by  adding  2  f  BC  to  both  fides,  we  fluU 

have  »D  +  rfB'  =  2f  BC,  that  is,  (becaufe  </is  =  —  x  '^^  X  ^— ^  =  f  X 

Irij.D  +;=i  X  fB'  =  2<-BC,  or  (becaufe  Bis  =i)i>D  +  IZl  x  £  X 
3  3  "3 

-i-  =  2  <  X  ^  X  C,  or  (becaufe  C  is  =  -^  x  ~)  »  D  +  ^^   X  c  x -^ 

-  ic  X  -^  X  ^  X  '-^,  or  »  D  +  ^^^  x-^x^  =  ^X-i-X«,  or 

«D+  -2-^  X  f  =  ^^  X  f  =  ^^^  X  f,  and  (adding  -^  X*  to  both  fides.) 

«  D  +  Ili-i  X  f  =:  -^  X  c.     Now,  becaufe  » is  a  whole  number,  and  confe- 
3»»  3«'  * 

quently  greater  chao  i,tt  +  H  muft  be  greater  than  n  +  i,  that  is,  2  »  muft  be 
greater  than  «  +  i,  and,  ^fortiori,  3  »  (which  is  greater  than  a  «,)  will  be 
greater  than  »  +  i-  Therefore  -^  X  £  wiU  be  greater  than  ^^— ^  X  f ;  and 
confequentiy,  to  the  end  that  m  D  +  ^— ^  X  t  may  be  equal  to  -^  X  c,  it  is  ne- 
ccflary  that  BDftiouid  be  added  to  i—^  X  c,  and  not  fubtrafted  from  it.  We 
muft  therefore  prefix  the  fign  +  to  »  D,  and  confequentiy  to  the  fourth  term, 
D**,  oftheaffumedferies  i  +  B«,  C**,  D*^  E**,F*»,  &c,  (which  is  equal 

to  I  -f-  *:] " ,)  from  which  fourth  term  the  term  n  D  was  derived  by  the  opera- 
tk>D5  of  multiplication  and  divifion  in  the  courfe  of  this  inveftigation.  There- 
fore the  four  firft  terms  of  the  faid  feries,  which  is  equal  to  i  +  *|« ,  will  be  i  -f- 

B*  —  C**  +  D*',  or  I  H X  ——  +  ^^  xx  +  D*' ;  which  was  oncof 

the  points  we  were  to  determine. 

And  to  detemune  the  magnitude  of  the  co-efficient  D,  we  fliall  have  the  faid 

equation  +  » D  +  ^^  x  c  =  -^  X  f ;  whence  « D  will  be  ==  -^  X  f  — 

1^  X  c  =  i^  X  c,  or  (becaufe  f  is  =  -^  x  ~i)  «D  wiU  be  =  ^ 

x« 
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X  Y  **  ~7~  ~   •.^~  ^  ~~  ==  -~~  X  -~- >  ^^  confequently  D  will  be 
=  ^^^  X  ^  X  ^  =  ^^~-  X  C.     Therefore  Dx',  or  the  fourth  term  of 

'  I 
theferies  i  +  B*,  Csr*,  D;f',E**»  F^S  &c.  which  is  equal  to  i  +  x]" ,  will  be 
—  X  ^-^  X  — "■"■    «%  or  '*"'  C  ff' ;  and  confequentty  the  four  firft  terms  of 
the  faid  feries  will  be  i  +  ■ 


.*--X 


-  XX  +  - 


.  +  4A«-Pf^B« 


5" 


:^C. 


<(..   E.   I. 


34.  By  reafofting  in  the  fame  manner  as  in  the  foregoing  articles  on  the  equa- 
bon  obtaiaed  in  the  lalkaitide^  to  wit,  the  equation 

«D.  »E«,  nF*',  &c 

—  2cBC,         ifBDiC,  xcB%x',   &c 

+  zcC'x,  2cCDx',  &C 

■iJK' —3dn-Cx,      jiiB'Dx',  &c        =0, 

+  jiBC'j;',  &c 

+  iB'x  —  4«BjC»',  &c 

+  /B'«*,  &c 

or  (if  we  prefix  thefign  -f  to  the  terms  «D,  zrBDxj  and  3</B'D**,  ^dthe 
fign  —  to  the  term  2  f  CD**,)  the  equation- 

+  »D,,  ttEUf  »F**,  &c 

—  lcBC  +  2(BD«,       2tBE«-,  &c 

+  itC'»  —  2f  CD*',  &c 

+  ^B'  —  3./B'C« +3./B'D«',  &c       =0, 

+  sJBC'x',  &c 

+  iB'x  —  4«B'C«',  &c 

+  /B'»',  &c 

we  may  obtain  the  two  following  equations  for  the  determination  of  the  values  of- 
£  and  F,  and  of  the  ligns  that  are  to  be  prefixed  to  them ;  to  wit,  the  equauon 
«E  +  icBD+ atC"  —  j^B'C  +<B*  =  o, 
oriiE+ 2cBD  4-  2£C'  +  <B'  =.3iB"C, 
for  the  determination  of  E ;  and  the  equation 

nF— 2rBE-  zcCO  +  jJi-D  +  ^JSC' 

—  4<B'  C  +/B'  =  o,  or 
»F  +  3,iB'D  +  3.iBC'  +/B'  = 
2  r  BE  +  2c  CD  +  4  *  B'  C,  for  the  determination  of  F.     But  the  labour 
of  lefolving  thefe  equations  by  fubitituung  in  them,  ioAead  of  the  fmall  letters 

<»  ^t  'ift  their  refpedive  values,,  to  wit,  ~  x  ^— ,  -^  X  ^y~  ^  ~~~~» "~  ^ 
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iZi  X  ^!-=^  X  ^^^,  and-x^^^x!^^^x!^^X  ^1-=^,  and,  inftead  of 
»34  *^34S 

the  capital  letters  B,  C,  D  and  E,  their  refpeftive  values,  to  wit,  — ,  —  X  ^-^t 

—  X  ^^^  X  --■---,  and  —  X  ^-^  X  ^^^-^  X  ^*~'  (for  this  laft  quantity 
will  be  found  to  be  the  value  of  E,)  will  be  found  to  be  very  great;  more  efpe- 
cially  in  the  latter  equation,  by  which  the  value  of  F  is  to  be  determined.  And 
in  the  inveftigation  of  the  following  co-efficients  of  the  powers  of  *,  to  wit,  the 
co-efficients  G,  H,  I,  K,  L,  &c,  the  intricacy  of  the  calculations  becomes  fo  ex- 
ceiTive  as  to  make  the  difcovery  of  thefe  co-efficients  in  this  method  become  ab- 
folutely  imprafticable. 

35.  And  further,  if  this  method  of  inveftigating  the  values  of  the  co-efficients 
of  the  terms  of  the  feries  i  +  Br,  Car*,  D*%  E**,  F*',  &c,  and  the  figns 
that  are  to  be  prefixed  to  them,  was  not,  after  the  firft  four  or  five  terms,  fo  ex- 
ceedingly troublefome  as  foon  to  become  imprafticable,  it  would  ftill  be  liable 
to  another  objedion.  For,  to  whatever  number  of  terms  we  had  carried  the  in- 
veftigation,—as,  for  example,  if  we  had  difcovered  twenty  terms  of  the  faid 
feries, — it  would  ftill  be  impoffible  to  fee,  from  this  method  of  obtaining  thefc 
terms,  that  the  next,  or  twenty-firft,  term  (which  we  had  not  aftually  invefti- 
gated  by  refolving  the  fimple  equation  that  belongs  to  it,)  would  obferve  the 
Tame  law  of  generation,  or  derivation  from  the  preceeding  terms,  which  had 
been  found  to  take  place'  amongft  the  twenty  terms  which  had  been  inveftigated : 
fo  thAweftiouIdnot.be  able  to  difcover  with  certainty  any  more  terms  of  the  faid 

I 

feries  i  +  Ba:,C*',D«',  E**,  F*',  &c,  (which  is  equal  to  i  +  x]' ,)  than 
we  ftiould  aftually  have  inveftigated.  And  diereforc  1  -fliall  dwell  *no  longer  on 
the  foregoing  method  of  invefttgating  the  values  of  thefe  co-efficients,  but  (hall 
proceed  to  explain'  another  method  of  inveftigating  them,  which  will  be  both 
much  eafier  to  praflife  in  the  few  co-efficients  we  may  think  it  neceflary  to  in- 
veftigate,  and  will,  from  the  fimplicity  and  regularity  of  thefeveral  fimple  equa- 
tions involving  the  co-efficients  C,  D,  E,  F,  Sec,  by  the  refolution  of  which  the 
values  of  thofe  co-eiEcients  are  to  be  determined,  enable  us  to  perceive  thw  the 
law  of  the  generation,  or  derivation,  of  the  faid  co-efficients  one  &om  anc»her, 
which  takes  place  in  the  firft  four  or  five  terms  which  we  ftiall  have  adually  in- 
veftigated, muft  Itkewife  take  place  in  all  the  remaining  terms  of  the  feriesj  to 
whatever  number  they  may  be  fuppoTcd  to  be  continued. 
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Anotbtr  Invefitgation  of  the  Series 
*'  -  T  X  ^  X  '-^  X  ii^  «'  +  7  X 

»  —  I         an  —  1         5«  —  I         411  —  I     ,         o~ 

—  x-7r-x^xi^^«'-&c, 

or,i+-A*-|SB«'  +  iimCv"  — 

xohicb  is  equal  to  i  -f  x\m ,  er  s/'  i  +  ar;  jJj"  wi/f^ 
/i^  /i3a»  0/  the  contimation  of  the  co-effuients  A,  B, 
C,  D,  E,  F,  G,  H,  I,  K,  L,  (^c,  will  he  of  parent. 


36.  In  the  courfe  of  the  foregoing  inveftigatlon  of  the  fcries  that  is  equal  t& 
I  ^  xt"  ,  or  v^'  1  +  *>  of  which  we  have  found  the  four  firft  tenns  to  be  i  + 
7*  -T  ^  *"7r*-*^  +  7  ^  ""ir  >*  ^TT^*''"''^  4.  i.  Aff—  P^Bar* 
a.  '*"' '  C*S  the  principal  difficulties  that  we  had  to  encounter  related  to  the 
difcovery  of  the  third  and  fourth  tenns  2^^B**,  and^^-^C*';  of  which  the 
former  is  to  be  marked  with  the  fign  — ,  or  to  be  fubtrafted  from  the  two  firft 
terms  i   +  —  A*,  or  i   +  —  «;  and  the  latter,  to  wit,  — ■■"-  C«»,  is  to  be 

n  »  3" 

marked  with  the  fign  + ,  or  to  be  added  to  the  faid  two  firft  terms.     But  it  was 
clear  beyond  a  doubt,  both  from  the  faid  foregoing  inveftlgaiion  and  from  the 

three  preliminary  obfervations  in  art.  21,  22,  23, 26,  that  the  two  firft 

terms  of  the  faid  feries  would  be  1  and  —  *,  or  — ,  and  that  the  fecond  of  thefe 
terms  is  to  be  added  to  the'firft ;  and  alfo  that  the  form  of  the  faid  feries  (which 

is  equal  to  1  +  *!"  >  or  v^"  1  +  *)  would  be  i.  Bar,  C;fS  D*',  E**,  F.v% 

&c,  or  1  H *,  C**,  D*',  E**,  Far',  &c,  in  which  ihe  feveral  powers  of  a: 

follow  each  other  in  their  natural  order,  without  any  interruption.    We  may 

therefore  aflumc  it  as  a  truth  fufficiently  afcertained,  and  a  legitimate  ground- 

VoL.  II.  a  G  work 
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work  of  the  mveftigation  we  are  dow  goii^  to  explain,  •*  that  i  +  arl",  or  \/« 

"  I  +  *,  will  be  equal  to  the  feries  i  H x,Cx*y  Dx'y  £*♦,  Fx',  &c."    This 

being  premifed,  the  faid  inveffigation  will  be  as  follows. 

37,  It  having  been  proved  in  art.  21,  tl,  23,  —  ->-  26,  that,  if  *  is  of  any 

magnitude  lefs  than  i,  the  quantity  1  +  *1» ,  or  \/'  1  +  x,  will  be  equal  to 
the  feries  1  -i-  —x,Cx*,  Da:',  E**,  F*',  &c;  it  follows  that,  if  >  be  any 

t 

quantity  greater  than  x,  but  lefs  than  1 ,  the  quantity  i  +  y] « ,  or  v^"  1+7, 

I 
will,  in  like  manner,  be  equal  to  the  feries  I  +  '  y,Cy*,'Dy*j'Ey*fFy'y  tec. 
Now  let  d  be  equal  to  the  difference  by  which  y  exceeds  «,  fo  that  x  +  d  fhall 

be  rr  J* ;  and  let  *  +  ^  be  fubftituted  inftead  of  y  in  the  !aft  equation  i"  +  y]* 
=  I  +  ~yiCy*yDy^iEy*,Fy'y  Sec.  And  we  Ihall  then  have  i  +  *  +  rfl"" 
=  the  feries  i  4-  —  X  *  +  <^,  C  x  *  +  d\%  D  X  x  +  d\',  E  xTT^*, 
F  X  *  +  rflS  &c  =  the  feries  i  +  -i  x  x  +  d,  C  X  xx  +  ixd  +  dd,  D 


X  *^  +  3x*d  +  $xd'  +  d',  Zx  X*  +  4x'd  +  6«'^»  +  4*<^'  +  d\ 
F  X  *'  +  5x*d  +  lox'd^  +  io«"</^  +  Sxd*  +  d't  &c  =  the  com- 
pound feries 

1  +-l,v,      C*%      D*',         E*S  Fit',  &c 

+  — </,  7.Cxd,  3D«»i/,    4E*'^,        5F)f*</,  &c 
Crf%  3D;e(/%    6E*»</*,    ioF*^</%  &c 
D^S      4E*rf',     ioF*»rf%  &c 
Erf*,        5  F*rfS  &c 
FrfS  &c. 

38.  Let  /  be  r:  I   +  *  J   and  we  (hall  have  /+</=!  +*  +  </,  and 

'        1.  ( 3" 

/  +  d\n  =  1+7+^1" .    But,  becaufe/  +  rf  is  =  /  X  [1  +  y»  "  follows 

that/  +  ^1"  wiUbe=/»  x  1  +  •^"  ■  B"'»  becaufe  i  +  *t"  is  equal  to 
the  feries  i  +  ^  *,  C  **,  D*',  E«*,  F  *»  &c ;  it  follow!  that  1  +  jpwill, 
in  like  manner,  be  equal  to  the  feries  i+— x.-rr,  C  x-f,D  xyj,E  x 
|\-,F  x"!]',  &c  =  .  +  i.  X  ;i,  C  x"^,  D  X  ii,  E  X  ^,  F  X  |i. 
6  «c. 
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Uc.  Therefore/  «  x  i  +  y\»  will  be  =/  '  x  the  feries  i  +  ~  X  y* 
C  X  ;^,D  x-^.E  x^,  F  x---,  &c=  the  feries/ T+i.  x/~X 
J,  C  x/Tx^,Dx/T  x^,  Ex/T  X  ^,F  x/~  X  ^,  &c. 

t  -._!_ 

ThereTore/  +  </l«  (which  is  =/—  X  i  +  y  "  )  will  alfo  be  equal  to  the 
feries/  •+-i-X/-  Xj,Cx/«  X-^,  Dx/*  x|r'Ex/-  X 
■^,  F  X/«  X -^,  &c.    Therefore,  if  we  fubftituce  i  +  *  in  this  laft  equa- 


tion inftead  of/,  to  which  it  is  equal,  we  (hall  have  i+*+5|"  :=  the  feries 


I  +  x\'  +  -J-  X  I  +  «1"  X  ^-^,  C  X  I  +  *)•  X  ==r,D  X  I  +  «\"  X 

I?'  ^i.        J*  , '         </» 

J-;—,,,  E  X  1  +  »1«  X  — —,.,  F  X  I  +  *1«  X     .    ,.,  &c. 


39-  But  it  has  been  Ihewti,  in  art.  37,  tlut  i  +  x  +  it[>i  is  equal  to  the 
compound  feries 

i+.i-«,       C»S      D*',        E«*,  F«S  &c 

+  — </,    iCxd,   jDx'J,  4Ei"^,       jFx'J,  &c 

C^',    3D»i',  6E«'i',   ioF«'<;',  &c 
DJ',     4E*i',     ioF«'<;',  &c 
El/',         5F«i/',  &c 
F^S  &c. 


Therefore  the  feries  l  +  *1*   +  "7  X   i#+  *]«    X  ttt^j  C  X  i  +  *)»   X 

J.  Ji  .i. 

,  D  X  I  +  «1«  X  =^,  E  X  r+«|«  X  = 

,  &c  will  be  equal  to  the  faid  compound  feries 


j=j;,  D  X  I  +«!«  X  =^,  E  X  m.  X  f^„  F  x  i  +  »)-  X 


i+.i»,      C»%        DC, 


E*>, 


Sic 


+  ■1-1/,    iCxJ,   iDx'd,    4E*"i4      jF»»i,  &c 
C</',    3D»</',    «E«-i>,  ioF»'i',  «re 
D</«,      4E»i/',    loFx'd',^": 
£</«,         s^xil',  &c 
F./',  &c. 
a  G  a  Therefore, 
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Therefore,  if  we  fubtraft  i  +  x\»  from  the  left-hand  fide  of  this  equation,  and 
theferiesi  +  -«,  C*%  D*',  Earr,  Fa',  &c  (which  is  equal  to.  i  +  *}^,> 

/ 1.         J 

from  the  right-hand  fide  of  it,  we  Iliall  have  the  feries  —  X  i  +  x]^  X  7^1. 

,J_         J*  , 1.  d*  ,-L  d* 

C  X  rT^»  X  ==^^  D  X  I  +  *1«  X  =^,  E  X  1  +*1"  X  =j;, 

—        d> 
F  X  i' '+  x|»  X  =— ^,,  &c  =  the  compound  feries 

-d,    zCxd,  3D**i/,    4E«'*/,       sFx'd,   &c 
C^S   3D*<i%    6Ex*d',    loFx'd",  &c 
D</S       4Eff<f',      loFx^d',  &c 
E^S         5F*</*,  &c 
F</',  &c; 
and,  if  we  divide  all  the  terms  by  d  (which  is  involved  itt  every  term  on  both 
fides  of  this  equation),  we  (hall  have  die  feries 

i.  ,  ,±  d  ,i  <P 

-  X  TT^"  X  ^,  C  X  r+n^"  X  f^Tft'  D  ^  »  +  *■"  X  f=|T.  E 

^         4%  ^  d* 

X  I  -4-  4»  X  =u(  F  X  1+^"   X  -^'-j;,  &c  =  the  compound  ferici 

i-,     aCr,     3D*',    4E«',  fF**,  &c 

Cd,     ^Dxdj    6Ex*d,     loFx^d,  See 
Dd%     4Exd*y     loFx^d^,  &c 
Ed',        ^Fxd^,  &c 
Fd*,  &c   ■ 

40.  This  equation  is  always  true,  how  finall  foever  we  may  fuppofe  d  to  be. 
And  therefore  it  will  alfo  be  true  when  i^  is  =  o.  But,  when  d  is  =.  o,  all  tht 
terms  in  the  equation  that  involve  d  will  be  equal  to  o  likewife ;  and  confe-    • 

t 

quenily  the  equation  will  then  be  as  follows,  to  wit,  —■  X  i  +  *1»   X  ~-  ^ 

the  feries  — ,  2C*,  3D**,  4E*',  5F;f*,  &c.    Therefore,  if  we  multiply  all 

the  terms  of  this  equation  by  n,  we  (haU  have  i  4-  «■!•  X  j~  =  the  feries  1, 

a»C*',  3»Da:*,  4»E*S  5»F*',  &c;  and,  if  we  multiply  both  fides  of 

1 

this  laft  equation  by  1  +  *,  we  ftiall  have  i  +  *|»  =  the  compound  feries 
1,    2nCx,    3«D*',    4»Ejf',   5»F**,   &c 
+     X,    affCjf*,  3»D«%  4»Eir*,  &c 

41.  But 
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4t.  But  1  +  x]"  is  equal  to  che  feiies  I  +  — -v,  Cs;*,   D*',   E«*,   F*% 

Htc.    Therefore  the  feries  I  +  —;?,  Cff*,  Da-*,  E**,  Fm',  &c,  will  be  equal 
to  the  compound  feries 

I,  2hCx,  3»D.t*,  4bE.v',  5«Fx*,  &c 

+      Xf    2»C«S  3»D«',  4»E**,   &CJ 
and  confequently  (fubtradting  i  from  both  fides  of  the  equation)  we  fliall  have 
the  feries  —  *,  C**,  D«',  E**,  Far',  &c  =  the  compound  feries 
2nCx,   3hDa:*,  4»E*S   ^nFx*,   &c 

+    X,    zbC*',  ^bDx',   4»EAr*,  &c ;  and, 
laftly,  dividing  all  the  terms  by  x,  wc  ftiall  have  the  fimple  feries  — ,  C*^  Dx', 
Ejf',  F«*,  &c  =  the  compound  feries 

2»C,    3hD*,    4»Ear*,  jhF*',   &c 

+  I,    ittCx,  3»Da:*,  4»EAr',    &c ; 
by  the  help  of  which  equation  we  may  determine  both  the  values  of  the  feveral 
coefficients  C,  D,  E,  F,  &c,  of  the  terms  C^S  D*»,  Zx*,  Fx',  &c,  of  the 
aflumed  feries  i  +  B*, C*%D*S  E**,  F*',  &c»  or  i  +  —  *,  C**,  Da;*, 

I 
E**,  Far',  ice,  which  is  equal  to  i  +  arl* ,  and  the  figns  +  and  —  that  are 
to  be  prefixed  to  the  faid  terms  refpeftively,  by  reafonings  fimilar  to  thofe  ufed 
in  the  former  invcftigation,  in  deriving  the  values  of  the  co-efficients  B,  C,  and  D 
from  the  much  more  complicated  equation  obtained  above  in  art.  30.  This 
may  be  done  in  the  manner  following : 

42.  In  the  firft  place  we  may  determine  both  the  llgn  to  be  prefixed  to  the 
term  C**  in  the  feries  i  +  —  ar.  Car*,  D«*,  E**,  F*',  &c  (which  is  equal 

I 
to  I  +'ar)» ),  and  the  magnitude  of  the  co-efficient  C,  by  proceeding  as  follows. 
The  final  equation  obtained  in  the  laft  article,  to  wit,  the  equation  between 
the  fimple  feries—,  C*,  D*%  E*^F.v*,  &c,  and  the  compound  feries 

2sC,  3»D*,  4!»E**,  5«F*',  &c 
+  I,  2hC*,  3»D**,  4»Ea:*,  &c,  is 
always  true,  how  fmall  foever  we  niay  fuppofe  *  to  be.  And  therefore  it  will 
be  true  when  *  is  =:  o.  But  when  *  is  =  o,  all  the  terms  in  the  foregoing 
equation  that  involve  *  in  them  will  be  equal  to  o  likewife ;  and  the  faid  equa- 
tion will  confequently  then  be  -I-  =  2 » C,  -f-  i,ot—  z:  i,  2 » C  ;  that  is,  — 
win  be  equal  to  i,  together  with  2  «  C  cither  added  to  it,  or  fubtrafted  from 
It,  as  may  be  neceflary  to  produce  the  faid  equality.  But,  becaufe  »  is  a  whole 
number,  —  mull  be  lefs  than  i,  and  therefore  cannot  be  equal  to  i  together 

with 
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with  2  »  C  added  to  it ;  therefore  it  mud  be  equal  to  i  with  2  »  C  fubtrai^ed 
from  it.  Therefore  the  terra  2  B  C,  in  the  equation  —  =  i,  2  »  C,  muft  have 
the  fign  —  prefixed  to  it :  and  confequently  the  terms  znCx  and  C  x,  in  the 
final  equation  obtained  in  art.  41,  and  Cx*,  the  third  term  of  the  feries  i  + 

—  .V,  C**,  D;f',  E**,  Fa;',  &c  (from  which  third  term  the  term  2  » C  haj 
been  derived,  by  various  multiplications  and  divifions,  in  the  courfe  of  the  prc- 
ceeding  inveftigation),  muft  likew'ifc  have  the  fign  —  prefixed  to  them.  So 
that  the  faid  third  term  C  **  of  the  feries  I  +  — *,  Cx**,  D*»,   Es:*,  F*', 

&c,  which  is  equal  to  i  +  *1«  ,  muft  be  fubtraiStcd  from  the  two  firft  terms  of 
the  faid  feries ;  and  the  three  firil  terms  of  the  faid  feries  will  therefore  be  i  + 
1-  X  ~  Cxx.  .  ojt.  I. 

And,  to  determine  the  magnitude  of  C,  we  fliall  have  the  equation  —  z:  i 

—  2  «  C  ;  wlience  (adding  2  »  C  to  both  fides)  we  fliall  have  —  +  2  »  C  =  i ; 
and (fubtrading-i- from  bodi  fides)  2«C  =  i  —  —  =  ^^i  and  (dividing 
both  fides  by2»)C=^X  -^  =  ^  x  ^,  or  -1  X  ^^. 

Therefore  the  three  firft  terms  of  the  feries  i  +  —  *,  C*',  D*',  E**, 

F«*,  &c  (which  is  equal  to  i  +  *1*)  will  bei  +  —  *  —  —  x  ^^-^**,ot 

1  +  ^  A*  — ]^7~  B**.  Q.  E.  I. 

43.  Secondly,  to  find  the  value  of  the  co-efficient  D,  and  the  fign  that  is  to 
be  prefixed  to  D»S  tlie  fourth  term  of  the  feries  i  +  —  .v,  C*',  D«S  E**, 

t 

F  * '  1  &c,  which  is  equal  to  i  +  x\ » ,  we  muft  proceed  as  follows. 

Since  it  has  been  (hewn  in  the  laft  article  that  the  fign  —  ia  to  be  prefixed  to, 
the  terms  1 »  C  and  znCx  and  C x,  in  the  final  equation  obtained  in  art.  41, 
to  wit,  the  equation—,  Cx,  D«%  E«',  F**,  &c  r=  the  compound  feries 
a«C,    3hD*,   4»Ea'*,    5»F*',    &c 
+  1,     anCx,    3hD**,    4»Ea:',    &rc,  let  it  be 
accordingly  prefixed  to  the  faid  terms  j  and  then  the  faid  equadon  will  be  at 

follows,  to  wit, C*,  D**;,  E*^,  F**,  &c  1=  the  compound  feries 

—  2»C,    3wDjr,    4»E*S    5»F*^,    &c 
4.  1  —  2  sCa:,    3aD**,    ^aEx',    &c. 
Now  let  2  C  X  be  added  to  both  fides  o£  this  equation ;  and  we  fliall  then  have 
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—  +  C*,  D**,  E*5,  Fx*t  &CC  =  the  compound  ferics 

—  2»C,    3«D«,    4«E**,    5»F*',    &c 
+  I  —  inCxf   3»D*%    4»Ej(',    &c. 

+  2C* 
But  it  was  (hewn  in  the  Uft  article  that  —  is  =  i  —  2  »  C.    Therefore,  if 
we  fubtraft  —  and  i  —  2  «  C  from  the  oppofite  fides  of  this  equation,  the  re- 
mainders will  be  equal;  that  is,  the  ferics  -f  C  *,  D*',  E*%  Fx*,  &c,  will 
bt  =  the  compound  feries 

3»Dflr,    4«E«i,     5«F*S    Stc 

—  2«C*,    3»Dji;',    4»E*^,    &c 
+     aC« 

Therefore  (dividing  all  the  terms  by  x)  we  (hall  have  C,  D*,  Ey',  Pj:', 
Sec  =  the  compound  feries 

3»D,  4»E.v,  5«F**,  &c 
—  2»C,  3»D*,  4nEa''^  &c 
+  aC 

This  equation  will  be  true,  how  fmall  foever  we  may  fuppofe  x  to  be.  And 
therefore  it  will  be  true  alfo  when  *  is  r:  o.  But,  when  *  is  =;  o,  all  the  terms 
which  involve  x  will  be  equal  to  o  Hkewife;  and  confequemly  the  equation  will 
beC  =  3»D  —  inC  +  2C.  Therefore,  if  we  add  2  »  C  to  both  fides,  we 
Hull  have  C-j-2»C=:3wD  +  2C;  and  (fubtraAing  C  from  both  fides) 
asC  =:  3ffO  +  G,  or2nC  =:C,  3HD;  that  is,  2»C  will  be  equal  to  C, 
together  with  3  «  D  either  added  to  it,  or  fubtra^ted  from  it,  as  may  be  necef- 
iary  to  produce  the  fajd  equality.  But,  fince  8  is  a  whole  number,  and  con- 
fequently  greater  than  i,  2nC  muft  be  greater  than  C,  and  therefore  can- 
not  be  equal  to  C  with  3  s  D  fubtrafted  from  it,  but  mull  be  equal  to  C  with 
3  »  D  added  to  it.  '  Therefore  the  fign,  +  muft  be  prefixed  to  3  »  D,  and  con- 
fequcntly  to  the  terms  3»D*  and  3wD«*  in  the  Uft  equation,  and  to  the 
term  D**  in  the  final  equation  obtained  in  art.  41  j  and  likewife  to  the  fourth 

term,  D«»,  of  the  feries  i  +  —  *,  C**,  D*',  E:v*,  F«',  &c,  which  is  equal 

to  I  +  «\*  ;  from  which  fourth  term  D**  all  the  other  terms  that  involve  D 
were  derived,  by  the  operations  of  multiplifcation  and  divifion,  in  the  courfe  of 
the  foregoing  inveftigation.    Therefore  the  four  firft  terms  of  the  faid  feries  i 

_____  ' 

—  *r,  C**,  D*',   E**,  F*',  &c,  which  is  equal  to  1  +  *l''j  will  be  1   + 

—  «  —  —  X  ^-^  XX  +  D«',  or  I  +  —  *  —  C*A'  +  D*»,  or  I  +  —  Ajt 

Qi  E.   t. 

And,  to  determine  the  magnitude  of  D,  we  fliall  have  the  equation  a  b  C  = 
C  +  3  »  D  i  whence  3  »  D  will  bc  =  2»C^C  =  as  —  il  x  C,  and  D 

will 
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wiU  be  =  i^^:-^  X  C  =  il^:-i   x  ^^^  X  — ,  or  —  x  ^^^   X  ^^^^. 

3"  3"  an  «  «  >H  3«    ^ 

Therefore  the  four  firft  terms  of  the  ferics  I  +— *,  C*',  Dj:',  E**,  Fx', 

&c,  which  is  equal  to  i  +  x\ "  ,  will  be  i  +  -i-  .v  —  ^  X   ~^  xx  +  ~  x 

1^  X  '"~  '  x',  or  I  +  -^  A.v  — 1~-  B.v*  +  — ■—  Cat^.         q^  e.  i. 

44.  To  determine  the  fign  that  is  to  be  prefixed  to  E  x*,  or  the  fifth  term  of 

I 

the  fcries  i  +  —  *>  C**,  D«',  E**,  F*',  &c,  which  is  equal  to  i   +  :c]», 
and  to  find  the  magnitude  of  the  co-efficient  E,  we  muft  proceed  as  follows. 

In  the  laft  article  we  obtained  the  equation  C,  D*,  E**,  F.t^,  &c,  =  the 
Compound  feries 

3»D,  4»E*,  5«F*',  &c 
—  asC,  3hD*,  4»E**,  &c 
+  2  C ;  which,  if 

we  prefix  the  fign  +  to  the  terms  that  involve  D  (agreeably  to  what  was 
found  in  the  laft  article  to  be  neceflary),  will  become 

C  +  D*,  E*',  F*S  &c  =  the  compound  feries 
+  3  » D,     4mEx,    5 » F uf S    &c 
—  2»C  +  3«D*,    4«E*%    &c 
+  aC. 
Now  it  has  been  feen,  in  the  laft  article,  that  Cis=  +  3»D  —  2»C  + 
2  C.    TTi.erefore,  if  we  fubtradt  C  and  jsD—  2»C+zC  from  the  oppofite 
fides  of  this  laft  equation,  we  (hall  have  +  Dx,  E**,  F*',  &c  =  the  com- 
pound feries 

4»E.r,     5  bF**,    &c 
+  2nDx,    4»E.r*,    &c; 
and  confequently  (dividing  all  the  terms  by  at)  +  D»  E*,  F**,  5tc  =  the 
•ompound  feries 

4hE,    5«Fjf,    &c 
-f  3kD,    4bEa-,    &c. 
And  this  equation  will  be  true,  how  fmall  foever  we  fuppofe  «  to  be :  and 
therefore  it  will  alfo  be  true  when  *  is  =  o.     But,  when  *  is  =:  o,  all  the  terms 
that  involve  x  will  be  equal  to  o  likewife ;  and  the  equation  will  be  as  follows, 
to  wit,  4-D=:4«E  +  3»D,  or  +  D  =  3»D,  4»E;  that  is,  D  will  be 
equal  to  3  »  D,  together  with  4  »  E  either  added  to  it,  or  fubtraded  from  it,  as 
may  be  neceffary  to  produce  the  faid  equality.    But  becaufe  »  is  a  whole  num- 
ber,  n  D  muft  be  greater  than  D ;  and  therefore  3  »  D  muft,  A  fortiori,  be  greater 
than  D.     Therefore,  in  order  to  make  3  »  D  be  equal  to  D,  the  quantity  4  «  E 
muft  not  be  added  to  3  «  D,  but  muft  be  fubtrafled  from  it ;  and  confequently 
the  fign  —  muft  be  prefixed  to  4 »  E ;  and  the  laft  equation  +  D  =  3  »  D, " 
4«E  will  be  +  D  =  3»D  —  4mE.    Therefore  the  fame  fign  —  muft  like- 
wife 
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wife  be  prefixed  to  E**,  the  fifth  tenn  of  the  aflumed  feries  i  +  —  *,  C«», 

1 

D*',  E**,  F*S  &c  (which  is  equal  to  i  +  xl"  ) ;  from  which  fifth  term  the 
faid  term  4  »  E  is  derived,  by  the  operations  of  muhiplication  and  divilion,  in  the 
courfe  of  the  foregoing  inveftigations.  Therefore  the  faid  fifth  term,  E  x*,  of  the 
faid  feries,  mull  be  fubtrafted  from  the  fiift  term  1 ;  and  confequently  the  five 

firft  terms  of  the  faid  feries  will  be  i  +  —  *—  Cxx  +  D«*  —  E**,or  i  +  — 
A*  — "~~"  2*"  +  — — —  C**  —  E**.  Qi  E.  I. 

And,  to  determine  the  magnitude  of  the  co-efficient  E,  we  ftiall  have  the 
equation  +  D  —  3»D  —  4»E;  whence  D  +  4BE  will  be  —  3«D,  and 
4  «  E  will  be=:3»D  —  D=  3»—  i  X  D,  and  E  will  be  =  ilT^^  x  D  = 

^^^  X  ^^^^  X  ^^  X  -,  or  -  X  ^-P^  X  ^^~-  X  ^^.    Therefore  the 

four  firft  terms  of  the  feries  i  +  —  a:,  Cs:*,  D*',  E**,  F*',  &c,  which  is  equal 

I 

to  1+  x\ » ,  will  be  I  4-  -1  *  —  -i.  x  ^~  **  +  -^  x  ^^  X  ^^^-^  **  — 

^xi^X^  X  ^**.ori  +^A*-[iZ1b*'+  i^C** 

^U^^D**,  Qj    E.    I, 

I     4» 

45.  To  determine  the  fign  that  is  to  be  prefixed  to  F*',  the  Cith  term  of 

^^^^  I 
the  feries  i  +  —  *,  C  «*,  D*S  E**,  F*',  &c,  which  is  equal  to  i  +  *] ■  , 
and  to  find  the  magnitude  of  the  co-efficient  F,  we  muft  proceed  as  follows. 

In  the  lait  article  we  obtained  the  equation  +  D,  E  *,  Ex*,  G«»,  H«*, 
&c  =  the  compound  feries 

4«E,    5»  Fjf,    6«  G  *■,    7  » H«»,    &c 
+  3»D,    4»Ex',    5hF**,    6»G?f',    &c 
or  (if  we  prefix  the  fign  —  to  the  terms  4  »  E,  4  a  E  x,  and  E  x^  agreeably  to 
what  was  found  in  the  laft  article  to  be  neceflary) 

+  D  —  Ear,  F«',  G*',  H**,  &c  =  the  compound  feries 

—  4«E,       5»  F;e,    6«G*',    7  »H*',    &c 
+  3»D  —  4bE*,    5»Fji;*,    6»G*',    &c. 

Therefore,  if  we  add  2  E  *  to  both  fides  of  this  equation,  we  fliall  have 
+  D  +  E*i  F*',  G  «',  H**,  &c  =  the  compound  feries 

—  4«E,       5»F»f,       6»G**,    7aHfl;%    &c 
+  3»D  — 4nEj:,       5»F*',    6»G*»,    &c 

+  aE*-. 
And  ic  has  alfo  been  (hewn  in  the  laft  article,  that  Disrr  3«D  —  4»E. 
Therefore,  if  we  fubtnua  D  and  3  «  D  —  4 »  £  firom  the  oppoCte  fides  of  the 
Vol.  11.  a  H  Uft 
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laft  equation,  the  remainders  will  be  equal ;  that  is,  the  fimple  feries  E  «,  F  x*, 
G  x^,  H  **,  &c  will  be  equal  to  the  compound  feries 

^nFx,  6»G>:',  ynHx',  &c 
—  4«F.*,  5»Fx*,  6«G*',  &c 
+  a    Ex  ;  and  confequently 

(dividing  all  the  terms  by  *)  the  fimple  feries  E,  F*,  G*%  H**,  ^'C  will  be 
equal  to  the  compound  feries 

53F,    6nGx,    j»Hjf*,    &o 
—  4»E,    5»F*,    6»G«*,    &c 
+  2E. 
And  this  equation  is  true,  of  how  fmall  a  magnitude  foever  we  fuppofc  *  to 
be  taken  :  and  therefore  it  will  alfo  be  true  when  sf  is  =  o.     But,  when  x  is 
=  o,  all  the  terms  that  involve  *  will  be  equal  to  o  hkewife,  and  confequently 
the  equation  will  then  beEr:    5»F—  4»E  +  2E.     Therefore  (adding 
4  a  E  to  both  fides)  we  (hall  have  E  +  4«Ez=5»F  +  2E,  and  (fublrad- 
ing  E  from  both  fides)  we  fliall  have  4»E  =  5«F  +  E,  or4«E=  E, 
(; »  F ;  that  is  4  »  E  will  be  equal  to  E,  together  with  5  »  F  either  added  to  it 
or  fubtradled  from  it,  as  may  be  neceflary  10  produce  fuch  equality.     But,  be- 
caufe  4  H  is  greater  than  i ,  4«  E  mull:  be  greater  than  E,     Therefore,  in  order 
to  make  E  be  equal  to  4.'»  E,  it  will  be  neceflary  to  add  5  »  F  to  it ;  and  confe- 
quently the  fign  4-  mull  be  prefixed  to  5  »  F,  and  the  laft.  equation  4  »  E  —  E, 
,  5  «  F  will  be4«E  =  E+5»F.     Therefore  the  fign  +  muft  alfo  be  pre- 
fixed to  the  fixth  term,  Fjf%  of  the  alTumed  feries  1  +  —  x,  C*»,  VxK  Ex*, 

Fx't  G**,  Hat',  &c,  which  is  equal  to  i  +  x\';  from  which  fixtfa  term 
the  term  5  «  F  has  been  derived  by  the  operations  of  multiplication  and  divlfion 
in  the  courfe  of  this  inveftigation.  Therefore  the  faid  fixth  term,  F*',  of  the 
faid  feries  is  to  be  added  to  the  firft  term  i ,  and  confequently  the  fix  fiiift  terms 
of  the  faid  feries  will  be  i  +  — *  —  C*'  +  Dx^  —  Ex*  +   Fx',  or  i  + 


X  ~ X *',or  I  +  —  Ax—\ 

D**   +  Fx',  <!_:_  E.    I. 

And  to  determine  the  magnitude  of  F,  we  fliall  have  the  aforefaid  equation 
4*E=  E  4-  5«Fi  whence  j  »  F  will  be=Z4«E—  Ezr  48  —  i  ^  x  E, 
and  F  will  be  =  ^^^^  X  E  ^  ^^-^   x  ^^^^   X  ^^^^   X  ^^  X  — ,  or 

ji  51  4n  Jrt  lit  ft 

—  X  2^^  X  ^^^^  X  *^^^  X  ^ii^^.    Therefore  the  firftCx  terms  of  the 
«  a«  3n  4^1  54 

feries  1  -J Xj  Cxx,  D*',  E**,  F*S  G**,  H*',  &c,  which  is  equal  to 

«  +  »1  «■.  wiUbei  +i-«_^x^«A'  +  -i-X^X  2i-=-I  «■--!■ 


yGoogle 


THE        BINOHIALTHEOKEM.  t$S 

3K  31  4n  a  3a  31  4^  jn  ' 

Qj    E.    I. 

46.  The  reader  will  obferve,  that  in  this  way  of  inveftigating  the  values  of 
C,  D,  E,  F,  Stc,  there  is  no  more  difficulty  in  determining  the  values  of  E  and 
F,  than  in  determrnlng  the  values  of  C  and  D;  becaufe  the  fimple  equations, 
by  the  refokition  of  which  the  feveral  new  co-efficients  are  to  be  determined, 
confift  always  of  only  three  terms,  to  wit,  of  one  terrp  derived  from  a  term  of 
the  fimple  feries' — ,  C  x,  D**^  E*^,  Fx*,  &c,  (which  forms  the  left-hand  fide 
of  the  final  equation  obtained  in  art.  41,)  by  dividing  it  by  the  powerof  *  with 
which  it  involved,  and  of  two  terms  derived  in  like  manner  from  two  terms  of 
the  compound  feries 

2«C,  3  «D*,  4»  E*',  5ffF*',  &c 
+  I,  znCx,  3»D**,  4hE*',  &c  (which 
forms  the  right-hand  fide  of  the  fame  final  equation),  by  dividing  them  by  the 
lame  power  of  x :  whereas,  in  the  former  way  of  inveftigating  the  values  of 
thofe  co-efRcients,  fet  forth  in  art.  31,  32,  and  33,  the  feveral  fimple  equations* 
by  the  refolution  of  which  the  faid  co-efficients  are  to  be  determined,  to  wit» 
the  equations  i  =  »B,  andf  B*  —  «C  =:  o,  or  fB*  =:  »C,  and  »D  —  2f  BC 
+  dB>  =  o,  or  nD  +  dR'  =  2.f  BC,  and  » E  +  2cBD  -I-  2f  C*  — 
3</B*C  +  *B-*  =  o,  or  »E  +  ar BD  +  zcC-  +  eS*  =  3<^B»C,  and 
bF  —  2fBE  -  2fCD  +  3(/B'D-H  sd'BC^  —  ^eH'C  +/Ri  =c,  or 
wF  -I-  sdB^V  +  3</BC»  +/B*  =  2  f  BE  +  zcCD  +  4tfB'C,  in- 
creafe  continually  in  the  number  of  their  terras  by  the  addition  of  two  terms  in 
every  new  equation  j  and  likewife  confift  of  terms  that  are  more  and  more  com- 
plicated continually,  fo  as  foon  to  make  the  labour  of  refolving  them  become 
intolerable.  Therefore  the  prefent  method  of  inveftigating  thefe  co-efficients  is, 
in  a  practical  view,,  very  much  to  be  preferred  to  the  former  method ;  though 
the  rcafonings  ufed  in  that  former  method  feem  to  be  rather  more  direct  and 
fimple  than  thofe  which  we  were  obliged  to  have  recourfe  to  in  art.  37,  38,  39, 
40,  and  41,  in  order  to  obtain  the  final  equation  fet  forth  in  the  laft  of  thofe  ar- 
ticles. Both  the  methods  therefore  have  their  feparate  merits,  and  are  worthy  of 
our  attention ;  and  the  former  method  fervcs  as  a  proper  introdudion  to  the  latter, 

47.  From  the  manner  in  which  the  grand  final  equation,  — ,  C*,  D*', 
E«*,  F**,  &c  =  the  compound  feries, 

2»C,    3bD*,    4»E**,    5»F*%    &c 

4-1,    2»C*,    j»D**,    4»  E**,    tec,  in 

at.  41,  was  obtained  (which  was  by  the  multiplication  of  the  feries  i,  tnCx, 

3  »D**,  4bE*',  5»F*»,  &c  into  i  +  xin  art.  40),  it  is  eafy  to  fee  that  the 

feveral  equations  for  determining  the  values  of  the  following  co-efficients  G, 

2  H  2  H,  1, 
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H,  I,  K,  L,  &c  (which  we  have  not  yet  inveftigated),  and  the  figns  +  and 
— ,  that  are  to  be  prefixed  to  them,  would  be  as  follows. 

The  firft,  equation  would  beF=  6«G,  5«F,  orF  =  5«F,  6»G,  or 
(fince  we  have  already  feen  in  ait,  45,  that  5  »  F  and  F  muft  have  the  fign  ^- 
prefixed  to  them)  +  Fr:  +50  F,  6»G,  and  confequently  (in  order  ta 
make  the  faid  equation  poflible)  +  F  =5»F  —  6»G;  whence  it  will  follow 
that  G  *',  or  the  feventh  term  of  the  affumed  feries  i  +  ~  *,  C  **,  D«', 


E*',F*',  &c  (which  is  equal  to  i~+^n),  muft  be  marked  with  the  fign —, 
or  be  fubtrafted  from  the  firft  term  i,  and  tlut  G  will  be  =  ^^— ^  X  F. 

And  the  fecond  equation  would  be  G  =  7»H,  6  »  G,  or  (becaufe  it  has 
jnft  now  been  (hewn  that  the  lign  —  is  to  be  prefixed  to  6  »  G  and  G)  —  G 
=  7»H  —  6«G,  and  confequently  (in  order  to  make  the  faid  equation  pof- 
fible)  —  Gz:  -\.jnH  —  6»G;  whence  it  will  follow  that  H  *  7,  or  the , 
eighth  term  erf  the  affumed  feries  i  +  —  *,  C*',  Dx',  E**,  F«>,  &c  (which 

is  equal  to  1  +  *]•),  will  be  marked  with  the  fign  +,  or  added  to  the  firft 

term  i,  and  that  H  will  be  =  ■-  ~'  x  G. 
7" 
And  the  third  equation  would  be  H  =  8  »  I,  7  »  H,  or  H  =r  7  w  H,  8  » I, 
or  (becaufe  it  has  been  juft  now  fhewn  that  the  terms  7  «  H  and  H  muft  have 
the  fign  +  prefixed  to  them),  +H=:  +  7»H,  8nl,  and  confequently  (in 
order  to  make  the  faid  equation  poflTible,)  +  H=  y  nH  —  8hIj  whence  it 
will  follow  that  I*',  or  the  niiuh  term  of  the  feries  i  +  — y,  C**,  D*^  E*', 


F**,  &c  (which  is  equal  to  i  +  x\ «  ),  will  be  marked  with  the  fign  — ,  or  fub- 
trafted  from  the  firft  term  i,  and  that  I  will  be  =  ^"  ~  ■   x  H.. 

And  the  fourth  equation  would  be  I  =  9  »  K,  8  »  1,  or  (becaufe  it  has  been 
juft  BOW  Ihewn  that  the  terms  8  « I  and  I  mull  have  the  fign  —  prefixed  to 
them)  —  I  =  9»K  —  8»I,  and  confequently  (in  order  to  make  the  faid 
equation  pofiible,)  — In  +  paK  —  8»I;  whence  it  will  follow  that  K  *% 
or  the  tenth  term  of  the  feries  i  +  —  a:,  C  **,  D**,  Ea:*,  Far',  6cc  (which  is 

equal  to  I  +  x\^j  will  be  marked  with  the  fign  +,  or  muft  be  added  to  the 

firft  term  i,  and  that  K  will  be  =  ""  '  x  I. 
9" 
And  the  5th  eqtiatbn  wouM  be  K  =  iojkL,  9«K,  or  becaufe  it  has  been 
juft  now  ftiewn  that  the  terms  9 « K  and  K  muft  have  the  fign  +  prefixed  to 
them)  +  K=  10  »L  +  9»K,  or  +K=4-9mK,  10  «L.,  and  confe- 
quently (in  oixler  to  make  the  faid  equation  pofiible)  +K=  +  9ffK—. 
loaL.;  whence  it  will  follow  that  Lx^V<3tr  the  eleventh  term  of  the  feries  I  + 

4  J.,. 
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—  *,  Cx',  Dx*,  Ex*,  F*',  &c  (which  is  equal  to  i  +  xW),  wIU  be  marked 
with  the  fign  — ,  or  fubtrifted  from  the  fii-ft  term  i,  and  that  Lwill  be  = 
21^  XK. 

And  the  like  (hort  and  eafy  equations, 

—  L  =  —  lo  w  L  +  1 1  »  M» 
+  M  =  +  II  »M—  i2«N, 

—  N  =  —  ia*N  +  i3»0, 
+  O  =  +  i3»0  -  i4»P» 

—  P  =  -  i4«P  +  i5«Qj 

&c,  would  be  found  for  the  determination  of  the  values  and  the  figns  of  the 
following  co-efficients  M,  N,  O,  P,  Q^  &c,  ad  infinitum,  or  as  far  as  we  pieafed 
to  continue  the  invelligatioQ.     We  may  therefore  now  conclude  with  certainty, 

I 

that  the  qiantity  i  +  *1T,  or  the  «th  root  of  the  binomial  quantity  i  +  :v,  is 
equal  to  the  ferics  i  +  —  * ^  x   '^-^  **  +  —  X  ^-^  X  — «'   — 

1  n  —  I  in  —  1  •«  —  I  I  «— I  M  — I  sa  —  I  »m  —  x 

*-  X  X  — —  X «*  +  —  X  — —   X    — —  X  ^~——  X 


+  &c  ad  infinitum,  in  which  the  figns  of  the  terms  that  come  after  the  fecond 
term  —  *  are  alternately  —  and  -f ,  and  the  law  of  the  generation,  or  continu- 
ation of  -the  terms  one  from  another,  is  very  manifeft,  every  new  generating 
fraftion  of  the  co-efficients  C,  D,  E,  F,  G,  H,  I,  K,  L,  &c,  being  derived  from 
the  generating  fraction  which  immediately  preceeds  it,  by  the  addition  of  «  ta 
both  its  nimierator  and  its  denominate-.  q^  e.  i. 

48.  This  feries  agrees  exaftly  with  that  which  was  fet  forth  in  art.  a,  as  be- 

t  

ing  equal  to  1  +  x\»,  or  \/'  i  +  x,  and  which  had  been  derived  from  the 
binomial  theorem  in  the  cafe  of  integral  powers. 


A  Review  0/ the  foregoing  Inveftigaiien  of  the  Series  zebicb  is  equal  t» 
I  +  «1",  or  v'"  I  +  *. 


49.  I  have  now  completed  the  fecond  inveftigation  of  the  feries  i  +  B^f 
Cn',  Dx>,  Ex* J  F*',  &C,  or  I  +  -^  *,  C*S  D«',  E)i*,Fx'»  &c,  which  is 

cquai 
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equal  to  i'  4-  x] « ,  or  v/«  !+;>;.  The  eafe  with  which  it  enables  us  to  find 
the  values  and  the  figns  of  tlie  fevcral  co-efficients  C,  D,  E,  F,  G,  H,  I,  K,  L, 
&c>  gives  it  a  great  Superiority  over  the  former  invelligation  explained  above  in 
art.  28,  29,  30,  &c — 34,  and  raifes  it  to  an  equality  with  any  method  of  invefli- 
gating  this  feries  that  I  have  yet  feen.  Yet,  from  the  number  of  the  fteps 
which  it  contains  before  we  obtain  the  final  equation  in  art.  41,  it  may,  per- 
haps, be  thought  to  be  rather  too  abftrufe  and  difficult;  though  none  of  the 
fteps  in  it,  taken  feparately,  fcem  to  defervc  that  cbarafter.  To  explain  it, 
therefore,  as  fully  as  I  cua  to  the  reader,  and  make  the  connexion  of  the  rea- 
fonings  ufed  in  it  as  apparent  as  poffible,  I  will  here  Hate  them  over  again  with 
fomewhat  more  brevity  than  at  fim,  in  order  to  bring  all  the  parts  of  the  invelli- 
gation into  view  at  once. 

Now  the  principal  artifice  of  this  inveftigation  confifls  in  finding  two  diffi;- 


rent  expreffions  for  the  value  of  1  +  x  +  d\  ■ .  The  firft  of  thefe  cxpreffions 
is  obtained  by  confidering  the  trinomial'  q^uantity  t  +  x  +  d  zs  being  a  bino- 
mial quantity,  of  which  the  firft  member  is  i ,  and  the  fecond  isx  +  d.  By 
fuppofing  _y  to  be  equal  to  «  -l-  ^,  and  confequently  i  +  jf  to  be  equal  to 
I  ^  X  +  df  and  afliimiDg  the  feries  i  +  — j-,  Cy*,  Dj',  Ejf*,  Fy',  &c,  for 

the  value  of  T+Jl"  (as  w*  before  aflumed  the  feries  i  +  —  *j  C  *',  D**, 

t 
E**,  F«',  &c  for  the  value  of  1  +  «1«),  and  then  fubftituting  in  the  faid 
feries  i  +  — y,  Cj»',  Dy',  Uy*,  Fjr*,  &c,  inftcad  ofy,y*,y^,y*,y*,  &c, 

the  like  powers  of «  +  d,  to  wit,  x  +  d,  x  +  d[*,  x  +  rfj',  x  +  /j*,  x  +  </)% 
&c,  or  x  +  d,  x^  +  zxd-^  d*,  X*  +  jx^d  +  3*</»  +  </',  x*  -f-  ^x'd 
+  6x*d*  -i-  4*</'  +  d*f  *'  +  j«*(/  -I-  10*^'  +  lox^d'  +  ^xd*  +  d'. 


&c,  we  obtamed  the  equation,  1  +  x  +  d\ " ,  =  the  compound  (cries 
1+-^*,     C«',  D*»,        E*s  F«',    &c 

+  ~-d,iCxd,      sBx'd,    4.Ex'd,      5F**</,    &c 
\  Cd*,       3D*</%  6E«*</*,  ioF*'(/*,  &c 

Dd^i     4E*^',  ioF«*^',    &c 
Ed*,       5F*(/*,    &c 
FrfS    &c. 


The  fecond  expreffion  of  the  value  of  1  +  x  -^  d\ "  was  obtained  by  Confi- 
dering the  trinomial  quantity  1  -f-  *  +  ^  as  being  a  binomial  quantity  of  which 
I  +  *  is  the  firft  member,  and  d  the  fecond.  By  fuppofing  /  to  be  equal  to 
t  +  x,  and  confequently/  +  dtohc  equal  to  i  +  x  +  d,  and  therefore/  x 

*  +  /  (wti'ch  'a  zzf  +  d)  tobe  alfo  equal  to  i  +  x  -^  d,  and  afluming  the 

ferie* 
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feriesi  +  J.  xy,  C  X  y|',  D  x^',  Ex"3\f  x  "3*.  &c,  for  the  value 
of  I  +  -J«  (aswebefore  affurhedthe  feries  I  +  —  *,  C;f*,  D*S  E;c*,  F*% 

&c,  for  the  value  of  i  +  x^" ,  and  The  feries  i  +  —y,  Cj»*,  Dy',  £_>>*,  F_^', 

I  I 

&c,  for  the  value  of  i  +  y] «  ),  we  found  i  +  *  +  i/j"  to  be  equal  to/—   x 

the  feries  i  +  ±  x  j,  C  X  y|\  D  x  y|'»  E  X  ^*,  F  x  y|',  &c,  and 

confequently  to/~  X  the  feries  i+—  x-j,  Cx— ,  Dx  ■>t.  E  x  4r» 
"J  J  J'  f* 

,(  -         I  -         rf  ^ 

F  X  -fT'  ^^'  ^""^  therefore-  to  the  feries/  »   +—  X/«   X-r,  Cx/»X 

i^,  D  X  /"^   X  yl-,  E  X  /T  X  ■^,  F  X  /~  X  yl-,  &c,  that  is  (if  we 
fubftituic  I  +  *  in  the  terms  of  this  feries  inftcad  of/  which  is  equal  Co  it), 

to  the  feries  l  +  *1~  +  —  X  i  +  *i  ■    X  — r — ,  C  x  i  +  x\»   x  -'  — ,' , D 

.i.  </>  .i-'  rf*  ,J,  Ji 

X  I  +*l «    X  =^,  E  X  1  +*1«    X    =^,  F  X    1+^  «    x  ===^, 

&c. 

I 

We  then  equated  this  latter  expreffion  of  the  value  of  i  +  ;e  +  d^  to  the 
former,  to  wit,  the  compound  feries 

'i  +  —Xy      C*S        D*%        E**,  F**,    &c 

•^—d,    zCxd,    3D;cV,  4E)fV,        5F***/,    &c 

Cd  ,     3Dxd',6Ex*d%    ioF*'*/%    &c 

D*',     4E«(/%     ioF*V',    &c 

E^S         JF*A    &c 

Frf',    &Ci  and 

I 

then  fubtrafted  i+x|  >  from  the  left-hand  fide  of  this  lail  equation,  and  the 

I 

feries  I  +  ~pXf  C«*,  D*',  E«*,  F*',  &c  (which  is  equal  to  i  +*!»)»  from 

the  right-hand  fide  of  th<;  fame  equation  j  whereby  we  obtained  the  equation  — 

'  J  , ±  J*  '   ^JL  J* 

X  i+x]*  X-^-^.C  X  I  +*i-  X  =^^.  D  X  VT^«  X  f^,  E 

*  d*  J-  d* 

X  X  4.  x)  m  X  fx7w»  F  X  I  +  *l «  X  f=^==u,  &c  =  the  compound  ftries 
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Qd-,       3D.v</S        6E;e'</S     ioF*'</%    &c 

F(/S    &c; 
and  (by  divitling  all  the  terms  by  d)  the  equation 

i_  ^i  ,  1.  d* 

1.  X  rT^«  X  7^,  C  X  1+^1"  X  ^-p^,  D  X  I  +  ATI"  X  =^,  E 

X  r+71 «  X ^,j  F  X  I  +*1 «  X  7^^»  Sec  =  the  compound  fenei 

Z,        tC*,        3Da-%        4E*S        jF*%    &c 
C</,        3D.v</,        6E«V,     ioF*'*/,    &c 
Di/%        4E*<^S    ioF*V%    &c 
E^S        5F*</',    &c 

F(/S    &c;  and  (by 
fuppofing  d  to  become  =  o,  and  confequcntly  all  the  terms  that  mvolve  d  to 

become  equal  to  o  likewifc)  the  equation  ~  X  i  +  *1~  X  p~  =:  the  fcrici 
—    2C»,  3D«'>  4E«S  ^Fw*,  &c;  and  (by  multiplying  both  fides  into») 

the  equation  rr^*"  X  .j-^  =  i,  a»C*,  3«Dff',  4bE«*,  5»FxS  Ac; 

1 
and,  laftly  (by  multiplying  both  fides  into  i  +  »),  the  equation  i  +  «|« 
=     I,    znCx,    3  »D**,     4»  E*',     5  «F*',    8cc 
4-  «,    a»C*%     3«D*S    4«Ea:*,    &c. 

I 
Having  thus  obtained  a  fecond  expreffion  (A  the  value  of  i  +  *|»,  involv- 
ing the  fevetal  powers  «f  *,  to  wit,  «,  *',  *',  x*,  *',  &c,  in  their  natural  order, 
without  interruption,  and  involving  Ukewife  the  co-efficients  C,  D,  E,  F,  8re, 
of  the  powers  of  *  in  die  feries  i  +  —  *,  C  *%  D  *",  E  «*,  F  **,  &c,  that  was 

at  firft  aflumed  for  the  value  of  i  +  *!*",  we  equated  thefe  two  expreffions  rf 

i_ 

the  value  of  1  +  x\ «  to  each  other,  and  thereby  obtained  the  equation  i  +  — 
*,  C  «•,  D  **,  E  «*,  F  A  &c  =  the  compound  feries 

1 ,     z  »  C  r,    3  »  D  *%    4  «  E  **,    j  »  F  «*,    &c 
+  «,    imC*',    3»D»S    4»Ei«*,    &c; 

and  (by  fubtraAing  1  from  both  fides)  the  equation  -i-ar,  C*",  D**,  E**,  Fjc*, 

2ic  :=  the  coamound  feries 

a  »  C  *, 
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anCx,    3»Dar*,    4»Ear',    5»F«*,    &c 
+  «,     2»C**>     3«Da:S    4»E*S    &c; 
and,  laftly  (by  dividing-  all  the  teraw  by  x),  the  equation  — ,  C  *,  D  *',  E  je », 

F**,&c  =  the  compound  feries- 

2mC,    3»Dk,    4.S  E**,     5«F*',    &c 
-4-1,     a.ttCxf     jirD**,    4J»E**,    &c; 
which  is  the  grand  final  equation  from  which  we  are  to  deduce  the  feveral  particu- 
lar equations  (con&fting  of  only  three  terms  each),  by  means  of  which  the  figns 
of  die  tcnns  C  **,  D*%  E«*,  F«»,  Sec.  of  the  feries  i  +  -i-*,  C*',  D«», 

I. 

Ear*,  FffS  &c  (which  is  equal  to  i  +*!*).  and  the  magnitudes  of  the  co- 
efficients C,  D,  E,  F,  8f?,  are  to  be  determined. 

50.  Thefc  were  the  feveral  fteps  of  the  foregoing  inveftigation,  which,  the 
reader  will  probably  obferve,  beai  fome  refemblanccto  Mr  Landen's  inveftiga- 

tion  of  the  more  general  ftries  that  15  equal  to  i  +  )c\ » ,  which  has  been  printed 
above  in  this  colleftion,  in  pages  170,  .171, 175,  and  of  which  an  expla- 
nation has  been  given  in-p(^cs  176,  177,  178, 193.  And  I  readily  ac- 
knowledge that  it  was  after  a  ivery  clofc  and  attentive  pwiifal  and  conGdera- 
tion  of  that  4Dveftigation  of  Mr  l^den,  and  in  confequence  of  the  ideas  which 
that  perufal  fuggefted  to  me,  that  I  difcovcred  the  inveftigation  that  has  been- 
here  explained.  It  feems,  however,  to  be  in  many  refpefts  different  from  that 
of  Mr  Landen,  though  it  had  been  originally  fuggefted  by  it :  and,  in  particu- 
lar, 1  hope  it  will  be  found  much  lefs  abftruie  and  difficult. 


^n  Example  to  the  foregoing  Series. 

5t.  Let  it  be  required  to  find,  by  means  of  the  foregoing  feries,  the  cube-root 

I 

of  the  bmomial  quantity  i  +  *,  or  the  value  of  i  4-  *)  3 . 
Here  «  is  =  3,    We  fliall  therefore  have 

B  =    -     A  =  .1  A, 

and  C  =  i^  B  =  ^^^  B  =  -i-  B, 
and  D  =  ^^^  C  =  ^^li  C  =  -^  C, 
andE.=  2=^D=  iJliD:r±D, 
andFrzllZJE  =ii^E  =  A  E, 


Vol.  JI, 


S»      ~            >i                  ■!       ' 

andG  =  2^F=:i=-iF=i|F, 

and  H  -  *■ "  ■  G  =  ■'  ~  '  G  -  ''  G, 

7*                         SI                      31        ' 

Mvd  1  =£piH=ei^H=— H, 

8»                    >4                 "4 
2    I 

and 
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andK  =  5i^I  =il^  I  =2.1, 
9"  '1  '1 

and  L  =  2L:ii  K  =  '-2^1i  K  =  ii  K, 


3" 


30 


andM 
andN 


L=H^L  =  iaL, 

33  33 

M  =  Jl^M  =  i|.M, 
j6  36 

andO  =  iHZiN  =  liil  N  =  ii  N, 

■3"  39  39 

«ndP  =  U:::iO  =  a^0  =  ii  O, 

■  JH  j«  ^a 

.i  p  =  li  p, 

4S 


fO. 


'4« 

and  0=  ;*;=i  P  =  li: 

"S"  4! 

and  R  =  ii^  0.=  IS^ 

i6)(      ^*  48 

and  S  =  i^i^  R  =  il^  R  =  -i^-  R, 
•"-  54  54 

3«  —  I 


C*'  - 


Therefore  the  feries  i  +  —  A;f  —  V-r^  B**  + 

«  I  2« 

,    4«—  I   ~    ,         |r«—  1   „    .     ,      6»  —  I  ^     -  /7»  —  I  tr     ■     I     8"  —  « 


-M«"  +  - 


'■  P«"  _ 


■S'-' 


Q«"  + 


16.- 

■7» 


R  «■'  _  [''"J  '  S«»  +  &c  will, 
D»*  +  —  E«' 


in  this  cafe,  ber:i+  —  A»—  .|-  B«'  +  -S-  C«'  — 

_  4  F,'  +  il  G«'^-  ii  H«'  +  ii  !«•  -  -55  K»»  +  i2.  L«"  - 

18  II  34  *7  30  33 

36  ^39  4J  ^45  48  "^      ^    ei  s+ 

■c„..  4.ft,c—  1+--— 4.-S^-i2fl4.iiil  ^S*^     ,    iZifl  _ 

o  a:     -t-  «c  _  1  -I-  o    ^    81  243     ^    7ao  *S6i    ^    19683 


4,783,969  14,348,907  139,140,163     ^    387,4*0,489 

70,6fc4tM*"       ^      ',?4.3a7.?8^-»"'     j.     t?7>'t»'0"" 
10,460,353,203  31.381,059,609 


"^    94,143,178,837 


'3.43'.47»o?o*,   5^^  »    which  therefore,  is  =  i  +  ^Ij ,  or  the  cube-root  of  the 

3,541,865,828,329         '  '  '      I  ' 

binomial  quantity  \  ■\-  x.  q.  E.  i< 

I 

52.  Note.  This  feries  for  expreifing  the  value  of  i  +  «]  3 ,  or  the  cube-root 
of  the  binomial  quantity  i  +  «»  and  a  fimilar  feries  for  expreifing  the  value  of 

1  —  f^li  or  the  cube-root  of  the  refidual  quantity  i  —  *,  will  enable  us  to 

.  •  The  co-effidenti  of  *",  ***,  *",  *•*,  >",  «'*  here  ffiTen  are  equal  to  the  co-efficlenu  of  the 
bme  power*  of  »  gma  aho^  in  page  191,  but  are  lediiccd  to  fomewhat  fmaller  oumben  by  di- 
viding both  the  muKnton  wd  dcBomiuton  of  the  £ud  fonner  co-cffideatt  by  13  and  17. 


extend 
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extend  the  well-known  rules  for  refolving  ciibick  equationB  of  thefe  two  fonns, 
to  wit,  x^  +  qx  =.  r  and  **  —  «  =  r,  called  Cardan's  Rules,  to  that  cafe  of 
the  fecond  of  thefe  equations  which  they  naturally  arc  not  fitt«l  to  folve,  and 
which  therefore  has  obtained  the  name  of  the  irreducible  cafe ;  which  is  the  cafe 
in  which  —  is  lefs  than  -^.  This  cafe  muft  be  fubdivided  into  two  branches, 
according  as  —  is  greater  than  — ^ — ,  or  ^^  (though  lefs  than  -2-)  and  as  it  is 
lefs  than  -^.  When  —  is  greater  than  -^,  though  lefs  than  i-,  the  equation 
X*  ~  qx  zzr  may  be  refolved  by  extending  to  it,  by  a  certain  peculiar  train  of 
reafoning,  th*:  fecond  of  Cardan's  rules,  or  that  by  which  the  fame  equation  is  to 
be  refolved  when  —  is  greater  than  -^;  which  extenfion  may  be  performed  by 
the  help  of  the  two  infinite  feriefes  that  exprefs  the  cube-roots  of  the  binomial 
quantity  i  -{■  x  and  the  refidual  quantity  i  —  *,  in  a  manner  that  is  explained 
at  confiderable  length  in  a  Paper  of  mine  publiftied  in  the  Philofophical  Tranf- 
aftions  for  the  year  1778,  without  any  mention  of  impoffible  roots,  or  impoffi- 
ble  quantities  of  any  kind,  or  even  (rf  negative  quantities.  But  when  —  is  lefs 
than  — ,  the  method  explained  in  that  Paper  will  not  enable  us  to  find  the  value 
of  ;t^  in  that  equation,  becaufe  the  feries  obtained  for  the  faid  value  will  not  be  a 
converging  feries.  In  this  branch  therefore  of  the  irreducible  cafe  of  the  equa- 
tion *•  —  qx  '^  r,  we  are  obliged  to  have  recourfe  to  another  method  of  pro- 
ceeding, and  to  determine  the  value  of  *  by  deriving  it  from  that  of  the  lefler 
of  the  two  roots  of  the  oppofite  equation  qx  —  x^  =  r,  which  leffer  root  may 
be  obtained  by  a  fimilar  extenfion  of  Cardan's  firil  r\de,  or  that  by  which  he 
finds  the  root  of  the  equation  x*  +  qx  =■  r,  or  qx  +  x'  =  r,  to  the  equation 
J*  —  *^  =  r,  by  means  of  the  faid  two  feriefes  for  expreffing  the  cube-roots  of 
I  -f  X  and  I  —  x;  which  extenfion  may  be  made  in  a  dear  and  intelUrable 
manner,  without  any  mention  of  impoffible  roots,  or  other  impoffible  qijantities, 
or  even  of  amative  quantities,  any  more  than  in  the  extenfion  of  Cardan's  other 
rule.  But  this  extenfion  of  Cardan's  firft  rule  to  the  refolution  of  the  equation 
qx  —  *'  =  r  has  not  yet  been  publifhed. 


0/  the  Binomial  theorem  in  the  cafe  of  i  -j-  x\ « , 
or  of  the  nth  root  of  the  mtb  power  of  the  bi- 
nomial quaxAtyx  -f  X,  M-  the  mtb  power  of 
its  nth  root,  when  m  //  att<f  whole  number 
whatfoever,  and  n  any  other  whole  number 
greater  than  m. 

53.  Having  now  fliewn  in  a  pretty  foil,  and,  I  hope,  fatisfeftory  manner,  that 

I  

the  quantity  i~+~*l « *  or  i/'  i  -H  *,  or  the  nth  root  of  4|C  binoniial  .quantity 
a  I  2  I  4-  «•, 
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I  +  «,  is  equal  to  the  feries  i  +  —x  —  —  x  ^^  «'  +  —  X  ^^^  X  ^^^ 

il^  x>  —  &c  di  atfimlum,  or  i  +  —  A»  —  ti  B«"  +  '*~'  C  «'  — 
so  »  !■!»  3« 

I    4n  S"  I    ^"  ?"  I     8»  ^ 

— "—  I  ««  —  p""  -  K  *"*  +  8ec,  ad  infinitum,  agreeably  to  what  was  aflertcd  in  ■ 


art.  2 ;  1  fliall  now  proceed  to  confider  the  quantity  i  +  *) « ,  or  the  »th  root  of 
the  Mrth  power  of  the  binomial  quantity  1  -|-  «,  or  (which  comes  to  the  fame  thing) 
the  fflith  power  of  its  »th  root,  in  the  firft  cafe  of  it,  or  when  n,  the  index  of  the 
root,  is  greater  than  m  the  index  of  the  power,  and  fliall  endeavour  to  fliew  that 

in  this  cafe,  the  faid  quantity  i  +  *1 »  will  be  equal  to  the  feries  !.+  —  «,- 

«•  +  —  X  ^-^  X  — ■^-"  X  ^-77-  X  — -■-  x>  —  &c  ad  infinitum,  or  (put- 
ting A  =  I,  and  B  =  ~,  or  the  co- efficient  of  x,  and  C  =:  —  x  *"**,  or  the 
co-efficient  of**,  and  D,  E,  F,  G,  H,  8ec,  for  the  co-efficicnw  of  *',  **,  *>, 
**,  *',  and  the  following  powers  of*,  in  the  founh,  fifth,  fijcth,  fevenih,  ei^th, 


and  other  following  terms  of  the  feries,)  to  the  feries  i  -1-  -^  A  *  —  P — -  B*' 

3»  \    4"  S"  I    *»»  7* 

_E^»H*'  +  5^^  I*'  -  ^^^  K*"  -I-  &c,  ad  infinitum,  zgj^ccahXy 
to  what  was  afleited  in  art.  3.  Now  this  may  be  done  by  methods  of  reafoo'- 
ing  exadly  fimilar  to  thofe  which  we  have  already  made  ufe  of  in  finding  the 

I  

foregoing  feries,  which  is  equal  to  1  +  x\'* ,  or  \/»  i  ■\-  x.  Thefe  triethods  may 
be  explained  as  follows. 


Ohftrvatims  frefaraiory  to  the  Invafiigatim  0/ 
the  Serietjetf$rtb  in  the  foregoing  article  as 

being  equal  to  the  qaantitf  i  +  *)  • ,  when 
n  is  greater  than  m. 


54.  In  the  firft  place,  we  muft  obferve-that  the  quantity  i  +  *)■,  or  the 
wdt  povcr  of  the  mh  root  of  the  binomial  quanricy  i  -^  x^  muft  be  equal  to  a 

feries 
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feries  of  quantities  of  the  fame  form  with  the  feries  that  is  equal  to  i  +  *!"«",  or 
the  «h  root  itfelf  of  the  fame  binomial  quantity,  that  is,  to  a  feries  of  the  form  i , 
B*,  C*',  D*',  E**,  F*',  &c,  of  which  the  firft  term  is  i,  and  the  fecond 
and  third,  and  other  following  terras,  involve  in  them  the  feveral  powers  of  *•, 
to  wit,  X,  **,  «*j  **,  *S  &c,  in  their  natural  order  without  any  interruption. 

For,  if  a  feries  of  the  faid  form  1,  Bar,  C  ar*,'D  *',  E«*,  F*',  &c,  be  mul- 
tiplied into  itfelf  any  number  of  times,  or  raifed  to  any  power  denoted  by  the 
whole  number  w,  it  is  evident  that  the  produft,  or  i»th  power  of  the  faid  feries, 
muft  always  be  a  feries  of  the  fame  form,  or  a  feries  of  which  i  will  be  the  firft 
term,  and  of  which  the  fecond  and  third,  and  other  following  terms,  will  involve 
the  feveral  powers  of  *  in  their  natural  order  without  any  interruption.     Arid 

I 
therefore,  Cnce  i  +  x\»  has  been  (hewn  to  be  equal  to  a  feries  of  the  faid  form 

I,  B*,  C*%  D*»,  E»*,  F*',  &c,  it  follows  that  i  +  *!■,  or  the  »ith  power 

of  I  +  *)«,  muft  alfo  be  equal  to  a  feries  of  the  fame  form,  i,  B*,  C«',  D**, 
Ear*,  F*',  &c.  Qi  E.  D. 

55.  In  the  fecond  place,  we  muft  obferve  that  the  fecond  term,  B  *,  of  the 

feries  i,  B*,  C**,  D*»,  E**,  F»',  &c,  which  is  equal  to  i  +«)'",  muft 
be  added  to  the  firft  term  l»  Mid  confequendy  marked  with  the  fign  + . 

For,  fihce  i  +  *  is  greater  than  i ,  the  »th  root  of  i  +  *,  or  the  firft  of «  —  r 
geometrical  mean  proporuonals  between  i  and  i  +  x^  muft  alfo  be  greater  than 
I ;  and  therefore,  dfortim,  the  wth  power  of  the  faid  »th  root  (which  is  greater 
than  the  faid  nth  root  itfelf)  muft  alfo  be  greater  than  i.    Confequently  the 

feries  1,  Bar,  C*",  D*',  E**,  F*',  &c,  which  is  equal.to  i  +  a;| * ,  muft 
alfo  be  greater  than  i .  And  this  muft  be  true,  of  however  fmall  a  magnitude  we 
fuppofe  X  to  be  taken,  fo  long,as  it  has  any  magnitude  at  all.  But,  in  order  that 
the  feries  i,  B*,  C*',  Dji:',,Ejf*,  Fy',  &c,  may  be  always  greater  than  i,  how- 
ever fmall  the  magnitude  of  x  be  taken,  it  is  neceftary  that  the  fecond  term  ^x 
(hould  be  added  to  the  firft  term  i .  For,  if  B  x  were  fubtra<5ted  &om  i ,  it  would 
be  poffible,  by  diminiOiing  Xt  to  make  all  the  terms  Cx*,  Dx^,  Ex*,  Fa;>, 
&c,  that  come  after  the  fecond  .term  B*,  becQme.fo  much  lefs  than  B*,  that  the 
fum  of  them  all  put  together  ihould  be  lefs  than  B  *,  lyhatever  might  be  the 
magnitudes  of  the  numeral  co-efficients  C,  D,  E,  F,  &c;  in  which  cafe  it  is 
evident  that  the  whole  feries  i  —  B  *,  C*',  D*',  E**,  F*',  &c,  would  (even 
thou^all  the  terms  after  B*  fliould  be.added  to  the  firil  term  i,  and  the  feries 
fliould  confequently  be.i  —  B*  .+  C*».-f--D*'  +  E**  +  F*'  +  &c) 
be  lefs  than  the  firft  term  i ;  whi(;h,  we  have  ftiewn,  it  never  can  be.  Thereft)re 
B  X  cannot  be  fubtrafted.  from  i ,  but  muft  be  added  to  it ;  and  the  feries  that  is 

equal  to  i  +  *1",  muft  confequently  be  of  this  form,  i  +  B.*,  C*',  D*S 
Ear*,  F*',  &c.  Q^  K.   D. 

56.  The 
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j6.  The  truth  of  the  foregoing  obfervation,  to  wit,  that  the  fecond  term,  B  x, 

of  the  feries  i,  B*,  C**,  D.v',  E*',  F*',  Sec,  which  is  equal  to  i  +  *1»,  is 
to  be  added  to  the  firft.term  i,  and  not  fubtraded  from  it,  will  likewife  appear 
byraifing  a  few  of  the  powers  of  the  feries  i  H «  —  —    x  — —  **  +  &c 

(which  is  equal  to  i '+  *1"),  by  aftual  multiplication.  For  we  (hall  find,  in 
all  the  powers  that  we  fo  raife,  that  the  fecond  term  is  always  added  to  the  firil ; 
and  we  fliall  at  the  fame  time  be  eafily  able  to  perceive,  from  the  manner  of  the 
operation,  that  the  fame  thing  muft  take  place  in  al!  higher  powers  whatfoever 
of  the  fame  feries,  and  confequendy  in  the  wth  power  of  it,  or  in  the  feries  that 

is  equal  to  i  +*)*".     Now  the  fecond,  third,  fourth,  and  fifth  powers  of  the 

feries  i  +  —  * ^  X  '^-~  **  +  &c,  carried  only  to  three  terms,  may  be 

rufed  in  the  manner  following. 


I  +  <1"  = 

I   +  •;  «  —  -J  "  '-^  ««  +  &C 

.+«!.= 

I  +  "7 «  -  7  X  ^JT^  *«  +  &c 

I  +  7  «  -  4-  X  ^  "  +  &<: 

+  -~«  +  -^x-i-**  —  &c 

-T^'-ir"-^" 

1 

.  +  ..l-  = 

I  +  v *  -  T  ^  ^1? "tec 

I  +  »\«  = 

'  +T'-T  X  ^"  +  '"= 

•+T'-T>«^'"««= 

+  7»  +  7X-i«'-&c 

-^  X^«'-&c 

I  +  «1"  = 

I  +  -J- »  —  i-  X  21^  «•  &c 

I  +  «|»  = 

I  +  "7  *  —  "7  X  -77-  **  +  &c 

I  +  -i  »  —  -i-  X  2^  «•  &c 

+  7ar  +  7X-|-«'-&c 

-ixi^«--&c 
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I  +  «1  «  =  i+— *  —  —  X    **  +  &c 

I   +  ±  X  "—  X  ^^^^  *•  &c 

I         «  — I    ,        „ 
—  —  X  *    —  «c 


I  +  *1"  =  1+— *  —  —  X  ^""'^  **  &c.  ^ 

In  all  thefe  powers  of  the  feries.i  +  —  *  —  —  x  ^-^  x^  +  &c  (wjiich  is 

I 

equal  to  i  +  «l«),  the  fecond  term  is  added  to  the  firft  term  i ;  and  from  the 
manner  of  railing  diefe  powers  (which  is  done  by  multiplying  tt^  laft  feries,  or 

I 
the  feries  equal  to  the  laft  power  of  i  +  *) « ,  by  the  feries  i  +  —  *  —  —  x 

^-^  A*  +  &c,  and  confequently  by  adding  the  produft  of  the  laft  feries  mul- 
tiplied by  —  M  to  the  produA  of  the  fame  feries  multiplied  by  i,  or,  properly 
fpeaking,.  n<H  multiplied  at  all),  it  is  evident  that  the  fame  thing  will  always  take 
place,  or  the  fecond  term  will  be  always  added  to  the  firft  term,  in  all  higher 
powers  of  the  fame  feries  whatfoever,  and  confequently  in  the  Mth  power  of  it, 

or  in  the  feries  which  is  equal  to  i  +  x\ii .  0,.  b.  d. 

57.  And,  in  the  3d  place,  it  is.cvident  likewife  from  the  foregoing  operations 
(whereby  we  have  obtained  the  three  firft  terms  of  the  feriefes  that  asc  equal  to 


1  +  x\ « ,  1  +  *\«,  I  +  x\»i  and  I  +  *]»,  refpcftively),  that  the  co-effi- 
cient of  the  fecond  term  of  each  of  thefe  powers  of  the  feries  that  is  equal  to 

1 

I  +  A^  » ,  is  always  a  firaAion,  of  which  the  index  of  the  power  to  which  the  va- 

^^^^  I 
lue  of  i+iq  *  is  raifed  is  the  numerator,  and  »  is  the  denominator.    Thus,  the 


co-efficient  of  the  fecond  term  of  the  feries  that  is  equal  to  i  +  *)  • ,  to  wit, 
the  feries  i  +  —  * ^  X  ""^  *'  Src;  is  the  fraftion  — ;  and  the  co-effi- 
cient of  the  fecond  term  of  the  feries  that  is  equal  to  i  +  x^,  to  wit,  the  feries 
I  +  -^  X  -~  —  X  ?■"■ "  ?  **  &c,  is  the  fradion  -2- ;  and  the  co-efficient  of  the 

fecond 
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I * 

fecond  term  of  the  feries  that  is  equal  to  i  +  *■] »  ,  to  wit,  the  feries  i  +  —  * 
^  —  X  ^    **  &c,  is  the  fradion  — ;  and  the  co-efficient  of  the  fecond 

tenn  of  the  feries  that  is  equal  to  i^4>  ;v| " ,  to  wit,  the  feries  i  .{.i-x—   ' 

X  ^'~'^  *'  &c,  is  the  fradUon  — .     And  it  is  evident  that  the  fame  thine  will 

t 
take  place  in  all  higher  powers  of  i  +  *1 « ,  or  of  the  feries  i  +  —  *  —  i  + 

'^-^  X*  +  &c,  and  confequently  that  the  co-efficient  of  the  fecond  term  of  the 

feries  that  is  equal  to  i  +  x^  will  be  — >  and  that  the  faid  fecond  term  itfelf 

will  be  —  *.    Therefore  the  two  firft  terms  of  the  feries  that  is  equal  to  ,1  +  «\~ 
will  be  I  +  —  X.    And  thefe  three  obfervationa  will  always  be  true,  whether  n 
be  greater  than  m,  or  m  be  greater  th^  h. 
Thefe  things  being  premifed,  the  values  of  the  following  co-efficients,  C, 

D,  E,  F,  &c,  oftheferies  I  +-7*,  C*S  D*',  E**,  Fk',  &c,  which  is. 

equal  to  i  +  x]i*   (»»  being  any  whole  number  whatfoever,  and  «  any  other 
whole  number  greater  than  m),  may  be  inveftigated  in  the  manner  following, 

j4n  Inveftigatim  of  the  third,  fourth,  fifth,  Jixtb, 
and  ether  following  terms  of  the  feries  i  -(-  —  at, 
C**,  Da:',  E**,  F*',  tff,  iehieb  is  equal 

to  I  +  x\ « ,  or  the  mtb  power  of  the  nth  root 
of  the  binomial  quantity  i  +  x,  when  m  is  aiy 
whole  number  whatjoevert  and  n  is  any  other 
whole  number  greater  than  m. 

58.  Let^  be  put  =  the  feries  —  *,  C**,  D*',  E**,  F.v',  &c,  or  i  -H  j 
be  equal  the  feries  i  -H  —  «,  Car',  D**,  Ek*,  F**,  &c,  which  is  equal  to 

I  -J-  *]".  Then  will  i  +  _y\»  be  equal  to  the  «h  power  of  i  +  arp",  or  to 
7"+~)e|".  But,  by  the  binomial  theorem  in  the  cafe  of  integral  powers  (which 
has  been  demonflrated  above  in  the  preceeding  traft  in  pages  153,  154,  &c  — 
—  169,)  1  +  arl*"is  =  the  feries  i  +  iL  *  -(.  ^  x  ^^^^  *•  +  J!L  x  ^Jli 
'^  "  '    x^ 

3 


Digitized  by 


Google 


.TBI       BIXO'UIAL       TREORXH* 


"4» 


3  _        ■  •  » 

^~^  X  - — - *'  +  &c,  and  1  +  yV  is  =  the feries  i  +  —  jr  +  —  x  - — - 

r+  T  ><  ^  X  '-r^'  +  f  X  '-=^  X  "-f^  X  M-'" '+  i  X  4^ 

X  ^^^  X  ^^^^  X  !^^  J''  +  &c.  Tlierefore  the  feries  i  +  -^  «  +  -t-  X 
'^«'  +.-=■  x!^X^«'  ■i.^x'^k^X^''  +  -^ 
X  ^^^^  X  ^^^^^  X  ^^^  X  -— -^  *'  +  &c,  will. be  equal  to  the  feries  i  + 
T'  +  T  X  ^y  +  T  X  ^  X  "-^y  +  -i  X  i^'  X  i^  X 
i^^j'  +  T  X  ^V^  X  ^1-^  X  '^^  X  ^^  ;>'  +  tec;  and  confequently 
(fubtra£ting  i  from  both  fides  of  the  equation),  the  feries  —  *  +  —  X  ^^^^. 


«■  +  —  X  — 


-«'<-. 


»'   +  ^  X 


~  X  **"    Jf '  +  &c,  will  be  equal  to  the  feries  —  j»  +  Jl- 

X  ~y  +  T  X  '-i^  X  '-^r  +  f  X  t^  X  ^  X  '-^r  +  ^ 

X  ^  X  "-^  X  i^  X  ^r  +  &<:. 

59.  To  Ihoiten  the  expreffions  of  thefe  co-efficients,  let  us  put  Q_=  —  X 
^-,  K  _  -  X  -^  X  -J-,  S  _  Y  X  -^  X  -J-  X  -J-,  and  1  _ 
ix=fix^xifixi^,wd,  =  ^xi^r  =  -fxi^ 
x"-^-'=tX  i^xl^xi=i,a.d/  =  ix:i^xlf-'x 
IZJ  X  ^-^.  And  we  (hall  Aen  have  w*  +  Q**  +  R*'  +  S**  +  Tjf> 
+  &c  =  ny  +  ^y  +  ry*  +  ty*  +  ty'  +  &c. 

60.  We  muft  now  raife  the  feveral  powers  of  the  feries  — *,  C*',  D*',  Es:*, 
F«',  &c,  or  B*,  C»*,  D«',  E**,  F«',  &c  (which  is  equal  toj*),  in  order 
to  have  the  Talws  of;-*, jiSj*.^*!  &c,  exprefifed  in  powers.^  tt.  This  may 
be  done  in  the  mvuier  foUowing : 

y  =  Bk,      C«S       Dx',      E«S     F*S    &c 
y  =  B*;,      C*S       D*»,      E*%     F;bS    &c 


B'»', 

BC«', 

BD»S 

BE«', 

Ice 

BC«>, 

C'«', 

CD»', 

&c 

BD»«, 

CD»>, 
BE*', 

&c 
&c 

»•  =  B'«',jBC«',  2BD«',  iBE«',    &c 
C-x',    »CD»',    &c 

v«t.  n.  » K 
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B'«',  2B"C«<,   zB'Di' 

BC'»', 

B-C«s  aBC'»', 

B'D«> 

Sec 
&e 
&c 

&c 

J' 
1 

=  B'»',  jB'C«»,  jB-D*' 
3BC-«., 
=  B»,          C«%  &c 

&c 
&c 

B'»',    3B'C»',   &c 
B'C»S    &c 

y 

=  B»,    &c 

3' 

=  ^'x',   &c. 

6i.  By  fubftituting  tbefe  powers  of  the  ferics  Br,  C**,  D*S  E**,  F**« 
&c,  inftead  of  jf,  j**,  jf*,  j*,  ^S  &c,  in  the  equation  mx  +  Qjr*  +  R«'  + 
S  *♦  +  T  *'  +  &c  =  »^  +  qy*  +  O'  +  O**  +  fy^  +  &c,  we  Diall  have 
the  fimple  feries  mx  +  Q;*''  +  R  *»  +  S  *♦  +  T  k'  +  &c  =  the  compound; 
feries 

+  jB.»«',    2^BC*S»jBD*S     2}BE*',   &c 

y,C»K*,       a-yCD*S    &c 

+  rB'*S    3rB'C«S    3rB*D*S    &c 

3.rBC'*S    &c. 

+  jB***.       4jB*C*S    &c 

Therefore,  if  we  divide  all  the  terms  of  this  equation  by  x,  we  (hall  have 
Ae  fimple  feries  m  +  Q*  +  R**  +  S  «■'  +  T  **  -j-  &c.=  the  (»mj)oui«t 
feries 

»B,         »C«,  »DitS       »E*V  hTx*,    &c 

+  jB'*,       2j,BC«%  2j,BD*S     2^^  BE**,    &c 
qC^x^j      2  J  CD**,    &c 
+  rBV%    arB'C*S    3rB»D;e*,    &c 
jrBC***,    &c 
+  /BV,       4iB'C'**,    &c 
+  /-B'**,    fcc. 
And  tHs  equarion  will  be  tmc,  of  however  fmall  a  magnitude  we  fuppofe  * 
to  be  taken  :  and  confequently  it  will  be  true  alfo  when  *  is  equal  to  o.     But, 
when  X  is  =  o,  all  the  terms  in  this  eq\iation  that  involve  x  in  them  will  be 
equal  to  o  hkewife,  and  confequendy  the  equation  will  be  as  fisllows,  to  wit,. 
»  =  »  B.    Therefore  B  will  be  =  — ,  agr«eably  to-  what  has  been  already 
fliewn  in  art.  57,  and  confequently  the  two  firft  terms  of  the  feries  i  +  B  *, 


C**,  D*^,E**,  F*',  &c,  which  is  equal  to  i  +  *1 «  will  be  i  +  —  ar. 


qi  K.  I. 
6a.  Since 
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64 .  Since  m  is  equal  to  n  B,  it  follows  that,  if  we  fubtraft  m  and  «  B  from  the 
oppofite  fides  of  the  laR.  equation,  the  remainders  will  be  equal ;  that  is,  the 
fimple  fcrics  Qx  +  Kx*  ■{■  Sx'  +  T  *♦,  +  &c,  will  be  equal  to  the  com- 
pound feries 

nCx,        nDx*,  »E«',  irF**,    &c 

+  jB*a:,     2yBCa:S       iqBDx*,       2fBEar*,     &c 
jC»«%        2gCDx*y    &c 
+  rB'*S       3rB'C*',    3rB'D*«,    &c 
jrBC"**,    &c 
+  jB**S        4iB'C**,    &c 
+  /B>**,    &c. 
Therefore,  if  we  divide  all  the  terms  by  x,  the  quotients  on  both  fides  will  be 
equal;  that  is,  the  fimplc  feries  Q^+  R*  +  S*'  +  T*'  +  &c,  will  be  equal 
to  the  compound  feries 

»C,        »D*,  »E«S  «F*»,    &c 

+  jBS     ayBC*,      ifBDxS      ajBE*',    &c 
fC**»,        2jCD*s    &c 
+  rB'x,       3rB'C**,     3rB'D«S   &c 
3rBC**S    &c 
+  sB*x*,        4jB?C*%    &c 
+  *B'*S    &c. 
And  this  equation  will  always  be  true,  to  how  finall  a  quantity  foever  we  fup- 
pofe  X  to  be  diminithed ;  and  i:onfequently  it  will  be  true  alfo  when  x  is  =  o. 
But,  when  ;v  is  =  o,  all  the  terms  on  both  fides  of  the  equation,  that  involve  x^ 
will  alfo  be  equal  to  o,  and  conCequently  the  equation  will  be  as  follows,  to  wit, 
Cl==  n  C  +  ?  BS  that  is,  (becaufe  Qjs  =  7-  X  ^~^,  and  j  is  =  -^  X  2lli) 
—  X  ^^^^  will  be  =  «  C  +  —  X  i^^  X  BS  or  (becaufe  B  is  =  — )  —  X 
^i^willbe  =  «C  +  —  X  ^^^^  X  —  X  -=.,  or—  X  ^1^-=-^  wiU  be  =»C 
+  -^~  X   «*,  or  mn  x  —^~  will  be  =  »C  +  -^^—  x  «*>  <x  "*""*  will 
be  =  n  C  +   -■■  ~"i  whence  (adding  -^  to  both  fides)  we  (hall  have  — -  = 
«  C  +   '^•'-^+'"    and  (adding  —  to  both  fides)  =^i±^  =  bC  +  *'"'"^, 
and  (fubtrading  — ^  from  both  fides),  —  r:  »  C  +  — ;  that  is,  —  will  be 
equal  to  -^y  together  with  n  C,  either  added  to  it  or  fubtnufted  from  it,  as  may 
be  neceffary  to  produce-fuch  equality.    But,  becaufe  n  is  fuppofed  to  be  greater 
than  »,  -^  will  be  greater  than  ^^;  and  confequcntly  «  C  muft  be  fubtraded 
from  —  in  order  to  make  it  equal  to  ^^,  or  — .  We  (hall  therefore  have  — 

=  —  »  C  H ,  and  confequcntly  (adding  » C  to  both  fides)  —  +  »  C  = 

■j^,  and  (fubtrafting  -^  from  both  fides)  » C  rr  -^  —  —  =z  *'~   ■  = 
aK  2  m  X 


y  Google 


\ 

tgZ  A       DlffCOVRSX       CONCERVllTO 

'"'*""'  =  »i  X  ^^^,  ani  confequendy  C  =  —  x  '^^^.  Therefore  the 
third  term,  C*",  of  the  fetie!  i  +  i*,  C«',  Dar',  E»*,  F»',  &c,  which  is 

equal  to  i  +  k|"*",  muft  have  the  fign  —  prefixed  to  it,  and  will  be  =  -^  x 
""^  X  *',  and  the  ttiree  firft  teims  of  the  faid  feries  will  be  i  +  —.  x  —  ~ 
X  tZJl  X-.  <l.  B.  I. 

63.  Ithasbeenlliewn,  in  the  laft  article,  that  Qis  =  bC  +  y  B',  or(bccatrit 
it  has  alfo  been  fhewn  that »  C  is  to  be  fubtraaed  from  »  B  ■ ,  or  to  hare  the  ligit 
—  prefixed  to  it)  —  »  C  +  J  B'.  Therefore,  if  we  tubn-ja  Qjud  —  xC  + 
y  B*  from  the  oppofitc  fides  of  the  equation  which  was  obtained  in  that  article 
by  the  divifion  of*,  the  remainder*  will  be  equal  to  each  other  j  that  is,  the  Cm- 
pie  feries  R*  +  Sff'+Tj('  +&c  will  be  equal  to  the  compound  feries 
bBx,         »E**,  i»F«S  &c 

ijBCx,     2{BD»S      a}BE»',    &c 
jC'«",       «jCD«",    &c 
+  rB»«,      3rB'C»',    }rB'D«',    &c 
jrBC'*',    &c 
+  jB"**,       4jB'C»',    &t 

+  /B'*',  &c:  or,  if 
'we  prefix  the  lign  —  to  the  terms  2  j  BC  «,  3  r  B"C  «',  and  4  J  B'C«>  (In 
which  the  fimple  power  of  C  occurs  with  the  powers  of  B),  and  the  fign  +  to 
the  terms  q  C'x'y  3  r  BC'*»  (in  which  the  fquare  of  C  occul«  by  itfelf  and 
with  B),  the  fimple  feries  R.»  +  S«'+T»'+&cwillbe  equal  to  the  com- 
pound  feries 

nVXy        »E*%  «F*',    &c 

—  2»BC»,    2}BD«",      2}BEx>,    &c 
+  qC'x',        2}CD«>,    &o 
+  rB'»-3rB-C*",    3rB'D«>,    &c 
+  3,rBC"*",    &C 
+  iS'x'    -  4jB'C<>,    &c 
+  I  B'»",   Stc. 
Therefore,  if  we  divide  all  the  terms  of  this  equation  by  *,  we  fliall  have  t^ 
fimple  (tries  R  +  S«  +  T»*+*c  =  the  compound  feries 
»D,  «K*,  «F»",    &c 

_2«BC,     2fBDjr,      iIjBE»S    Sic 
+  }C'«,       ijCD*',    &c 
+  rB'  -  3>-B'C»,    jrB'D*',   &c 
+  3rBC'«->,    &c 
^.jB^x  —   4jB''C«%    &c 
+  /  B'*',    &c. 
And  thia  equation  will  be  always  true,  to  how  fmall  a  quanrity  foever  we  fup- 
pofe  X  to  be  dimiiulhed':  and  theiefbre  it  will  be  true  alfo  when  x  is  s  0.    But, 

when 
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when  *  is  =  o,  all  the  terms  in  the  equation  that  involve  *  will  be  equal  to  o 
likewife,  and  confequenily  the  equation  will  be  as  follows,  to  wit,  R  =  »  D  — 
3  7  BC  +  r  B* ;  by  examining  and  refolving  which  equation  we  may  both  de- 
termine whether  the  fign  +  or  the  Cgn  —  is  to  be  prefixed  to  the  quantity  n  D, 
and  confequenily  to  D*S  or  the  fourth  term  of  the  feries  I  +  B*,C*',Djf', 

E«*,F*:',  &c,  which  is  equal  to  i  +  /^l "  (from  which  fourth  term  the  faid 
quantity  «  D  has  been  derived  by  the  operations  of  multiplication  and  divilion 
in  the  courft  of  the  foregoing  procefles),  and  likewife  what  is  the  magnitude  of 
D,  and  confequently  that  of  D*'.  Now  this  refolution  will  be  fouiw  to  be  a; 
matter  of  fome  intricacy.  ,It  may,  however,  be  performed  in  the  manner  fol- 
lowing : 

64.  Byfubffituting  —  X  ^^-^^  x  ^^-^  in  this  equation  inftead  of  R,  and 
—  X  ^-^  inftead  of  a,  and  —  x  '^-^-^  X  '^-^  inftead  of  r,  and  —  inftead  of 
B,  and  —  X  *""  inftead  of  C,  it  will  become  as  follwvs,  to  wit,  —  x  **"  ' 
X  '~^  =  nT>  -«  X  »  -  I  x-^  X-^  X  —^  +  T  ^  ^  ^  ^ 
X  4>  or"^-?:'^'-  =  »D  -  «  X  rrrr  X  4  X  '^ -i-  '^^^4^  X 


t*~.im*^-irim»*  _. 


«' '  tun 3a  3 »  I       film 

=  .D  -  31^  X  ["-f-+-  +  -'-r'-  +  -',  =;  ,D.^  i--.--f.^-.+3^.->.< 
•*  \  OHM  bnm  6nrl 

+  --^-?^-*-'-'  =  ,D    -?"'"'+''^7-'+-^';  and  confequently  (adding 


6» 


■  r:  »  D  +   ^    etr*  *  *"^  (fubtrading 


:,D  +  ^". 


Now  '"fa^"  is  greater  than  ~^,  as  may  be  thus  demonftrated.  Since  n  is 
greater  than  m,  uwi'  will  be  greater  than  »"»,  and  confequently  a»*»  +  nwi* 
win  be  greater  than  ai«*»  +  «'»,  or  than  3f»'j».  Further,  lince  «»*,  (»Vi,  and 
nr*  are  in  continued  proponion,  the  common  ratio  being  that  of  « to  m,  it  follows 
from  Euclid's  Elements,  Book  5,  Prop.  15,  that  the  fum  of  the  two  extreme 
terms  will  be  greater  than  twice  the  middle  term ;  that  is,  ««•  +  m*  will  be 
greater  than  2f»*n.  Therefore  Mn*  -(-  mn*  +  m*  will  be  greater  than  win*  •!• 
2fli*v,  or  2m»*  •)-  m*  will  be  greater  than  mn*  +  2igi*«.  But  it  has  been  Ihewa 
that  fw«^  +  2ibV  is  greater  than  «■«  +  4«»'»,  or  3t»*«.  Therdfcrc  fliwh*  -H 
»'  (which  is  greater  than  mn*  +  2ib»»)  will,  d/erti*rij  be  greater  than  ^m'n. 
Therefore  ""^''*  will  be  greater  than  ^.  Uj  e.  d. 

Since 
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Since  therefore  '■""  -  is  greater  than  ^-^,  but  equal  to  «  D  +  2^,  it  fol- 
lows  that  «  D  muft  be  added  to  ^^  is  order  to  produce  the  faid  equality. 
Therefore  the  fign  +  muft  be  prefixed  to  n  D,  and  confequently  to  D*',  or 
the  fourth  term  of  the  feries  i  +  Bjt,  C**,  D*%  E«*,  Fat',  &c,  which  is 

equal  to  i~"+~*j»,  or  the  {aid  fourth  term  muft  be  added  to  thefirft  term  i. 
Therefore  the  four  firft  terms  of  the  faid  feries  will  be  i  +  B*—  C**  +  D*', 
or  I  +— *  —  —  X  ^-^  **  +  D*» ;  which  was  the  firft  pomt  that  was  to 
be  determined. 

Andj  fecondly,  the  magnitude  of  D  may  be  determined  by  means  of  the 

equation  laft-obtained,  to  wit,  — ^ —  =  »  D  +   | — ,  or  — 7- =  +  »  D 

+  ^4-  For,  by  fubtrafting  ^^  from  both  fides,  we  fliall  have  »D  = 
,„,»-,«.-«+^»  _ ^^x»m-^  _  ^  7^  in-m  ^^^  confequently  (di- 
vidioff  both  fides  by  »)  D  =  —  X  ^^^  x  "  ~  "   or  D  =  C  X  """,  or 

y~*  X  C    Therefore  the  four  firft  terms  of  the  feries  i  +  B*,  C«',  D*», 

3* 

£*■*>  F«S  &c,  which  is  equal  to  1  +  «]  »,  are.i  +  —  x  —  ~  x  2J^«*  +  ■ 


65.  It  is  poffible,  in  the  like  manner,  to  determine  the  figns  +  or  —  that  are 
to  be  prefixed  to  the  following  terms,  E**,  F*',  G**,  &c,  of  the  feries  i  + 

B*,  C«*,  D**,  E**,  Px't  G**,  &c  (which  is  equal  to  i  +  j?]»),  and  to 
find  the  values  of  the  co-efficients  E,  F,  G,  &c,  by  the  refoUition  of  the  like 
fimple  equations  which  may  be  derived  from  the  fi.indamental  equation  obtained 
in  art.  61.  The  equation  for  determining  the  fign  and  value  of  the  fifth  term, 
E**,  of  the  faid  feries,  is  as  follows,  to  wit,  S  =  »  E  +  2  j  BD  +  qC*  — 
3  r  B*C  +  J  B* ;  and  the  equation  for  determining  the  fign  and  value  of  the 
fixth  term,  Fx\oi  the  faid  feries,  is  as  follows,  to  wit,  T  =  »F  —  2JBE  — 
a  jCD  +  3  r  B''D  +  3  rBC*  —  4  jB*C  +  /B'.  But  the  computations 
that  would  be  neccffary  to  the  refolution  of  thefc  equations  would  («  the  reader 
will  eafily  conceive  from  the  difficulty  we  have  found  in  refolving  the  laft  equa- 
tion for  determining  the  fign  and  magnitude  of  D*')  be  exceffively  compli- 
cated and  troublefome  {  and  in  the  equations  for  determining  the  following  terms 
G«',H*'»I*SK.*',  L*'",  &c,  of  the  faid  feries,  the  intricacy  of  the  calcu- 
lations would  be  fo  great  as  to  make  the  refolution  of  (hole  equations  abfolutely 
impradicable.  And  therefore  I  fiiall  proceed  no  further  in  this  method  of  in- 
'  veftgating 
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neffTgating  the  terms  of  theferies  i  +  B*,  C*S  D*%  E**,  F*',  &c,  which 

equal  to  i  +  «] «  . 

66.  And  further  we  may  obferve,  concerning  this  method  of  inveftigating  the 
terme  of  the  faid  feries,  that,  if  it  were  not  fo  exceffively  laborious  in  the  prafticc 
as  we  have  fcen  it  to  be  after  the  two  or  three  firft  terms  of  it,  blit  we  were  able 
to  compute  twenty  or  thirty  of  its  terms  with  only  a  moderate  degree  of  trouble", 
U  would  ftiU  be  impoffible  to  afcatatn,.  by  means  of  the  terms  fo  computed^ 
the  law  of  their  generation,  or  continuation,  one  from  another,  fo  as  to  be  able 
to  conclude  with  certMnty  that  the  faid  law  muft.  take  place  with  refpeft  to 
the  terms  that  had  not  actually  been  computed,  as  well  as  with  refpedt  to 
thofe  that  had :  which  is  the  objeA  we  ought  principally  to  aim  at  when  wc 
are  inveftigating  theterfns  of  this  feries.  I  (hall  therefore  on  this  account,  as 
well  as  on  account  of  rfie  iocreafing  intricacy  of  the  calculations  that  occur  in  ic, 
dcfift  from  all  fiirther  t)rofeCution  «  this  merfiod  of  inveftigating  the  terms  of  the 

ftries  I  +  B*,  C**,  D*',  E**,  F*S  Sec,  which  is  =  i~+~ici«";  and  (hall 
proceed  to  lay  before  the  reader  another  meUiod,  of  .inveftigating  it,  which  will 
.  both  be  much  ea(ier  to  pradife  than  the  foregoing  method,  and  will  alfo  enable 
«s  to  difcover  the  law  by  which  the  co-efficients  B,  C,  D,  E,  F,  G,  H,  I,  K,  L, 
&c,  of  the  powers  of  *  are  generated,  or  formed,  one  from  another ;  apd  to  con- 
clude that  the  faid  law  muft  take  place  in  the  terms  which- ha\'e  not  been  aftually 
computed  or  inveftigated,:  as  well  as-  in  thofe  that  haye.  This  method  is  exadly 
iimilar  to  that  by  which  we  inveftigatcd  the  terms  of  the  feries  that  is  equal  to 

I 
I  +  «|",  or  \/'  1  ~\-  X,  in  art.  36,  37,  38,  39,  40,  and  41. 


Atother  Invefligation  ef  the  third,. fourth^  fifi^r 
Jixtb,  and  other  fgllowing  terms  of  the  Series 
I  +— ,»,  C*S  D**,  E*\F*',  &c. 

which  is  equal  to  1  +  x\  »  ,  or  the  mth  power 
of  the  nth  root  of  the  binomial  quantity  i  +  *, 
when  m  is  ar^  whole  number  wbat/oever,  and 
n  is  mrf  other  whale  number  greater  than  m. 

67.  It  has  been  (hewn  above,  in  the  three  obfervations-conuTned  m  art.  J4,  55, 

56,  and  57,  that,  if  x  be  of  any  magnitude  lefs  than.  1,  the  quantity  i  +  *lV,  or- 

-    ■   -1 
the  «th  power  of  i+*)«  or  of  the  irth  nxrt  of  i  +  *,  will  be  equal  to  the  fe- 
ries I  +  —  AT,  C«VD*',  EAt*,F**,&c,  in  which  C,  D,  E,  F,  &c,  repre- 
feat  certain  numeral  co-efficients  of  x*,  x',  x*,  x'  ^  Stc,  tha^are  always  the  fame. 


whatever 
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whatever  may  be  the  magnitude  of  *.  It  follows,  therefore,  that  if  we  fuppofc 
x  to  be  tncreafed  from  any  one  particular  magnitude  denoted  by  x,  to  any  other 

magnitude  (lefs  than  i)  that  is  denoted  by  y,  the  Quantity  1  +  jr]',  or  the 

wth  power  of  1  +  y\ »  or  of  the  nth  root  of  i  +  ^,  will  be  equal  to  the  feries 
I  +  — ^,  C^*,  D^*»  E^*,  F>',  &c.  Now  let  1/ be  equal  to  the  difference 
by  wbich^  exceeds  xi  £0  that  x  +  4  fhall  be  equal  to  jr.-  and  let  x  +  </  be 

fubftituted  isfiead  ofj"  in  the  laft  equation  1  +y\'»  =  i  +~y,  Cy',  Dy', 


Ey*y'Fy\  ice  And  we  (hall  then  have  i  +  *  +  ./j «  =  the  feries  I  + -^  x 
X  +  d,  C  XX  +Jf,  D  X  «"T?1',  E  X  X  +  J]',  F  X  x  +  df,  &c  =  the  feiies 
I  +  i  X  X  +  d,  C  X  «■  +  2 « ^  +  <^,  D  X  «*  +  3*'./  +  3*^"  +  d', 
E  X  »'  +  4«V  +  6«'rf'  +  4"''  +  '''■  Fx«'  +  5«*<<  +  lox'd'  + 
iox*4^  +  jf^*  -f-  i^%  +  &c  =  the  compound  iisries 

I  +  —X,      Cx',        Djt",        Ei*,  F«>,    &c 

+  ii/,   2Cxrf,     iT>x'd,  ^Ex'd,        S^x'd,    81C 

Ci',      30xd-,6Ex'/l;    loFx'd;    fee 

D^',     +E«<<',     loF«'<<',    &c 

Eli',         i^xd',    &c 

Fi^'.    Sir. 

68.  Let/be  =  i  +  ».  And  urt  (hull  lore  f  -^  d  =  i+x  +  ^,  and 
_r+71T  =  r+TTTl"'.  But/+iis=/x(i  +y.  Therefore/ +  i|« 
will  be  =  /  «  X  I  +.•51"  •  But,  becaufe  i  +  *1  ■  is  equal  to  the  feries 
1  +  —  «,  C«*,  D*',  E**,  F*S  &c,  it  follows  that  1  +  -^  will,  in  like 
manner,  be  equal  to  die  feiies  l  +  -^  X  4,  C  x  ji,  D  X  7^'-  ^  X  41'. 
F  X  II',  &c  =  the  feries  i  +  ■=■  x  ^,  C  x  ^,  D  x  ;^,  E  x  ^,  F  X 

.^,  &c.  Therefore/T  x  i  +  J~ will  be  equal  to/ •"  x  the  feries  i  + 
■=■   X   J,  C  X  4.,  D  X  ^,  E   X  ^,  F   X  ^,  &c  =  the  feries/.^.  + 

.;    X/TX7,  Cx/^X^,  Dx/'^   X^,  Ex/Tx^,  F 

X  /  .    X   ;pj,  &C. 
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X/  "   X  jj-,  &c.    Therefore/  +  ii\'   (which  is  =  /  "    x    «+—]'«')  will 
alfo  be  equal  lo  the  feries/T  +  ^  X/"  X  i<;  X  /  "^  X  ^,  V  X/^X 


this  laft  equation  inftead  of/,  to  which  it  is  equal,  we  fliall  have  i+x  +  a\ii 


:  the  feries  i  +  *) "  +  -7  X  i  +  »1"  X  7^^-;.  C  X  I  +  «1" 


XI  +  »1  ■ 


■  i+" 


,  E  X  I  +  «1"   X 


,i  J- 

,F  X  I  +«)«  X== 


.&c. 


69.  But  it  has  been  fhewn  in  art.  67,  that  i  +  *  +  rf|»  is  equal  to  t]ie  cbm- 
pound  feries 

i+^x,       Ck',       D»',  Ex',  F*',    &c 

+  iy,     2C*./,    3D»V,     4E»'i<,        jF«V,    &c 
C</',    jD*^",    6E«'i/',     ioF«',/%    &c 
D<(>,       4E»</',       10 F«'^",    &c 
tF«^«,    &c 
FJ-     &c 


Therefore  the  feries  1  +  *) "  +  ■ 


EJ', 
X  I  +*(' 


,  D  X  I  +  »1" 


,  Ex  I  +»!•  X  j===j 


;,  C  X    I  +«l  •    X 

m 

;,  F;<  I  +»!■  x 


.    .,,  &c,  will  be  equal  to  the  faid  compound  feries 
1+7)*'      '  ^  ^ 

i+i«,       Cx'i       D/t',         E«',  F«',    fcc 

+  —1I,    zCxd,    jDrV,     +E*',/,         sFx'J,    &c 

C^',    3D«i/',    6E*V,      ioF»'^%    &c 

Oil',       4ExJ',       loEx'd',    &c 

E</',  J  F  »■<(•,    &c 

F./',    &c. 

70.  Now  let  I  +  *)«  be  fubtraded  from  the  left-hand  fide  of  this  laft  equa- 
tion; and  the  feries  i  4-  —  *,  C*»,  D*S  E**>  F*>,  &c  (which  is  equal  to 

1  -(-  *|  •  ),  be  fubtraded  from  the  right-band  fide  of  it.    Then,  it  is  evident, 

the  remainders  will  be  equal  to  each  other;  diat  is,  the  feries  ~  x  1  -4-  xl m* 
Vol.  II.  sL  ■       '         „     i 
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X  j^,,  C  X  r+7lT  X  ==j;,  D  X  r+7t^  X  j^^,  E  X  i  +  «(~ 

X         ■.,>  F  X  1+  A*   X    I     .';>  &c,.  wiU  be  equal  to  the  compound  feriei; 
—  i,     zCxd,    3D«'<4,    4E«'^,        jVx'd,    &c 
Ci/",     3D»,<',     6E«'J',     ioF«".<-,    &c 
Di/>,       4E*i",      iaF«'J',    &c 
El/*,  jFi</',    &c 

F./>,    &c. 
And  conftquentty,  if  we  divide  all  the  teims  by  dj  we  Ihall  have  the  feries 


i  X  I  +«1  •  X  -j-i^,  C  X  I  +  «p  X  ;--r^..  D  X  L  +  J 


m"' 


i-  ^ 


-^—         ^' 


—,    iCx,    jD*',    4Er',        jF«',  8tc 
C</,     3DxJ,     6Ex'd,     loTu'd,  &c 

D</*.    4%xd',    loFx'd',    b,c 
Ed',        i^std',    &c 
Vd',    &c. 

71 .  This  equation  is  always  true,  how  ftnall  foever  we  may  fuppofe  </  to  be  = 
and  therefore  it  will  be  true  alfo  when  ^  is  =  o.  Biat,  when  ^  is  =  o,  all  the 
l£nns  on  bothiidcs  the  equation  that  involve  d  will  be  equal  to  o  likewHe ;  and 


confequently  the  equation  win  then  be  as  follows,,  ta  wit,  —  X  i  -f-  x\»   x 

-4— =  the  fcries  — ,  lC«,  3D»',  aEjC,   (F«',  &c.    Therefore,  if  we- 

m 

multiply  all  the  terms  by  the  fraiftion  — ,  wc  (hall  have  i  +  a:|  •  x.     '     =^ 
thefeiies  i,,-^C»„-K.n,',^E«',-Sp  F».s  Stc;  and,  if  we  multiply 

both  fides  of  tliis  lall  equation  by  r  +  *,  we  ftiall  have  i  +  x\ »  =  the  com-* 
pound  fcries 

I,  Ji-C«,  il  D«-, -ii  E«', -Si  F»',  &c. 

+  *,  ^  C  *S  ^  D  «'>  -^  E  «*,  &c. 


72.  But  I  +  x|"  is  alfo  equal  to  the  feries  i   ^ *,  C*»,  D*»,  E«V 

F*S&c.    Therefore  the  faid  feries  I  +  ^x,  C**,  Dff»,  E**,  F«»,  &c, 
will  be  equal  to  the  compound  feries 
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J,  2i  C  je,  ^  D  *",  ^  E*>,  ip  Fk%  &C. 

and  confequehtly  (fubci^ding  i  froro  both  fides  of  the  equation)  we  Ihall  have 
the  feries  —  *,  C«*,  D  *S  E**,  F*',  &c  =  the  compound  fcries 
—  C*,  i^D*'.-i^EA-',ilF*S  &c, 

m  '    m  '    m  '    m  '         ' 

+  X,  ^Cx%  ^D*',-^  Ex*,  &c; 
«nd,  laftly  (dividing  all  the  tcrtns  by  «),  we  Ihall  have  the  (imple  feries  — ,  C  *, 
T>~x*,  E*»,  F**,  &c,  equal  to  the  compound  feries 

il  C, -^  D  *,  ^  E  *«, -ip  F  *S  &c 
+  ty^Cx,-^Dx%-^  E*S&c; 

by  the  help  of  which  equation  we  may  difcover  both  **  which  of  the  figns  + 
aad  —  ftte  to  be  prefixed  to  the  feveral  co-efficients  C,  D,  E,  F,  &c  (and  con- 
fequently  to  the  corrcfponding  terms  C**,  D*',  E**,  F*>,  See,  in  the  feries 

.        m 
I  +  —  *,  Car',  D«*,  E**,  Far",  &c,  which  is  equal  to  i  +  *j~),"  and  alfo, 
**  what  are  tlie  m^nitudes  of  the  faid  co-efficients  C,  D,  E,  F,  &c,  refpeftivcly." 
This  may  be  done  by  proceeding  in  the  manner  following  : 

73.  In  the  firft  place,  fmcethe  fimplc  feries  — ,  C*,  D**,  Ex*,  Fx*,  tec, 
is  equal  to  the  compound  fenes 

J^C,^Dx,^Ex%-^Fx*,8cc 
+  i,^Cx,^Dx\-^Ex*,6cc, 

and  this  equation  is  always  true,  of  how  fmall  a  magnitude  foever  we  fuppc^e  x 
to  be  taken,  it  follows  that  it  will  alfo  be  true  when  *  is  :=  o.     But,  when  *  is  = 

0,  all  the  terms  in  the  equation  that  involve  x  will  be  equal  to  o  likewife ;  that 
is,  all  the  terms  on  the  left-hand  fide  of  the  equation,  except  the  firft  term  —, 
and  all  the  terms  on  the  right-hand  fide  of  the  equation,  except  the  two  firfl: 
terms  of  the  two  lines  of  terms,  to  wit,  —  C  +  i,  will  be  equal  to  o.  There- 
fore —  will  be  =  to  -^  C  +  I,  or  to  1,  —  C,  or  to  1  together  with  —  C, 
either  added  to  it  or  fubtraAed  from  ic,  as  may  be  neceflary  to  produce  fuch 
equality.    Now,  becaufe  a  is  fuppofed  to  be  greater  than  «,  —  will  be  lefs  than 

1,  and  confequently  ^  C  muft  be  fubtrafted  from  i,  in  order  to  make  it  equal 

a  L  z        -  to 
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to  — .  Therefore  the  Ggn  —  muft  be  prefixed  to  ~  C  in  the  equation  —  =^ 
—  C  +  I,  or  —  ~  I,  —  C ;  and  confequently  the  fign  —  muft  alfo  be  pre- 
fixed to  the  third  term  C  **  of  the  feries  i  +  —  *,  C**vD«*,E>!*^  F**    &x 

(which  is  equal  to  i  +  Ar\"  )»  from  which  third  term  the  faid  quantity  —  C 
has  been  derived  by  the  operations  of  mutti plication  and  divilion  in  the  courfe 
of  the  foregoing  procefles.    Therefore  the  three  firft  tenns  of  the  feries  i  + 


—  *,  C*%  Djf',  E**>  Fk«,  Sec,  wWch  is  equal  to  i+«\-»,  will  be  r  H * 

—  C*'.  .  Q^    E.    I. 

And  the  magnitude  of  the  co-efficient  C  may  likewife  be  determined  by 
means  of  the  equation  —  :r  i>  ™  C,  or  —  =  i  —  —  C.    For,  by  adding 

■  —  C  to  both  fides,  we  (hall  have 1 C  =  i ;  and,  by  fiibt^fting  —  from 

both  fides,  we  fliall  have  —  C  =  i  —  —  =  Z^H^ .  ^nd  (by  dividing  both  fidei 
by  — ,  or  multiplying  them  into  — )  C  =  —  x  -^^  =  —  x  ~".  There- 
fore  the  three  firft  terms  of  the  feries  1  +  —  »,  C*',  Dff',   S,x*,Fx',  Scc^ 

which  is  =  1  +  x] ",,  will  bei   +  "^  "  —  ~^  ^  — —  Jf'»  or  i  -J-  —  A  *  — 

74,  To  determine  the  ffgn  that  is  to  be  prefixed  to  the  fourth  temr,  D*',  of 

the  feries  ^  +  —  at,  C  jr',  D*^,  E**,  F*',  &c,  which  is  equal  to  1  +  x\—t. 
and  to  find  the  mi^itudeof  its  eo*e(fiGient  D,  we  muft  proceed  as  follows : 

Since  the  fign  —  is  to  be  prefixed  to  the  co-efficient  C,  it  muft  likewife  be- 
prefixed  to  all  the  terms  which  involve  it  in  the  grand,  fundamental  equation 

obtained  in  art,  72,  to  wit,  the  equation  Jietwecn,  the  fimpleferies  — »  Cx,  D-x*k 
E.V',  F**,  &c,  and  the  compound  feries 

~C,^  Dx,  11  E  *  V  -^  F  *' ,  &c: 

'    m  '    m-'  m- 

which  equation  will  thewforcrbe-ar  folldws,  "to-wH,  thefimple  fcriiw  —  —  Oj- 
D*',  E**,  F«*,  &c  =:  the  compound  ftries  '' 

- -ii  G,  Mi  n*,  ^  £«•;  il  F«.,  &c 

m       '    m  m  '    m  ' 

.        +  i--SiCx,"-2iD»',  ^E!f.,&c.. 

m.  m.  m 

'     -  Let 
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'.  Lit  2  C '«  be  "add*d  to  the  two  frdw"  of  this  equation';  and  we  ftiall  tlien  liavc- 
the  fimplcferies  —  4- C*i  D*",  BW'^F  **,&«-=  the  compound  fciies    -    i 

-  ^  C,  -^  P*i  ^  E-*S  ^  F  *',  .&c  '  "■     ■  ■  ' 

But  it  has  bee)\  (hwen  in  the  Uft  arciclcr  that  —  is  =  i  —  —  C.   Therefore- . 
tf  we  fubtraft  —  and  i,  —  -^  C  £roi?i  the  oppoCce  fides  of  the  laft  equation,  the 
remaindBK  will  Be  equal  ta  each  ocher ;  that  i^,  the"  Cmple  ferics'C  *,  D  *% 
E*',  F**»  &c,  will  be enaal *o  die  copipound  feries  ,  -      ;. 

'    +  ^  C  * ;   and  conffquently  (dividing  iu  the  terms  by  *), 
we  fliall  have  the  fitriple  feries  C,  D  *,  E  «*,  F*»,  &c  =r  the  compound  icries  • 

^D,-^E*,ijF«S8ec    "  ._:„•■ 

+  J'c ■■"':    ■  ."■  :■■'■■  - 

And  this  equation  wiUbe  true,  how  fm^  foevcr  wcmay  fuppofe  x  to  be  r 
and  thereforeitwiH  alfo  betrue  whch«i3=b.  But,  .when  *  is"  = 'o,  alt  the 
lenns  that  involve,;);  will  be  equal  tO'  o  Ukewife,  and  confequently  theequation 
will  be  C  =  ^D-  ^C  +  aC.  ThaeforeC  + -ij- C  wiU  be  = -^^  D 
+  2  C,  and  —  C  will  Be  =  -^i  D  +  C,.  or  C,  -21  D-;  that  is,  —  C  will  be 

equal  to  C  together  with  —  D  athcr  added  to  U  or  fubtrafted  from  it,  as  may 
be  neceflary  to  produce  the  faid  equality.    'But,  becaufe  n  is  greater  than  n, 

—  C  will  be  greater  dian  —  C,  or  than  2  C,  and,  2  fortiori,  greater  than  G. 
Therefore,  in  order  to  make  C  and  —  D  be  equal  to  —  C,  2i  D  muft  be 
added  to  C,  and  confequently  muftJiAve  the  fign  +  prefixed' to  it.  Therefore 
the  fign  +  mutl  alfo  be  prefixed.Co  the  fourth  term,  Dx*,  of  the  feries  i  + 

—  *,  Cx*,  Dx^j.  Ex",  F**,  &c  (which  is  equal  to  i  +  «}  *  )*  from  which 
fourth  term  the  quantity  -^  D  has  been  derived  by  the  operations  of  multipli- 
cation and  divifibn  in  the  courfe  of  the  foregoihg  proceifes.  Therefore  the  four 
fitfttermsofthefiudferieswiUbci  +  —  *  —  €**.  + D*».         (i.  b.  i. 

'  And: 
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And  the  m^oipude  of  the  co-efficient  D  nuy  likewife  be  detenniaed  bj 
means  of  the  equation  —  C  =  C  +  -^  D.    For,  by  fiibtrading  C  from  both 

fides,  we  IhaU  have  .ajl  D  =  ^C  -C  =  il  _  i|x  C  =  ii^x  C,  and 
(by  dividing  both  fides  by  ^t  or  multiplying  them  into  — )  D  =  ^-~*  x 
C,  or  (bccaufe  C  is  =  -2-  x  -~)  ^  =  T  **  '~^  ^  — ;■*  "U  e-  i. 

Therefore  the  four  firft  tenns  of  the  fcries  i  +  —  «,  C  j;*,  D*',  E«*,  F«% 

&c,  which  is  equal  to  i  +  *1",  arei  +^*^—  x  ^^-^  *•  +  —  X  '^^^ 

■^      3«  *  ^    «  1  jn  *         3«      .  '*- 

75.  To  determine  the  fign  that  is  to  be  prefixed  to  the  fifth  term.  Ex*,  of 

m 
dieferies  i  +—*,€«•,  D*',  E**,  Fa:',  Sec,  which  is  eqioal  to  1  +  «1", 
and  to  find  the  magnitude  of  the  oo-efficient  £,  -we  muft  proceed  as  follows : 

It  has  been  (hewn  in  the  laft  article,  that  the  fimple  feries  C,  Dx,  £x*j  Fx', 
&c  is  =  die  compound  feries 

5^D,^E*,  ilF*',  &c 

m        '    m  '    m  * 

«ilC,  ^Dar,  ipE*S&c 

+  1  C,  or  (fxefixiog  the  figa  +  to  the  terms  which  in- 
volve di^  co<efficient  D),  that  the  iiniplc  ioies  C  +  0«>  £  x*,  F  x*,  &c,  is  = 
the  compound  feries 

+  21.-D,   ^%x,^  FxS&c 

^llC^2Z.  D*,.^  E*S  &c 
+  z  C.    And  it  has  been  foewn  alTo  in  the  fame  article, 
(hat  C  is  =  +  -^  D  ^  —  C  +  a  C.    Therefore,  if  we  fubtraa  C  from  the  ' 
left-hand  fide  of  the  laft  equation,  and  +  11  D  —  —  C  +/*  C  from  the  rigtit- 
hand  fide  of  it,  the  remainders  will  be  equal ;  that  is,  the  funple  feries  +  ^"t .. 
E**,  F«',  &c,  win  be  =  the  compound  feries 
^Ear,  iiF*',  &c 
+  —  D  jf,  —  E  *' ,  &c ;  and  confequendy  (dividing 
all  the  terms  by  x)  the  fimple  feries  +  D,  E  jr,  F  «»,  &c,  will  be  =  the  com- 
pound fcriet 

ilE,.SiF»,  fcc 

Awl 
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And  this  equation  is  always  true,  of  howerer  fmatl  a  magnitude  we  fuppofe  x  to 
be  taken :  and  therefore  it  will  alfo  be  true  when  «  is  =  o.  But,  when  x  is 
=  o,  all  the  temis  in  the  equation  that  niTolve  *  will  be  equal  to  o  likewife, 
and  confequently  the  equation  will  be  +  D:=  —  E+-^D,  or  +  D=:  + 
■^  D,  -^^  E ;  that  is,  D  win  be  equal  to  -^  D  together  with  ^  E,  either  add- 
ed to  it  or  ftibtraaed  from  rt,  as  may  be  neccflary  tO'  produce  the  (aid  equality. 
Bur,  becaufe  »  is  greater  than  »,  -^  D  will  be  greater  than  D,  and  confequently 
■^  E  mirfl  be  fubtrai5ted  ftom  it,  in  order  to  make  it  equal  to  D.  We  muft 
therefore  iwefix  the  fign  —  to  the  quantity  —  E  in  the  equation  +  D  =  -^  E 
+  11 D ;  which  equation  will  therefore  be  +  D  =  —  ii  E  +  IZ  D,  or  +  D 
=  +  -^  D  —  il  E.  Therefore  the  fign  —  nuift  alfo  be  prefixed  to  the  fifth 
Mm,  E<*..ofthcfcrksi.+  -2.*,  C*%D*',  E*SF*',  &c.  whidi  is  equal 

to  1  +"*1  *  ;  and  confequcndjr  the  five  firft  terms  of  the  faid  feries  will  be  i  + 
i.*  _  C«i^  +  D«-»  —  E**.  ^^^  2.  i. 

And  the  magnitude  of  the  co-efficient  E  may  Ukewjfe  be  detennined  by 
means  of  the  equation  •fD=  — — E  +  Hd,  or+D=+  1?:  p  ,  4" 
E.  For,  by  adding  -^  E  to  b<«h  fides,  we  fliall  have  D  +  -^  E  =  11  D 
and,  by  fubtraftlng  Dfrom  both  fides,  -i^E  =  -21*D—  D  =  ^  _  i]x  D 
_  a*  -_y  ^  0j  and  confequently  E  =  —  x  ^~—  x  D  =  ^*'^^  x  D  = 

Therefore  the  five  firft  terms  of  the  ferie*  r  +  — an,  C*»,  D**,  E«»   F*' 

lie,  which  is  equal  to  i  +  xi*,.  will  be  i  ^-  —  ^  _  i  ^  *~*  x*  +   "  x^ 

TT  X  ^  -  -  T  ^^  Hr  'f  ==^  x"  5^''-.  or"  +  i  aI  _ 
[^B,.+  e!LZ^C,._|i^D... 

;6.  To  dao-mme  the  lign  that  is  to  be  prefixed  to  F«',  the  Cnh  term  of 
the  feries  I  +  ~ x,.C xf,  P  J,! ,  £»♦,  F»>,  Sec,  which  is  equal  to  i  +  »!?, 
and  to  find  the  oiagnitude  of  the  co-efficient  F,  we  Hiuft  proceed  as  fbUows  • 

In  the  Uft  article  it  was  Ihewn  that  the  funple  ftries  +  D,  E»,  Fi'   G*' 
«c,  wase^jaltodwcomptwnd&riei  ■     >      »       «        , 
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^  E,  ^  Fat,  ^  G*S  ^Hx\  &c  ' 

or  (prefixing  the  fign  —  to  the  terms  that  involve  the  co-efficient  E)  that  the 

funpleferies  +  D  —  E*,  F**,  G*',  &c,  was  equal  to  the  compound  feries 

-:^E,     ^F«-,^G*%^H*%&c 

-       +^D-:^E«:,-^F*'i-^G;ci,  &c.     ■ 

Add  2  Ear  to  both  fides  <rf this  dqeation.     And  w^ (hall  then  have  the  fimple 
ieries  D  +  E*,  F**,  G*',  &c  =:  the  compound  feries     , 

,       -^E,   \^Fx,.^Gx\^.Hx',^c 

+  llD--i^E«,iiF«%— G*S&c.    ' 
+  2  E  r. 
But  it  has  been  fhewn  in  the  laft  article  that  0  ig  =  —  ^  E  +  -i2-  D»  or 
4i  D  — -^  E.    Therefore,  if  we  fubtraa  D  &om  the  left-hand  fide  of  the 
lafti  equation,  and  -^  D  —  -^  E  from  its  right-hand  fide,  the  remainders  will 
t«  equal ;  that  is,  the  fimple  feries  +  Ex,  F«*,G:v>,  &£,  viil be  =  the  com- 
pound feries    .  -..,;., 
ilF*,  ^Gks1^H*S&c 
_ilE*,  ^F*', —G*',  &c 

I  .         m  1"  m  .  , 

I  -I-  2  E  ff ;  and  confequently  (dividing  aU  the  terms  by 

*)  i\c  £n^>le  feries  E,;F  x,  G  **,  &c  will  be  =  the  coinpouiS  ^ies 

i^F,^G*,^H*%&c 

-.ijE,  ^F*,^G*%&c 

+  2  E. 
And  this  equation  is  always  true^  of  however  fmalt  a  m^nitude  we  fuppofe  x  to 
be  cakeh ;  arid  therefore  it  will  alfo  be  tfue  when  *  is  =  o.  But,  when  *  is 
=  o,  all  the  terms  in  the  equation  that  involve  x  will  be  ec^ual  to  o  likewif^ 
and  confequently  the  equation  will  beE=— P  —  —  E+  2E.  There- 
fore (adding  ^  E  to  both  fides)  we  (hall  have  E  +  i^Eir^F-|-  2E, 
and  (fubtra^ing  E  from  both  fides)  we  (hall  have  ^  E  =  i^F  +  E,  orij 
E  =r  E,  -^  F ;  that  is,  ^  E  will  be  equal  td  E  together  with  -^  P  either  ad- 
ded to  it  or  fubtraded  from  it,  as  may  be  necefTaryto  ptoduce  the  faid  cquaUty. 
"But,  becaufc  n  is  greater  than  «,  -^  E  wiUbe  mwsh  gF^«scih^.fi »  ""jd  ;her©- 

fore 
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fore  ^  F  muft  be  added  to  E  in  order  to  make  it  equal  to  —  E.  We  muft 
therefore  prefix  the  (ign  +  to  the  quantity  ^  F  in  the  eqiiation  ^  E  =  E, 
^  F;  and  confequently  the  faid  equation  will  be  —  E  =:  E  +  —  F.  There- 
fore the  fign  +  muft  aUb  be  prefixed  to  the  fixth  term,  F  x',  of  the  feries  that 

is  equal  to  i~+~*l~,  to  wit,  the  feries  i  +  -^  *,  C*»,  D*',  E**,  F*',  &c; 
from  which  fixth  term  the  quantity  —  F  has  been  derived  above  by  the  opera- 
tions of  multiplication  and  divifion  in  the  courfe  of  the  foregoing  procefles. 
Therefore  the  firft  fix  terms  of  the  faid  feries  will  be  i  -(.  ^  j;  _  Ca'  •(-  Dx^ 
—  E**  +  F*'.  <ltB.  I. 

And  the  m^nitude  of  ^he  co-efficient  F  may  likewife  be  determined  by 
means  of  the  equation  —  E  =  E  +  ^  F.     For,  by  fubtrafting  E  from  both 

fides,  we  fhali  have  ^  F  =  i^  E  -  E  =  ^ -^  X  E  =  *^  x  E;  and 
confequently  F  will  be  =  ^  x  i^  X  E  =  ±1^  x  E  =  ±1^  x  ^ 

Therefore  the  firft  fix  terms  of  the  feries  i  +  -^  *,  C  *%  D*',  E  **,  F  *', 

&c,  which  is  equal  to  i  +  «!'»",  arc:  +  -J  »  -  i  x  '^^  »■  +  i  X  ^^ 
X -77-'' -  T  X  "TT  X     5,     X     4.    «    +—  x-77-  X  -^  X 

s-ini  X  iiii;«sor ,  +  iiAjr-  |if5B»>  +  ii::ic«'  -fci: 
4.        s"  "        I "  3'  rJ" 


77.  Having  thus  gone  through  the  inveftigations  of  the  values  of  the  four  co- 
icients  C,  D,  E,  F,  at  confiderable  length,  I  (hall  treat  more  concifely  of  the 
eftigation  of  the  following  co-efficients  G,  H,  I,  K,  L,  M,  N,  O,  P,  Q^  R, 
T,  &c,  and  fliall  only  obferve  concerning  them,  chat  the  figns  -^  and  — , 


efficients 

invi 

S,T,       .  .  _     ,  _ 

which  are  to  be  prefixed  to  them,  may  be  determined,  and  their  magnitudes  dif- 

covered,  by  means  of  the  foUowii^  fliort  and  eafy  fimple  equations,  which  may 

be^fity  derived  from  the  grand,  fundamental,  equatioa  obtained  above  in  art. 

72 ;  to  wit,  the  equations 

F  =  -^  G,    -^  F, 

G  =  ^  H,  -^  G, 

H  =  -^  I,    -^  H, 

Vot.  11.  2  M  I  = 
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I  =  ^  K,   i   I, 

K  =  4-  L.  -i-  ''• 
L  =  Jil  M,  i2L  L, 

M  =  -!il  N,  .4.  M, 

N  =  -^  O,  -^  N, 

O  =  ^   P,  i21  O, 

P  =  -iii  Q,  -^  P, 

Q_=  i^    R,    J£L  Q^, 

R  =  Jit    S,    ^  R,       . 

S   =  -!^  T.    J^  S,  &c, 
or,  (becaufe  F  has  the  fign  +  prefixed  to  it,  and  -^  F  is  greater  than  F,  and 
confequendy  —  G  muil  be  fubtraded  from  —  F  in  order  to  make  it  eqiul  to 

F). 

F=-J^G  +  -^F, 
and  (fgr  the  like  reafons), 

-G=+-^H--^G, 
and+H=--5i-I  +  -^H, 

+  K  =  --^L+-21-K, 
-L=:  +  4^M-Al, 

+  M=   -JilN-f-^M, 

+  o=--^p  +  -§^o, 
_  P  =  +  A  Q._  -5:-  p, 
+  CL=  *  4-  R  +  4-  <3., 

_R=   +   -!llS--!^R, 
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&(; ;  in  all  which  equations  the  figns  to  be  prefixed  to  the  feveral  co-eiBcients 
G,  ,H,  I,  K,  L,  M,  N,  O,  P,  Qj  R-.  S,  T,  &c,  are  alternately  -  aad  + .  And 
the  fame  thing,  it  is  evident,  mud  take  place  in  all  the  following  co-efficients  erf" 

the  powers  of  *  in  the  feries  i  H *,  C**,  D*',  E**,  F*',  &c,  which  is 

equal  to  i  +-  xj",  to  whatever  number  of  terms  the  faid  feries  (hall  be  conti- 
nued. We  may  therefore  conclude  that  the  faid  feries  will,  when  «  is  greater 
than  IB,  be  I  +  —  «  —  C**  +  Vx'  —  Ex*  +  F**  —  G  *»  +  H*'  — 
I  **  +  K  «•  —  L  *"*  +  M  «"  —  N  *"  +  O  *"  —  P  *'*  +  Qjc'*  _  R  *'•  + 
S  *"  —  T«"  +  &c,  in  which  all  the  terms  after  the  two  firil  are  marked  with 
the  figns  —  and  +  alternately,  or  are  to  be  alternately  fubtraded  from,  and 
added  to,  the  faid  two  firft  terms.  0^  e.  i. 

And,  fecondly,  the  magnitudes  of  the  co-eiEcients  G,  H,  I,  K,  L,  M,  N,  O, 
P,  Q^  R,  S,  T,  &c,  may  be  difcovered  by  refolving  the  foregoing  ftiort  fimplc 
equations,  to  wit, 

+  F=--^G  +  -2-F, 

-G  =  +  Jl-H  -  -^G. 

+  H  =  -  -^  I  +  -^  H, 

+  K=--!^L  +  -^K, 

+  M=—  ~'S+~-M, 
-N=   +   -^O V"**' 

+  o  =  --^p  +  -^o, 

+  0.=  -  4-  K-  +  4=-  Q-- 

+  S  =   -  -^  T  +  -!^  S,  &c. 

For,  fince  +  F  is  =  —  ^  G  +  ii  F,  we  (hall  have  F  +  i^  G  =  ^  F, 
and^G^  ^F-F=  y-  i]  X  F  =  51^  «  F,  and  confequemly  G 
(=Sx^«  =  f.X^'<F)  =  il^".F.  ^.B... 
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And,  fmcc  -  G  is  =  +  ^  H  -  5^  G,  we  IhaU  have  tiG  —G  =  +  ^' 
H,  or  —  —  i]  X  G  =  y  H.  or  5i^  x  G  =  ii  x  H,  and  confequently  H 
f=ixIiH  =  -ix  5i:^  X  G)  =  5l;ii!  X  G.  cu  E.  I. 

And,  fince  +  H  is  =  -  ^  I  +  ^  H,  we  Ihall  have  H  +  ii  I  =  ^  H. 
and  —  I^i^H  -H  =  ^— ijx  H  =  21^  -x   H,  and  confequently  I 

And,  fince  -  I  is  =  +  ^  K  -  L"  I,  we  Ihall  have  i;"  I  - 1  =  ii  K,  or 
li  _  ,|x  I  =  i^  K,  or  51^  X  I  =  ^  K,  and  confequently  K(,=  —^x 

yK=  ix  t::^xl)=5l=:xl.  «,>••• 

«  9«  ■  9" 

And,  fince  +  Kis=-i^L+^K,  welhaUhaveK  +  ^L  =  ^ 

K,  and  !^  L  =  ^  K  -  K  =  ^  -  i|  X  K  =  ^^  x  K,  and  confequently 
L(=^^xi^L  =  ^x24=xK)  =  21rJ:xK.  ^E.,. 

And,  fmce  -  L  is  =  +  ^  M  -  i^  L,  we  (haU  have  ^  L  -  L  =  + 
;i:M,or  n;M=— L-L  =  i2:-.lxL=  '-^  X  L,  and  con- 
fequemlyM(=^.xi^M=^X  12^  x  L)  =  i21^  X  L. 

0-    E.    I. 

And.  fince  +  M  is  =  -  ^  N  +  ^  M,  we  Ihall  have  M  +  I^  N  = 
--  M,  and  —  N  =  ii^  M  -  M  =  i^  -  ijx  M  =  '-^^  X  M,  and 
confequently  N  (=  7=;  X  iii  N  = -i;  =  1^  X  M)  =  '-^  X  M. 

<U    E.    I. 

And,  fince -N  is  =+  -^O  --^N,  wc  Oiall  have -^  N  -  N  = 
ill  o,  or  i^O=~-N-N=  i^  -  i|x  N  =  ii^  X  N,  and 
confequently  O  (=  ^  x  -i^  O  =  ^  X  i^^  X  N)  =  i^^  X  N, 

(I.    E.  1. 

And,  fince  +  O  is  =  -  ^  P  +  -^  O,  we  Oiall  have  O  +  -^  P  = 

ili  o,  and-I^  P  «  -^  O  -  O  =  -i^  -  ilx  O  =  ii^:^  X  O,  and 

confequently 
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confeqiiently  P  (= 


X  O  : 


269 


-  XO. 


And,  fince  -  P  is  =  +  i^  Q  -  ii^  P,  we  Ihall  have  il^  Q  =  -ill 


p  -  p 


X  P,  and  confequemly  Q,(  = 


-ill  0.=  -^  X  '-i^  X  P)  =  i^  X  P.  (u  E.  I. 

And,  Cnce  +  Qjs  =  -  ^  R-  +  ^  Qj  wc  (hall  have  Q.+  4^  R  = 
ii:  Qj  and  iii  R  =  !i!  Q.-  0.=  ii=  -  .) X  <?.=  '-^^^  X  Q^,  and coo- 
fcqiMntly  R(=4-x— R.=  ^X  ^^^^^^  X  QJ  =  ^^TT^  X  Q. 

(i;  B.  I. 

And,  fince  -  R  is  =  +  -^i:  S  -  ^  R,  we  Ih^U  have  lii  S  =  i^"  R  - 

R  =  "IFirT]  X  R  =  i^^^^^  X  R,  and  confequendv  S  (=  -^  x  ^  S  = 

X    R)  =  X    R.  Q.    E.    I. 

And,  Cnce  +  S  is  =  -  il!  T  +  ^  S,  we  fhall  have  S  +  -^  T  =  il-" 
S,  and  ii-"  T  =  ^  S  -  S  =  ii:  -  i|  x  S  =  '-1^  X  S,  and  confe- 
q«ntly  T  (=  ;!;  X  ^  T  =  ^  X  121^  X  S)  =  i2i^  X  S. 

Qj   B.    I. 

Therefore  the  quantity  1  +  x]* ,  or  the  mh  power  of  the  «h  root  of  the  bi- 
nomial quantity  1  +  y,  will,  when  s  is  greater  than  »,  be  equal  to  the  feries 

1   +  -Ax  -  (S^Bjt-  +  iLZil  C«'  —  EE?D«>  + 


F«'  + 


G«'  - 


17'-' 


H«'  + 


:  L  «'"  - 


:  M«"  +  iii^  N«-' 
;  R»"  — 


'E«'  - 


^"g~"'  S  *"  +  &c  tf«^  iuJinUum,  in 


""*"- 1^^767^  "i-*"* 

which  all  the  terms,  after  the  two  firft,  are  marked  with  the  Hgns  —  and  + 
alternately,  or  are  alternately  to  be  fubwafted  fixjm,  and  added  to,  the  two  firft 
terms,  and  the  co-efficients  of  the  third,  fourth,  fifth,  fixth,  and  odier  following 
terms  are  generated  from  — ,  the  co-efficient  of  the  fecond  term,  and  from  each 
other,  bv  the  continual  multiplication  of  the  fia^Uons  *"**,  ""*'■  ^""T. 

=- ,  2— — ,  ,  i-s — ,  — - — ,  21- — ,  &c,  in  which  every  new  frac- 

tion 
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tion  is  derived  from  that  which  immediately  precceds  it,  by  adding  n  to  both 
the  numerator  and  its  denominator. 

This  feries  is  exaftly  the  fame  with  that  which  is  derived  above  in  art.  3  from 
the  binomial  theorem,  in  the  cafe  of  integral  powers. 

78.  When  the  deriominator  n  of  the  fradion  —  (which  is  the  index  of  the 
binomial  quantity  i  +  x),  is  an  cxaft  multiple  of  the  numerator  m,  the  forego- 
ing feries  I  +  -  A*-  EH'b*'  +  !lIli!C*'  -  [ar.?D**  +  ^^^ 

°  n  \    2H  3a  I    4.1,  5a 

Ejf*  —  &c,  will  co-mcide  with,  or  may  be  reduced  to,  the  feries  found  in  the 

t 

former  part  of  this  difcourfe  for  the  value  of  i  +  «]" ,  or  y/'  i  +  *■,  or  the  »th 
root  of  the  quantity  1  +  x. 

For,  if  «  is  an  exa<5t  multiple  of  m,  let  it  contain  m  exadly^  times,  or  be 

equal  to  p  times  w,  or  p  m.    Then  wJU  i  +  *] «  be  =  1  +  *]/ 
and  the  feries  1  +   7-  A*  -   (^^^  «  -    -     "-«  . 

^—^  E*'.  -  &c,  will  be  =  I  + 

l-Ex 


i     ^P'»        S/"  f  M/  3/ 

^  *'  ~  ["77"  D  *♦  +  -jp  E^,  _  ^j._  Therefore  i  +  a-l7,  or  v^'  1  +  *, 
or  the  ^th  root  of  the  binomial  quantity  i  +*,  will  be  equal  to  the  feries  i  + 

J-  Ax  ~  I^^B*'  +  '^itlli  C«'  -  (iZEI  D**  +  ^tSLL  E**  -  &c; 
f  I   y»  .  3P  1    ♦/.  SP 

which  is  the  lame  feries  that  was  found  above,  in  art.  47,  for  the  value  of  any 
root  of  1  +  AT,  excepting,  that  the  letter  p  is  here  ufed,  inftead  of  the  letter  w,  to 
denote  the  index  trf  the  root  that  is  to  be  extraded.  q«  e.  ik 

79.  And,  if  we  fupp(^e  s  to  be  exactly  equal  to  m,  and  confequently  —  to  be 

equal  to  — ,  or  i,  and  i'-^  x\'  to  be  equal  to  i  +'x\'»f  or  i"  +  *]%  or  i  +  *, 
the  foregoing  feries  i  +  ^  A«  —  p-^  B**  4-  ""—  C«'  —  UITJUd** 

+ 


-  P  ~ "  D X*  +  *""" 


llf^E*'  -  &c  willbe=  I  +.2.Aff-p^B**  +  ^^^  C*» 
D**  +  *:L=^E*'  ^  &c=  I  +  I  X  A*-l-i-^B*'  +  : 
C«'  —  l^-^^D**  +  ^^^  E*>  —  &c=i+ixA;f— -^  Bx'  +  ^ 
C«^  —  -  D**  +  i-E«>  —  &c  =  I  +  I  X  I  X  *  —  o  X  »*  +  y  X  o 
X*^  — ^x  o  X  «♦  +  —  X.  o  X-*'  —  8jc=i+*  —  0  +  0— 0+0 
—  &c  =  I  +  * ;  as  it  ought  to  be^ 
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80.  Wc  come  now  to  the  third  cafe  of  fraftionai  inrlexes,  in  which  the  nume- 
rator m  of  the  index  —  of  the  power  of  the  binomial  quantity  i  +  *,  is  greater 
than  the  deoomioator. 


Of  the  Bincmial  Theorem  in  the  ea/e  ef  1  +*|«, 
cr  of  the  nth  root  of  the  mth  power  ef  th*  bi- 
nomial quantity  1  +  x,  or  the  mtb  power  of 
its  nth  root,  when'  m  is  any  whole  number 
wbatfoever,  and  n  aief  other  whole  number  left 
than  m. 


81.  The  methods  of  inveftigating  the  feries  that  is  equal  to  T  +  x)"  when 
the  numerator  m  is  greater  than  the  denominator  »,  arc  the  fame  with  thofe  which 
have  been  employed  in  the  inveftigation  of  the  feries  that  is  equal  to  the  fame 

quantity  i  +  «\»  when  the  numerator  «  is  lefs  than  the  denominator  n.    But 

the  feries  that  will  be  obtained  by  thefe  methods  for  the  value  of  i  +  *] «  will 
not  be  always  exaftly  the  fame,  of  whatever  m^nitude  greater  than  «  we  fup- 
pofe  *  to  be  taken  ;  as  was  the  cafe  with  the  feries  that  was  found  for  the  value 

of  I  +  «1 "  when  m  is  lefs  than  n :  but  it  will  be  different  for_  every  new  multi- 
ple of  «  that  is  contained  in  m.  For,  if»  is  greater  than  »,  but  lefs  than  a»,  the 
third  term  of  the  feries  will  be  marked  with  the  fign  +,  or  added  to  the  firft 
term,  and  all  the  following  terms  will  be  marked  with  the  figns  —  and  +  alter- 
nately :  and,  if  m  is  greater  than  2  »,  but  lefs  than  3  »,  the  third  and  fourth 
terms  of  the  feries  will  be  marked  widi  the  fign  + ,  or  added  to  the  firft  term, 
and  all  the  following  terms  will  be  marked  with  the  figns  —  and  +  alter- 
nately :  atld,  if  «  is  greater  than  3»,  but  lefs  than  4»,  the  third  and  fourth  and 
fifth  terms  of  the  feries  will  be  marked  with  the  fign  + ,  or  added  to  the  firft 
term,  and  all  the  following  terms  will  be  marked  viith  the  figns  —  and  +  alter- 
nately: and,  if  »i  is  greater  than  4 »,  but  lefs  than  5  «,  the  third,  fourth,  fifth 
and  fixth  terms  of  the  feries  will  be  marked  with  the  fign  -|-,  or  added  to  the  firft , 
term,  and  all  the  following  terms  will  be  marked  with  the  figns  —  and  +  alter- 
nately; and  in  general,  if  m  is  greater  than^  times  a,  or  pn,  but  lefs  than 
p  +  I  times  »,  or^ff  +  «,  the  third,  fourth,  fifth,  fixth,  and  other  following 
terms  of  the  feries,  to  the  number  ofj>  terms,  will  be  marked  with  the  fign  -f-, 
or  added  to  the  firft  term,  and  all  the  following  terms  will  be  marked  wich  the 
figns  —  and  +  alternately;  as  was  fet  forth  in  the  beginning  of  this  difcourfe 
in  art.  5  and  6.  Now,  if  we  were  to  apply  the  two  foregomg  inveftigations, 
combed  in  art.  54,  55,  56,  57,  58,  &c  —  65,  and  in  art.  67,  68,  69,  70,  71, 

72,  &c  —  77,  to  the  difcovery  of  the  feries  which  is  equal  to  1  +  *1"~,  when 
6  m  ii 
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m  is  greater  than  n;  and^  in  the  refolucion  of  each  of  the  fimple  equations  by 
which  the  co-efficients  of  the  feveral  powers  of  *  would  be  to  be  dctennined, 
were  to  attend  to  all  the  different  relative  magnitudes  of  m  and  «,  and  to  fup- 
pofe  m,  firft,  to  be  greater  than  «,  but  lefs  tlian  2»,  and,  fecondly,  ro  be  greater 
than  2  »,  but  lefs  than  3  »,  and,  thirdly,  to  be  jgreater  than  3  »,  but  lefs  than 
4  Ji,  and,  fourthly,  to  be  greater  than  4  a,  but  leis  than  5  h,  and  fo  on  with  re- 
fpeft  to  all  the  co-efficients  we  were  to  inveftigate  ;  we  Inould  find  the  exami- 
nation of  fiich  a  variety  of  cafes  intolerably  tedious  and  laborious.  And  there- 
fore, in  applying  the  foregoing  methods  of  inveftigation  to  the  difcovery  of  the 

feries  which  is  equal  to  i  +  *1 «  in  this  fecond  cafe,  in  which  w  is  fuppofed  to 
be  greater  than  h,  I  Ihall  make  only  the  firft  of  thefe  fuppofitions,  to  wit,  tlm 
w,  though  it  is  greater  than  »,  is  lefs  than  2  »;  which  will  reduce  the  inveftiga- 
tion of  this  feries  to  the  fame  degree  of  difficulty,  and  no  more,  as  was  found  in 


the  inveftigation  of  the  feries  that  is  equal  to  i  +  *] "  in  the  former  cafe,  in 
which  m  was  fuppofed  to  be  lefs  rt.     Now  upon  this  fuppolition,  the  feries  that 

is  equal  to  i+*l  *  may  be  invcftigated  in  the  following  manner. 

82.  The  reafonings  ufed  above  in  art.  54,  ^^,  56,  57,  in  the  three  obferva- 
tions  preparatory  to  the  foregoing  inveftigations,  are  evidently  true  when  «,  or 

the  numerator  of  the  index  —  of  the  power  of  i  -(-  «  in  the  quantity  i'  +  x]T^ 
is  of  any  magnitude  greater  than  tlie  denominator  »,  as  well  as  when  n  is  greater 
than  m.    And  therefore  it  follows  that  in  both  cafes  the  quantity  i  +  .v  ■  will 

be  equal  to  the  feries  i  H x^Cx*,  D*',  E**,  F*',  &c,  of  which  i  is  the 

firft  term  and  —  x  is  the  fecond  term,  and  is  to  be  added  to  the  firft  term,  and 
confequently  marked  with  the  fign  -(-,  and  the  following  terms  are  C*',  D«*, 
E**,  F*',  &c,  or  the  fecond  and  other  following  powers  of  w  in  the\r  natural 
order,  without  interruption,  to  wit,  **,  *',  *♦,  ar',  &c,  multiphed  into  certain 
fixed  numeral  co-efficients  denoted  by  the  capital  letters  C,  D,  E,  F,  &c,  and 
are  to  be  conneAed  with  the  two  firft  terms  1  +  —  *  either  by  addition  or  fub- 
traftion,  and  confequently  are  to  have  either  the  fign  +  or  the  fign  —  prefixed 
to  them.  It  therefore  only  remains  that  we  determine  which  of  the  faid  terms 
C  *',  D  *',  "Ex*,  F*',  &c,  are  to  be  added  to  the  two  firft  terms  i  +  ~  x, 
and  confequently  are  to  have  the  fign  +  prefixed  to  them,  and  which  of  them 
are  to  be  lubtrafted  from  the  faid  two  firft  terms,  and  confequently  are  to  have 
the  fign  —  prefixed  to  them,  and  what  are  the  feveral  values,  or  magnitudes,  of 
the  co-efficients  C,  D,  E,  F,  &c,  refpeftively. 

83.  Now  let _y  be  put  =  the  feries  — y,  Cic»,  D*',  E**,  F*',  &c  (as  in 
ait.  58),  or  I  -1- J-  be  =  the  feries  i  +  ~  x,  Cjf*,D*',  E**,F*',  &c,  which 
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is  equal  to  i  +  *1 « .  Then  will  i  +^T"  be  =  che  wh  power  of  i  +  x^ " ,  that 
is,  to  I  +  x]".  And  confcquently  the  feries  i  +  —y  -j-  —  x  — —  >*  +  — ■ 
X  1^  X  "-fir  +  T  X  "-^  X  "-fi  X  l^V  +  i  X  4^  X  '-^ 
X   IZJ   X   '—^  X  jf»  +  &c,  will  be  =  the  feries  i  +  —  x  +  ~    x  !!LZl 

^.ZJ.  X  ^!-^-^  X  ^-^  X  ^^^-^  **  +  &c,  and  confcquently  (fubtrafting  i. 
from  both  fides  of  the  equation),  the  feries  —  *  +   —  X  ^-^^  *'  +  —  X 

i:^.  x'^x.  +  f  X  ^  X  ^  x'^»''+ -i  X  =f^  X  ^^ 

'3  1  a  34  1^  3 

X  ^-^  X  ^^-^^  *'  +  &c,  will  be  ^  the  feries  ^  j  +  —  X  ^-^y*  +  — 

X  4^  X  M'"  +  T  X  "-f^  X  '-f^  X  ^'^*  +  4  >«  4^  »<  ^' 
X  - — -  X  - — -y^  +  &c,  or  (if,  for  the  fake  of  brevity,  we  make  —  x  ^^11 

=  CL.TX=^x!i^  =  R,-=-X=^X  ^x=^'  =  S,and-i 

X  ^  X=fi  xi^  x:^  =  T.andi  x:4-i  =  j,-f  X  ifi  X 

=  r,  —  X  — —  X  —T-  X  — — ^  =  J>  and  —  x  — — -  X  — —  X  ^ 

3  '  «  3  4  ^  »  3  4 

X  ^^^  —  t),  the  feries  mx  +  Q**  +  R*'  +  S«*  +  T »'  +  &c,  will  be 
:r  the  feries  ay  -h  qy*  +  r? '  4-  '^  *  +  y  *  +  &c. 

84.  Now  let  the  fcveral  powenof  the  feries  — »,  C«*,  D«S  E.ts  F*', 
&c,  or  (putting  B  =  — )  of  the  feries  B*,  C**,  D*%  E**,  F**,  &c  (which 
is  equal  toj"),  be  raifed  by  multiplication,  to  the  end  that  we  may  have  the  va- 
lues of  jr',;'Sj'*,j'S  &c,  exprefled  in  powers  of  *;  and  let  the  faid  values  of 
y*iy'ty*>y^i  &c,  obtained  by  the  faid  muiiiplications,  be  fubilituted  inftead 
o{y'*,y^,y*,  y't  &c,  refpeftively  in  the  laft  equatioo.  And  we  (hall  then 
Iiave  the  fimplc  feries  »*  +  Q**  +  R*»  +S**  +Tjf'  +  &c  =  the  com- 
pound feries 

wB*,      nCx\         »D«',        »E**,  »F«',  &c 

+  yB»*»,      2  jBCff',  2yBD*S      *yBE*',  &c 

yC'**,        «yCD*',  &c 

-j-rB'a:',    srB'C**,     3rB*D*',  &c 

3rBCV,  &c 

+  sB*x*,       4jB'C*S  &c 
+  tB'x'  ; 
yoi-.II.                                           zN  ami 
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and  confequenily  (dividing  all  the  terms  by  x)  the  fimple  feries  w  +  Q*  -f- 
R  .¥'  +  S  *'  +  T  *♦  +  ^c  =  the  compound  feries 

»  B,         w  C  *,         »  D  »%         »  E  a-  %  »  F  a-*,    &c 

+  yB'*,     2yBC*%    2yBD*',       2yBE**,    &c 
jC'«',         2yCD**,    &c 
+  rB'**,      3rB'C*S     3rB'D*%    &c 
3rBC»**,    &c 
+  jB*«S        4  jB^C**,    &c 
+  /B'x*,    &CJ 
as  is  (hewn  more  at  large  above,-  in  art.  58^  59*  60,  and  61. 

85.  From  this  general  and  fundamental  equation  we  may,  by  repeating  the 
reafonings  ufed  above  in  art.  61,  62,  63,  64,  derive  the  following  particular    , 
equations  for  the  determination  of  the  magnitudes  of  the  feveral  co-efficients  B, 
C,  D,  E,  F,  &c,  and  of  the  figns  +  and  — ,  that  are  to  be  prefixed  to  them ; 
to  wit, 

ift,       n^nB; 
2dly,    Qj=nC  +  y  B*; 
3dly,    R=:»D,  2yBC+rB'; 
4thly,  S  =  » E,   2  J  BD,     yCS     3rB*C  +  /BS 
and5thly,  T  =  »F,    2yBE,  ajCD,   3rB*D,  srBC*, 
4jB'C  +  /B\ 

86.  From  the  firft  of  thefe  equations,  to  wit,  m  =  ji  B,  it  follow;  that  the 
co-efficient  B  is  =  — ,  as  it  has  ah-eady  been  (hewn  to  be  in  art.  56  and  57. 

87.  From  the  fecond  of  thefe  equations,  to  wit,  Q_=:  a  C  -}-  j  B*,  or  Q_^= 
f  B*,  »C,  we  may  deduce  both'the  fign  that  is  to  be  prefixed  to  »C  and  the 
magnitude  of  C,  by  proceeding  in  the  manner  following : 

Since  <>  is  =  j»  x  "  "—^  and  y  is  a  x  ^-^^,  and  B  is  =  — ,  we  (hall  have 

jD  X  =  »  X  X  —  B,  n  C,  or ^ B,  «  C,  or 

X  —  ^ ~~-~  B,  » C,  or  —  ~*  X  -^  X  B  =  ^~"  B,  » C,  or  '^"^-  B 
=  "''^~"''  X  B,  »C,  and  (adding  ^  B  to  both  (ides)  ^  B  =  '^"'^'J]]^"*' 
B,  »  C,  and  (adding  -^  B  to  both  fides)  *^"^^"*  B  r=  "'*'^""  B,  n  C,  and 
(fubtrafting  ^  B  from  both  fides)  -^  B  =  ^  B,  «  C,  or  -^  B  =  -1  B,  «  C; 
and  therefore  (becaufe  m  is  now  fuppofed  to  be  greater  than  «,  and  confequently 
—  B  is  greater  than  —  B;  —  B  will  be  =  —  B  +  »  C ;  and  confequently  »  C 
will  be  =  — B  --B=:  ^^^  B,  and  C  will  be  =  5^^^=^  B  =  2^^  x  — , 

2  3  a  '  .am  am  m  ' 

or  —  X  Z^^.  Therefore  C  *%  or  the  third  term  of  the  feries  i  -I-  B*.  C;^*, 
D*',  E**,F  xS  &c,  which  is  equal  to  1  +  *] • ,  muft  be  added  to  the  two 

fira 
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firil  terms  i  +  B  *,  or  i  +  —  *,  and  the  three  firft  terms  of  the  fald  ferics  will 
bei+— «  +  ~x  ^!t^-^  *S  or  I  +  —  Ax  +  -j^  B**.         Qj  e.  i. 

88.  From  the  third  of  the  foregoing  equations,  to  wit,  R  =  «  D,  2  j  BC  + 
r  B',  or  (becaiife  we  now  know  that  the  fign  +  is  to  be  prefixcd.to  the  term 
z  J  BC),  R  =  »D  +  2yBC  +  rB*,we  may  deduce  both  the  fign  that  is  to 
be  prefixed  to  »  D,  and  the  magnitude  of  D,  by  proceeding  in  the  manner  fol- 
lowmg : 

By  fubftitutlng  »  x  ^-^-^  x  ^-^  in  this  equation  inftead  of  R,  and  »  x 
2.^  inftead  of  0,  and  n  x  2.^,  x  ^-^  inftead  of  r,  and  —  inftead  of  B,  and 

z  ^  33  ,  n 

—  !!LziI  inftead  of  C,  it  will  become  as  follows,  to  wit,  m   x  *""■'  x  "  "  ? 
»       3«  as 

=:»D  +  »x»—  1   X  —  X—  X    "  ~     4-  »  X  — — —  X  *"     X  ^.  or 

«  «  Z"  S3  «> ' 

- — i-— —  =3»D4->»x  «— 1   X   —   X  +  ~-^^—   X   —7-,  or 

6  «  3«  6 «> ' 

■H^-,.-,.+  .-.•_„ D  ^  ij;    ^^rr  X  -"-^  +„.  xf5EE±r=  „d 

.     «  «•  V,  ("'-iK-w+V  ,    »»»V-3Bi*«  +  «»'  _  .  n  a.   3*i'»  -  y^H*  - 1*' + 3»*«     , 
+  3"    Xj         gj;;;  +  -^^  _  »i^  +  j^j;^ -h 

r'''-^'+^'"'  =  «D  ra^illr^ltSflliJ^!:!;  and  confequently  (adding  ^ 

to  both  fides)  we  ftiall  have      "    ■""'    =  »  D  +  ^'"!^- — 2-1-,  and  (adding 

-—  to  both  fides)  -, —  =:  »  D  +  - — ^ ,  and  (fubtraftme  r — 

tan  '  oajj  '  6n»        '  ^  °  bmm 

from  both  fides)  — t-^ —  =  »D  +  ~ — ,  or  — —• —  =  i — ,  bD;  that  is, 

'        can  6iW  6««  om» 

^"  '*""'  will  be  equal  to  |-^  together  with  n  D  either  added  to  it,  or  fubtrafted 
from  it)  as  nuy  be  neceiTary  to  produce  fuch  equality. 

89.  Now,  becaufe  m  (though  greater  than  «)  is  fuppofed  to  be  lefs  than  2», 
it  follows  that  m  —  n  will  be  leu  than  2«  —  «,  or  than  g;  and  confequently 
that  M  X  w  —  «  X  «  —  »  will  be  lefs  than  «  X  »  —  «  X  n,  or  that  »  x 
»*— 2ij»»+ir*  will  be  lefs  than  «!»  X  w  — »,  or  that  »'  — a* *«+«»«»  will  be 
lefs  than  m'n—mn*.  Therefore  (adding  aw>*  to  both  fides)  m'— 2»*«  +  2«»* 
will  be  lefs  than  ib*»,  and  (adding  9»*»  to  both  fides)  m'-i'zmn*  will  be  lefs 

than  3W*»,  and  confequently  ^^ will  be  lefs  than  ^^.  Therefore,  in  or- 
der to  make  ~^,  »  D  be  equal  to  ^ — —,  we  muft  fubtraA  »  D  from  ^^—,  and 
confequently  muft  prefix  the  fign  —  to  s  D ;  fo  that  the  equation  ^^^ — —  — 
ya^.  n  n  will  iv.  £Sl±i  -  ^  -  »D.  Therefore  the  fign  —  muft  alfo  be 
»  N  2  prefixed 
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prefixed  to  D*',  or  the  fourth  term  of  the  fcries  i  +  B*,  C**,  Dar»,  Ex*, 

F«',  &c  (which.is  equal  to  i  +  a-| »  ) ;  from  which  fourth  term  die  quantity 
»  D  was  derived,  by  means  of  the  operations  of  mukipUcation  and  divifion,  in 
the  courfe  of  the  foregoing  inveftigatJon.    Therefore  the  four  fiiil  terms  of 


the  faid  feries  i  +  B*,  C*',  Dk',  E**,  F*',  &c,  which  is  equal  to  i  +  *!« , 
will  be  i+Bx  +  C**-D*Sorr+-J*  +  -^  ^  ^^T^  **  ~  ^**'  °'^ 
1  +  —  Ak  +  ^^  B**  —  Dx'.  <l.  B.  I. 

90.  And  to  determine  the  m^nitude  of  D,  we  ftiall  have  the  Aforefaid  equa- 
tion 2^±t^  =  ^  —  »  D ;  whence  (by  adding  »  D  to  both  fides)  we  (hall 
have  ~;J^  +  »  D  =  ^.  and  (by  fubtrafting  "'^'^+"'  from  both  fides) 

«^  =  - — 5;^ "  X — 6;;; — -«  ^  — tz — -*  ^  ^r 

^  ii-"^  ^jj  confequendy  (by  dividing  both  fides  by  »)  D  =:  -^  x  !!^^^  x 

2i^^.     Therrfore  the  four  firft  terms ofthe  feries  i  +  B«,  C**,  Dw',  £*♦, 

Fsr',  &c  (which  is  equal  to  1"^^ «),  will  be  i  +  ^  ar  +  ^  x  ^77^**  — 


""?*»,  or  I  +  iA*  +  ^B*'  -  \~^Cx^ 


3- 

dt  E.  I. 

91.  Thefe  four  terms  of  the  feries  which  is  equal  to  i  +  «| «  in  this  cafe  of 
the  relative  magnitudes  of  m  and  »,  in  which  m  is  greater  than  »,  but  lefs  than 
zfi,  are  the  fame  with  the  four  firft  terms  of  the  feries  given  above  in  the  be- 
ginning of  this  difcourfe,  in  art.  6,  for  the  value  of  i  +  *1^  in  the  lame  cafe. 
Therefore  the  faid  feries,  in  art.  6  is  true,  at  leaft  in  its  four  firft  terms. 

92.  I  fliall  not  attempt  to  find  the  values  of  the  co-efficients  E  and  F  by  re- 
folving  the  fourth  and  fifth  equations  fet  down  in  art.  85,  to  wit,  the  equation 
S  =  «E,  zq  BD,  jC*,  3rB*C  +  s  B*,  or  (becaufe  it  has  been  fhewn  that 
die  co-efficient  C  is  to  have  the  fign  +  prefixed  to  it,  and  the  co-efficient  D  is 
to  have  the  fign  —  prefixed  to  it)  S  =  «  E  —  2  j  BD  -h  j  C  +3  r  B'C  -h 
jB*.  and  the  equation  T  =  «F,  ajBE,  2  y  CD,  3rB*D,  3rBCS4JB'C 
j.,BS  orT  =  «F,  2}  BE  -  2?  CD  -  3rB'D+  3rBC»+  4^B'C 
-I-  /  B*  :  I  fay,  I  fliall  not  attempt  to  find  the  values  of  E  and  F  by  refolving 
thefe  two  equations,  for  the  rcafons  given  above  in  ait.  6j  and  66 ;  but  (halt 
proceed  to  apply  the  other  method  of  inveftigating  the  values  of  the  third  and 
fourth,  and  other  following  terms  of  the  feries  1  +  ^  *,  C**,  D«S  Ear*, 

6  .  F*', 
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F*',  &c,  which  is  equal  to  i  +  «]«,  to  the  prefeoc  cafe,  in  which  «  is  fup- 
pofed  to  be  greater  than  «,  but  lefs  than  a  ».  This  may  be  done  in  the  man- 
ner following  1 

93.  It  has  been  (hewn  in  art.  82  that  the  two  firft  terms  of  the  feries  that  is 
equal  to  i  +  *!"  wJll  be  1  and  — *■  whenw  is  greater  than  h,  as  well  as  when 
«  is  greMer  than  m ;  and  that  die  fecond  term  -^  *  is  to  be  added  to  the  firft 
term  i,  and  confequently  to  have  the  fign  +  prefixed  to  it,  in  this  cafe  as  well 
as  in  die  former ;  and  likewife  that  the  following  terms  of  ihe  faid  feries  will 
beC*',  D*',  E«*,  F**,  &c  (or  the  fquare  and  cube  and  other  following 
powers  of*  in  their  natural  order,  without  interruption,  multiplied  into  certain 
fixt  numeral  co-efficients>  which  may  be  denoted  by  the  capital  letters  C,  D, 
E,  F,  &c),  and  conn&fted  with  the  two  firft  terms  i  +  -^  «  by  either  addition 

or  fubtradion :  fo  that  the  feries  that  is  equal  to  1  +  *1«  is  in  this  cafe,  as  well 
as  in  the  former,  i  ^  —  *,  C*',  D*',  E**,  F«*,  &c;  in  which  the  feveral 
terms  C**j  D*',  Ej:*,  F*S  &c,  have  a  comma  prefixed  to  them,  inftead  of 
cither  of  the  6gas  +  ai^  — ,  becaufe  we  do  not  as  yet  know  to  which  of  them 
we  are  to  prefix  the  fign  +,  and  to  which  we  are  to  prefix  the  fign  — . 

94.  Now,  fince  i  4-  x\ »  is  in  this  cafe,  as  well  as  in  the  former,  =1  the  fe- 
ries I  +  —*,  C*',  D*',  E«*,  F«',  &c,  it  follows  from  art,67,  68,  69,  70, 
71,  72;  that  the  Ample  feries  — ,  C*,  D**,  E**,  F**,  &c,  will  be  equal  to  the 
compound  feries 

^C^-Dx,^  ^x\  ^  F*%  &c 

+  i;.^C*.  iiD*',^E*',&c;  by 

the  help  of  which  equation  we  may  difcover  both  "  which  <^  the  figns  -)-  and 

—  are  to  be  prefixed  to  the  feveral  co-efficients  C,  D,  E,  F,  &c  (and  confe- 

queiuly  to  the  correfponding  terms  C*',  D«',  Ek*,  F*',  8tc,  in  the  feries 

1  +  — *,  C**,  D*',  E**,  F*',  &c,  which  is  equal  to  i  -l-  x\»)"  and  alfo 
**  what  are  the  magnitudes  of  the  fud  co-eBScients  C,  D,  E,  F,  &c,  refpeft- 
ively."    This  may  be  done  by  proceeding  in  the  manner  following : 

95.  In 'the  firft  place,  fince  the  fimplc  feries  —  C*,  D*',  E«',  F**,  3cc,  is 
equal  tQ  the  compound  feries 

iiC,MD.,liE.-,ilF«.,&c 

+  I,  ^  C», -ii  D»-,  ^  £«■,  &ci  and 

this 
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this  equation  is  always  true,  of  how  fmall  a  magnitude  foever  we  fuppofe  *  to 
be  taken,  it  follows  that  it  will  alfo  be  true  when  *  is  =:  o.  But,  when  ar  is  r:  o, 
all  the  terms  in  the  equation  that  involve  *  will  be  equal  to  o  likewife ;  that  is, 

all  the  terms  on  the  left-hand  fide  of  the  equation,  except  the  firft"  term  — ,  and 
all  the  terms  on  the  right-hand  fide  of  the  equation,  except  the  two  firft  terms 
of  the  two  lines  of  terms,  to  wit,  -^  C  +  i.  will  be  =  o.  Therefore  — 
will  be  z=  to  -^  C  -I-  i>  or  to  i,  —  C,  or  to  i,  together  with  —  C,  eitho* 
added  to  it,  or  fubtrafted  from  it,  as  may  be  neccflary  to  produce  fuch  equa- 
lity. Now,  becaufe  m  is  fuppofed  in  the  prefent  cae  to  be  greater  than  n, 
—  will  be  greater  than  i,  and  confequently  —  C  muft  be  added  to  i,  in  order 
to  make  it  equal  to  — .  Therefore  the  fign  +  muft  be  prefixed  to  -^  C  in 
the  equation  —  =—  C  +  i,or^  =  i,-^C;and  confequently  the  fign  + 
muft  alfo  be  prefixed  to  the  third  term  C**  of  the  feries  1  -I-  ^*,C**,Djr», 

E**,  F*S  &c  (which  is  equal  to  i  -|-  *|~) »  from  which  third  term  the  faid 
quantity  —  C  has  been  derived,  by  the  operati<ms  of  multiplication  and  divifion, 
in  the  procefles  of  the  inveftigation  contained  in  art.  67,  68, 72.  There- 
fore the  three  firft  terms  of  the  faid  feries  I  +  ~XtCx*,Dx'y  £*•,?*>, &c, 

which  is  equal  to  i  +  «1~>  will  be  i  +  -^  *  +  Cx*.  Qj  e.  i. 

And  the  magnitude  of  the  co-efficient  C  riiay  likewife  be  determined  by 
means  of  the  equatba  -^  =  i.^^  C,  or-^  =1  +  ^  C.  For  (by  fubtraft- 
ing  I  from  both  fides)  we  a\aU  have ^C  =  ^  -  i  =  ~^ j  and  (by  di- 
viding both  fides  by  ~,  or  multiplying  them  into  ^)  we  Ihali  have  C  =  (i  X 

"-'  —  1  Jl  V  2-ZJf.    Therefore  the  three  firft  terms  of  the  feries  i  +  —  *, 

.     — /  »   **    a»       -  « 

C**  D*%  Ex*,  F*S  &c,  which  is  equal  to  i+a1  ",  will  be  i  +  ~-  *  + 
r.  X  !!^  *S  6r  I  +  7,  A*  +^  ^x\  q,  e.  i. 

96.  To  determine  the  fign  that  is  to  be  prefixed  to  the  fourth  term,  D«',  of 

the  feries  i  +  -*,  C*%  D*',  E**,  F*',  &c,  which  is  equal  to  1  +  x^, 
and  to  find  the  magnitude  of  its  co-efficient  D,  we  muft  proceed  as  follows  : 

Since 


y  Google 


TfiE        BINOMIAL       THEOREM.  279 

Since  the  fign  +  is  to  be  prefixed  to  the  co-eificient  C,  it  mull  Ukewife  be 
prefixed  to  all  the  tenns  which  involve  it  in  the  grand  fundamental  equation 
fet  down  in  art.  94,  towic,  the  equation  between  the  fimple  feries  — ,  Cx,  Dx', 
Kx't  ^  **»  Sec,  and  the  compound  feries 

^  C,  ^  D*,  ^  E*%  £^  F*%  8cc 

+  1,  ^Cjr,  i^D*%i^E*S&c;  which 

equation  will  therefore  be  as  follows,  to  wit,  the  fimple  feries  —  +  Cx,D«*> 
E*',  F**,  &c  =  the  compound  feries 

+  ^  C.  ^  Di,  ^  E  *S^  F*S  &c 

+  I  +  ilCx,l^Dx*,i^ExK  &c. 

But  it  has  been  (hewn  in  the  lafl  article  that  —  is  =  i  +  —  C.    Therefore, 

if  we  fubtraft  —  and  i  +  —  C  from  the  oppofite  fides  of  the  laft  equation,  the 

remainders  will  be  equal  to  each  other  j  that  is,  the  fimple  feries  C*,  D*',  Ea:', 
F  x*f  tec,  will  be  equal  to  the  compound  feries 

"   yD*,:^E*S  5^F*',  &c 

+  ^Cx,^Dx*,^Ex^,icc; 

and  confequentlT  (dividing  all  the  terms  bjr  x)  we  Ihall  have  the  fimple  feries 
C,  D*,  E»*,  ¥x'.  Sec  =  the  compound  feries 

^D,i^E*,  i^F*S&c 

m       '  m  m 

+  iIC,^D*,i^E*S  &c. 

And  this  equation  .will  be  .true,  of  how  fmall  a  m^nitude  foever  we  fuppofe  x  to 
be  taken :  and  therefore  it  will  alfo  be  true  when  x  is  ^  o.  But,  when  x  is 
equal  to  o,  all  the  terms  that  involve  x  will  be  equal  to  o  likewife,  and  confe- 
quently  die  equation  will  be  C  =  ^D  +  — C,  orC  =  +  — C,  ^D;  that 
is,  C  will  be  equal  to  —  C,  together  with  ^  D  either  added  to  it  or  fubtrafted 
from  it,  as  may  be  necefliuy  to  produce  the  Oiid  equality.  But,  becaufe  m  is 
fuppofed  to  be  left  than  2»,  C  will  be  iefs  than  —  C;  and  confequently  -^  D 
muft  be  fubtradted  from  —  C,  in  order  to  make  it  equal  to  C.  Therefore  the 
fign  —  muft  be  prefixed  to  the  quantity  ^  D ;  and  confequently  the  fame  fign 

mull  alfo  be  prefixed  to  the  fourth  tenn  Div',  ofthc  feries  i  +  — *,  C**, 

I>x\ 
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D*',  E**,  F*',  &c  (which  is  equal  to  i  +  *|«);  from  which  fourth  term 
the  faid  quantity  ^  D  has  been  derived,  by  the  operations  of  multiplication  and 
divifion,  in  the  courfe  of  the  invefligation  by  which  the  fundameataL  equation, 
fet  down  in  art.  94,  was  obtained.     Therefore  the  four  firft  terms  of  the  feries 

I  +  —  *,  C**,  D*',  E**,  F«',  &c,  which  is  equal  to  i  +  *\",  will  be 
I  +  ^  ;c  +  Cx*  —  Dx',  or  I  +  ^  ;e  +  x  ^^  **  —  D*',  or  i  +  — 
A*  +  ^-^  B**  —  D*'.  <ij  B.  I. 

And,  to  detetminc  the  magnitude  of  D,  we  ftiall  have  the  equation  C  =  — 
C  —  ^  D;  whence  (adding  ^  D  to  both  fides)  we  (hall  have  C  +'^  D  = 
^  C,  and  (fubtrading  C  from  bodi  fides)  i^  D  =  ^C  -  C  =  i^-  iJxC 
=  il^  X  C,  and  (multiplying  both  fides  by  •^)  D  r=  21^  X  C  =  ^1=^ 
X  —  X  ^^^-^>  or  —  X  ^^^-^  X  "  ""■"■     Therefore  the  four  firil  tenns  of  the 

M  zm  M  an  jn 

•  m 

feries  I  +  ~  x,Cx*,  D  *',  E«*,  F«',  &c,  which  is  equal  to  1  +  *]~,  will 

bei  +^*  +  ^x!^*'--=-X=^  X  ^^'.ori  +.f  A*  + 

97.  To  determine  the  fign  that  is  to  be  prefixed  to  the  fifth  term,  E**,  of 

theferies  i  +  —  *,  C**,  D*',  E**,  F*',  ice,  which  is  equal  to  i  -f-  a-] • , 
and  to  find  the  mi^itude  of  the  co-efficient  E,  we  mud  proceed  as  follows : 

It  has  been  (hewn  in  the  laft  article  that  the  fimple  feries  C,  D«,  E«',  F«', 
&c,  is  equ^  to  the  compound  feries 

and  that  the  fign  —  is  to  be  prefixed  to  the  terms  that  involve  the  co-efficicnt  D. 
It  therefore  follows  that  the  fimple  feries  C  —  D*,  E*',  F*',  Sec,  will  be  equal 
to  the  compound  feries  • 

_^D,    ^"Ex,  ^F*S&c 

+  i:  C  —  ii  D*,  ^  E*%  &c 

Therefore,  if  we  add  2  D*  to  both  fides,  we  (hall  have  the  fimple  feries  C  +  Dx, 
E»',  Fx*,  &c  =  the  compound  feries 
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Further,  it  has  alfo  been  IhewQ,  in  the  laft  article,  that  C  is  =  —  C  —  i^  D. 
Therefore,  if  we  fubtraft  C  and  —  C  —  ^  D  from  the  oppofite  fides  of  the  laft 
equation,  the  remainders  will  be  equal;  chat  is,  the  iimple  feries  "Dx,  Ex*, 
F*',  &c,  will  be  equal  to  the  compound  feries 

^Ex,^Fx%icc 

_  i^D*,  ^E*%&c 

+  2  D  *.    Therefore  (dividing  all  the  terms  by  *) 
we  (hall  have  the  fimple  feries  +  D,  E  *,  F  **,  &c  =  the  compound  feries 
^E,^Fx,Scc 

_  ^D.ipEx,  &c 

4-  2  D. 
And  this  equation  will  be  true,  of  how  fmall  a  magnitude  foever  we  fuppofe  *  to 
be  taken :  and  therefore  it  will  alfo  be  trije  when  « is  —  o.  But  when  *  is  =  o, 
all  the  terms  that  involve  *  will  be  equal  to  o  likjrwife,  and  confequcntly  the 
equation  will  then  be  +  D  r^  ij^  E  -  ^  D  +  2  D.  Therefore  (adding  ^  D 
to  both  fides)  we  (hall  have  D+^fDrr^E  +  iD,  and  (fubtraaing  D  from 
both  fides)  ^  D  =  i^  E  +  D,  or  Si!  D  =  D,  IJI  E,  or  ^  D  =  D,  together 
with  —  E,  either  added  to  it,  or  fubtrafted  from  it,  as  may  be  neceflary  to  pro- 
duce foch  equality.  But,  becaufe  m  is  fuppofcd  to  be  lefs  than  a  w,  ^  will  be 
greater  than  i,  and -^D  will  be  greater  than  D;  and  confequcntly  ^  E  muft  be 
added  to  D,  in  order  to  make  it  equal  to  —  D.  Therefore  the  fign  +  muft  be 
prefixed  to  the  quanuty  —  E  in  the  equation  —  D  =  D,  —  E,  and  therefore  it 
■  muft  alfo  be  prefixed  to  the  fifth  term,  E**,  of  the  feries  i  +  —  *,  C*%  D*», 

E**,P*S  Stc  (which  is, equal  to  i  +*!"),  from  which  fifth  term  the  faid 
quantity  ^  E  has  been  derived  above  in  art.  67,  68, 72,  by  the  opera- 
tions erf  multiplication  and  divifion.  Therefore  the  five  firft  terms  of  the  feries  i  + 

—  *,  C*',  Da;',  E*",  F*',  &c,  which  is  equal  to  i  +'  *f" ,  will  be  i  +  —  * 
"  Vol.  it.  a  O  *  » 
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•  in  ■    n  in  3*  '  ' .   »  %m 

B**   —  p".""*  Cx*  +  E**.  Qj    E.   r. 

And  to  determine  the  magnitude  of  the  co-efficient  E,  we  (hall  have  the  equa- 
tion -^  D  =r  D  +  ^  E ;  whence  (fubtrading  D  from  both  0des)  i^  E  will 

be  =  -^D— D=  ^  —  i|xD=  ~—  X  D,  and  confequently  (multi- 
plying both  fides  into  — )  E  will  be  =  ^^^^^  X  D  s=  22-ZJ2  x  -  X  ^^^-^ 
X  """',  or  —  X  ^^^^  X  — "—  X  ^''-".    Therefore  the  five  firft  terms  of 

.^^__  ** 
the  feries  I  +— *,  C;if*,  D**,  E**,  F*',  &Cj  which  is  equal  to  i  +  *|  % 

will  be  I  +  -J  *  +  -^  X  ^  *'  -  T  X  ^  X  ^^  *'  +  ^  X  =-^ 


„  .  ,     _  4« 

DX'.  Qj,  E.    I. 

98.  To  determine  the  fign  that  is  to  be  prefixed  to  the  ftsth  term,  F  *',  of 

the  feries  i  +  —  »,  C**,  D*',  E**,  F*',  &c,  which  is  equal  to  i  +  i^^ 
and  to  find  the  magnitude  of  the  co-efficient  F,  wt  mufi:  proceed  as  follows : 

It  has  been  (hewn,  in  the  laft  article,  thatxhe  fimple  feries  D,  E*,  F«*,  &c, 
is  equal  to  the  compound  feries 

^E,4^F*,  &c    , 
_^D,-^E*, 

+  2  D,  &c,  zdA  alfo  that  tbe  figti  +  is  to 

be  prefixed  to  the  terms  -^  E  and  —  E*,  and  E*.    Therefore  thefaid  equa- 
tion will,  when  thefe  three  terms  have  their  proper  figns  prefixed  to  them,  be  as 
follows ;  to  wir,  the  limple  feries  D  4-  E  *,  F  *' ,  &c  =  the  compound  feries 
+  ^E,      i^F*, -^G*S&c 
-  -i^D-l-  -^E*,  ipF«',  &c 
+,  aD. 
Further,  it  has  been  (hewn,  in  the  laft  article,  that  D  is  equal  to  +  -^  £  —  -^ 
D  +  iD. 

Therefore,  if  we  fubtraft  D  and  4--^E—  -^D-fiD  from  the  oppofitc 
fides  of  the  foregoing  equation,  the  reminders  will  be  equal,  that  is,  the  fimpk 
feries  +  E;v,  Fx*,  &c,  will  be  equal  to  the  compoiuid  feries 
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+  —  E*,  ii  F;f*,  &CJ  and  confequemly  (dividing 
all  the  teems  on  both  fides  by  *)  the  fimple  feries  +  E,  F*,  &c,  will  be  equal 
to  the  compound  feries 

^F,  ^G*,  &c 

+  ^E,  IpF*,  &c. 

And  this  equation  will  be  true,  of  how  fmall  a  magnitude  focverwe  may  fup- 
pofe  X  to  be  taken ;  and  therefore  it  will  atfo  be  tnie  when  «  is  =  o.  But, 
when  *  is  1=0,  all  the  terms  that  involve  *  will  be  equal  to  o  likewife,  and 
coofequently  the  equation  will  then  be  +  E  =  ^F  +  i^E,  or+  E=  + 
i^  E,  ^  F ;  that  is,  E  will  be  equal  to  ^  E,  together  with  ^  F,  either  added 
to  it  or  fubtrafted  from  it,  as  may  be  nec«ffary  to  produce  fuch  equality.  But, 
becaufe  2  »  is  fuppofed  to  be  greater  than  «,  4  »  will,  5  fortiori,  be  greater  than 
«,  and  confequKicly  —  %  will  be  greater  than  E.  Therefore,  in  order  to  make 
—  E,  —  F  be  equal  to  E,  we  muft  fubtraft  —  F  from  —  E,  or  prefix  the 
fign  —  to  the  term  —  F.  Therefore  the  fame  fign  —  muft  alfo  be  prefixed  to 
the  fixih  term,  Fx',  of  the  feries  i  +  ■-  «,  C**,D*',  E**,  F*',  &c  (which 

is  equal  to  i  +  x\i^),  from  which  fixth  term  the  faid  quantity  ^—  F  has  been  de- 
rived by  the  operations  of  raukij^ication  and  divifion  in  the  courfe  of  the  fore- 
going inveftigation.    Therefore  the  firft  fix  terms  of  the  feries  i  +  ~x,  Cx*f 

D*S  Ex*,  F*',  &c  (which  is  equal  to  i  -}-  x]" ),  will  in  this  cafe  be  i  +  —  « 

<^ 

X'  -  Fx',  or  I  +  -  A«  +  ^^-^  B«'  -  l^i-^i  Cx'  +  21^^  D«*  - 
Fr'.  Oi  J'  '• 

And  to  determine  the  magnitude  of  the  co-efficient  F,  we  Ihall  have  the  equa- 
tion E  —  i^E  -  —  Fj  whence  (adding  -^  F  to  both  (ides)  we  Ihall  have  E 
+  ^F  =  ii,E,  and  (fubtrafting  E  from  both  fides)  ^F(z:^E-E  = 

♦i  _  il  X  E)  =  ii^^  X  E,  and  (multiplying  both  fides  into  — )  F  =  S!^i; 
«  1  w  S"  S" 

X  E  =  ^^^^  X  ^^^-^   X  ^^^-^   X  ^^^^  X  — .    Therefore  the  firft  fix 
S"  4»  3»  "  « 

I  O  a  terms 
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terms  of  the  feries  i  +  —  *,  C«',  D*S  E**,  F*',  &c  (which  is  equal  to 

~  +  *!""),  will  (upon  the  fuppofition  here  made,  that  m  is  greater  than  n,  but 

lefsthan2«)be  i  +  ^*  +  7  X  ^  *' "  T  X  ^TT  ^  ^77^*'  ^  T 

"•  — "  .-  a»  —  M        3"     *"  V*  1^  ^   V  s/        *"      v^  3  \f  "  ws 

X  ^^  X  -5;-  ^-i^'  »  ><  2.  X  3.  X  ^.  X  J,  «  , 
on  +^Ax  +-j^Bx-  -|-_C«'   +S--B»'  -|S^Ejr>. 

Q4  E.    I. 

09.  In  like  manner  we  may  derive  from  the  general  equation  in  art.  94,  to  wit, 
tlie  equation  between  the  fimple  feries  ^,  Cjf,  D**,  E«',  Fx*,  G«',  &c, 
and  the  compound  feries 

'£C,^Dx,i^Ex',^-^Fx-,^Gx;l^Hx',&c 
+  i,'^Cx,^Tix;i^Ex>,^Fx',^Gx',&c, 

the  following  particular  equations  for  determining  both  the  figns  that  are  to  be 
prefixed  to  the  following  terms,  G  **,  H«%  I**,  K«»,L»*%M)f",  &c,  of  the 
feries  I  +  ^x,Cx',  Di",  E*«,  F«',  G«',  H*',  !»•,  K«»,  L«",  M»", 

&c  (which  is  equal  to  i  +  *j~),  and  the  values  of  the  co-efficients  G,  H,  I,  K, 
L.,  M,  &c ;  to  wit,  the  equations 

F  =  -^  G,    -2-  F, 

G  =  -^  H,  -^  G, 

H  =  -^  I,    -^  H, 

I  =  -2-  K,  -^   I. 

K  =  -^  L,   -2-  K.  •  - 

L  =  -^  M,  -!2L  L, 
&c, 
or  F=   -^   F,    -S-G, 

G  ,=  J^  G,  -^  H, 

H  =  -i^  H,  -^   I. 

I    =  ^    I,    .^  K, 
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K  =  -2-  K,  J:2L  L, 
L  =  4-  L,  ^  M, 

&c,  as  ^  as  we  pleafe  to  continue  them. 

1 00.  And,  in  all  thefe  equations,  the  fingle  term  which  forms  the  left-hand  fide 
of  the  equation,  will  always  have  the  fame  fign  +  or  —  prefixed  to  it  as  is  pre* 
fixed  to  the  temi  on  the  right-hand  iide  of  the  equation  that  involves  in  it  the 
fame  letter.  Thus,  the  two  terms  F  and  ^  F,  in  the  firft  equation,  will  have 
the  fame  Gga  prefixed  to  them ;  aad  the  twa  terms  G  and  —  6,  in  the  fecond 
eqtudon,  will  have  the  fame  fign  prefixed  to  them ;  and  the  two  terms  H  and. 
—  H,  in  the  third  equation,  will  have  the  fame  li^  prefixed  to  them ;  and  the 
following  letters,  I,  K,  and  L,  in  the  fourth,  fifth,  and  fixth  equations,  will,  in  like 
lOuiner,  have  the  fame  figns  prefixed  to  then  as  are  prefixed  to  the  terms  —  I, 

2i  K,  —  L,  refpedively.  This  follows  evidently  from  the  obfervation  that  has 
been  often  repeated  in  the  foregoing  articles,  to  wit,  that  the  terms  that  involve 
the  fame  letters  in  thefe  latter,  or  particular  equations,  are  all  derived  from  the 
fame  terms  of  the  fame  original  feries,  ta  wit,  the  fcries  i  +  — *,  Cat*,  D*», 
Ex*t  Fx\  G«',  Hx^,  Ix',  K*%  L«",  M**',  &c  (which,  is  equal  to 


I  +  x\n),  by  the  operations  of  multiplication  and  divifion  in  the  courfe  of  the 
foregoing  inveftigation ;  by  which  operations  the  figns  +  and  — ,  that  are  to  be 
prefixed  to  them,  cannot  be  afiefted. 

loi.  Further,  the  terms  denoted  by  the  fmgle  letters  F,  G,  H,  I,  K,  L,  &c, 
which  form  the  left-hand  fides  of  thefe  equations^  are  uniformly  Icfs  than  the  terms 
i^  F,  —  G,  ^  H,  —  r,  ^  K,  —  L,  &c,  on  the  right-hand  fides  of  the  fame 

equations  which  involve  the  fame  letters  refpe^rvely ;  becaufe  m  h  fuppofed  to  be 
lels  than  zh,  and,  ifortiori,  Icfs  than  jn,  6«,  7»,  8  »,  9»,  loH,  &c.  It  follows, 
therefore,  that,  in  order  to  make  the  right-hand  fides  of  thefe  feveral  equations 
be  equal  to  the  left-hand  fides  of  them  refpedively,  it  is  necefTary  that  the  fign  -H 
or  — ,  that  is  to  be  prefixed  to  the  fecond  term  on  the  right-hand  fide  of  each 
of  thefe  equations,  fhoiild  be  contrary  to  the  fign  which  is  prefixed  to  the  firfl: 
term.  And  hence  we  may  determine  the  feveral  figns  that  are  to  be  prefixed 
to  the  feveral  terms  of  the  faid  panicular  equations,  in  the  manner  following. 

I02.  It  having  been  (hewn,  in  art,  98,  that  the  fign  —  is  to  be  prefixed  to  the 
co-efiicient  F,  and  to  the  term  ^  F,  which  involves  it,  it  follows,  from  the  laft 
article,  that  the  (ign  +  muft  be  prefixed  to  the  pemaining  term  —  G,  in  the  firfl 

of 
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of  the  foregoing  particular-,  equations,  to  ivit,  'the  equation  F  =  ^  F,  -^  G  j 
and  confequently  the  faid  equatioii,  when  its  t«mis  have  their  proper  ligns  pre- 
fixed to  them,  will  be  —  F=— -^F-H-i-G. 

And,  fecondly,  incS  —  G  has  the  fign  +  prefixed  to  it,  it  follows,  from  art. 
I  op,  that  the  term  G  in  the  fecond  equation,  G  ^  -^  G,  —  H  mull  alfo  Jiave 
thelign  +  prefixed  to  it;  and  confequently,  by  art.  xoif  that  the  retnaioing 
term,  —  H,  muft  have  the  fign  —  prefixed  to  it ;  and  confequendy  the  faid 
fecond  equation,  when  its  terms  have  their  proper  iigns  prefixed  to  them,  will 
be  +  G=+^G-^H. 

And,  thirdly,  Cnce  H  H  has  the  fign  —  prefixed  to  it,  it  follows,  from  alt. 
loo.thatthetermH  in  the  third  equation,  H  =~H,  -^  I,  muft  alfij  h»K 
the  fign  —  prefixed  to  it,  and  confequently  (by  art.  loi)  that  the  remainiij 
term  —  I,  muft  have  the  fign  +  prefixed  to  it;  and  confequently  the  faiij 
third  equation,  when  its  tenns  have  their  proper  figns  pneCxod  to  than,  will  h« 
_H  =  -^H+ifI. 

And  in  hkc  manner  it  may  be  (hewn  that  the  fourth  equation,  I  =  —  I, 

5i  K,  when  the  proper  Cgns  are  prefixed  to  its  terms,  will  be  +  I  =  +  -^  I 

-  41  K ;   and  that  the  fifth  equation,  K  =  21 K,  ^  L, .  when  the  proper 

figns  are  pniixed  to  its  terms,  will  be-K=-.^K  +  -^L;andthat 

the  fixth  equation,  L  =  i^  L,  -^  M,  when  the  proper  Sgns  are  prefixed  to 

its  terms,  will  be  +  L=+  —  1-^ —  M- 

Therefore  the  fix  foregoing  equations,  when  their  proper  figns  +  and  -  are 
prefixed  to  their  terms,  will  be  as  follows ;  to  wit, 

_F=--2-F  +  -^G, 

+  G=  +  -^G-.^H, 

_H=--2=-H  +  -^I, 

+   I^  +  i.   I_.^K, 

In 
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In  thefe  equations  the  feveral  co-efEcieats  F,  G,  H,  I,  K,  and  L,  have  the 
figns  —  and  4-  prefixed  to  them  alternately  j  and  it  is  eafy  to  fee  that  the  fame 
thing  muft  take  place  in  all  the  fotiowing  cO-efficients,  M,  N,  O,  P,  <Xj  R,  S, 
T,  &c,  to  whatever  number  of  terms  the  fcries  be  continued.  We  may  there- 
fore cotichide  that  iniheferiej  t  +  ~x,  C*',  Dj?',  E**,  F**,  G*%  Hx'^, 
I*',  K»»,  L«",  M*",  N*'%  0**%  P*'*,  Q*'S   R**%  Sx'\  T x",   &c 

(which  is  equal  to  i  4-  x\»  ),  when  m  h  gtviater  than  »,  but  lefs  than  2  n,  the 
third  term,  Cjv',  is  to  be  added  to  th<  tvo  iirft  k  +  -^x,  and  confequently 
marked  with  the  fign +,  and  alt  the  following  terms  D*»,  E**,  F*',  G**, 
H*%IjS  K*',  L***,  M*",  N**%  O*'*,  P*'*,  QV»,  Rff'*,  S*",  T«^, 
&c,  to  whatever  number  of  terms  the  feries  be  continued,  are  to  be  marked  with 
the  figns  —  and  +  alternately ;  and  cfiirfequently  cbat,  with  refped:  to  the  (jgns  of 

its-terms,  thfffaid  feries  will  be  a*  follows,  to  wit,  t  H *  +  G**  — D*'  + 

E**  —  F»^  -i-Gx^  —  H*'  +  I*»  -  Kx"  +  L*'"  —  M*"  +  N*"  — 
0*»  +  Py*  — Qjf'^-KR*"^  —  S*"  +  T*"  —  Sec.  a.  e.  i. 

103.  It  remains  that  we  determine  the  magnitudes  of  the  feveral  co-e£cieDts 
F,  G,  H,  I,  K,  L,  &c.     Now  thefe  may  be  eafily  found  by  refolving  the  ftiort 
fimple  et^iations  obtained  in  the  foregoing  article ;  to  wit,  the  equations 
_  F  =  -  ^F  +-V-G, 
+  G=+-^G--^H, 

4-    I   =  +  -^   I  -  -^  K^ 
-~       -  K  =  -  -^  K  +  -^  L, 
+   L  =  +  -;^L--^M. 
&c ;  which  may  be  done  in  the  manner  following  : 

To  refolve  the  firft  equation,  -F=:-^F  +liG,let-ilFbe  added 

to  both  fides  J  and  we  fhall  have  —  G  =ilF-F  =  ^-i]xF=:  ^^^^ 
X  F,  and  confeqiiently  (multiplying  both  fides  into  ■^)  G  =  ^°^~"  x  F. 

Q.    E.    I. 

To  refolve  the  fecond  equation  +  G  =  ^  G  -  -^  H,  let  -2^  H  be  added 
to  both  fides ;  and  we  (hall  have  +  G  +  — Hir—  G,  and  confequently 
(fubtrai^S  G  from bodi  fides)  ^  H  =:  -^G  ^  G=-^-  ilx  G  =^^ 
X  G,  and  (mukiplymg  both  fides  by—)  H  =  ^.ZZ  x  G.  xi.  z.  1. 

To 
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To  refolve  the  third  equation  —  H  =  — -^11+  —  I,  let-^H  be  added 

to  both  Odes;  and  we  Ihall  have  —  I  =  i^  H  -  H  =  il  -  il  x  H  = 

"  -  ,      '         J 

22 — -  X  H,  and  confequcnlly  (multiplying  both  fides  by  ^)  I  =  ^-^•—  X  H. 

(U  B.  I, 

To  refolve  the  founh  equation  +"l  =  iil— SiR,  letii-Kbe  added  to 
both  fides ;  and  we  fliall  have  I  +  —  K  =  —  Ij  and  confequendy  (fubtraA* 
ingl&om  both  fides)  2iK  =  ^I  —  1=  5i- ijx  I  =  5^  x  I,  and 
(mulriplying  both  fides  by  — )  K  =   *~*  x  I.  q^  e.  i. 

To  refolve  the  fifth  equation  -  K  =  —  ^K  +  ^Ulet  SlK  be  added 
to  both  fides;  and  we  (haU  have  — L  =  2lK— K  =-2i  -  i]  x  K  = 
y  "*"  X  K,  and  confequently  (muldplying  both  fides  by  —)  L  =  ^~* 

X  K.  Q.    E.    I. 

And,  to  refolve  the  Cxth  equation,  +L=+— L— lliM,  let  —  M 
be  added  to  both  fides ;  aiid  we  Ihall  have  L  +  ili  M  =  —  L,  and  confe- 
quently (fubtrafting  L  from  both  fides)  ^M  =  —  L  —  L  =  ^—  ijxL 
_  10^  ^  j^^  and '(multiplying  bofli  fides  by  ^)  M  =  2^  x  L. 


t  appears 

therefijre  that 

G  will  be 

=  ^ 

X 

F, 

And  that  H  will  be 

_  6»-« 

7" 

X 

0, 

and  I 

X 

H, 

andK 

_  8.-1. 
9" 

X 

I, 

andL 

-r-' 

X 

K, 

andM 

IO»— IW 

X 

L. 

And  it  is  eafy  to  fee  that,  if  we  were  to  inveftigate  the  values  of  the  following 
co-efficients,  N,  O,  P,  Q.,  R,  S,  T,  &c,  by  the  refplution  of  the  following 
Ihort,  fimple,  equations  which  relate  to  them  refpeAively,  we  fliould  find 

N  to 
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Ntobe=: 

X  M, 

andO  = 

xN, 

and  P  = 
and  0.= 
andR  = 

13. -» 
14* 

'i' 

16. 

X  0, 

X    P, 

X  CL. 

and  S  = 

itn-m 

X  R, 

and  T  =  i21^  x  S, 

and  Co  on  ad  h^itum,  every  n£w  generating  fradion  being  derived  from  that 
which  immediately  preceeds  it  by  adding  n  to  both  its  numerator  and  its  deno- 
minator. 

104.  We  may  therefore  now  conclude  that  when  m  is  greater  than  »,  but  lefs 
than  2  H,  the  quantity  i  -4-  x\  ■  ^  or  the  «th  power  of  the  Kth  root  of  the  binomial 
quantity  i  +  x,  will  be  equal  to  the  feries  i  +  —  A  «  +  ''Ht  ^  **  ~  1"  ~  ^ 

'         4w  15"  bn  '    7«  8s 

H,'  _  piHi  I,.  +  suu:  Kx"  -  t^i^  L,"  +  isini  M«"  - 
piE5  N«"  +  i2i:i=  o«-  -  |5iZFp,..  +  lii^  o?"  -  (i^^^ 

I     13*  14*  I    15*  >o«       ^  I     fj» 

R*"  —  —  ~  -  Sy"  —  &c,flrfi^i/K»;  in  which  feries  the  third  term  ^^-^B*' 

is  added  to  the  two  firft  terms  1  +  ~x,  and  the  fourth,  fifth,  iixth,  feventh. 

and  other  following  terms  are  alternately  fubtrafted  from  the  three  firft  terms 

I  +  y  A  )f  +  2L^  B  *',  and  added  to  them,  and  confcquently  marked  with 

the  figns  —  and  +  alternately.;   and  the  feveral  generating  fiaftions  ■*"■"■*,. 

3»-_m    4*-""    S"- "    , ;* ,-,'"  gjc  j„.g  formed  one  from  the  other  by  the  conti- 

4»    '      J*    '      o«  7«    '       .'  ' 

nual  addiuon  of »  to  both  their  numerators  and  their  denominators. 

Qi  E.    I. 

105.  We  have  now  (hewn  the  binomial  theorem  to  be  true  in  the  cafe  of 

I  +  *)  * ,  or  the  »nh  power  of  the  ath  root  of  the  binomial  quantity  1  +  x,  when 

w,  the  numerator  of  the  index  — ,  is  greater  than  n,  its  denominator,  but  lefs 

than  2  n.    Ic  remains  that  we  fhew  it  to  be  true  alfo  when  m  is  greater  than  2  u. 

Vol.  II.  a  P  but 
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but  lefs  than  3  »,  and  when  it  is  greater  than  3  n  but  lefs  than  4  «,  and  when  it  is 
greater  than  4  »  but  lefs  than  5  «,  and,  in  general,  when  it  is  of  any  greater  mag- 
nitude whatfoever. 

1 06.  Now  for  this  purpofe  we  need  only  obferve  that  in  all  thefe  different 
magnitudes  of  m  with  refped  to  «>  as  well  as  when  m  is  either  lefs  than  «,  or 


greater  than  n,  but  lefs  than  2 »,  the  quantity  1  +  «) «  will  be  equal  to  the 
fame  feries  i  +  —  *,  C*',  D*S  E«**  F*',  &c,  of  which  the  firft  term  is  i, 
and  the  fccond  term  is  —  *  and  is  added  to  the  firft  term,  and  the  third  and 
fourth  and  fifth  and  fixth,  and  other  following  terms,  C**,  D*^,  E**,  F**, 
&c,  conlift  of  the  fquare,  and  cube,  and  fourth  power,  and  fifth  power  and 
other  following  powers  of  x  in  their  natural  order  without  interruption,  multi- 
plied into  certain  fixt  numbers,  or  numeral  co-efficients,  which  may  be  denoted 
by  the  capital  letters  C,  D,  E,  F,  &c,  and  are  to  be  connefted  with  the  two  firft 
terms  i  +  —  x  either  by  addition  or  fubtradion>  and  confequently  marked 
with  either  the  fign  -f  or  the  fign  — .  For  from  hence  it  follows  that,  if  wc 
apply  the  reafonings  ufcd  above  in  art.  67,  68,  69,  70,  71,  72,  to  the  invefti- 
gation  of  the  terms  C*S  D*',  E**,  F*',  &c,  in  the  feries  t  +  —  *,  C*», 

D*S  E**,  F*»,  &c,  and  of  the  figns  +  and  — ,  which  are  to  be  prefixed  to 
them,  in  any  of  thefe  new  relative  m^nitudes  of «  and  »,  we  ftiall  always  come 
to  the  fame  final  equation  which  was  obtained  for  this  purpofe  in  art.  72,  to  wit, 
the  equation  between  the  fimple  feries  ^t  Cx,  D*%  E«*,  Fk*,  &c,  and  the 
compound  feries 

^C,^  DAT,  ^  E*S  S2  F*»,  &c 

+  I,  ^C*,  ^D*si^E*%&c. 
And  from  this  general  and  ftmdamental  equation  we  may  derive  particular  equa- 
tions for  the  determination  of  the  iigns  that  are  to  be  prefixed  to  the  feveral 
terms  C**,  D*',  E*',  F*',  &c,  and'of  the  magnitudes  of  the  feveral  co-effi- 
cients C,  D,  E,  F,  &c,  which  will  conlift  of  the  very  fame  terms  as  the  particu- 
lar equations  derived  from  the  faid  general  equation  in  the  former  reladve  m^- 
nijudes  ofm  abd  n ;  to  wit,  the  particular  equations  following : 

111,  il  =  ii  C,  -1-  I, 

adly,    C  =l^D,ij:C, 

3dly,  D  =  i;  E,  i:  D, 

4thly,  E=i;F.  l^E, 

&c. 
Or  (as  they  may  be  expreflid  v'ah  moie  convemence) 
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ift,  —  =:  I,  —  C, 

idly,   C  =  ^  C,  ^  D, 

adly,  D  =220,1;  E, 

4thly,  E  =  i^E,  Si  F, 

Sec.  And  the  only  difTcrence  between  tfaefe  particular  equations  in  the  cafes 
of  thefe  new  relative  magnitudes  of  m  and  n  (in  which  m  is  fuppofed  to  be 
greater  than  s»)  and  the  former  particular  equations,  confriling  of  the  fame 
terms,  in  the  cafes  of  the  former  relative  multitudes  T>f  m  and  n  (in  which  m 
was  fuppofed  to  be  either  lefs  than  n,  or  greater  than  »,  but  lefs  than  2  *)  will 
be  in  the  figns  -(-  and  —  that  are  to  be  prefixed  to  their  terms.  This  dif- 
ference we  mull  now  proceed  to  inveftigate. 

107.  In  the  aforefaid  particular  equations,  by  means  of  which  the  Hgos  to  be 
prefixedtothe  terms  C*',  D**,  E**,  F«S  &c,  and  the  values  ornwgnitudes 
of  the  co-efficients  C,  D,  £,  F,  &c,  are  to  be  determined,  to  wit,  the  equations 

E  =  ii;  E,  ii  F. 
F  =  ii  F,  -  G, 

mm        ' 

arc,  the  common  denominator  m  of  the  feveral  fraftions  — ,  ^,  i^,  ^,  &c, 

•'    m'    m'    m 

will,  on  the  prefent  fuppofition,  be  greater  than  the  numerator,  an,  of  the  firft 
of  die  faid  fractions ;  and  it  may  be  greater  than  30,  40,  ^n,  6»,  yn,  and 
many  more  of  the  numerators  of  the  following  fra&ions,  ^,  — ,  — ,  — ,  i^,  &c. 
But,  however  great  we  may  fuppofe  m  to  be  in  comparifon  of  »,  we  may  always, 
by  continuing  the  aforefaid  particular  equations  to  a  fufficient  number,  come  at 
laid  to  an  equation  in  which  the  numerator  of  the  fraftion  involved  in  the  iirfl: 
term  on  the  right-hand  fide  of  the  equation  will  be  greater  than  the  denomina- 
tor m.  For  let  pH  be  the  greateft  multiple  of  n  that  is  lefs  than  m  :  then  will 
p  +  i\  X  »)  or  pn  +  »,  be  greater  than  m ;  and  confcquently,  when  the  fraftions 
—   11,  il,  1?,  —   If,  &c,  are  continued  to  the  term  £±il2U    or  ^Jil  fto 

w      m      m      m      m      m  m        '  m        ^ 

which,  it  is  evident,  they  may  be  continued),  the  numerator  of  the  faid  fradion 

^—1  will  be  greater  than  its  denominator.    Now,  fo  long  as  the  numerators  of 

thefe  fraftions,  — ,  3JI,  li,  12^  —,  11^  &c,  are  lefs  than  their  denominator  «, 

the  fraftions  themfelves  will  be  lefs  than  i  :  but  when  we  come  to  the  fraAion 
2  P  a  pM  +« 
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^ — -f  of  which  the  numerator  is  greater  than  the  denominator,  the  faid  fra<5tJoii' 
will  be  greater  than  i  ;  and  fowill,  i  fortiori,  all  the  following  fraftions;  to  wit, 
P+'  X  «     p+i  xn    f  +  4  X  "^   P+  i  X"^   gjj.     Qj.  f  +  ^n     ^+31.     /«  +  4» 

^"     ^"i  &c.     Therefore,  fo  long  as  the  numerators  of  the  faid  fradtions  — ,  — , 

m  '-'  m'     m 

i^,  i^,  — ,  — ,  &c,  continue  to  be  lefs  than  their  common  denominator  «,  the 
quantities  i2  C,  ^  D,  ^  E,  ^  F,  ^  G,  2^^  H,  &c  (which  arc  the  firil  terms 
on  the  right-band  tides  of  the  2d,^d,  4th]  jtli,  6d),  yxh,  &c,  particular  equa- 
tions above-mentioned^  will  be  lefs  than  the  fingle  quantities  C,  D,  E,  F,  G, 
H,  &c,  which  form  the  left-hand  fides  of  the  fame  equations :  but  when  wc  arc 
come  to  the  fr^ons  i^,  ^.^±^  £^.  '-l^i-",  il±^,  &c  (which  are 
greater  than  i),  tfie  quantities  of  which  thefe  fraftions  will  be  the  co-efficients, 
and  which  will  be  the  firft  terms  on  the  right-hand  fides  of  the  feveral  particular 
equations  in  which  they  will  appear,  will  be  greater  than  tlie  correfpondiog 
fingle  quantities,  which  will  form  the  left-hand  fides  of  the  fame  particular  equa- 
tioni;  or,  jf  we  fuppofe  the  faid  particular  equations  to  be  as  follows,  to  wit, 

/T/     ^_     f^  T  ^     fv       p^  -r  ZM     |-y 

D'  =  ^''  +  "  ly,  £ii^  £', 

E'  =  ^  +  ?"  E', 

and  F'  =  ^ 

&c  (in  which  the  capital  letters  C,  D,  E,  F,  G,  &c,  have  an  accent '  placed 
over  them,  in  order  to  diftingmfli  them  from  the  former  co-efficients  C,  V>,  E, 
F,  G,  &c),  die  quantities  4!-t^  C,  ii±ii  I/,  il±l*  £',  and  ^^^^  F,  &c, 
which  are  the  firft  terms  on  the  right-hand  fides  of  the  faid  particular  equations, 
wiK  be  greater  than  the  correfponding  fingle  terms  C,  D*,  E',  F,  &c,  which 
form  the  left  hand  fideiof  the  fame  .equations. 

108.  Further,  it  follows,  from  what  has  been  repeatedly  obfervol  in  the  courfe 
of  the  foregoing  inveftigations,  that  in  all  thefe  particular  equadons  the  terms 
that  involve  the  fame  co-efficients,  or  capital  letters,  C,  D,  E,  F,  G,  &c,  or  C, 
D',  E',  F,  G',  &c,  muft  iuve  the  fame  fign  -(-or  —  prefixed  to  them ;  becaufc 
they  are  derived  from  the  fame  original  tenns  C**,  D*^,  E*',  F»',  &c,  in 
the  affumed  feries  i  -^  —x,Cx^,  D**,  E**,  F«',  &c,  by  the  operations  of 
multiplication  and  divifion,  by  which  the  figns  -|-  and  — ,  that  are  to  be  prefixed 
to  them,  cannot  be  afFeded.  Therefore  the  firft  terms  on  the  rig^t-hajid  fides 
of  all  thefe  particular  equations  muft  always  have  the  fame  figns  -{-  and  —  pre- 
fixed to  them  as  are  to  be  prefixed  to'the  fingle  quantities  which  form  the  left- 
hand  fides  of  the  fame  equations. 

a  109.  And 
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109.  And  hence  it  follows  that,  fo  long  as  the  firit  terms  on  the  right-hand  . 
fides  of  thefe  particular  equations,  to  wit,  the  terms  —  C,  ^D,  —  E,  ^  F, 
—  G,  &c,  are  lefs  than  the  Ungle  terms  that  form  the  left-hand  fides  of  the  fame 
equations,  to  wit,  the  terms  C,  D,  E,  F,  G,  &c,  refpedtively,  the  fecond  terms 
on  the  right-hand  fides  of  the  faid  particular  equations,  to  wit,  the  terms  —  D, 
4^  E,  ^  F,  ^  G,  2^  H,  &c,  muft  be  marked  with  the  fame  figns  as  the  firft 
terms  on  the  fame  right-hand  fides  of  the  fame  equations,  to  wit,  —  C,  ^  D, 
11  E,  ^  F,  —  G,  &c,  or  muft  be  added  to  the  faid  firft  terms,  fo  as  thereby  to 
increafe  their  magnitudes. '  For  olhcrwife  the  two  quantities  on  the  right-hand 
fides  of  the  faid  equations  cannot  be  equal  to  the  finglc  quantities  on  the  teft- 
haad  fides  of  them.  But,  when  the  firft  terms  on  the  right-hand  fides  of  thefe 
panicular  equations  beconae  greater  than  the  correfpoading.fingk  terms  that 
form  the  left-hand  fides  of  the  fame  equations,  which  happens  in  the  equations 

Tf  =  >'.•*' 'f  ly,  £i±i2  E', 

and  F'  =:  ^iH  p,  ^Jl+J!  G', 

m  '         M 

&c,  the  fecond  terms  on  the  right-hand  fides  of  thefe  equations,  to  wit,  the 
tenns  ^^^  Tl,  ^^^^  E',  ^l±iS  F,  ^1±^  G',  &c,  muft  be  marked  with  the 
contrary  figns  to  thofe  which  are  to  be  prefixed  to  the  firft  terms  on  the  right- 
hand  fides  of  thofe  equations,  to  wit,  the  terms  ^ — -  C,  "^ — ~  D*,  ^—'TJt  £', 

^"^^  P,  &c,  refpeftivety,  fo  as  to  leflen  the  too  great  magnitudes  of  thtf  faid 
firft  terms,  aod  reduce  then  to  an  equality  with  the  fingfe  terms  C,  0,  £',  F, 
&c,  which  fonn  the  left-hand  fides  of  the  faid  equations. 

I  lo.  From  thefe  obferrations  ic  follows  that,  if  n  is  greater  than  3  »,  but  lets 
than  3  »,  or,  if  ^  is  =  2,  and  confequently  ^ — -  is  =  — — -^  or  — ,  the  'gam- 
cular  equations  &t  down  above  in  the  beginning  of  art.  107,  to  wity  tlie  equa- 
tions 

C  =  ^  C.  i^  D, 
D  =  ^  D,  4;;  E. 
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E  =  li  E,  i:  F, 

F  =  i;  F,  §  G, 

tows''w'wTt''°"  ""  ^"^  "^"^  +  ^""^  -  ""^  P"^'''^ '» «>>«ir  terms,  be  as  fol- 

T  =  ■  +  ";^  C, 

+  c  =  +  i:c  +  HD, 

+  D=  +Hd-4^E, 

-E  =  -i2E+iiF, 

+  F=+i;F-iiG, 
&c ;  and,  if  i,  is  greater  than  3  »,  but  lefs  than"  »,  or  y  is  =  j,  and  confe- 
quently  Ci!  is  =  >Z±1  =  ii,  ,he  faid  equations  will,  when  the  proper  ligns 
+  and  —  are  prefixed  to  their  terms,  be  as  follows,  to  wit 

+  C  =  +  ^  C  +  3;  D, 
+  D=+^D  +  iiE, 
+  E=+i;E  —  ilF, 

-■  F  =  _  i;:  F  +  §  G, 
And  the  next  equation  to  thefe  will  be 

+  g=  +  ^g-i:h. 

And,  in  general,  aU  the  co-effidents  C,  D,  E,  &c,  wUl  be  marked  with  the 
fign  +  nil  we  come  to  the  equation  m  which  the  fraiftion  by  which  the  co-effi 
cient^is  multiplied  in  the  firft  term  on  the  right-hand  fide  of  the  equation  is 
C— ;,  of  which  the  numerator  J>»  +  «  is  greater  than  the  denommator  s>;  after 
which  die  next  co-efficient  will  be  marked  widi  the  fign  - ,  and  the  next  to  that 
will  be  marked  with  the  (ign  -|-,  and  the  next  again  with  the  fign  — ,  and  fo  on 
to  ^  many  co-efiicients  as  thefe  equations  (hall  be  extended  to,  the  figns  .(-  and 
-  being  to  be  prefixed  to  aU  the  faid  following  co-efficients  alternately.  It  fol- 
lows  therefore  that  in  the  general  feries  i  +  i  »,  C*%  Dx'    Zx*   F*»    Gk' 

?".'■  n ';  W  f'T'  n'''.°i'"-''""T^  """i"''  =  "T^^.  »11  the  terms 
Cic-,  Dx',  Ex',  Fx<,  Gx;  &c,  wiU  have  the  fign  +  prefixed  to  them,  or 

will  be  to  be  added  to  the  two  firft  terms  i  -I-  i  «,  dU  we  come  to  the  /s  +  aldi 

term. 
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temiT  pn  +  n  being  the  firft  multiple  of  n  that  is  greater  than  m ;  and  the  faid 
pit  +  »|th  term  will  be  to  be  fubtrafted  from  the  faid  two  firft  terms,  and  marked 
with  the  fign  —  ;  and  all  the  fubfequcnt  terms  after  the  pa  +  «]th  term,  will  be 
marked  with  the  fign  +  and  the  fign  —  alternately,  or  will  be  alternately  to  be 
added  to,  and  fubtraded  from,  the  faid  two  firft  terms.  Oj  e.  i. 

Note.  This  conclufion  is  agreeable  to  what  was  aflerted  above  in  the  begin- 
ning of  this  dtfcourfe,  in  art.  5  and  6. 

III.  It  remains  that  we  inveftigate  the  values,  or  magnitudes,  of  the  co-effi- 
deots  C,  D,  £,  F,  G,  &c>  when  m  is  greater  than  2  ». 

Now  thefe  magnitudes  are  to  be  determined  by  refolving  the  particular  cqua- 
tioas  above-mentioned  in  art.  107,  to  wic,  the  equations 

—    =    I,  C, 


C  =  . 

ly  =  ^''.+"'  jy  /*  +  3*  Ei 

E'  =  «i±i:  E',  ^"'l*"  F'. 
F  =  ^'''•**  F,  ^'"^^^  G', 

tec,  which,  if  the  feveral  terms  of  them  have  the  proper  figns  +  and  —  pre- 
fixed to  them,  will  (according  to  what  has  been  demonftrated  in  the  four  h& 
articles,  107,  108,  109,  tio)  be  as  follows,  to  wit, 

.      T  =  ■  +  V  C. 

+  C=+iiC  +  -liD, 

+  E=   +^E  +  iiF, 
UCf  and 


ly  =  +  f*"U-  [»'  +  3': 
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±3*  F'  V  f  +  4'  1 


-  E'  =  -  r^  E'  +  ^  '^'*  F, 

^.  F'  —        e±if  F  -  (i*'tS*  G', 
&c ;  and  thefe  equations  may  be  rcfolved  in  the  manner  following : 

112.  To  refolvc  the  firft  equation,  —  =  1  +  —  C,  fubtra^t  i  bom  both 
fides;  and  we  fhall  have  —  C  =  — '  —  i  =  "~",  and  confequently  (multi- 
plying both  fides  by  — )  C  =  ^  x  ^^^-^  =  —  x  !I^-^.  0*  e.  i. 

To  rcfolve  the  fecond  equation,  -I-C=+-^C-|-^D,  fubtraa  -^  C 
from  C;  and  we  (haU  have  li  D  =  C  -  i^  C  =  i  --~rlx  C  =  ^^ 
X  C,  and  confequendy  (multiplying  both  fides  by  •^)  D  =  *—■"  x  C. 

To  refolve  the  third  equation,  +D=:  +  -2iD+  ^E,  fubtraA  ^  D 

from  D;  and  we  fhall  have  ilE=:D-llD=  i  -  ^  x  D  =  21^2." 
m  *>  "I  m 

X  D,  and  confequently  (multiplying  both  fides  by  — )  E  =  — "^^  x  D. 

^  'dj  B.  I. 

To  refoWe  the  fourth  equation,  4-E=  +  -iiE+-i^F,  fubtraft  -ii  E 
from  both  fides;  and  we  (hall  have  -^F=:E— ^E  =  i  -  -^  X  E  = 


^^  X  E,  and  confequently.  (muhiplying  both  fides  by  -^)  F  =  "".Tiff 
X  E.  0;  E.  I. 

To  refolve  the  fifth  equation,  +  F  =  +iiF  +  —  G,  fubtraA  -1^  F  from 
both  fides;  and  wefliall  have  i^  G  =  F  -  i^  F  =  i  -  -ll|  x  F  =  ^^=-^ 

m  m  m\  m 

X  F,  and  confequently  (multiplying both  fides  into  •^)  G  =  *~  ^'  X  F. 

'  Qi   E.    «.        . 

Thus  it  appears  that,  fo  long  as  the  numerators  of  the  feveral  ftaftions  — ,  ^, 
— )  ^,  &c,  continue  to  be  lefs  than  their  common  denominator  n,  the  feveral 
terms  Car*,  D«',  Ex«,  F;t:',  Gjf",  &c,  of  the  feries  i  +  —  *,  C**,  D*', 

EAf% 
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E**,  F»S  G<*,  &t,"  which  is  equal  to  i  + '  *1 «,  will  be  all  marked  with  the 
fign  4-,pr3d(Iedtothetwofirft  terms  t  +  —•x,  and  that  die  co-efficient  C  will 
^A—  X.T",  oril^'x  R;and.Dwillbe  =  2~itJ;ic,  andEwUlbe 
-  CLZj:-  X  D,andF  will  be ^=  ^^  x  E,  and  G  wiil.be  =  .^1^  x  F; 
which  co-efficients,  are  .derived  from  ^,  or  B  (the  co-efficient  of  the  fecond  term 
'—  *,  or  B  *),  by  the  continual  multiplication  of  the  generating  fraAions^A^ 

-~  '".-*~-^*>  ^---r,  ^^^^,  &c,  of  which  the  numerators  decreafe  by  the  con- 
_    3«.  .       4jr.  '-S«         ..on_  ■*■_ 

tinual  fubtraftion  of  n,  and  the  denominators  increafe  by  the  coaiiaual  addition 

6f  the  fame  quantity. 

113.  And,  when  the  numerators  of  the  fraftions  — ,  H,  i^,  ^,  — ;  Z^,  &c» 

are. greater  than  the  comipon  denominator  w,  and  the  equations  to  be  rrfblved 
are  confeqiiendy  ' 

+  D'=:    ii±i:iy_EIFE', 

_  E' =  -  EIIFe' +  iILL*?  F: 

■  +  F  = +«L±i:F  _  ^HSFg',"  :  „■  ', 

&c,  "       .  "  .  . 

thefe  equadoDs  may  be  refolved  in  the  manner  following : 

To  refolve  the  fiift  equation,  -  C  iz""-  |£l±J  C  +  tiS  C,  let  Cii 
C  be  added  to  both  fides;  and  we  Oiall  have  4ii2  D"  =  tii  C'  -  C  = 
i^ — -  —  ijx  C  =  ^- — njj — -  X  C,  and  confequently  (multiplying  both  fidei 
''';^>D'='^^.XC'-  *>....- 

To  refolve  the  fecond  eqtotion,  +  D"  =  *i^  D"  -  (555  E",  let  CiS! 
E'  be  addedto'both  M«i  id  we  fliall  have  V  +  £L±i:  E'  =  ^'*" 
V;  and  (fubtrafting  V  from  both  fides)  £±2!  E' =  ttii  D"  _  1/ = 
^^"  —  I  X  ly  =  ^ '*'"""  X  D",  and  (miJtiplying  both  £dcs  into  the 
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To  refolve  the  third  equMioa,  —  E'  =  -  fSB  x  E'  +  t±Ji  F,  let 

<i±i:  E'  be  added  to  both'  fidei  j  and  we  Oull  hare  '-ii^  F  =  tlti:  E'  - 

E'_£±i;_  j|x  E'=-^'''^*~"  X  E",  wd  oonfequeDdy  (multiptyiot 

bwh  lides  into  the  frtdion  —-J )  F  =  ('*>'-"  x  E'.         <fc  ■.  l. 

/"  +  4*  /■  +  +« 

And,  to  refolve  the  founh  equation,  +  F  =  +  tiif  F  —  ^'*''G',  In 

<i±i;  X  G'  be  added  to  both  fides  j  and  we  Ihall  have  F  +  tLLSl  a'  = 

&±-£  F,  and  (fubtraaing  F'  from  both  fides)  iiiil  G'  =  2L±±;  F  —  F, 

=  t±JH_  ,]  X  F  =  ^•''^~*  X  F,  and  confequendy  (multiplying  both 

Mesbythefraaion^ji^)G'=<^^xF.  qj  e.  i. 

It  therefore  appears  that,  when  we  -are  come  to  the  equation  ^  C*  ^  -• 
pE±i  C'  +  *"*"  Ty,  in  which  the  grft  term  on  the  right-hand  fide  of  the 

equation,  to  wit,  ^^  C,  is  greater  than  the  fingle  term  on  the  left-hand  fide 
of  the  fame  equation,  to  wit,  C,  the  feveral  tenns,  D',  E',  F',  G',  &c,  will  be 
generated,  or  derived,  from  C  by  the  continual  multiplication  of  the  fraAions 
tl±±^,  J*'+"-',  ^' +  ?'■",  ^+r'"",  &c,  of  which  both  the  numwators 
and  denominators  increafe  by  the  continual  addition  of  * ;  whereas,  before  we 
came  to  the  term ^■- *""  x  C,  the  numerators  of  ihc  generating  fraAions 

t^t  -C  **»  "~'-.  *'-~^»  -7^,  fcc,  dccreafcd  by  the  continual  fubtraftioii 
of «,  while  their  denominators  incieafed  by  the  continual  addition  of  it. 

114.  The  numerators  <^  the  iirft  (et  of  genemting  fraAionSf  *~*,  *-~-'*^, 
JLzJ?,  "r**^  —pi?,  &c,  till  we  come  to  a  multiple  of  »  ihec  is  greater  than  ar, 

are  the  excefles  of  «  above  the  feveral  fucccffive  multiples  of  «,  taken  in  their 
Batumi  Older,  to  wit,  »,  2  «,  3  «,  4  n^  5  w,  Sec ;  and  the  numerators  pf  the  fecond 
fet  of  generating  fiaftions,  ^ttZzJH,  £L1^,  fn+in-m  ^+^-^ 

after  we  are  come  toj>  +  i\  x  I3  or  pi  +  ».  or  t^c  firft  multiple  of  n  that  is 
geater-than  m,  are  the  cxceflesof  the  feveral  foUowigg  tnuldples  of  k^  co  wir, 
p  +  i\  X  »,  f  +  2j  X  »,  f +  3I X  »,  i>  +4I X  w,  &c,  or^a  +  n,  fn  +  «», 


^  +  Vh  P"  4-  4*^  ^f  taken  in  their  -natural  order^  above  m :  So  that'  in  both 
fets  of  generating  ftaftions  the  numeraton  of  (he  -laid  fra&ions  are  the-difierenccs  ' 
of »  from  the  feveral  fuccelfive  multiples  of «,  takea  tfi  their  natural  order,  to 
6  wit. 
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wit,  ar^:3»y4-».  5*>  ^"i  &c> and /"»,/+  ilx  «>  J+T]  x .  »,.^  +  j1  x  «, 
f+n  >*  "y  ?  +  5I  >f  W)  &c,  or  2  »,  3  »,  4  n*  5  »!  6 »,  &c,  and  /»,/«  +  », 

115.  It  therefore  has  now  been  demonftratcd  in  art,  105,  106,  &c  . . . .  1 14, 
that,  when  «  is  greater  than  2  »,  and  ^  »  is  the  greateft  muldple  of  n  that  is  lei's 

than  «»,  the  qxiantity  i  +  xy ,  or  the  Mth  power  of  the  Hth  root  of  the  binomial 
^aotity:  I  +  Jf,  will  be  equal  to  the  feries  i  +  —  A  *  +  ^LZl  B  *•  +  "~  " 

G'x^"^  +  ice,  aiiafaiitmB,^  in  which, feries  all  the  terms  a&er  the  fvfit  term  i 
we  to  be  added  te4b«4ud  firit  term  till  we  come  to  the  term^-^  j^  ~  ?  C  j^"*" ' , 
which  is  to  be  fubtrifted  frorn  the  faid  firft  term.;  and  all  the  terms  after  the  fsud 
term  ^*  "*"  *  ~—  C  ar  *  are  to  be  added  to  and  fubtrafted  from  the  faid  firft 
term  1  alternately. .  All  ^hich  is  agreeable  to  what  was  aflerted  above  ia  the  be- 
ginning of  this  difcourfe,  art.  5  ana  6>  concerning  the  feries  that  was  eqtul  to 

I  +  x)  ■  upon  ihefe  fuppofitions  of  the  rchttive  magnitudes  of  m  and  n. 

n  6.  We  have  Aerefere  now  compleated  the  demonftratJon  of  Sir  Ifaac  New- 
ton's famous  binomial  theorem,  in  all  the  cafes  of  &a&ional  powers  whatfoerer; 
to  wit,  ift,  in  the  cafe  of  tiie  roots  <tf  a  binomial  quantity  i  A-  x,  in  art.  '2 1 ,  32, 
23,  24,  25,  &c. . . . .  ji,  where  weinTeftigaied  the  terms  of  an  infinite  feries 

that  would  exhibit  the  valueof  \/""  i  +  )+,  or  r  +  x\^ ,  when  »,  the  index  of 
the  root,  was  equal  to  any  whole  number  whatfoever;  and,  zdly,  in  the  firft 
cafe  of  the  powers  orthe  roots  of  a  binomial  quantity,  in  art.  54,  55,  56,  57^ 
i^*  59>  •  •  r  •  •  <  79>  where  we  invefti^ted  the  terms  of  an  infinite  feries  that 


would"  exhibit  the  value  of  T+~«f»,  or  of  the  wrh  power  of  the  »th  root  of  the 
binomial  quantity  r  +  *,  when  »,  the  index  of  the  root,  was  equal  to  any  whole 
number  wBatfoever,  and  «,  the  index  of  the  power,  was  equal  to  any  other  whole 
number  1^  thao  « ;  and  ^dly,  in  the  fecond  cafe  ef  the'  powers  of  the  loots-  of 
a binpmiaL i^iaDtify,  in^artt  $OySi,  82^33, 104,  where  we  ioveftt- 

gated  die'terois.ofan-infijattjefciiesi  that  would  exhil^it  the  Talue  of  i  +  «1»,  oc 
■of  the  wth  power  of  the  »th  root  of  the  binomial  quantity  1  +  x',  when  »,  the 
index  of  die  root,  was'  any  irfiole  number  whatfoever,  and  j»,  the  index  cwf  the 
power,  was-any  odjer'whole  number  greater  than  n,  but  lefs  than  2  » j  and,  4thly, 
in  thehtfficafeofttiepowersof  the  roots  of  a  binomial  quantity  in  art.  10  j,  106, 

2  0^2  107, 
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(D7,  io8,  fiEc  . . . . .  It 5,  where  weinvcftigated  the  terms  of  an  infinlfc  ferie* 

ihat  would  exhibit  the  value  of  ijv;+  *|« ,  ^r^fcthc  «th  power  of  the  mh  «x>t  of 
the  binomial  quantity  i  +  *,  when  «,  the  "index  of  the  root,  was  any  whole 
number  whatfoever,  and  w,  the  index  of  the  power,  was  any  other  whole  num- 
ber whatfoever  greater  than  2  «.  Here  therefore  we  might  with  propriety  put 
an  end  to  this  difcourfe  ;  but  as  the  laft  cafe  above-mentioned  of  this  theorem, 
in  which  w  is  greater  than  2  »,  is  attended  with  rather  more  difficultythan  the 
former  cafes  of  it,  on  account  of  the  different  numbers  of  terms  of  the  feiies 
I  +  —ic^  Cx^y  D*',  Ek*,  F*',  &c,  after  the  two firft  terms  1 '+  —  Xi  which 
are  to  be  marked  with  the  fign  4-,  or  added  to  the  faid  two  firft  terms,  accordJDg 
to  the  different  magnitudes  of  m  with  refped  to  »,  I  (hall  now  proceed  to  lay  before 
the  reader  another  demonfb-ation  of  this  laft  cafe  of  the  laid  theorem  (in  which  n 
is  greater  than  z  »),  and  likewife  of  the  next  prcceeding  cafe  of  it  (in  which  « 
is  greater  than  n^  but  l4^s  than  2  «) ;  whidi  is  grounded  on  die  fuppofition  that 

t*he  faid  theorem  is  true  in  the  firft  cafe  of  the  quantity  i  +  *| » ,  or  when  w,  die 
numerator  of  the  index  — ,  is  lefs  than  its  denonunator  ». 


Another  demanjlration  of  the  Binomial  Theorem 

in  the  cn/e  of  the  quantity  i  +  jf|«,  w  the 
mtb  power  tf  the  nth  root  {/*  the  hintmiaf 
quantity  I  +  r*  when  m,  the  iu4ex  ^  the 
pvwer,  is  greater  than  n^  .the  index  of  the  -. 
root  I  deditzedfrom  theories  tbaf  if  eqifai  f<i  , 

■ ,  lohen  m  is  lefs  tbax  rx.    '    ■     ' 


117.  It  has  been  (hewn  above,  in  a  pretty  full,  arid,  I  hope,  fatisfadory  manner 
(in  art.  54,  $$>  S^>  Sly  5^»  59*  ^^ 79)»  ^""^  **'?"  *''  ^^  numerator  of 

the  index  — ,  is  lefs  than  a,  its  denominator,  the  quantity  i  +  *t«,  or  the  mh 
power  of  the  mh  root  of  the  binomial  quantity  i.  +  x,  will  be  equal  to  the  feriea 
,  +  i  A«  -  ^B*- H^  ■'-!^  C«.  ^  j^  D..  +  ^  E«.  - 
&c,  ad  infinitUfA  in  which  all  the  terms  after  the  two  firft  terms  r  4-  —  A  «  are 
marked  alternately  with  the  figns  —  and  + ,  or  are  lo  be  alternately  fubtrafted 
from,  and  added  to,  the  faid  two  firft  terms.  Now  fixim  this  propofitibn  we 
may  deduce  a  proof  that,  when ,»  ia  greater  than  »,  biit  lefs  thaa  2  »,  the  qoan- 

"'-'"'         '     '      dty 
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tity  i  +  *l~witl  be  equal  to  Aeferics  above  found  for  ir  in  art.  80,  8r,  82,  83, 
&c,  .....  104  i  and  chac>  when  m  is  of  any  magnitude  greater  than  2  «,  the 

quantity  1  +  x\»  will  be  equal  to  the  feries  found  forit  above  in  art.  105,  106, 
107^  108,  &c 1 15.    This  may  be  done  in  the  manner  following: 

118.  In  the  firft  place  let  usfuppoft  the  index  —of  the  power  to  which  the 
binomial  quantity  1  +  *  is  to  be  raifcd,  to  be  —  +  i,  or  - — ~,  inftead  of — ; 

and  let p  be  put  =  w  +  ».    Then  will  1  +  *]"         ,   or  i  +  *1    ■    ,  be  =: 

■ J.    -      ■  ^  . 

I  +  x]t  ;  in  which  quantity  p,  the  numerator  of  the  index  -t-,  will  be  greater 

than  its  denominator  »,  but  lefs  than  -  2  n.  For  m  +  n  (to  which  p  is  equal) 
is  greater  than  m,  but  (becaufe  »  alone  is  fuppofed  co  be  lefs  than  r)  lefs  than  2s. 

f 

We  muft  therefore  ftiew  that  i  +  *1 »  will,  upon  thefe  fuppofitions,  be  equal 

to  the  feries  I  +i.Ax  +t^'Bx*  _  [^C*«  +3L^D**-[^ 

■E«'  4-  &c,  tfij^jftnttM,  in  which  thethirdterm^-^^  Ba;*  is  marked  with  the 

iign  -f-,  or  is  added  to  the  two  firft  terms  i  +  —  Ax;  and  all  the  following  terms 
are  marked  with  the  figns  —  and  +  alternately,  or  are  to  be  alternately  fubttafted 
.  from,  and  added  to,  the  faid  two  firlt  termsj  agreeably  to  art.  104. 

.A         ,.      >-*■*       ,^+1        —^Z 

119.  Now  I  +  *i*  "  =  I  +  «»  "      =    I  +  «■  =    1  +  «l«    X 

m 

I  +  *f  =  I  +  *1 :" .  X  I  +  «. 

■  m 

But,  by  the  fuppofirion  i  +  «|«  is  =  the  feries  i  4.  —  «  —  2..  x  "~* «" 

+  T  ^  "TiT  *^  "TT"*'  ~  T^  ~77~  ^  ~^  ^  ^i~**  +  7  ^  "H" 
X  2^^  X  ^~  X  ^^  X*  —  Sec,  as  is  Ihewn  in  art.  S4>  SS>  5^>  57.  58.  S9t 
&c 79  J  or,  if  we  dcnotethefeveralco-efficientsof  *,*',**,**,  *',  &c, 

in  this  feries,  by  the  capital  letters  B,  C,  D,  E,  F,  &c,  refpeftively,  1  +  i^  will 
be  =  theferies  i  +,B*  — Car'  +  D*'  —  E«*  +  F*»  —  &c. 

Therefore  1  -|-  x]  ■  (which  is  =  i  4-  xl  ■   X  i  +  Jf\ )  will  be  =  the  feries 
I  4-  Bx  —  C»'  +  D*»  —  E**- 4-  Fx'  —  &c  X  i  4-  *  =  the  compound 


feries 


1  + 
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1  +  B*  —  Cx"  +  D*»  —  E**  +  F*'  —  &c 
+  *  +  B«'  —  C«'  +D«*  —  E*'  +  &c. 
But,  becaufe  B  is  greater  than  C,  and  C  is  greater  than  D,  and  D  than  E, 
and  E  than  F,  and  every  following  co-efficient  of  a  power  (^  x  in  the  iecond 
line  is  greater  than  the  co-efficient  of  the  fame  power  of  ir  in  the  firil  line>  k  it 
evident  that  this  compoupd  feries  will  be  equal  to  die  feries  t  +  i  +  B]  X  *  -f- 
g^=rcnx  *•  -(C  ^D  X  *'  +  D-E  X  **  -|E-F  X  *'  +  &c;  in 
which  feries  the  third  term  B  — C]  x  «'  is  added  to  Ae  two  firft  terms  i  -|- 
I  -j-  B|  X  *>  and  the  feveral.  following  terms  C  —  Dj  x  «*,  D  —  E\  X  *% 
E—  Fl  X  X*,  &c,  are  marked  with  the  figns  —  and  +  alternately,  or  are  al- 
ternately fubtraded  from,  and  added  to,  the  faid  two  firft  terms. 

Therefore  i  +  *| »  will  be  equal  to  the  faid  feries  i  +  :  4-  B]  X  *  +  B  — C] . 
X  **  -  [C  -  D  X  **  +  D-El  X  *•  -  (E-F  X  #»  +  fccjjn  which 
the  third  term  B  —  C^X  x*  a  added  to  the  two  firft  terms  i  +  i  +  S\^  r, 
and  the  following  terms  are  alternately  fiibtraded  from,  and  added  to,  the  faid 
two  firft  terms ;  which  is  one  of  the  pn^ierties  that  ought  to  belong  to  the  feries 

t 

that  is  equal  to  i  +  x\» ,.  according  to  art.  loi. 

t  so.  It  remains  that  we  fliew  that  the  co-efficientS'  i  +  B,  B  —  C,  C  —  D, 
D  —  E,  and  E  —  F,  &c,  of  the  powers  of*  in  the  laid  feries  i  +  i  +  B]  x  * 
+  B— q X  *'  -fC  — D  XX'  +  D-E] X  X*  -|E-F  X  *•  ice  (which 

is  equal  to  i^  +"*!*  y9n  equd  *<*.**    ^    t~*       ^  ^~^  ^  "V^»  ^   ^ 

'-fr  ><  ^  X  ^-if  x"^  X  ^  ^  #"x  #.«'^«- 

fpe£bvely ;.  a^ceably  to  whitf  is  fliewn  in  art.  104.    This  jaay  be  done  in  the 

manner  following: 

In  the  firft  place  it  is  evident  that  i  +  B  (beii^  =s  k  +  ~)  vUl  be  3 

«•  B.   D, 

it  follows  that  B  —  Cwiilbe=B  —  Bx 

X^  =  Bxi. 
Thirdly,  finceD-is  =  e  X  ^^^^,  m  fliall  hare  C_D=C  — Cx 


«+»_  > 


»»  — i 


:  =  Cxi-:-Cxi^-=Cx|-:-f^=Cx2^ 


3»  J»  3"-  3»       I  3i»  1" 

Founhljr, 
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Fourthly,  fince  E  ii  =  D  x  ^^,  we  (hall  hs«  D— E  =  D  —  D  x 
!l:^  =  Dxii-DX  2i^  =  D  X  liTTE^  =  D  X  ^~^-^'  = 

Dx  '-^  =  i>x^ 

*•  4» 

And,  fifthly,  (ince  F  is  =  E  X  ^!^,  we  (hall  have  E  —  F  =  E-Ex 

fijl5=Exf;--Exl^  =  Ex[f-:-^=Exii^5?i^  = 
E  X  i^  =  E  X  A 

And  it  iseafy  tofee  that,  if  we  were  to  proceed  in  the  fame  manner  to  examine 
(he  following  differences,  F  —  G,  G  —  H,  H  —  I,  I  —  K,  K  —  L,  &c,  con- 
tinued to  any  number  of  terms,  we  fliould  find  them  to  be  rcfpe&ively  eiqual  to 

F  X  A  G  X  ^,  H  X  /-,  I  X  A  K  X  -^»  &c»  ia  which  quantities  the  de- 
cs 7«  8»  9«  io«  ^ 

nominators  of  the  feveral  fradioos  ^,  ^,  i-,  -^i  -^,  &c,  of  which  p  is  th«i 

DR     7*     0«     9»     io«  ■* 

■umeratorj  increafe  continually  by  the  addition  of  it. 
Jc iollows therefore diat  the feries I  +  i  +  B)x«+  B— Clx**  — |C-^D 

X  *»  +  D  — E]x  X*  -  |E  —  F  X  «'  +  &c,  which  is  =  i  +  *l« ,  wUl  be 

=  i+^*  +  Bx^*'-Cx^*»  +  Dx-^**— Ex^*»  +* 

l^ 

&c;  and  eonftquemly  this  lafl  feries  will  be  =  i  +  xU .    We  muft  therefore 

ftiew  that  the  feveral  co-efficients  B  X  i,  C  x  J^,  D  x  ^,  and  E  x  A  &c, 
of  the  powers  of  x  in  this  laft  feries  are  equal,  rcfpeAiTely,  to  ^  x  ^—^t  —  X 

?*~^  X  ^7^»  &c»    This  may  be  proved  in  the  manner  following : 

121.  Since p is  =  »  +  w,  wefhallhave  zn-~p  (zz  2ir  — »  —  »)=:»  — at, 
and  confequently  (adding  n  continually  to  both  fides) 
3»  —  /  =  2n  —  », 
and  4«  -^f  =  jn  —  w, 
and  s^  —p  —  4ft  ^  ma 
and  6»— ^  =:  5»  — «•, 
and  7*  —  ^  =  6i«  —  »j 
and  Sn—p  =  7*  —  n^ 
and  fo  on  ad  ittfinitum. 

We  fiiall  therefore  have 


and 
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.  D.   I    SCO   V.  K    ^  E-      C :«  «   C  ^  ,R    H    I    : 

and  C.  (=  :f  X  i^)  =  ^  X  2^, 


and  D  (=  ^  X  ^  X  - 

«ndF(=  ^  xj 


:=)=£ 


'l.T^ 


£  V  ^ £ 


1*  —  f 


and  fo  on  tfi/  infinitum,  every  jicw  capital  letter  being  tfqual  to  the  next  precced- 


.  ^-^ 


ing  capital  letter  multiplied  into  a  new  generating  frafdon  (as  - 

-„""■■,  ^  ^- S .—  ,  >  &c),  which  is  derived  from  the  generating  fraftion  next 
before  it,  by  adding  n  to  boch  its  oumeratorand  its  denomitutor. 
-  It  foJkiws  therefore  that  the.  co-erficicnu  B  x  r4-»  C  X -^j  D  x  A,  E  X  ^, 
Jcc,  ofar*,  jf',  **,  X*,  and  the  following  powers  of  *»  in  the  third,  fourth,  fifth, 
(ixth,  and  other  following  terms  of  the  ferieis  i  +  ^x-\'^  x  —  *'— C  X-^ 
«^  +  Dx-^**  —  Ex-^*'   +-&C  (which  has  been  fiiewD  to  be  = 

i"+  *1 «  )  will  be  equal  to  the  following  quantities ;  to  wit, 

■     B  X -^willbe^i^  ^^  =;i!.  X^^; 


and  C  X  -i- 

.3"      , 

*nd  D  X^  wiU  be  =■  £^ 


ll.Bc=>-^x; 
X  2^ 


5!!^  X  A  = 


3" 


andEx^wiUbe=:£^X  i^^  X  ^i::^  X  liri.x-i  =  Z.  x  i^JI 

■     S"  «  a»  3«  4<.  5«  .         .  2« 

3"  4«  S" 

And  it  is  eafy  to  fee  that,  if  we  were  to  compute  the  values  of  the  following 

co-efficients  F  X  ^,  G  X  -i-,  H  X  ^,  I  X  -^,  K  X  -^,  &c,  in  the  fame 
manner  by  fubftituting  in  then?,  inftead  of  the.  letters  F,  G,  H,  I,  K,  tec,  the 
refpedive  values  of  thofe  letters,  they  would  be  fuch  as  would  follow  from  the 
value  of  the  lafl:  co-cfHcient  E  X  ^,  by  multiplying  it  continually  into  the  frac< 

.  tions  ^"J^,    "  ~f,  '*~  *,  •*.     ,    "~  >  &c,  which  are  formed  from  each  other 
by  the  continual  addition  of  n  to  both  their  numerators  and  their  denominators. 
Therefore  the  feries  i    +^*+Bx^*'  —  Cx-^*'  +  px-^<* 

P 

—  E  X  -^  *'  +  &c,  which  has  been  Ihewn  to  be  equal  to  i  +  x)  •,  will  be 
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=  I  +  ^  *  +  ^  X  ^~  *'  ~  -J-  >^  ^-^  ^  ^77^  *'  +  ' 
•id!  X  51:^  *•  -  -^  X 

3»  4«  «    -^     3»  3*  4*  S» 

cobfequently  the  quantity  i  +  «!•  is  =  the  fcries  i  +  ^7  *  +  ^  X  ^-^  x" 

X  ^^^  X  51^  X  —  ~^  *'  +  &c,  a4iitffimttmf  agreeably  to  what  was  fhewn 
above  in  art.  104.  tt^  E.  d. 

122.  Having  thus  found  that,  when^  ts  greater  than  n,  but  lefs  than  in, 
the  quantity  1"+  x]"  is  equal  to  the  ferics  "  +  4  '  **"  4"  ^  ^TT  **  "^  'T  ^ 

t:u:  V  ii:^  x'  +t  x*-^  x  ^^^  x  ^^^  «•  -  A  v  tri  x  ^^^ 

^r   ^  ^T^ "     ^  m    ^      %x     '^      s'  A"  «    ^     a«     ^  ^7;^ 

X  3' 11/  X  —  ~'^«'  +  ttc,  ad iiifiniMnt  in  which  the  third  tenn '^  X^^-^*"^ 

is  marked  with  the  fign  + ,  or  added  to  the  two  fiHl  ternxE>  and  all  the  fc^owing 
terms  are  marked  with  the  figns  —  and  +  alternately,  or  are  alternately  fubtraA- 
ed  from,  and  added  to,  cfae  faid  two  firft  terms,  we  muft.  proceed  to  confider  the 

remaining  cafes  of  the  quaodty  1  +  *]  « ,  in  which  m,  the  index  of  the  power  to 
which  the  ffth  root  of  the  binomial  quantity  i  +  x  is  to  be  raifed,  is  greater  than 
%  n,  or  twice  the  index  a(  the  faid  root.  And,  in  order  to  do  this  with  the  more 
4i(liD£tnefs,  I  fiull  ufe  the  letter  ^,  ii^ead  (^  the  tetter  w,  to  denote  the  index  1^ 
the  iaid  power,  and  Iball  continue  to  fuppofe  m  to  be  IdTs  than  n  (as  it  has  been 
iiippoled  to  be  in  the  courfe  of  the  five  tut  articles,  iiy,  118,  119,  no,  and 
i£i),  aadp  to  be  =  n  +  *,  as  before,  and  confequently  ^  to  be  ~  ^^-^,  or 
—  +  I,  and  Ihall  fuppofe  the  new  index;  to  be  equal  top  +«,  or  »  +  »  +  », 
or  m  +  i»,  and  confequently  -^  to  be  —  tzl^  or  -^  +  1 ;  and,  upon  thefe  fup- 

pofitions,  ihail  proceed  to  (hew  that  1  +  ii[»  will  be  ~  the feries  i  4-  —  x  + 

*  xi^*"  +  -^xirJx  t::^;.*-i-x  Iri  x  t::^^  x  51::^  «"  +  :i 

M  zm  '     n  im  3"  «  2n  ;■  411  » 

X  tZ^  X  i^^  X  ^^  X  ^^  X'  *-  &c,  in  which  the  fourth  term,  as  well 

xn  9«  411  s» 

as  the  thir(^  is  mai'ked  mth  the  fign  4-,  ^r  is  added  to  the  firft  term,  agreeably 
to  what  is  Ihewn  above  in  art.  1 1  ^  and  afierted  in  the  beginning  of  this  dif- 
courfe  in  art.  5  and  6. 

r 

1 23.  Now,  upon  thefe  fuppofitions,  the  quantity  i-P*\  <• ,  or  the  qth  power 

4i|f  the  »th  root  d  the  binomial  quantity  1  +  *,  will  be  =   i "+  *]  «'    = 
Vot.  11.  a  R  / 
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"i  +  x\  •  =  I  +*) »  X  1  +  «]'  =  I  +*1 «  X  1  +  *  =  the  ferics  i  -f- 

n  n  in  n  an  }•  >  2»  3»  4« 

»4  _  i.  X  ^  X  ^  X  21=£  X  11=^  *'  +  ace  X  7T^  =  (if  the  co- 
efEcients  of  *,  **,  «',  **,  «',  See,  in  the  terms  of  this  feries,  be  denoted  by 
B',  C,  D',  E',  F,  &c,  or  the  capital  letters  B,  C,  D,  E,  F,  &c,  with  an  accent 
placed  near  them  at  the  top)  the  feries  i  +  B**  -f-  C'**  —  I/x'  +  E'«*  — 
F'*'  —  &c  X  I  +  «  =:  the  compoond  feries 

1  +  Wx  +  Cx*  —  ly*'  +  £'*♦  —  F*'  +  &c 
+  *  +  B'**  +  Cx>  —  ly**  +  E'*'  -  &c. 

But,  bccaufe  C  is  greater  than  D',  and  D'  is  greater  than  E',  and  E'  is  greater 
than  F",  and  every  following  co-efEcicnt  of  a  power  of  x  in  the  lower  line  of  this 
compound  feries  is  greater  than  the  co-efficient  of  the  fame  power  of  « in  the  up- 
per line  of  the  fame,  it  is  evident  that  the  faid  compound  feries  will  be  equal  to 
the  feries  i  +  i  +  B-lX^^-  B'  +  C\X  «*  +  C-  D^x  *'  —\U  —  E'  X 


K*  +  E'  —  F'l X  y'  —  &c.  Therefore  the  quantity  i+  x\«  will  be  equal  to 
the  faid  feries  i  +  T+B^X  x  +  B'  +  C^X  *'  +  C— IT]  X  x>  -[IX—  t 
X  **  +  E'  — Fix  *'  —  &c;  in  which  feries  the  fourth  term  C  —  Xyjx  *', 
as  well  as  the  third  term  B*  +  C^  x  **,  is  marked  with  the  fign  +,  or  is  to  be 
added  to  the  two  firft  terms  i  +  i  +  B*)  x  *;  and  all  the  following  terms  are 
marked  with  the  figns  —  and  +  alternately,  or  are  to  be  alternately  fubtraded 
from,  and  added  to,  the  faid  firft  terms  j  which  is  one  of  the  properties  of  the 

feries  ,+i.*  +  ±xifl^*'+J-X^xi^  *'  -  i-  x  2^   x 

iri2xS;^*'+^x^^x2^=^x^:^x^«'  -&c,tQ  which 

± 

we  arc  now  to  ftiew  the  faid  quantity  i  +  a] «  to  be  equal. 

1 24.  It  remains  that  we  (hew  that  the  co-efficientt  i  +  B',  B'  +  O^Cf  —  IX, 
ly  —  E',  E'  —  F,  &c,  of  the  feveral  powersof*  in  the  feries  i  +  1  +  B1 X  jf 

-).  B'  +  Clx  x^  +  c -  lyyx  X*  -fir— E^x**  +  e'  -  f^x  *>-««: 


(which  has  been  fhewn  to  be  equal  to  i+*\»  J,  are  refpeAively  equal  to  the 

co.cfficien.sl,  1  x  1^=,  1  x  '-fi:  X  I|^,  X  x  i^  X  '-T^  X  2^, 

and  -i  X  '-^  X  t:^  X  2i--i  x  <^^,  8tc,  of  the  fame  powers  of  x  in  the 

faies",  +  i.  + Ix  1^',.  +  1  X  Ci:  X  t^,._X  X  •^"  X 

tZ^i^.VtSZl,'  ^.i.y.V:l-H  «Z2x  21^  X  £^x'-«tc,towhichwe 
3«    -         411  ■  ^»  3«  4»  5» 
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tre  now  to  prore  the  quantity  i  +A  ■  to  be  equal.  For  then  it  will  follow  that 
this  laft  feries  being  thus  fliewn  to  be  equal  to  the  forcRoing  feries  r  +  i  +  ij^ 
X  j«  +  B'  +  C'lx  «■  +C-D1X  »■  -(ty-Elx  «<  +  li'_>lx  »>  _ 

1_ 

&c,  which  has  been  fiiewn  to  be  equal  to  1  +  *\« ,  will  alfo  be  equal  to 

I  +  «1  • .    We  muft  therefore  endeavour  to  Ihew  that 
I  +  B'.will  be  =  .i, 
and  B'  +  C  wiU  be  =  1  x  i=i, 
and  C  — ly  will  be  =  i.  X  HU'  X  IZi: 

and  D"  -  E'  wUl  be  =  X  x  til  x  tzi^  x  21=/ 
"  2"  3"  ♦•  ' 

and  E'  -  F  will  be  =  i.  X  £=^  X  i:i2  x  21:^  x  *"» 
■  '•  3*  4*  S«   * 

and  that  the  following  co-efficients  F  —  G',    G'  —  H',   H'  —  I'    I'  —  K' 
I''  -  L',  &c,  of  the  powers  of  «  in  the  former  feries  will'  in  like  inanner,  be 
equal,  refpeftively,  to  the  following  co-efficienis  of  the  fame  powers  of  «  in  the 
latter  fenej.    This  may  be  done  in  the  manner  following. 
125.  Since;  +  »  is  =  j,  we  Ihall  have 

/■=?-». 
and  ?  —  »  (=?  — «  -  »)  =  J  _  2», 

J  ,  jj-  ^"^  2«  -/■  (=  2«r  -;?-»  =  2»  -  J  +  »)  =  3«  _  o, 
and  (addmg  n  contmually  to  both  fides) 

3ti  -f  =  4it-q, 

V—P  =  S'  —  it 
511— p  —  6»  — J, 
in  —  p  —  7B  —  y, 
J»— />  =  So  — f, 
8»  —  p  =   9»  —  J ; 

_.      ,  andfoonai/ziiJiiiirtBi. 

Therefore 

B'  will  be  (=  i.)  =  iZi, 

»nd  C  will  be  f  =  i  X  ti  =  tZl  x  l:ii;i  -  B'  x  ?-"■ 


._ f-.4 

and 
and 

And,  in  like  manner. 


and  D"  will  be  (=  -4  x  i=^  x  ii::/  =  C  x  211:^1  =  C  x  3— t 

.  "  '*  3»  3«  3»   ' 

mdE'(=ix«j-:xiL=fx  iirf  =  ly  X  ?i=f)  =  D-  X  £^, 

^  C=  4  X  '-f^  X  T^i'x  2i=/ X  Sl=-'  =  E'*x  Sl=^)  =  E'  x"l^. 
nd.  in  like  manner.  '  *  S* 


G'  will  be  (=  F  x  iia!l  =:  F  x  — 
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and  r  will  be  (=  H'  X  2^)  =  H'  X  SLIi, 
and  K'  will  be  (=  1'   x  ?i=^)  =  I'  x  Slzi, 
and  fo  on  ad  itifaiilum. 
Therefore  the  co-efficienc  of*,  to  wit, 

I  +  B',  will  be(=i+tl-"=.i+l:=i=  '-±i=i)  =  fi 

;  =  B'  X  i-"  +  B'  X  ■■ 


iywillbe(=  C'-C  X  31:^  =  C  X  li-  C  X  3i=^=C'  X 

_^__  3»  3"  3" 

C  X   ?'-?-H)-C  X   i-; 
3«        ^  3» 

-♦^rc  X  ±;-D'  X  s:i::i  =  rr 


and  B' +  C  will  be  (=  B' +  B'  x  ^  =  B'  x  "  +  B'  x  i^  =  B" 
'°  +  '-f')  =  B'  X  Xj 

a«         '^  an' 

and  C 

l3"     fa"-?  _  c  X  3*  -13"  -  g 
and  ly-E' will  be  {=  D'— IT  x 

x(i;_liiZi=p'  xil=EErr:I>'x  il:iii±!)  =  D'  x  X; 

U"       I   4-  4»  4"        '  4» 

and  E'  -  P  will  be  (=  E'  -  F  x  ii^'  =  E'  x  ii  -  E'  x  ii:l!  =  F 

X  b  _  {SLZU  =  E'  X  iidEEi  =  E-  X  '—'■  +  «)=:£'  x  A; 
\S'       I    S-  S"  5"        '  S" 

and,  in  like  manner^ 

r-G'wiUbe=  F  X  ^. 

and  G'-  H'  wUl  be  =  G'  X  X, 

aiid  H'  -  r  wUl  be  =  W  X  X, 

and  I'-K'  wiU  be  =  1'  x  X; 

9* 
and  fo  on  AJ  injtmtttm. 

Therefore  the  feriea  ■  +  '  +  B'l  x  «  +  B"  +  C'lx  »•  +  C  -  Dl  X  »' 
— [D"  —  f  X  **  +  ii'  —  F|  X  *'  —  &c  (which  has  been  Ihewn  to  be  equal 

tor+^»)willbe=  I  +!.»+  B"  X  Xf  +CxX«>_iyxX 

A'  +  ^xXx*'—  &c=i+X,  +  tr;  X  X  ,•  ^.  i^  X  t^  X 

X, 

3« 


.eEJxi:::i:x2i 

I   •  '•  3 


(  X  «i  -r  &c  ; 


4»  • 


f  —  s 


''  -i 


>u  3«  4«  »  !■  3«  4«  s« 

&c,    T  herefore  the  quantity  i  +  «i«  ,  or  the  gth>  or  f  +  i>]th,  or  m  +  2»lth, 

power 
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power  of  the  nth  root  of  the  binomial  quantity  i  +  x,  will  be  equal  to  the  feries 
X  K-Ili- *♦  +  -1  X  ^-— ^  X  "— "  X  ^*~^  X  **~^  *'  —  &c,  or  (if  we  de- 

'^      4»  '     «  »s  3a  4n  5«  '        "^ 

note  the  co-efficients  of*,  «*,  xS  **,  «»,  &c,  in  this  feries,  by  B",  C,  D",  E", 
F",  &c,  or  the  capital  letters  B,  C,  D,  E,  F,  &c,  with  two  accents  placed  near 

them  at  the  top)  to  the  feries  i  +  —  *  +  2JlJ  B"  **  +  —■—  C"  **  —  r~^ 

ly'jf*  +  ^—li'Efx^  —  Sec,  a  J  infinitum ;  in  which  the  fourth  term  ^JliiC"*', 

as  well  as  the  third  term  ^-^  B"  *',  is  marked  with  the  fign  +,  or  is  to  be ' 

added  to  the  firftterm  i,  and  all  the  following  terms  ^'~i  D*  *•,  **~-^  E"**, 

4"  5" 

&C,  are  marked  with  the  Ggns  —  and  +  alternately;  or  are  co  be  alternately 
fubtra^ed  from>  and  added  to,  the  fiud  firft  term,  agreeably  to  what  is  fhewn 
above  in  art.  1 15,  and  aflerted  in  the  beginning  of  this  difcourfe  in  art.  5  and  6. 

0^  E.   D. 

126.  And,  in  like  tnamier,  if  r  be  ^  y  +  »,  or^  -f  »  +  »,  orai  +  3W,  we 

,S.      ,i±Z       .1  +  ,       ±     , 

flutll  have  I  +  «|«  :=  1  +  *|  ■     =  I  +  *!•  =  I  +  *|«   X  I  +  *,'  = 

I  +  x]"  X  I  +*  =  the  feries  i  +  B"«  +  C"*'  +  D"*»  —  £"«♦  +  F"x> 
—  &c,  X  1  +  X  :=  the  compound  feries 

1  +  B"*  +  C"x*  +  D"*'  —  E";c*  +  F"*'  -  &c 
+       X  +  B"*»  +  C"*'  +  D"**  -  E"**  +  &c 


=  I  +  I  +  B"ix  *  +  B"  +  c"i  X  X-  +  c"  +  iy']x  X*  +  d"-  k/^\x 

X-  -|E"-F"lx**  +  &c  =  I  +  I  +||x*  +  B"  +  B"x^x** 
+  C"+C"x^|p|x*»  +  D"-  D"  X  ilpjx  «*  -|e"-  E"  X  i^l 
X  «'  +  &c  =  I  +  "-±1*  +  B"  X  ^^i^ "*'  +  C"  X  ^^■^■^--  J^ 
ly'  X  **"^^p^x*  -  E"  X  ^"-^^x'  +  &c  =  I  +  V*  +  B"  X  ^ 
*'  +  C"x=±-^*'+iy'x=i^**-E"'x^*'+&c=:i  +^«  + 
B"x^«'  +C"x^»'  +  D"xn»'-E"xf-«'+&c=:-i  +  ^x 

i^  ^  izii  X  2i=i  X  f.x.  +  &c  =  ■  +  ^.  +  :^- X  f.«- +  iz.- 
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*'   + 


<  2__  X  — *'  +&c=i  +7*  +  7  X  - 
-«'  +  -  X X  — —  X  -TT-i'  —  r  X 


4* 


xn 


X  ii-|^  X  «'  +  8cc,  or  (if  we  put  B'",  C",  D"',  E'",  F",  &c,  or  the  capital 
letters  B,  C,  D,  E,  F,  &c,  with  three  accents  placed  near  them  at  the  top,  fiw 


the  co-elHcients  oi x,  x*,  x',  x*,  x* ^  and  the  following  powers  of  x  in  the  terms 
of  this  feries)  i  +  B"'«  +  C"  x'   +  V/"  x'  +  £'**•  —  F"«'  +  &c,  or 

:  B"'«'  +  '-^  C"'x>  +  '-^^  D"'x-  -  ^1=J £•"'»•   + 


I  +  -»  + 
&c. 


127.  And,  if  J  be  =  r  +  B,  or  y  +  a«,  or/>  +  3»,  or  w  +  4»,  we  (hall  have 

X  r+n  r        ^  r        ^^^^  r 

I    +  *|»  =  I  +  «1    '     =  1    +  «l"  =    I   +  «)•    X   I    +  »\'  =  1  +  J^" 

X  I  +  X  =  the  feries  i  +  B"'«  +  C"'«'  +  D"'«'  +  £'"*•  —  F'"*'  + 

&c  X  l~+T  =  the  compound  feries 

I  +  B"'«  +  C"'«'  +  D"'«'  +  E"'*'  —  F"'«'  +  &c 
+        »  +  B'"«'  +  C"'«'  +  D"'«"  +  £'"«■  —  &c 

=  I  +  I  +  B*1x  X  +  B'"  +C"1  X  «■  +  C"  +  D"T  X  «>  +  EK'^+E'"! 

X  «•  +  li«_F'*lx  «■  -  &c  =  I  +  I  +-^|x  «  +  B'"  +  B'"  X  :E3 

x  «■  +   C"  +  C"  X  '-^\  X  »'  +  D"'  +  D"'  X  ^1  X  «♦  + 

E'"  _  E'"  X  4^1x  *•  -  &c  =  1  +  i±i«  +  B"'  X  2^7^"*-  +  C*  , 

^  2i±rjii: ,.  +  D"'  X  iLti^' ,.  +  e'"  X  '— .*:+^ »'  -  &c  = 


,  +  lt:»  +  B'"  X  ^x-  +  C"  X  ^*'  +  D"'  X  ^  «'  +  E'"  X 

iin  ,>  -  &c  =  1  +  i  «  +  B'"  X  —  Jt'  +  C"  X  —  *■  +  D"'  X  —  «'  + 
ja  ■  a"  3»  4« 


E"'X^J!'—  &c  =  l  +  -i-«  +  -^   X  Ji''  +  -^   X   ^  : 

X  -'*  +tX  -:7-x  -r-x  — J-x  -«'  -  &c  = 


r  —  « 

I  +  7  «  +  ^ 

-3' 
>' 

-  «  +  T  "    ^  *■   + 


«*  + 


iZJl  X  -  **  +  i^  X  '-:^  X  i^l^  X  t^^  X  -i-  *'  -  &c  =  1  + 

3*  4»  «  a«  3"  4«  5" 

i-^  X  *~--  *'  +  —  X  -^—   X   -^^ —  X 

am  3*  «  3«  3« 

-^**  +  i.  X  i^  X  '-jj2  X  '-=^  X  '-^x'  -  &c,  or  (putting  B", 
C",  D",  E"»  F",  &c,  for  the  fereral  co-efficients  of*,  *•,  «»,  *♦,  *  *,  &c,  in 

the 
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tie  Kms  of  this  feries)  i  +  B"»  +  C"»'  +  D"«'  +  E"««  +  F"»'  - 


&c,  or  I  +   —  *  + 
E"«'  -  &c.' 


;  C"«.  + 


:  D"«*  + 


ir^"+- 


128.  We  have  now  Ihewn  in  ihe  courfe  of  the  foregoing  articles,  from  art. 
117  to  art.  127,  how  from  the  feries  i  +  —  A*  —  r""?  B*'  +  — ^-^  C**  — 

'  '  n  \  xn  311 

'  E*'  —  &c  (which  is  equal  to  i  +  ^l"*^  when  m  is  lefs 

than  »),  we  may  derive  the  feries  which  is  equal  to  i  +  a;]  •        ,  or  i  4>  ir\  «  , 

» . 

or  I  +  x]"  f  to  wit,  the  feries  i  +  ^  *  +  ^-^^  B'**  —  ['-"^  C'*'    + 

S.*~-^  D'**  —  p*""^  E'at'  +  Sec ;.  and  from  this  fecond  feries,  which  is  equal 

A  ',, 

to  I  4-  x\» ,   we  may  derive  the  feries  which  is  equal  to  i  +  *]«        ,  or 
_  «+a»  /  +  «  j 

'^        ,  or  I  +  A'l "  ,  to  wit,  the  feries  i  +  —  *  +  £^ 


B"*«  +  ' 


,  or  I  +  «1 

•  .14" 


■  E"*'  —  &c;   and  from  this 


■C"«.  +i 


third  feries,  which  is  equal  to  i  +  «^«,  we  may  derive  the  feries  which  is  equal: 
to  I  +  x\'      \  or  1  +  *|    »    y  or  i  +  x\  ■  ,  or  i  +  «]«,  to  wit,  the  ' 

fenes  i  +  —x  H B    *'  +  ~ — C'*'  H ^D  '**  — P— — E'** 

^^^^  r 
+  &c ;  and  from  this  fourth  feries,  which  is  equal  to  i  +  *] ' ,  we  may  derive 

m^  w+4* r+» 

die  feries  which  is  equal  to  i  +  xl «        ,  or  i  +  *l    * 
i  -|-«1"  »  to  witj  the  feries  i  +  —  *  +   '-^  B"**  +  - 

—  &c.    And  in  each  of  thefe  feriefes  after  the  firft 

(which  is  equal  to  i  +  x\'  ),  we  may^bferve,  ift,  that  there  is  one  more  term 
marked  with  the  iign  + ,  or  added  to  die  firft  term  i ,  than  in  the  feries  next 
before  it;  and,  idly,  that,  after  the  feveral  terms  in  the  beginoing  of  the  feries 
which  are  thus  to  be  added  to  each  other,  the  following  terms  are  marked  with 
the  figns  —  and  +  alternately,  or  are  to  be  alternately  fubtrafted  from,  aind 
added  to,  the  firft  term ;  and  3dly,  that  the  co-efficients  B,  C,  D,  E,  F,  &c,  and 
B',  C,  ly,  E',  F,  Sec,  and  B^',  C";  D",  E",  F',  Sec,  and  B"',  C"'.  D"\ 
E'",  F",  &c,  and  B'%  C,  D",  E",  F'%  Stc,  in  all  thefe  feriefes,  are  de- 
rived 
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rived  from  the  fiHl  term  i  by  the  fame  Uw,  or  by  the  continual  mu1tipltcatic« 
of  fimilar  generating  frafUons,  to  wit,  the  generating  fraftions  — ,  i^^,  V-"—^ 
VtSZ^,   ^JL^,   &c,  and  i,  tJZl,  Vt^,  }1^,  ±L^,  &/,  and'x,  LZl, 

0  —  in      3»  —  g     4*  —  j     •  jT      r  —  »r  —  tar  —  jn^o  —  r.  iJ      f— • 

3«    '       4«    *       5»    '         *  «r*     2*  •       3«    *      411    *      s«    *        '  **     a«  ' 

f  ~  '"■  Lr.^'  '~  *"  &c ;  the  denominators  of  all  which  eeneratine  fradioos 
are  ff,  2k,  3»,  4«,  5»,  &c,  or  »  and  its  feveral  fucceffive  multiples  in  their 
natural  order  ;  and  the  numerators  of  the  firft  fraftions  in  each  fct  are  m,  Py  j, 
r,  s,  or  the  indexes  of  the  powers  to  which  the  nth  root  of  i  +«  is  to  be  raifed; 
and  the  numerators  of  the  following  fraftions  are  the  excefles  of  w,  a «,  3  ar, 
4»,  &c,  above  the  fald_  indexes  «,  p,  q,  r,  /,  or  of  the  faid  indexes  above  », 
a«,  3»,  4W,  &c,  according  as  «,  2»,  ^tt,  4»,  &c,  happen  to  be  greater  or 
lefs  than  the  faid  indexes.     And  I  apprehend  that,  from  die  manner  in  which 

f  -     g     _!. 

thofe  feveral  feriefes,  which  are  equal  to  i  +  jf|« ,  i  +  *|« ,  1  +  *  * ,  atid 

»»  +  «    m  + j«    w  +  3j 


I  +  *!»",  or  1  +  *1  "    ,  t  +  *\    *    *  1  +  Jf^    »    ,  and  i  +  «|    «    ,  have 

been  derived  from  the  feries  which  is  equal  to  1  +  *]  * ,  and  from  each  other, 
it  will  be  fufiiciendy  evident  that  the  following  feriefes,  that  will  be  equal  tt» 

w+jj.  "  +  6«  »»  +  7''  a»  +  8»  w  +  g* 

i  +  *1     »     ,  I  -+-  M     "     »  I  +  x\    '     ,   I  +  x\    "     ,  I  +  x\    «     ,  &c,  a/ 
itifinitum,  will  have  the  fame  three  propenies  which  have  been  found  to  be- 

«+« 

long  to  the  four  above-mentioned  feriefes  which  are  equal  to  i  -f  «)  «   , 


i  +  «|    •    J  I  +  k\    «    ,  and  i+q    •     ;   and  confequently  that,  if  Q_ 
be  any  whole  number,  how  great  foever,  and  M  be  =  w  +  qji,  the  quantity 

w  +  It?       ■  ^  -t 

I  +  *j    »    ,  or  i+iq  ■ ,  will  be  equal  to  the  feries  i  +  —  «  4.  —  x  ^^-^ 

„.    .    21  V  !1^  V  ""'"  «»  J.  i  V  iini  V  "-"*  V  "-3«  -♦  J.  »*   V 

'  +  T  ^  ^r  ^  ^1;^  *  +  T  ^  ^r  =^  ^r  ^  —;r  **  +  -7  ^ 

!L:^  X  2^  X  — ^  X  1=^  *'  +  &c,  or  (if  we  put  B,  Cj  D,  E,  F,  &c, 

for  the  feveral  co-efficients  of  *,  *•,  *',  *♦,  **,  &c,  in  the  terms  cS  this  feries) 

toihefenes  i  +  —  *  H B**  -1 C*'  +  2-  D«*  H ~ 

Ev'  +  &c,  rill  we  come  to  the  term  in  which  the  mulriple  of  »  that  eotentbe 
numerator  of  the  generatbg  fradion  is  greater  than  M>  which  multiple  we  wiU 
fuppofe  to  be  P  +  i]  x  »,  or  P  » + ».  The  tenn  in  which  this  happens  will  be 
marked  with  the  fi^n  — ,  or  will  be  fubtrafted  from  the  fir^  term  i ,  and  all  tlie 
following  ttrms  will  be  marked  with  the  lign  +  and  the  lign  —  alternately, 
or  will  be  alternately  added  to>  and  fubtrafted  from,  the  iaid  firft  terms ;  and 
the  numerators  of  the  fc^owing  generating  fntftioos  will  be  P  +  a]  x  »  —■  M, 
*  P+1 
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P  +  3I X  »  —  M,  P  +  4|X»  — M,  P4- jlX»  — M,  P  +6lxw-M,  &c, 
or  P»  +  2«  —  M,  P»  +  3«  —  M,  Pfl  +  4»  —  M,  P»  +  5»  —  M,  Pw  +  6a 
—  M,  &c  «</  ii^itum.  All  which  is  agreeable  to  what  has  been  fliewn  above 
in  art.  105,  106,  107,  &c  .  .  . .  1 15,  with  only  a  fmall  variation  in  the  nota- 
tion, which  the  different  methods  of  inveftigation  ufed  in  the  two  places  had 
made  necelTary;  the  capital  letters  P  and  M  being  ufed  in  thefe  latter  articles 
inftead  of  the  imall  letters  p  and  w»  refpeftively,  which  were  employed  in  art. 
105,  106,  loj,  &c  ....  115.  And  it  alfo  agrees  with  what  was  ftated  and 
afletted  above  in  the  b^^ntng  of  this  difcourfe,  in  art.  5  and  6. 


Jiutbir  bvefiigatim  pffi  many  i^tbefirfi  terms 
^  the  feritt  ■  +  B«,  C**,  D*',  E«*, 

F  « S  ^f  (v/bieh  is  tfual  to  \  +  x\  *)  as  are 
ta  be  added  totetber  before  atPf  terms  are  Juh- 
troQedfroM  thejirfi  term  i,  wbe»  m,  tbe  nu- 
wurator  of  tbe  index  — ,  is  plater  tban  n,  its 

denominator  i  deduced  from  tbe  binomial  theorem 
in  tbe  eafe  of  integral  powers. 


129.  But  there  is  ftiU  another  method  of  difcovering  many  of  the  firft  terms 

of  the  leries  which  is  equal  to  i  +*1'',  in  the  cafe  that  has  been  laft  under 
confideration,  or  when  «,  the  numerator  of  the  index  — ,  is  greater  than  », 
its  denominatorf  which  the  lovers  of  thefe  fubjeds  will,  I  imagine,  be  glad  to 

fee.  It  Is  founded  on  a  fuppolidon  that  the  quantity  i  +  M  "  will  be  equal  to 
aferies  of  tlw  fin^owing  form,  to  wit,  i  +  B*,  C«',  D*',  E**,  F*',  &c, 
of  which  I  is  the  firft  term,  and  all  the  following  terms  confift  of  the  feveral 
fucceffive  powers  of  *  in  their  natural  order,  to  wit,  *,  **,  «S  **»  *S  &c, 
multiplied  into  certain  numeral  co-efficients,  which  may  be  denoted  by  the  ca> 
pital  letters  B,  C,  D,  E,  F,  &c,  and  that  the  fecond  term,  B  x,  is  to  be  marked 
with  the  fign  +,  or  added  to  tbe  iirft  term  1,  and  all  the  following  terms  Cjt*, 
D*»,  E**,  F*»,  &c,  are  to  be  marked  either  with  the  fign  +  or  the  fign  — , 
or  to  be  conne&ed  with  the  faid  firil  term  i,  dther  by  addition  or  fubtradtion, 
as  OiaU  be  hereafitr  determined  in  the  courfe  of  a  proper  inveftigation  of  the 

ful^cA.  That  this  fuppo^don  is  true,  or  **  that  the  quantity  i  +  *1  •  will  be 
equal  to  fuch  a  feries,"  has  been  fhcwn  in  a  pretty  ample  manner  in  the  fore- 

Cg  pan  of  this  difcourfe,  in  art.  54,*  55,  56,  57,  and  art.  81 ;  to  which  I 
therefore  now  re£ei  the  reader. 
Vol..  II.  a  S  130.  Upon 
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130.  Upon  this  ruppoficion,  *'  that  i  -f  4  *  ift  tqaaX  to  the  feries  1  -f*  B  jr, 
Cx*,  Dx*,  Ex*,  Fx't  &c,"  it  was  fliewo  above,  in  art.  58,  59,  60,  and  61, 
and  in  ait.  84,  that,  if 


we  put  Q. 

= 

m 

X 

*- 

I 
-f 

and  R 

- 

m 

X 

«  — 

-  X 

and  S 

^ 

m 

X 

3 

'■X. 

andT 

== 

m 

X 

X 

-and  J 

= 

» 

X 

IZJ 

» 

and  r 

= 

» 

X 

i^ 

X 

and  / 

= 

n 

X 

"a 

X 

and  / 

= 

If 

X 

X 

X  R. 


XJ, 


we  Ihalt  come  to  the  following  general  and  fundamental  equation,  to  wit,  the 
fimple  feries  m  +  Q*  +  Kxx  +  S«'  +  T**  +  &c,  is  =  the  compound 
feries 

+  I-B'*',     jrB'C* 


+  /B'»', 


»F«*,  &C 
afBEo*,  &c 
2}CD»',  &c 
jrB'D**,  Set 
3rBC'«S  &c 
4»B>Cj;»,  &c 
+  /B'a:',    &c 


by  the  help  of  which  we  may  determine  both  the  ligns  which  are  to  be  prefixed 
to  the  fcveral  tenns  Cx*,  D*»,  E**,  F*',  &c  of  the  feries  i  +  B*,  C«», 
Dx\  Ex*j  F x't  ice,  and  the  values,  or  magnitudes,  of  the  co-effidenta  B^ 
C,  D,  E,  F,  &c. 

1^1.  And  the  manner  in  which  thefe  points  xlre  to  be  detennined,  is  b]r  de< 
duang  from  the  foregoing  general  equation  fereial  paiticular  limple  equations, 
involving  the  feveral  co-efficients,  B,  C,  D,  E,  F,  &c,  fingly,  or  feparately 
from  the  others  that  have  not  yet  been  difcovered,  and  reiblving  the  faid  0mple 
equations;  which  fimpie  equations  will,  by  ait.  85,  be  as  fbUows ;  towit^ 
ift,       n    =  hB; 
atlly,    Q_=  »C  +  jB'; 
jdly,    R=i>D,  2}BC  +  rB"j 
4thly,  S  =  » E,  2  J  BD,     jC,    3rB'C+jB'; 
and  sihly,  T  =  »  F,  a  J  BE,  jjCD,  jrB'O,  3riC',  4»B'C  +  /B'. 
And,  by  refotVing  the  fitfl  of  tbefc  fimple  equations,  to  wit,  m  =  ttB,  k 
was  found,  in  art.  86,  that  B  was  =  — ;  and  by  refolving  (he  fecond  of  thefe 

equations. 
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•quations,  to  wic,  Qja  «  C  4-  7  B  * ,  it  was  found,  in  art,  87,  that,  if  m  was 
gjtvat^  than  n  (as  we  have  here  fuppoTed  it  to  be),  the  term  «  C  mud  have  the 
fign  +  prefixed  to  it,  or  muft  be  added  to  q  B*,  and  coafequently  that  the 
term  C**,  in  the  fcries  1  +  B*,  C**,  D*^,  Ex*,  F*',  &c,  (which  is  =: 

1  +*]"),  muft  alfo  have  the  Cgn  +  prefixed  to  it,  or  be  added  to  the  firft 
term  i ;  and  it  was  Itkewife  found  that  the  co-efficient  C  wouU  be  equal  to 

i:^xB,  or-  x^^^. 

And,  in  like  manner,  it  would  be  poflible,  by  refotving  the  third  and  fourth 
and  fifth  of  thefe  equations  (if  we  would  go  through  the  labour  of  doing  (b),  to 
determine  which  of  the  ^ns  -+  and  —  was  to  be  prefixed  to  each  of  the  follow- 
ing terms,  D«*,  E**,  Fa:*,  &c,  in  the  feries  i  -^Bx^Cx^j  Dx*,  Ex*,  F»', 

&c,  (which  is  equal  to  i  +  *| «  ),  and  what  would  be  the  values,  or  magnitudes, 
of  cbe  co-efficients  D,  £,  and  F,  &c. 

And,  Airther,  it  is  evident  that  all  the  values  of  the  faid  co-efficients  B,  C,  D, 
E,  F,  &c,  which  would  be  obtained  by  the  refolutions  of  thefe  fimple  equations, 
woold  be  derived  from  m  and  n,  the  numeracor-and  denominator  of  the  index 
— ,  by  various  additions,  fubtradtions,  multipLicauons,  and  divifions ;  becauTe 

all  the  known  quantities  that  enter  ihofe  equations,  to  wit,  the  quantities  Q^, 
R,  S,  T,  &c,  and  5,  r,  s,  /,  &c,  are  only  different  multiples,  or  parts,  or  fums, 
or  differences,  or,  in  general,  different  combinations,  of  the  faid  original  quanti- 
ties m  and  n.  And  therefore  all  the  values  of  the  co-efficients  B,  C,  D,  E,  F,  &c, 
XQuft  diemlelves  alfb  confift  of  certain  combinations  of  the  fame  quantities  m  and 
n;  as  has  been  found  to  be  the  cafe  with  the  co-efficients  B  and  C>  which  are 

equal  to  —  and  —  x  ^-^  refpeftivcly. 

_  1  jt.  Thefctbings  being  premifed,  it  will,  I  think,  be  evident,  '*  that,  if  m 
"  be  greater  than  p  times  «,  or^H,  but  lefs  than^ -j- i  times  «,'or/'»  4- »  f? 
"  being  any  whole  number  whatfoever),  the  feveral  values  of  the  co-efficients  D, 
**  E,  F,  G,-  H,  -fcc,  will  confift  of  the  very  fame  combinations  of  the  original 
**  quantities  m  and  «,  when  ui  is  of  any  one  magnit\ide  greater  than  pn,  but  lefs 
••  than  yjr  +  *»  as  when  m  is  of  any  other  magnitude  iefs  than  its  former  magni- 
.*'  tude,  but  jcat  greater  than  ^,  and  coafequently  as  when  the  excefs  of  a  above 
**  fti  becomes  equal  to  0,  or  m  is  exactly  equal  to  fn."  And  confequently,  if  we 
XMt  difcover  to  wh«  combinations  of  m  and  n  the  faid  co-efficients,  D,  E,  F,  G, 
H,  Sec,  will  be  oqoai  when  m  is  exadty  equal  to  pn,  we  may  conclude  that  the 
iaid  co-efficknts  will  be  equal  to  the  fame  combinatioDs  of  m  and  «  when  nr  is  of 
any  other  magnitude  greater  than  /»,  but  lefs  than  pn  +  ».  This  is  the  prin- 
ciple of  the  prelent  inveftigation,  which  may  be  eafily  deduced  from  it,  by  the 
hdp  of  the  binomial  theorem  iji  the  cafe  of  integnd  powers,  in  the  manner 
followitig. 

2  S^  133.  Let 
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133.  Lxt  us  cben  fuppofe  m  to  be  eza£tly  equal  to  f  times  n,  or  p*f  and  07 
to  difcover  what  will  be  the  values  of  the  co-efficients  B,  C,  D,  E,  F,  G,  H,  &c, 
upon  this  fuppofition. 

Now  upon  this  fuppofition  —  will  be  =  ti  —  p ;  and  confcquentljr  1  +  x{», 
or  the  mth  power  of  the  »th  root  of  the  binomial  quantity  i  +  x,  will  be  equal 
to  I  +  xff  or  that  integral  power  of  the  fame  binomial  quantity  i  +  *,  of 
which  the  whole  number  p  is  the  index.  But,  by  the  binomial  theorem  in  the 
cafe  of  mtegral  powers  (which  has  been  demonftrated  above  in  the  tra£t  con- 
tained in  pages  1 53,  154,  155,  156,  &c  . . . .  169)  I  +  x}'  is  equal  the  fenes 

^■^  **  +  —  X  ^-^  X  ^-^  X  ^-^  X  ^-^  «'  +  &c,  continued  to  «  +  i 
4  '  »  3  4  5 

terms.  Therefore  the  quantity  i  +  x]  *  will,  when  «  is  =  ^,  be  equal  to  the 
feries  t  + -^  *  +  ^  X^**  +f  X-^  xi^af'  +f  x^^Xi^ 

X  i^  ar*  +  ^  X  ^-^  X  ^-^  X  ^^^  X  ^-^  **  +  &c,  continued  to  *  +  1 
4  »  *  3  4  S 

terms,  and  confequcntly  (if  we  fubftitute  —  in  thefe  terms  inftead  of^,  to  which 
it  is  equal),  to  the  fcries  i  +  —  x  *  ^-  —  X  ■*- -  «*  +  —  X       ■—  X 

i_,3  +i  X  Z..:  >,  JL_!  X  ^**  +  f  X  -V^  X  if!  X 

7"  -3        •7-4      . 

X  — - —  «*  +  &c,  contmuedto^+  i  terms,  orihe  feries  i  -f  —  (V  -(• 

m  —  H  m  ~n         m  —  m  ■>  — «  m  —  tm  m  ~  jm 

m  —  H         m  —  in         m—  jn         m~^M 

"'*  +  —■><  — f—  X  — J—  X  -~-  X  —Y~  **  +  *cc>  conrinucd  to  ^  +  i 
tenns,  or  the  feries  i  +  —  *  +  —  x  "^-^  **  +  —  X  ^^-^  X  *~"»'  + 

—  X  ^^^  X  """  X  ''"^'  V*  -I-  -  X  ^^-=^  X  """  V  ■")«  V  *-<* 

«  ^     i«    ^     3.     ^     4«    -^    +  7  ^    ««    ^  ^T  '^  -J7-  >«  "iTT 

X '  4*  &c,  continued  to  ^  +  i  terms.  Therefore  by  the  principle  Idd  down 
in  the  lail  article,  when  nt  is  of  any  magnitude  greater  than  pn,  hvs.  lefs  than 
P  +  i\ X  «>  or^a  +  jty  ic  will  alfo  be  true  that  the  firft  p  +  t  serms  of  the 

ferie's  that  is  equal  to    i  +  x\ »  will  be  i    H x  +  ^  x  -~^  **  +  ■—  X 

"-;^"  X  =^' '  ■  +  T  X  =:^°  X  =^"  X  =4^"  '*  +  -  x"^  x  i^^i 
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X  *■"-?-  X  ^^^  *'  continued  to  *  +  i  terms,  or  i  +  —  A*  +  ^^-^  B  x* 
»-wi^  !;LrJ!:D**  +  ^i^^^  E)f'    +   &c,   continued  to  *  +  x 

terms.  Oi  e.  i. 

Thus,  for  example,  if  »be  7",  and  m  be  373,  which  is  greater  than  371, 
or  53  times  7,  but  lefs  than  378,  or  54  times  7,  the  firft  54  terms  of  the  fcries 

j^  37} 

that  is  equal  to  i  +  *]«,  or  i  +  *]  7   or  to  the  373d  power  of  the  7th  root  of 

the  binomial  quantity  i  +  x,  will  be  i  +  221  A  a:  +  ^2XzJ  B  *'  +  "^^~  "* 
C,>  +  37^  D*^  +  SZirf!  E*'  +  12^  Fx'  +  3Zi^  G*''  + 
373ri2  H*»  +  22Lli*  I,*  +  2Zir*3  k* ■»  +  Sic,  continued  to  54  terms.    . 


134.  This  inveftigation  of  the  values  of  the  co-efficients  B,  C,  D,  E,  F,  G, 
H,  &c,  of*,  *',  **,  *♦,  **,  «*,  Af',  and  the  following  powers  of  *  in  the  ferics 

I  +  B*,  Cx*t  D*»,  E**,  F**,  G**,  H*',  &c,  which  is  equal  to  i  +  *^~, 
is  (hotter  and  ealier  than  the  foregoing  ones.  But  it  relates  only  to  thep  +  t 
firft  terms  of  the  faid  fcries,  or  thofe  terms  of  it  which  are  all  to  be  added  to- 
gether.    For  to  fo  many  terms  only  will  the  feries  that  is  equal  to  1  +  )f]f 

(fi:om  which  feries  the  feries  that  is  equal  to  i  +  xf^  has  been  here  derived) 
extend.  We  cannot  therefore  difcover  by  it  what  will  be  the  co-efficients  of 
■  the  terms  of  the  feries  in  qucftion  that  come  after  the  p  +  i]ih  term  (and  of 
which  tht  number  will  be  infinite),  nor  whether  the  faid  terms  are  to  be  added 
to,  or  fubtraded  from,  the  firft  term  i  of  the  fcries.  But,  when  ^  is  a  very  great 
number,  or  m  (which  is  greater  than  p  times  n,  orpn)  is  very  much  greater 
than  n  (as  in  the  foregoing  example,  in  which  m  is  fuppofed  to  be  373  and  n  to 
be  7),  the  firft  p  +  i  terms  of  the  feries  i  +  —  A*  +  ^^^^  B*'    +  *"" 

Cx'  +  2Lr-2^  T)x*  +  ^^-*?  E*»  +  &c,  (which  is  equal  to  i  +  *'^),  will 
be  very  nearly  equal  to  the  whole  feries,  and  confequently  very  nearly  equal  to 

I  +  «|"«  ;  unlefs  when  a:  is  very  nearly  equal  to  1 ,  in  which  cafe  it  would  be 
neceffary  to  take  in  more  than  the  firft  ^  +  i  terms  of  the  feries,  and  confe- 
quently to  have  recourfe  to  fome  <^  the  former  inveftigations  of  it. 


igitizcd  by  VjOOQ IC 
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An  txample  of  the  hinomial  theorem  in  raifing  the-  . 
mtb  power  of  the  ntb  root  of  a  Hnmial  quan- 
tify,  when  m  and  n  are  very  great  whole 
numhers. 


135.  Let  B»  be  =  970,877,  and  «  be  =:  10,000.  And  let  it  be  required  to 
raife  the  binomial  quantity  i  +  ^,  or  i  +  j|7»  W  the  ^Th,  of  ^^th*  or 
97.oS77th  power,  or  to  find  the  970,877th  power  of  the  io,oooth  root  of  the 
faid  binomial  quantity. 

136.  Now  it  has  been  Ihewn  in  feveral^ffcrent  ways  jn  the  courTe  of  thefore- 
*  going  articles,  that,  if  x  be  any  quantity  not  greater  liian'j«  and  n  be  any  whole 
'  number  whatfoever,  and  m  any  other  whole  number  greater  than  n,  and  m  be 

greater  than  pn^  or p  times  »,  but  lefs  than^  +  ij  x  »»  or ^  4-  i  times  «,  the 

quantity  i  '  +  *j " ,  or  the  )wth  power  of  the  »th  root  of  the  bintmiial  quantity 
I  J.  *,  -will  be  equal  to  the  feries  i  +  —  A*  +  ^^-^  Bw*  +  ILZi?  C«' 
+  IllJl  D**  +  SL:^  e*'  +  ^fi?  F*«  +  Sec,  to  be  continued  tiU  we 
come  to  the  term  =S^^^  X  P'*'      ,  in  which  P',  or  P  widi  an  accent  placed 

over  it,  reprefents  the  ro-cfficient  of  the  next  precceding  term ;  the  captfal 
letter  A  bemg  put  for  the  &rft  term  i,  and  the  capital  letters  B,  C,  D,  E,  F» 
.  &c,  for  the  numeral  co-efficients  of  x,x  *,  *',  **,  *%  and  the  other  following 
powers  of  *  in  the  fecond,  third,  fourth,  fifth,  fixth,  and  other  follonfing  terms 
of  the  faid  feries.    And  after  the  term  JUl^*    x  P'«'     ^  the  followine  terms 

of  the  feries  wUl  be  -  ^^^  X  Q:«'  +  *  +  ^^^"~'°  X  R'*^"^  ^ - 

I    /»-f4»  ^»  +  S"  I    /•  +  6« 

+  Sec,  which  are  marked  with  the  figns  —  and  +  alternately,  or  are  alter- 
nately to  be  fubtracEted  from,  and  added  to,  the  firft  term  i, 

137.  This  is  in  general  the  bed  method  of  cxpreffing  this  feries;  naorc  spe- 
cially when  we  areconfideringthelaw  of  the  generation  of  its  terms,  and  the  me- 
thods by  which  the  faid  law  may  be  inveftigated :  which  is  the  fubjwft  of  the 
foregoing  articles.  But,  when  we  have  occafion  aftually  to  compute  a  confi- 
derabie  number  of  the  firft  terms  of  the  feries,  in  order  to  find  fome  Iiigh  fi-ac- 
lional  power  of  the  binomial  quantity  i  -j-  ar  in  fome  particular  example  (as  is 
the  caie  at  prefent),  it  will  be  more  convenient  to  make  the  capital  letters  B,  C, 
D,  E,  F,  &c,  ftand  for  the  whole  fecond,  third,  fourth,  fifth,  and  fixth,  and  other 

j  following 
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following  terms,  including  the  piiwert  df  x,  itiftead  of  rcpfeTtfnting  only  the  nu- 
meral co-efficients  <^  the  powers  of  « in  the  f&id  cerms.    Aai  then  the  foregoing 

theorem  will  be  as  ftillbws ';  to  wit,  i  +  ^l""  =:  the  ferics  i  +  ^  A  .v  +  2^^ 

Bx+  !^^C*  +  '!!-^T>M  +  "—^^x  +  '^^^  Fx  +  &c.      Now, 

if  we  fubftitute  970,877  in  this  equaticm  inftcad  of  m,  and  10,000  inftead  of », 

— —^970.877 

and  _£*_   or  — ,   inftead  of  r,  we  ffiall  have  i  +  -=3-f  10,000    ~  che  ferics 
1000'       115  tooo{ 

.  222:!22  A  x  -^  +  2iHi!2lzi2:222  B  x  -^  4.  2Z2!!zi3iili2£22  c  x 

^     10,000  lOOa  3  X  10,000  1000   ^^  3  X  10,000 

J4_     .     9701877-3X10.000   jj  _£4_  970^877-4x10,000   £  »4       I 

1000  ~  4  X  lo^ooo  ^    rooo  "^  s  X  10,000  ^    1000  "'' 

2222g;=i^i2£22F.X  ^^  &c  =  Ac  ferics  .  +  97-877  A  X  ^  + 

'-2^52^  B  X  ^  +  H:=te- c  X  ^  +  2!^^  D  X  ^  +  • 
JiSptE  x^^aifcip  X  ^ +&c  =  thc  ferics,  +,7.0877 
*X;^+ '^B  X  life  +  '^C  x^  +  SSSlZD  X  ;1^  + 
^fi  Xl^  +  ^F  X7^  +  *T^G  X  ;U;+  ?5f22  H  X 

_2*_   +  89.0877  I  V,  Jl.     .    •9-o8?7  j^  ^  _U_     .    87-og77  l  w  _f4_     .    «6.oB?7 
tooo  9  1000  10  1000  II  1000  iz 

"  '^  looo   1        13  '^  loto  ^       i«  '^  1000  ^      15      "^    *   1000  ^ 

Jiten  V  Ji.  X  ''•°°w  p  V  -21  J-  '°-°''"  s  V  -ii.  J.  '9-°'"  T  V 

^r^  "^x  7^  +  — ^  '^''1000+    It   "  ^  T^  +  —5—  1  ^ 

M      I    7»J«;7  y  y     '4     I    ?7-°«?7  w   „  ^JL    .    7^'77  y  ^  Ji_    ,    7!°»77 
1900  ~      ao  1000  ~      ai  1000  aa  ^   looo  "*"       13 

Y  V     '♦    J.  74°»77  7   „  _£4.    .    7)-°877   a'  „     "4      .    7'-°877  n/  „     >4      , 

7'-<'«77  r/  „  _«4      .    7°-°«77  TV  u  -^  J.  52^221  B',...  Ji.  j.    ^»"877  c.    „ 
tooo 

1 .000,000,000,000,000,000,000,       A, 

+  »-33o,io4,8oo,ooo,ooo,ooo,ooo, .  B, 

+  2.666,7  j«,93t,89*,;ao,ooo,ooo,  C, 

+  x.c43,Soa,o40^62,j70,290,4,3Zi  D, 

+  '•i53i.779»799»228,77o,568,29o,  E, 

.+  o-5i5»532>997.52o,oo6,524,943,  F, 

+  0.189,896,992,062,892,419,468,  G, 

+  0.059,304,960,836,331,574,297,  H, 
+  0.016,047,942,561,002,861,266,     I, 

+  0.003,807,713,435,978,278,943,  K, 

+  0.000,804,990,525,202,617,230,  L, 

+  0.000,152,955^69,152,773,747,.  M. 
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+  o.ooo,ot6,335.i37,953,7a6,4Si,    N, 

+  0.000,004,136,870,448,803,617,  O, 
-i-  0.000,000,596,331,293,550,623,    P, 

+  0.000,000,079,276,472,990,633,  Qj 

+  0.000,000,009,761,435,007,869,  R, 

+  0.000,000,001,117,457,383,747,  S, 

+  O.oooi0oo>ooo,ii9,3z6,i2z,283,  T, 

+  0.000,000,000,011,920,709,761,  V, 

+  0.000,000,000,001,117,032,969,  W, 

+  0.000,000,000,000,098,410,859,  X, 

+  0.000,000,000,000,008,168,570,  Y, 
+  0.000,000,000,000,000,640,026,     Z, 

+  0.000,000,000,000,000,047, 741  >  A', 

+  0.000,000,000,000,000,003,327,  B*! 

+  0.000,000,000,000,000,000,221,  C, 

+  0.000,000,000,000,000,000,013,  D", 

+  0.000,000,000,000,000,000,000,  E', 
+  &c  =  9 -999, 97 9*282, 7 20,950,507, 346,  &C.    Therefore  (i£  no  miflake 

has  been  made  in  computing  thefe  numbers)  the  quandty  t  +  ^^|  ^^»  « 

the  g7o,877th  power  of  the  io,oooth  root  of  the  Injiomal  quantity  i  +  ^^, 

will  be  equal  to  the  mixt  number  9>999>9  7  91 283(7 10,950,507,346,  ^^' 

H.  Z.  I. 
137.  By  the  help  of  this  number  we  may  find  the  logarithm  c^  2,  or  of  Ac 
ratio  of  z  to  I,  in  Briggs's  S^em  of  Logarithms,  to  a  confiderable  degree  of 
exadnefs,  in  the  manner  above  explained,  in  the  traft  intitled,  "  jh  jffpatdix  /« 
Dr.  Halley's  Difceurje  eoncAiiing  Logarithms"  in  p^es  laj,  124,  125,  &c,  to 
152,  without  having  recouife  to  the  doctrine  of  fluxions,  or  infinite  feriefes,  or 
the  arithmetic  of  intinites  in  any  of  its  modiflcations.  This  may  be  done  in  the 
manner  following. 


An  application  of  the  foregoing  examfU  « tbe  in- 
veftigatien  of  tbe  Logarithm  of  tbe  ratio  of%t9 
I,  w  Brig^s  ^ftem  of  Logarithms. 


138.  The  tenth  power  of  z  is  1024.  Therefore  the  rario  of  1  to  i  is  oot 
tenth  part  of  the  ratio  of  1024  to  i.  But  the  ratio  of  1034  to  1  is  equal  to  the 
ratio  of  1024  to  1000,  together  with  the  ratio  of  1000  to  i.  Therefore  the  ratio 
of  2to  I  is  equal  to  one  tenth  part  of  the  ratio  «f  1024  to  1000,  tc^ether  with 
one  tenth  part  of  the  ratio  of  rooo  to  i .  Therefore  the  Ic^arithm  of  the  ratio 
of  2  to  1  is  equal  to  one  tenth  part  of  the  logarithm  of  the  ratio  of  1024  to  1000, 
together  with  one  tenth  partof^the  logarithm  of  the  ratio  of  1000  to  i.  But  the 
logarithm  of  the  ratio  of  1 000  to  i  in  Briggs's  Syftem  of  Logarithms  is  3. 

Therefore 
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Therefore  the  logarithm  of  the  r^tio  of  2  to  i  in  Briggs's  Syftera  of  Logaiiihms 
is  equal  to  one  tenth  part  of  the  logarithm  of  the  ratio  of  1 024  to  1 000,  together 
with  one  tenth  part  of  3,  or  with  -^j  or  0.300,000,000,000^000,000,000,  See. 
Therefore,  if  we  can  difcover  the  logarithm  of  the  ratio  of  1024  to  jooo,  we 
may  eafily  deduce  from  it  the  logarithm  of  the  ratio  of  2  to  i,  by  firft  dividing 
it  by  10,  and  then  adding  the  quotient  to  0.300,000,000,000,000,000,000, 
&c,  which  is  the  tenth  part  of  the  logarithm  of  the  ratio  of  1 000  to  i .  We 
mull  therefore  endeavour  to  find  the  logarithm  of  the  ratio  of  1024  to  1000. 
This  may  be  done  in  the  manner  following. 

139.  The  logarithm  of  the  ratio  of  1024  to  1000  is  the  fame  with  that  of  the 
ratio  of  i^  to -i222j  ^r  of  i  +  — ^to  i.    We  muft  therefore  endeavour  to 


rhbm  of  the  greater  ratio  of  10  to  i,  or  (which  comes  to  the  fame  thing)  the 
proportion  of  the  ratio  of  i  4-  -^  to  i  to  the  greater  ratio  of  10  to  i. 

140.  Let  this  proportion  be  that  of  1   to  x.    Then,    fince  the  ratio  of 
1  +  -2i.  to  I  is  to  the  ratio  of  1  +  -^1*  to  i  as  i  is  to  * ;  and  the  faid  ratio  of 

1000  locwt 

I  +  -i^  to  I  is  to  the  ratio  of  10  to  i  in  the  fame  proportion  of  i  to  *,  it  fol- 
lows that  the  ratio  of  i  +  -^r  to  i  muft  be  equal  to  the  ratio  of  10  to  i,  and 
confeqaeatly  that  i  +  -^r  will  be  equal  to  10.  We  miil  therefore  endea- 
vbur  to  refolve  the  equation  i  +  -^  r  ~  10. 


141.  By  the  binomial  theorem  the  quantity  i  +  ' —    is  equal  to  the  feriet 

;^' +  &c = ,  + .  X  ^ + '-i^  X  ;g|' + '-!^2^' X 1^" + 

^-^V:"-"  X^'  +  "-°"^".::-'°""'"  x'^  +  &c.  There. 
forctheferi«  ,  +  ^  ^  +  ffZf   x^-  +  i;zJf±i-'  X  '^-  + 
^  ^-.<,^+i^'-,o^+.^  X ^'  +  &c,  will  be 


J 10 


=  10,  and  confequently  (fubtrafting  i  ftom  both  fides)  the  feries  *  x  -^ 
Vol.  H.  2  T  *l°^' 
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*'-'°^+?;^^-^°''+'^  X^'  +  &c,  will  be  =  9. 

1 42.  Now,  if  we  take  any  finite  number  of  terms  of  this  feries,  and  fuppofe 
them  to  be  equal  to  the  whole  feries,  and  confequently  to  the  abfolute  term  9, 
and  refolve  the  equation  refulting  from  fuch  fuppofition,  it  is  evident  that  the 
value  of  X,  that  will  be  obtained  by  fuch  refoiutlon,  will  always  be  greater  than 
the  true  value  of  x  in  the  foregoing  equation  between  the  whole  of  the  faid 
feries  and  the  abfolute  term  9 ;  but  that,  the  more  terms  of  the  faid  feries  are 
retained  in  fuch  finite  equation,  the  nearer  will  the  root  of  fuch  finite  equation 
approach  to  the  true  value  of  *  in  the  faid  infinite  equation  between  the  iaid  in- 
finite feries  and  the  abfolute  term  9,  or  to  the  value  of  a:  in  the  original  equation 

I  +  -i^r  ^  10.    In  order  therefore  to  approach  gradually  to  the  true  value 

of*  in  the  faid  original  equation  i  +  -|^*  =  10,  we  will,  firft,  fuppofe  one 

term  of  the  foregoing  feries  to  be  equal  to  9 ;  and,  adly,  two  terms  of  it  to  be 
equal  to  the  fame  quantity ;  and,  jdly,  three  terms  of  it,  and,  4tbly,  four 
terms  of  it,  to  be  equal  to  the  fame  quantity,  and  will  refolve  the  feveral  equa- 
tions refulting  from  thefe  fuppofiuons.  This  may  be  done  in  the  manner  fol- 
lowing. 

143.  If  we  fuppofe  the  firft  term  *  x  -^  of  the  foregoing  feries  to  be 
equal  to  the  whole  feries,  and  confequently  to  the  abfolute  term  9,  we  fliall 
have  *  X  14  =  9000,  and  *  =  222?  3  ^75.  Therefore  J75  is  the  firft  ap- 
proximation to  the  value  of*  in  the  equation  1  -f-  -^^*  =  xo.  But  thU  ap- 
proximation is  very  much  too  great,  the  true  value  of  x  being  (as  we  (hall  pre- 
fently  fee)  fomewhat  greater  than  97,  but  lefs  than  98. 


144.  In  the  fecond  place,  we  will  fuppofe  the  two  firft  terms,  *  x  ■ 
ii^  X  -^  ,  of  the  foregoing  feries,  to  be  equal  to  the  whole  feries,  a 
fequently  to  the  abfolute  tertn  9.     And  we  ftiall  then  have  j^  x  i- 


'  1000  ' 

I  ,  of  the  foregoing  feries,  to  be  equal  to  the  whole  feries,  and  con- 

axiooo 

TxTooo  '*' 

w-^UTl'  _  o    or      *^'°°^      +  ^*— 'Ix  ^76  —  q    or  48.<»o+;7&r»-S76* 
3  X  1000  X  1000  ''         IX  1000,000         X  X  looOiOOO         "'  iX  1000,000 

—  Q    or  ♦7'4'4*t^^  •*•*  =  g,  or  »8'?"*     '        —  *  ^nd  confequently  29,712* 

-"  3X1000,000,  '  1000,000  -"  1  J       3'/ 

+  288**  =  9000,000,  and  (dividing  all  the  terms  by  288),  xx-^  82.333,333, 
&c  *  =  31*250.    Thu  quadratick  equation  we  muft  now  refolve. 

Add 
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Add  41.166,666,  &c]'  to  both  fidesj  and  we  fliall  have  kx  +  81.333,333, 
Sec  *  +  41.166,666,  Sec)'  (=  31,250  +  41.166,666,  8ccl'  =  31250  + 
1694.1456)  =  32,944.1456,  and  confequendy  x  +  41.166,666,  &c  (=: 
V  32,944-1456)  =  181.50,  and  *  (=  181.50  —  41.16)  =  140.34.  There- 
fore 140.34,  or  (dropping  the  decimal  fraftion  .34)  140,  is  a  fecond  approxi- 
mation to  the  true  value  of  x  in  the  equation  i  +  -^r  ==  10. 

(I.    B.    I. 

This  approximation  is  much  nearer  than  the  firil  approximation,  375,  to  the 
true  value  of  x  in  this  equation,  but  jret  is  much  too  great. 

145.  In  the  third  place  let  us  fuppofe  the  three  firil  terms,  «  X  -^  +  ^^^ 

X  -^  +  *  """1*  **  "Saa  »  °^  ^^  foregoing  feties,  to  be  equal  to  the 
whole  feries,  and  confequently  to  the  abfolute  term  9. 

Then,  lince  the  two  firft  terms  of  this  feries  have  been  Oiewn  to  be  equal  to 
«,,WH-i76,^    ^  j5;2Ui_+jM«    ;    ^^         ^  '?■'■"+■""  +  ''-'"+"  X 
%  X  1000,000   '  1000,000      '  1000,000  6 

— -^     Will,  upon  this  fuppoution,  be  ^  0,  or  that  -^-i -4 —j  -• 

iOOo|  '     "^  rr  »  7»  jooo,000  '  6 

X         ,  Will  be  =  9,  or  that  -^ — 1-  -r-^ —  x    ,        will  be  = 

IQOol*  1000,000  6  ^3S^ 

9,  or  that  iHiii±i!!fi  +  x'-3xx  +  z4  x  J^  wUl  be  =  9,  or  that 
^*  1000,000       ^        J     ^     '       -j235(,  >* 

-33.7i«+»88^^    .    »304*'-69'i^*+46o8jr  will  be  —  0  or  that  '3.7"*o«^*+«88.'>»0" 
1000,000  1000,000,000  "*  1000,000,000 

.,.4^-6,..„+,6.fa  ^jij  be  :::       „r  chat  'J'>t'-*'»'-'l">"+-3,7'<-.M.  ^j,, 
1000,000,000  ''  1000,000,090 

be  =:  9,  and  confequently  that  Z304X*  •)-  a8t,o88x'x  +  z3,7i6,iSo8Ar  will  be  = 
9000,000,000, -and  (dividing  all  the  terms  by  2304)  that  x'-{'iiixx  + 
10393.666  &c  X  will  be  =  3,906,250.  This  cubick  equation  we  muftnow 
endeavour  to  rcfolve. 

Now,  lince  we  know  that  the  value  of  x  in  this  equation  mull  be  lefs  than  the 
root  of  the  foregoing  quadratick  equation,  and  that  root  was  found  to  be  nearly 
equal  to  140,  it  feems  rcafonable  to  conjecture  that  the  root  of  the  prcfcnt 
cubick  equation  will  be  pretty  nearly  equal  to  100.  We  will  therefore  fuppofe 
X  to  be  =  100,  and  will  fubftitute  100  inftead  of  it  in  the  compound  quantity 
*•  +  122**  +  10193.666  &c  a:,  in  order  to  difcover  whether  the  refult  will  be 
nearly  equal  to  the  abfolute  term  3)906,250,  and  which  of  them  is  greater  than 
the  other. 

Now,  if  we  fuppofe  «  to  be  =  100,  we  Ihall  have  xx  zz  10,000,  and  *'  =: 

1000,000,   and  confequently  iz2rx  (=  121  x  to,ooo)  =   1,920,000,  and 

10,293. 666x  (=;  :o,»93.666    x    100)  —  1^079,366.6,   and  «*  +  i22«e  + 

10,293.666^  (■=  1000,000  +    1,220,000  +   1,029,366.6)  —  3*249,366.6; 

2  T  *  which 
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which  is  lefs  than  the  abfolute  term  3,906,150.  Therefore  100  is  lefs  than  the 
Hue  value  of  *  in  the  faid  cubick  equation  *'  +  iiixx  -f-  10,293.666*  = 
3,906,250. 

We  will  therefore  form  a  fccond  conjeifturc  concerning  the  root  of  this  cubick 
equation,  and  will  fuppofe  it  to  be  =  no. 

Now,  if*is=  110,  we  fliall  have  **  ^  12,100,  and  *•  =  1,331,000,  and 
122**  (=  122  X  12,100)  =  1,476,200,  and  10,293.666*  (=  10,293.666 
X  no)  =  1,132,303.26,  and  confequently  x'  +  122**  +  10,293.666*  (= 
1000,000  +  1,476,200  +  1,132,303.26)  r:  3,939,503.26;  which  is  but 
little  greater  than  the  abfolute  term  3,906,250.  We  may  therefore  conclude 
that  the  root  of  the  cubick  equation  **  +  122**  +  io,293.666x  =  3,906,250 
is  fomewhat,  but  not  much,  lefs  than  1 10,  and  confequently  that  1 10  will  be 

a  third  approximation  to  Uic  value  of  the  index  x  in  the  equation  i  +  -^* 
=  10.  Hi  s.  1. 

146.  In  the  4th  place  let  us  fuppofe  the  four  firft  toms  of  the  foregoing 
feries,  to  wit,  the  terms  xx^+  —^  x  ^*  +  ''-i^+"  x  ^'  + 

~      ^'— X  -^A  ,  to  be  equal  to  the  whole  feries,  and  confequently 

to  the  abfolute  term  9. 

Then,  Cnce  it  has  been  feen  in  the  lafl  article,  that  the  three  firft  terms  of 

this  feries  are  equal  to  »i°4^'+'8'.°88'-^+^3.7-6.6o8^  ;,  foU^„,  that  the  four  firft 

'  1000,000,000 

terms  of  this  feries  will  be  =  ■S°4>'+^8..o88x.+.3.7.6.6;8;  +  ^->>.+  .»,-t. 

1000,000,000  14 

J,      a-TV     _    J304**+j8t.o88^.»+>3,7i6,6Q8j            »*~tx*+iixx--6x  34I*     — 

loool                             1000,000,000                                         34  Toool*  ~* 

a304*'  +  »8r,o8fl«*+a3,7i6,6o«*      ,     — r TT— I T^  '*4l*      _ 

■^-^ ,^.«^.oJ    +     «*-«'■+     >'»'     -     H  X     ^,= 


.30«^4..8..o««x.+  .3,,.6.6.8.  ^    _     f,^    ^    . ,,,     _    6,1    ^     ii|it    _ 

1000,000,000  '  1000)* 

a304jr*  +  aii,oi6xx  +  »3,7i6,6o8.r  13,8*4^'*  —  6^,g^^x^  +  ifj,o64«.t  —  83,944^    

1000,000,000  '■     1000^000,000,000  " 

i,304,0«OJ:*4-a8l.o88,ooo.r*+a3,yi6,6o8,ooOjr  1  },6»4y*— 8j,944y'  + 1 52,064**  — 81,944* 

1000,000,000,000  1000,000,000,000 

_   jj,9Hf*+2,3it,o^6x^+t9t,Ho,o64xx+ii,7Jt,s2s,os6x     Therefore 
1000,000,000,000 
2s,8.,^+.,»,.o56:^+.«.,.,o,o64^,+  .,,,,6.,.,.»;6.  ^;„  fee  _  „,  „d  confequently 

1000,000,000,000  •'  , 

13,824**  +  2,2'2i,o56*'  +  281,240,064**  +  23,7i6,525,o56»  will  be  = 
9000,000,000,000,  and  (dividing  all  die  terms  by  13,824)  x*  +  160.666,666, 
&c  M^  -t-  20,344.333,333,  &c  **(+  1,715,605.111,111,  &c  X  will  be  = 
651,041,666.666,666,  8ic.  This  Biquadratick  equation  we  muft  now  endea- 
vour to  refolve. 

Now, 
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Now,  fince  we  know  that  the  root  of  this  biquadraiick  equalioa  muft  be  lefs 
than  the  root  of  the  foregoing  cubick  equation,  and  that  root  was  found  to  be 
nearljr  equal  to  no,  we  may  reafonably  conjecture  that  the  root  of  this  biqua- 
dratick  equation  will  be  nearly  equal  to  loo.  And  fo,  upon  trial,  we  ftiall 
find  it  to  be.  For,  if  *  be  =  lOo,  we  (hall  have  xx  =  io,odo,  and  **  == 
1,000,000,  and  **  ~  100,000,000,  and  confequenlly  160.666,666,  &c  x  ** 
(z:  160.666,666,  &c  X  1,000,000=)  160,666,666.666,  8tc,  and  20,344,333, 
333,  &c  X  XX  (=z  20,344.333,333,  Stc  X  10,000)  =  203,443,333.333,  &c, 
and  1,715,605.111,111,  &c  X  *  (=  1,715,605.111,111,  &c  x  100)  =  171, 
1:60,511. Ill, Illy  See,  and  **  +  160.666,666,  &c  x  x'  +  20,344,333,333, 
&c  X  «■  +  1, 715,605. Ill, in, &c  X  *(=  100,000,000+  160,666,666.666, 
&c  +  203,443,333-333.  &c  +  171,560,511.111,  &c)  =  635.670,511.110, 
&ci  which  is  not  a  great  deal  lefs  than  the  abfolute  term  651,041,666.666,  &c. 
Anci  confequently  100  is  not  a  great  deal  lefs  than  the  true  value  of  *  in  the 
aforefaid  biquadraiick  equation **  4-  160.666,666,  &c  x  k'  +  20,344.333,333, 
&c  X  **  +  1,715,605,111,111,  &c  X  «  =  651,041,666.666,666,  &c. 

We  may  therefore  confider  the  number  100  as  a  fourth  approximation  to  the 

true  value  of  .v  in  the  equation  i  +  — ^*  =  10.  q^  e.  i, 

147.  By  the  refolutlon  of  thefe  four  equations  we  have  obtained  the  four 
numbers  375,  140,  no,  and  100  for  fo  many  fucceflive  approximations  to  the 

tnic  vdue  of  *  in  the  equation  i  +  j^r  =  »o.  And,  as  the  difference  be- 
tween the  fecond  and  third  of  thefe  values,  to  wit,  140  and  1 10,  is  30,  and 
the  difference  between  the  third  and  fouith,  to  wit,  no  and  100,  is  only  10, 
(which  is  but  a  third  part  of  30)  it  feems  reafonable  to  conjofture  that  the  dif- 
ference between  100,  the  fourth,  or  laft,  approximation  to  the  true  value  of  ^  in 

the  equation  i  +  -^*  =  10,  and  the  faid  true  value  will  be  lefs  than  a 
third  part  of  the  former  difference  10,  or  will  be  nearly  equal  to  3,  and  confe- 
quently that  the  faid  true  value  of  *  in  the  equation  1  +  Ji-j'  —  10  will  be 
nearly  equal  to  100  —  3,  or  97.  We  will  therefore  fuppofe  the  true  value  of  * 
in  this  equation  i  +  -^r  =  10  to  be  equal  to  97,  and  will  now  proceed  to 
try  whether  it  is  fo,  or  not,  and  whether  it  is  greater,  or  lefs,  than  the  faid  true 
value,  by  raifing  the  binomial  quantity  i  +  -^  to  the  97th  power.  This  may- 
be done  mod  conveniently  by  means  of  the  binomial  theorem  in  the  manner 
following. 


148.  By  the  binomial  theorem  we  fliall  have  i  +  -^tY   =  the  feries  i  + 
'  iooo|  ' 
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2?  H   V  ^'   J.    !2 


+  f  Hx:^l    +=?Ix-iiJ- 


toco)  9 

+  S-^  X  ^"^ + 1^  ^  x^"  ^- "  ^  X  3'"  +  M  '^  '<  i^"  + 
s  x^-'+f^T  xiEi%f!v  x^%^  w  x^"  +  ^:  X 

+  ^"  +  IiYx3'+ZlZxlil"  +  Z2A'xir|"+2|B'x 

^"  +  f7C'xlg|"  +  ?|l>'X^"  +  !|E'X^"+&c;  in  which 
feries  the  capital  letter  A  ftantls  for  the  firft  terra  i,  and  the  following  letters 
BCD  E,  F,  &c,  ftandfortheco-efEcicntsof  thepowers  of^jl^inthefecond, 
ihiid,  fourth,  fifth,  fixth,  and  other  following  terms  of  the  feries.  But,  for  the 
purpofc  of  computing  thefe  feveral  terms,  it  will  be  more  convenient  to  make 
the  letters  B,  C,  D,  E,  F,  &c,  ftand  for  the  whole  fecond,  third,  fourth,  fifth, 
futth,  and  other  following  terms  of  the  feries  refpeaively,  including  the  powers 

of  -^,  and  then  we  fliall  have  I  +  ^"  =  the  feries  ,  +  57  A  x  ^ 
+  ?BX;^+fCx^  +  ?Dx^+fEx^+HFx 
;;S+,°X7s;  +  t"X^^+,ix,„„+,„ft.X;^  +  ;^L 
Xi^+TI^'Xt^  +  jjW  X;^  +  ,^UX,„„  +  ,jrX;j^+^ 
Q-X^+T7^X;^  +  75SX;j^+,,  1    X,^+„V    Xjjj;  + 

71  ^  1000  ^22  1000  ^  Z3  1000        24  1000        aj  1000 

.HB'x-2t+2iC'x^+2|D'x-ii-+^E'x-^  +  &c  = 

I  .OO0,OCX},O(X),C»3O,00O,0OO, 
+   2.328,000,000,000,000,0(X3, 

+  2.681,856,000,000,000,000, 
+  2.o38,2io,56o,ooo,coo,ooo> 
+  1.149,550,755,840,000,000, 
+  0.513,159,457.406,976,000, 
+  0.188,842,680,325,767,168, 
+  0.058,918,916,261,639,356, 
+  0.015,908,107,390,642,626, 

+  0.003,775,524,154,045,849, 

+  0.000,797,390,701,334,483, 

'^  +  0.000,151,359,253,126,036, 

+'  0.000,026,033,791,537,678, 

+  OjOOO, 
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+  0.000,004,085,302,672,066, 
+  0.000,000,588,083,584,777, 
+  0.000,000,078,124,060,058, 
+  0.000,000,009,609,259,387, 
+  0.000,000,001,098,847,073, 

4-  0.000,000,000,117,210,354,  ■ 

+  0.000,000,006,011,696,359, 

4-  0.000,000,000,001,094,779, 

4-  0.000,000,000,000,096,340, 

+  0.000,000,000,000,007,987, 

+  0.000,000,000,000,000,625, 

+  0.000,000,000,000,000,046, 

+  0.000,000,000,000,000,003, 

+  0.000,000,000,000,000,000, 

+  &c 
=7  9*979»20i,547,673,599,o5o,  &c;  which  is  fomewhat  lefs  than  lo.    There- 
ftjre  97  is  fomewhat  leU  than  die  true  value  of  the  index  #  in  the  equation 

X  +  75^'  =  'o.    But  it  differs  from  it  by  lefs  than  an  unit.    Fca-,  if  we  mul- 
tiply the  number  juft  now  found  for  the  value  of  i  +  -~1  ,  to  wit,  9.979,201, 


10.218,702,384,817,765,427,200,  which  is  therefore  the  value  of  I  4-  -^—A 
Therefore  i  +  -^|    is  greater  than  lo,  or  than  i  +  jlsd*'  *"*^  *  "^  i 


loool 


lefs  than  lO,  or  than  i  +  -^r  ;  and  ccmfequently  *  mud  be  lefs  than  98,  but 
greater  than  97,  or  the  difference  between  97  and  the  true  value  of  x  in  the 
equation  1  +  -^r  =  10  mud  be  lefs  than  i.  We  therefore  now  know  with 
certainty  that  the  two  firft  figures  of  the  true  value  of  x  in  the  equation 
+  —4^  =  10  are  97 ;  which  is  a  confiderable  ftep  towards  a  more  accurate 


determination  of  it. 


149.  Let  the  excefs  of  the  true  value  of  x  in  the  equation  i  +  — —\  :=  10 
above  97  be  called  z.  And  we  (hall  then  have  i  +  ^p^*  (=  *  +  15^^ 
=  ■°-  B""+^'"^-is=:,+^"  Xi+^1'  =  9.,79,.o,.j47.673. 
SW-OJO'  X  1  +  ^]".  Therefore  9.c,79,2oi,547.673,S99.o50  X  ■  +  ,-^' 
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1         r  1  .      **~1=  -  10,000,000,000,000,000,000  __ 

IS  =  10;  and  cotifeqi:cntly  i  +  — =-     is  =  : — — 1 — - — : —  =;  1.002, 

•'         •     loool  9.979, 201, S47.fe73-W9t°i° 

084,180,004,486,389.  But,  by  the  binomial  theorem,  r  +  "rr^*  is  =  the 
feries  i  ^  2.  y. -^  +  z  y. '"—^  y.  ~^  +  ^  x  ^^  x  ^^'  x  ^'  +  z  x 
^' X  V  X  T-' x^' +  ^^  =  '  +  =^  X  7^  H.^' x;^-  + 

— \-—-  ■   X  — ^    + ^^ X  — ^    -f  &c  =  fbecaufe  z  is  lefs 

6  lOool  14  iO00|  ^ 

than  J,  and  confequently  zz  is  lefs  llian  z,  and  2'  than  zz,  and  z*  than  z') 


loool 


^^*  +  &c.     Therefore  the  faid  feries  i  +  z  x  -^^: |^— - 

loool  1000  1    i 

"-1"+''  X  -il-"  -  f '—••/""-"' x"i^'  +  &c,  will  be  =  ,.=02,084, 
6  1000  I  24.  loool  .     '     ^' 

180,004,486,389,  and  confequently  (fubtrafting  1  from  both  fides)  the  feries 

J4  fg-»J   „      ^4  1*    ,     Zg-Swi  +  »'  '4  p   _  ffa  — iiza  +  bz'-g*         "^^^ 

==  ^  73S5  ~  \~r  ''^  loool  ''"      6       '^  loocj     j      ~^     ^-  ^  r^\ 

+  &c,  will  be  =  0.002,084,180,004,486,389,  &c.     This  equation  we  muft 
now  endeavour  to  refolve. 

150.  To  find  the  value  of  2  in  this  equation  we  will,  firfl.,  fuppofe  the  firft 
term  z  X  -^  of  the  laft-mentioned  feries  to  be,  alone,  equal  to  the  whole 
feries,  and  confequently  to  the  abfoluie  term  0.002,084,180,004,486,389,  &c; 
and  we  Ihall  then  have  z  X  24  ^  1000  X  0.002,084,180,004,486,389,  &c 
=  2.084,180,004,486,389,  &c,  and  confequently  z  =  '•o84.'8o.oo4aS6,38q.&c 
:=  0.086,840,  &C.  t^.  E.  I. 

Therefore  *,  or  97  4-  z,  will  be  =  97  +  0.086,840,  &c,  or  97.086,840, 
&c;  of  which  number  the  firft  four  figures  97.08  are  exadt,  .the  more  accurate 
value  of*  being  97.087,787,353,856,001,437,  as  I  have  found  by  dividing  i 
by  0.010,299,956,639,811,952,13,  which  is  <he  logarithm  of  the  ratio  of  1024 
to  looo.  And  of  thcfe  four  figures,  97.08,  which  are  exaft,  the  two  laft, 
to  wit,  .08,  have  been  obtained  by  the  refolution  of  this  very  cafy  fimple 
equation. 

151.  This  firft  value  of  z  (which  is  obtained  by  refolving  the  fimple  equa- 
tion z  X  ~^  zz  0.002,084,180,004,486,389)  muft  be  lefs  than  the  true  value 
of  z  in  the  infinite  equation  fet  down  in  the  latter  part  of  art.  149  j  becaufe  the 
fecond  and  other  following  terms  of  the  infinite  fenes  contained  in  that  equation 
are  marked  alternately  with  the  fign  —  and  the  figo  +,  or  are  akernately  fub- 

4.  trailed 
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tiafted  from,  and  added  to,  the  firft  term  of  it,  the  confeqiience  of  which  is  (as 
the  terms  forih  a  decreafiag  progreflfcwi)  that  the  firft  term  alone  maft  be  greater 
than  the  whole  fcries,  and  the  firft  and  fecond  together,  that  is,  the  ercefs  of  the 
firft  above  the  fecond,  muft  be  lefs  than  the  whole  feries,  and,  in  like  coanner, 
that  the  three  firft  terms  muft  be  greater,  and  the  four  firft  terms  muft  be  lefs, 
sod  every  ft^wing  odd  nOmber  of  terms  muft  be  greater,  and  every  following 
even  number  of  terms  muft  be  lefs,  than  the  whole  feries.  Therefore,  when  the 
firft  term  is  fuppofed  to  be  equal  to  the  whole  feries,  or  tO  the  abfolute  term 
o.oo2,c84, 1 80,004,486,380,  it  is  fuppofed  to  be  lefs  than  ic  really  is,  and  the 
value  of  it  derived  from  luch  fuppoEnon  will  be  lefs  than  its  true  value.  There- 
fore 0.066,840  is  lefs  than  die  true  vahie  of  z.  <tj  e.  d. 

152.  In  the  next  place  we  will  fi^pofe  the  two  firft  terms,  z  x  -^  ■«> 

l~^  ^  "^Sa  »  °^  ^*  foregoing  feries  to  be  eqiJal  to  the  whole  feries,  and  con- 
fequently  to  the  abfolute  term  0.002,084,180,004,486,389,  and  wilt  refdve 
the  qoadraciclL  equation  refulting  from  fuch  fuppofitbn,  which  (from  what  ius 
been  (hewn  in  the  foregoing  article)  vt'til  give  us  a  value  of  z  fomewhat  greater 
than  the  truth,  but  which  will  come  nearer  to  it  than  the  laft  value  0.086,840. 

Now  thefe  two  terms  2  x  -^  — |^^^  X  -^'  are  =  z.X  -^ f-=^ 


X  -il    —   |'~"   X        ^^^       —  Z  X    —  —  f"^~ 
1000  I    a  ioQ3,ooo  1000         |a  X  iqc 


X 


sxtooo 


2x1000,000     ""     3  :jc  1000,000  la^toooiooo     ~~ 

46,ooea-s7fa+;76<at  __  4i,iti%  +  ^jfixx  _  4),7titf+jS8»;      Therefore  '3'7"*+'^'"' 

1x1000,000  ax  1000,000     ~"        1000,000      "  tooo,ooo 

will  be  =  0.002,084,180,004,486,389,  and  confequently  13,7122  4-  2882a 
will  be  (r:  1000,000  x  0.001,084,180,004,486,389)  =  2,084.180,004,486,. 
389,  and  (dividiftg  all  the  terms  by  288)  zz  ■+-  82.333,333,  &c,  X  z  will  be  = 
7*l36,736,i 26,688.  Therefore  (adding  4<.i6b,6b6,  &c)*  to  both  fide?)  we 
ihall  have  22  +  82.333.333,  &c,  X  2  +  41.166,666,  iccj*  (—  7.236,736,126, 
688  +  4i.'ii}6,666,  &c)*  —  7.236i736, 126,688  +  1694.694,389,555,556) 
=  1701.931,125,682,244,  and  confequently  z  +  41.166,666,  &c  (:= 
x/'  1701.931,125,682,244)  =  41.254^67,  and  z  (=  41.254,467  —  41.166, 
666)  =  0.087,801.  Tlierefore  0.087,801  is  a  fecond  approximation  to  the 
true  valuie  of  2  in  the  infinite  equanoa  let  down  at  the  end  of  aru  149,  or  in  the 

equation  i  -f-  tt^*  =  i.oo2,o84,i8o,qo4,486>389,  <^j  i.  i. 

153.  The  arithmetical  mean  between  0.086,840,  and  0.087,801  is  0.087, 
320.  Biw  the  rrue  vahie  of  2  is  much  nearer  to  0.687,801  than,  to  0.086,840. 
Therefore  it  muft  be  greater  than  the  faid-arithmetical  mean  between  themrto 
wit,  0.087^320,' and  probably  not  much  lefs- than  0.087,801,  thl|  kctS^r  and: 
greater  of  the  two  foregoing  approximations  to  it.     It  feems  reafonable  there. 
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fore  to-conjcftiire  that  rr  is  equal  to"  0.087,7.  We  will  therefore  fiigppfc,it  to 
be  equal  to  o.o&7,7,  and  confequendy  fuppofe  x,  or  97  -f  z,  to  be  eq^iul  to 
97.0877,  and  Ihall  proceed  to  make  a  trial  whether  this  number  is  greater  oiJels 

than  the  true  value  of*  in  the  equation  i  +  -iz-l*  —  10,  by  railing  the  bino- 
mial quantity  i  + 
binomial  theorem.  ' 

154.  Now  this  has  been  done  above  in  art,  136,  and  it  has  appeared  that  the 
faid  power  of  the  binomial  quantity  i  +  ~~^  is  equal  to  the  mixt  number  9. 
999,979,282,720,950,507,346,  &c,  which  is  very  little  lefs  than  10.  There- 
fore the  number  97.0877  mtift  be  very  little  lefs  than  the  true  value. of  the  in- 
dex *  in  the  equation  1  +  -^i*  =  lo- 

Let  ^  be  the  excefs  whereby  the  true  value  of  «  exceeds  97.0877.  Then 
will  97.0877  +  y  be  =  *,  and  i  +  -ill'  will  be  =   i  +  J±]97-o^n+J  ^^ 

confeq^iently  i  +  ^"•°°"+-'  wiU  be  =  lo.    But  i  +  Ji|"-°»??+J  is  = 

I  +  ^'-    Therefore  9.999,975,282,720,950,507,346,  &c  X  i  +  ■^' 

will  be  =  10.  Mdc'onfequintly  ,  +  ^pwill  be(=  ■°o~.<»°^°«.-~.<w.°o.j 

=  1.000,002,071,732,197,014,  &c.    But,  by  the  binomial  theorem,  i  +  7^' 

is  =  the  infinite  feries  i  +  ^  X  -^  -V  y  y.  '-^  x  -^M'  +  »  X-i^  X 
1000         -^  2  1000)  a 

3  lOOol      ^    -"234  1000|      ^  -'  2  3  4 

x-Jz*  X  '^'  + ;,  X  ■'-:::i  X  ■'-:^  X  ^— '  X  ^:=^  X  iji  X  ^  4-  &c  = 

5  lOool  -^  » 3  4  S 6  iooo| 

,  +y  X  ^+'2^  x^'  +  -liz^ty:  X  ^'  4-  /•-'■>'+"g-» 

'    •'  1000  a  iooo|    ■  6  loooj      '  34 

a4  1*   .    y-iqy*+.;SJ''-?°Jy+'4?  j^  "aT]*    ,   /-ily'+8s/-a3iJ^  +  ^74J»-'jqy   „ 

-^i-T  -H  &c  =  (becaufe  J  is  lefs  than  i,  and  confequently  jjy  is  lefs  than  j-, 
and  y  than  yjr,  and  ^*  than  y,  and  every  following  power  of  jf  lefs  than  the 
next  preceeding  power  of  it),  i  +  ^  x  ^  -  j^  x  '^  +  '2Z}S+£. 

'  J4  Y  _    (6y-liyy+by^~y*   ^    "^*  nj'-SQg  +  S&y^'- tqy*+y  a4  1*  _ 

loco!  1  2i  iooo|     "•"  lao  lOool 

4  [uo;- 
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l»o„-»74yj±i3^-8tf*+'Sr'-/-  X  ^'  +  &c.    Therefore  this  feries  i  +^  x 

IL.     \y-xf ,,  jD*  X  ^y-yy-^y*  v1±X  —  h-"yy^^^-^\r  HD*  +  for 

Tooo  ~  1^^   ^  loool    +  6  ^  loool  I  H  ^  ?o55l    ^  "'^ 

will  be  =  1.000,002,071,732,197,014;  and  confcquently  (fubtrading  i  from 

both  f.des).h.  feries^  X  ^  -  0'x  '^  +  '^^^  X  '^  - 
|oy-".i!r+ J  -r,  X  -^f  +  &c  will  be  =  0.000,002,071,732,197,014.  Tim 
equation  we  muft  now  endeavour  to  refolve. 

1 55.  Now,  if  we  fuppofe  the  firfl  term,  y  x  -r^,  of  this  feries  to  be  equal 
to  the  whole  feries,  and  confequcntly  to  the  abfolute  term  0.000,002,071,732, 
197,014,  we  fhall  have  jf  x  14  (=  1000  x  0.000,002,071,732,197,014)  = 

0.002,071,733,197,014,  and  confcquently  ^  (= L-1^J-'..z^.!— tj  =0.000, 

086,322,1.  Therefore  *,  or  97-0877  +  j",  will  be  =  97.087,786,322,1,  of 
which  the  firft  feven  figures  97.087,78  are  exaft,  the  more  accurate  value  <rf« 
being  (as  we  before  obferved  in  art.  150)  97.087,787,353,856,001,437. 

156.  In  the  next  place  wc  willfuppofe  the  two  firft  terms,  y  x  -^  —  P^^ 
X  -^A  ,  of  the  foregoing  feries,  to  be  equal  to  the  whole  feries,  and  confequently 
to  the  aibfolute  term  0.000,002,071,732,197,014,  and  will  refolve  the  quadra^ 
tick  equation  thence  refuliing.  L 


KIOOO 


5?6       __      48.000)'      _  Uj^y-il^  _  48.000? -S76y+ 57%  _  47.4'4)'+^7%  _ 
1000,000        1 X  1000,000        \a  X  1000,000  » X  1000,000  a  X  1000,000 

'3'?'g+'«??.     Therefore  '3''"J'+'«V  will  be  =  =,.<k>o,oo2,o7I,732,I97,oi4, 

lOOO^OOO  I0«O,0OO  '         '.'    "•'    '    '"       ^' 

and  confequently  23,7i2jr  +  288^  will  be  (r=  1000,000  X  0.000,002,071, 
732,197,014)  =  a.071, 732, 197,014,  and  (dividing  all  the  terms  by  288)  82. 
333,333,  ice  X  y  +  yy  *'^i  ^^  —  <'-o°7j'93»5'4»572*  Therefore,  if  we  add 
41.166,666,  &c]',  or  41  +  41 » to  both  fides,  we  {hall  have  41.166,666,  &c|' 
+  82-33?»333»  &c  xy+yyi=  0.007,193,514,572  +  41  +^  =  0.007, 
»93.5i4»572  +  4il'+2X4i  x^  +  -^x-g-=:  o.oo7,:93,5:4,57i  + 
1681  +41  x  —  +  0.166,666,666,666,  &c  x  T-  =  0.007,193,514,572  4- 
1681    +    13.666,666,666,666,    +  °-^fe6'666.666,666  _   0.007,193,514,572    + 

1694.666,666,666,666,     +     0.027,777,777,777    =    0.007,193,514,572    + 

1694.694,444,444,444)  =   1694.701,637,959,015.    Therefore  41.166,666, 

2  U  2  666, 
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666,  kc  +  y  will  be  (=  \/i694.7oi,637, 959,015)  =  41.166,754,037,  and 
,  y  will  be  (=  41-166,754,037  —  41.166,666,666)  =  0.000,087,371,  and  con- 
fcquently  *,  or  97.0877  +  y,  will  be  =  97-087,787,371;  of  which  number 
the  firft  nine  figures  97.087,787,3  are  exaft,  the  more  accurate  yalue  of  *  being 
97.087,787,353,856,001,437.    This  is  a  very  confiderable  degree  of  exadnefs. 

157.  In  order  to  obtain  the  value  of  j*  to  a  ftill  greater  degree  of  exadlnefs,  it 
will  be  convenient  to  fet  down  the  infinite  equation  that  is  obtained  in  art.  154, 
in  a  different  manner,  as  follows ;  to  wit,  

•'^  '^  7^5^       T  ^  wool    +    6    ^  locol  14    ^  loool    +  '^'^ 

J-  S  V  liH*  _  ^  V  311'  4.  1^  V  ~J±y  —  &r 


+ 


^5 


=  0-000,002,071,732,197,014, 

Now,  fincej*  is  a  very  fmall  quantity  (being  lefs  than  0.000,088,  and,  i 
fortiori,  lefs  than  0.000 1,  or  —  ),  it  follows  that  yy  *nd  y'  and  y*  and  all  the 
following  powers  <^y  will  be  very  fmall  in  comparifon  ofy;  and  confequently, 
if  we  omit  all  the  terms  in  the  foregoing  equation  which  involve  yy,  or  any 
higher  power  of  j-,  the  feries  which  forms  the  left-hand  fide  of  the  faid  equation 
will  not  be  muchafieded  thereby,  but  the  remaining  terms  of  it  (which  are  thofe 
that  involve  only  the  finale  power  of  jr)  will  be  very  nearly  equal  to  the  abfo- 
lute  term  0.000,001,071,732,197,014;  that  is,  the  upper  line  of  terms  alone, 

to  wit,^  X  ^  -  i  x'^'  +  f  x'^'  -  ^  x"^*  +  ^  X  ^' 
'■^         laco  2    "  loool  6    "  iooo|  24  ^  iooo|    ^    120         iooo( 

—  ^^  X  -^1    +  &c,  will  be  very  nearly  equal  to  0.000,002,071,732,197, 

014.    But  this  line  of  terms  is  =y  X  -^ i  x  -^1'  +  —  X  ~M  ~  ^ 

^  -^ ^1000         z    "  looc^  3  io9ol  4 

=<  3*  +  f  ><  ^' -  i  X  j^'  +  f^-^  =  ^  »<  '^^ <■=""  iS;  -  T'x 

put  A  for  the  firft  term  -^  of  the  faid  feries,  and  B  for  its  fecond  term  —  x 

-iij*,  and  C  for  its  third  term  —  x  -^\andD,E,F,G,H,&c,foritsfourtb, 

fifth,  fixth,  feventh,  eighth,  and  other  following  terms  refpeAively)  jf  X  the 

feries-^  -  -i  A  x-^  +  i.Bx-i±;-^Cx-^+i.Dx-^- 
1000        2  1000        3  1*00        4  1000        5  1000 

iiL  X  ^  +  &c  =;.  X  theferies 

0.024, 
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0.024.,000,OOOiOOO,000,000,000,      A, 

—  0.000,2  88,ooo,ooOiOoo,ooo»ooo,  B, 
+  O.ooo,o04,6o8j00o,oo0j00o,oo0i  C, 

—  0.000,000,082,944,000,000,000,  D, 
+  0.000,000,001,592,524,800,000,  E, 

—  0.000,000,000,031,850,496,000,  F, 
+  0.000,000,000,000,655,210,203,  G, 

—  0.000,000,000,000,013,759,414,  H, 

+  0.000,000,000,000,000,293,534,     I,  • 

—  o. 000,000, oo<3, 000,000,006, 2  2  2,  K, 
+  0.000,000,000,000,000,000,135,  L, 

—  0.000,000,000,000,000,000,00a,  M, 
+  &c  = 

0.024,004,609,593,180,303,872  X  y 

—  0.000,288,082,031,864,261,638  xy 

—  0.013,716,527,561,316,042,334  X  y. 

Therefore  0.023,716,527,561,316,042,234  x  y  will  be  very  nearly  equal  to 
the  abfolute  terra  0.000,002,071,732,197,014;   and  confequently  ^  will  be 

very  nearly  cqua  to  '-y--- '  y^  '  "^ — 2—,   or  0.000,087,353,942,011. 

■'  '   ^  0.023,716,517,561,316,041,2)4,*  *     /»j;>3»7Taj 

Therefore*,  or  97.0877  +  y,  will  be  =  97.087,787,353,943,011;  of  which 

autaber  the  firft  eleven  figures,  97*087,787,353,  axe  exact,  the  more  accurate 

value  of  X  in  the  equation  I  +  t|^'  =:  10  being  97<o87,787,353,856,ooi> 

437- 

158.  We  have  now  obtained  the  value  of  the  index  *  in  the  equation 
I  +  -||J'  =  10  exaft  to  eleven  places  of  figures.  And,  if  we-  wifli  to  ob- 
tain it  to  a  dill  greater  degree  of  exadtnefs,  we  need  only  ret^un  a  few  of  thofe 
terms  of  the  compound  infinite  ferics  fet  down  in  art.  157  which  involve  the 
fc^uare  of  y,  and  which  conftitute  the  fecond  horizontal  row  of  terms  in  the 
faid  compound  ferics.    Now  the  firft  five  terms  of  the  faid  fecond  horizontal 

roware-+'21  x  'j^'-M  x  HI*' -J-  ^x  13*-  i^  x  '^*  + 
■ »  iooo|  6  loool  J4  100^  120  looq 

22f  X  ^•,  „hich  are  equj  to„  x  the  feries  i  x  ^^^  -  |  x"^'  + 

Zlx'^-ilx^'  +  illx^'njy  X  the  feries  J^  x  ^i^' _ 
14        iooo|  ijo        loool  ;jo        iooo|         ■'•'  *  ^' 

^  X  0.024V  +  —  X  0.024I*  —  -^  X  0.024]*  +  -|^  ><  0.024!  •  zzyy  x  the 
feries—  x  0.000,576  —  —  x  0.000,013,824  +  —  x  0.000,000,331,776  — 
•^  X  0.000,000^007,962,624  +  -l^  X  0.000,000,000,031,850,496  ^  yy   x 
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0.000,288,000,000,000,000,000}  ' 

—  0.000,006,912,000,000,000,000, 
+  0.000,000,152,064,000,000,000,  ^  z:_jy  X 

—  0.000,000,003,317,760,000,000, 
+  0.000,000,000/112,120,883,200, 

0.000,288,152,076,120,883,200  ~  yy  X  0.000,006,915,317,760,000,000  ^ 
yy  X  0.000,281,236,758,360,883,200.  Therefore  the  two  upper  horizontal 
lines  of  the  compound  infinite  feries  fet  down  in  art.  157  are  =  0.023,716,52;?, 
56i,3i6to42,234,  X  y  +0.000,281,236,758,360,883,200,  x  jy ;  and  con- 
fequently  thefe  two  terms  0.023,716,527,^1,316,042,234  x  _>-  +  0.000,281, 
236,758,360,883,200  X  yy  will  be  very  nearly  equal  to  the  abfolute  term 
0000,002,071,732,197,014.  This  quadratick  equation  we  muft  now  endea- 
vour to  relolve. 

This  eqliation  may  be  moft  conveniently  refolved  by  approximation,  by  fub- 
ftituting,  inftead  of  jf,  in  the  quantity  0.000,28  i',236,758,36o,883,2oo  x  jy  the 
vilue  of  ^  derived  from  the  Cmple  equation  0.023,716,527,561,316,042,234 

■     .■!•.-     0.0O0,0OJ, 071, 731,107,014 

X  T  =  0.000,002,071,732,197,014,  which  IS  =  C -4 — -  J  -T^ — ^—t 

or)  o.ooo,o87;353,943,oii.  We  fliall  then  have  yy  =  0.000,0^7,353, 94^. 
=  0.000,000,007,630,710,833,523,6,  or  (dropping  the  laft  feven  figures), 
0.000,000,007,630,710,  and  confequently  0.000,281,236,758,360,883,200  x 
jy  (=  0.000,281,236,758,360,883,200  X  0.000,000,007,630,710)  =  0.000, 
000,000,002,146,036,144,391,975,043,072.  Therefore  0.023,716,527,561, 
116,042,234  X  ^  +  0.000,000,000,002,146,036,144,391,975,043,072  will 
be  (— 0.023,716,527,561,316,042,234  X  y  +  0.000,281,236,758,360,883, 
200  X  yy")  =  0.000,002,071,732,197,014,  and  confequently  (dividing  all  the 
terms  by  0.023,716,527,561,316,044,234)  j»  +  0,000,000,000,090,487  will 
be  =  0.000,087,353,943,011,  and  J"  will  be  == 

0.000,087,353,943,01 1 
—  0.000,000,000,090,487 
=  0.000,087,353,852,524.  Therefore*,  0197.0877  -fj'willbe  =  97.087, 
787,353,852,524;  of  which  number  the  firfl:  thirteen  figures  97.087,787,353, 
85  are  exad,  the  more  accurate  value  of  a:  being  (as  we  have  before  obferved) 
97.087,787,353,856,001,437.  We  have  therefore  now  obtained  the  value  of 
*,  or  the  index  of  the  power  of  the  binomial  quantity  i  •+  -^  in  the  original 
equation  i  +  -^'  =10,  exaft  to  thirteen  places  of  figures. 


I  fio.  The  ratio  of  i  H — ^r*  or  10,  1 
:« is  to  I ,  and  confequently  as  1  is  to  the  fraction  — ;  fo  that,  if  i  be  taken  for 
the  reprefentative  of  the  ratio  of  10  to  i  (as  it  is  in  Bri^s's  Syftem  of  Loga- 
rithms), the  firadion  —  will  be  the  reprefentative  of  the  ratio  of  1  +  -^  to  i. 
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that  is,  in  other  words,  the  fraftion  —  will  be  Briggs's  logarithm  of  the  ratio  of 

I  +  -^  to  I.     Therefore  Briggs's  logarithm  of  the  ratio  of  i    +  -^  to  i, 

-  ,          ■      f                               11  L     /■       1.000,000,000,000,000,000, 
or  of  the  ratio  of  1024  to  1000,  will  be  {=. r-— ^ 5 )   =:  -o.oio, 

299,956,6391812.   Therefore  the  loganthm  of  the  ratio  of  1024  to  i  will  be  (= 

.       101*   ,   ,-     -1000  -  ,      „        ,1        1000  

log. — -  +  log. =  0.010,299,956,639,812  +  log.  =:  0.010,299, 

956,639,812  +  3)  ^  3.010,299,956,639,812;  and  confeqiiently  the  loga- 
rithm of  the  ratio  of  2  (which  is  the  loth  root  of  1024)  to  i  will  be  (— 
3i°_'°:'^9.9a  >  39.  ^f^  _  0.301,029,995,663,981,2;  or,  according  to  the  common 
mode  of  expreffion,  the  logarithm  of  the  number  2  will  be  =  0.301,029,995, 
663,981,2,  ^  E.  I. 

This  value  of  the  logarithm  of  2  is  exa£l  to  fifteen  places  of  figures,  and  errs 
only  in  the' 1 6th,  or  1^,  figure,  which  (hould  be  an  unit  inftead  of  a  2,  the 
more  accurate  value  of  this  logarithm  (according  to  Mr.  Abraham  Sharp's  com- 
putation) being  0.301,029,995,663,981,195,213,738,894,724,493. 

160.  As  the  folution  of  the  foregoing  problem  confifts  of  a  great  number  of 
fleps,  which,  for  the  cafe  of  the  reader,  have  been  fet  forth  diiUnftly  and  at 
confiderable  length,  it  will  not  be  amifs  to  take  a  (hort  review  of  all  the  fore- 
going procefles,  and  of  the  feveral  gradual  approximations,  to  the  value  of  x, 
(or  of  the  index  of  the  power  of  the  binomial  quantity  i  H — *—  in  the  equation 
X  +  -|^*  =  10)  which  have  been  obtained  by  means  of  them. 


A  review  of  the  Jeotral  fieps  of  the  foregoing  refO' 
bttion  of  the  equation  I  + -^^  '^  10,  and 
eot^utation  of  the  logarithm  of  j. 

161.  The  firft  ftep  towards,  finding  the  value  of  the  index  *  in  the  equation 
1  +  -j^*  =10  was  to  expand  the  quantity  i  +  -^*  into  an  infinite  feries 
Tjy  means  of  Sir  IfaacNewton's  binomial  theorem,  by  which  we  obtained  the 
equation  .   +  .   X  ^   +    '-:^    X  Hj-    +   '-^^2^'    ^    ^^   ^ 

and  confequently  (by  fubtrafting  i  from  both  fides)  the  equation  *  x  -^    + 
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-iojr*+3;x'-50x»+»4*  . 


+  8cc  =  9. 


162.  Wc  then  fyppofed,  firft,  one  term,  tfierr  two  terms,  then  three  terras^ 
and  laftly,  four  terms,  of  the  ferics  which  forms  the  Idft-hand  fide  of  this  U& 
equation,  to  be  equal  to  the  whole  ferics,  and  confequcotly  to  the  abfokite  term 
9,  and  we  refolved  the  fevcral  equations  rcfuking  from  thofe  fuppofitions. 

By  refblving  the  fimple  equation  refulcing  from  the  firft  of  thele  fuppofitions^ 
to  wit,  the  fimple  equation  x  X  -^  =  9,  we  found  x  to  be  equal  to  375 ;. 
which  was  therefore  our  6rll  approximation  to  the  Talue  of  x  ih  the  original 
equation  1  +  -^y*  ^  ^  o*  This  approximation  13  voy  wide  of  she  true  value 
of  *,  being  more  than  three  times  as  great. 

From  the  fccond  fuppofition,  to  wit,  that  the  two  anas  x  x  -^  +  ^^  x 
-iy*  were  equal  to  the  whole  fcries,  and  confequently  to  9,  there  refulted  the 
quadratick  equatiwi  **  4-  ^±.^$3,333,  &c  X  x  =  31,150;  by  the  refolutioa 
«f  which  *  appeared  to  be  =  140.34.J  which  was  therefore  our  fecond  approxi- 
mation to  the  value  of  *  in  the  original  equation  i  +  -2iJ'  =10.  This  ap- 
jirozimatioQ  is  much  nearer  to  the  truth  than  the  former,  but  yet  is  confiderafoly 
coo  large. 

From  the  third  fuppofition,  to  wit,  that  the  three  terms  u  x  -^  +  ^^^^ 
X  -~^  +  *'~^^"-  X  -^  were  equal  to  the  whote  leries,  and  "confer 
quently  to  9,  there  refdlted  the  cubick  equation  x*  +  iiTxx  +  io,Z93.66^v 
666,  &c  X  X  :=  3^906^50 ;  by  the  refolutioa  of  which  in  a  grofs  manner,  by 
conjeAuring  x  to  be  equal,  fitil,  to  loOy  and  then  (upon  finding  it  to  be  greater 
than  100),  to  1 10,  we  found  it  to  be  fomewhat  leTs  than  no ;  which  was  tbeFe- 
fore  our  third  approximation  to  the  value  of  x  in  die  original  «quaaoa 


And  from  the  fourth  fuppofition,  to  wit^  that  the  four  terms  x.  x  -^  +  '*'" 

x^ + ^^-  X  g' + -^t;— ^  X  ;g- .,.;;;:  to  l 

whole  leries,  and  confequently  to  9,  there  refulted  the  biquadratick  equalioD  x^ 
4-  160.666,666,  &c  X  X*  +  20,344.333,333,  &c  X  X*  4-  i,7i5,6o5.iii> 
III,  &c  X  X  =  651,041,666.666,666,  &Ci  by  the  refolution  of  which  in  a 
grofs  manner,  by  a  conjecture  and  trial,  we  found  x  to  be  fomewhat  greater  than 
1*0 ;  which  was  therefore  our  fourth  appioximauon  to  the  value  c^  x  in  the 

original  equation  i  4-  -|^'  =:  io> 

163.  Having 
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163.  Having  thus  obtained  the  numbers  375,  140,  noj  and  100  for  our 
four  firft  approximations  to  the  value  of*  in  die  equation  i  +  -~T  =  10,  we 
obferved  that  the  difference  between  the  fecond  and  third  approximations,  to  wit, 
140  and  1 10,  was  30,  and  that  the  difference  between  the  third  and  fourth  ap- 
proximations, to  Wit,  1 10  and  100,  was  only  10,  of  one  third  part  of  the  pre- 
ceeding  difference;  and  we  were  thereby  led  to  conjecture  that  the  difference 
between  the  fourth  approximation  100  and  the  true  value  of  x  in  the  equation 

I  +  -ill*  =  10  would  probably  be  lefs  than  a  third  part  of  the  kft  difference 
10,  or  would  be  nearly  equal  to  3,  and  confequently  that  the  true  value  of  x  in 
the  equatiMi  i  +  -5^'  =  ^o  would  be  nearly  equal  to  100  —  3,  or  97,  or  that 
97  would  be  a  fifth  approximation  to  the  £iid  true  value  of  x.  And  we  then 
tried  whether  the  faid  true  value  of  *  was  greater  or  lefs  than  97,  by  raifing  the 
binomial  quantity  i  +  j^  to  the  97th  power  by  means  of  the  binomial  theo- 
rem ;  and  we  found  the  faid  97th  power  of  i  +  '—-  to  be  equal  to  9.979,201, 
^4.7,673,599,050,  which  is  fomewhat  lefs  than  10  j  whence  it  followed  that  97 
muft  be  fomewhat  lefs  than  the  true  value  of  x  in  the  equation  i  +  -^-^  = 
10.  We  then  multiplied  the  number  51.979,201,547,673,599,050  (which  is 
equal  to  the  97th  power  of  i  +  ~)  into  i  +  ^,  or  1.024,  and  found  the 
produd  to  be  =  10.218,702,384,817,765,427,100,  which  is  greater  than  10, 
and  we  therefore  concluded  that  the  98th  power  of  i  4-  ■—  was  greater  than 


was  greater  than  97,  but  lefs  than  98. 

164.  We  then  put  z  for  the  unknown  difference  by  which  the  true  value  of  x 
in  the  equation  i  +  -~T  zz  10  exceeds  97,  fo  that  x  was  =  97+2,    And 


»e  thereby  had  i  +  ^''•^'(:=  i  +  ^)  = 


But  1  +  -^"*"  is  =   I   +^"  X   I    +^Y,  and  I  +  ^1"  had 

iooo|  loool         '  lOOO)  '  loool 

been  found  to  be  =  9-979,20 1,547,67 3,599,050,  <kc.    Therefore  9.979, 
^°.,547.673.599.°5°  X   '    +^  «  <=  '  +  T^f   X   '  +  ^1' 


=    "    +    ^        )     =     "='    ^    confequemly    .    +    ^"  i,    (= 

'°-°°°'°°°'°°°"^'°°'°°°  )  =  1.002,084,180,004,486.380.    And  thu.  we  ob- 

tained  a  new  equation,  m  which  the  unknown  index  x  of  the  powef  of  the  hi* 
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I  +  -^r  =  ro,  in  which  the  index  *  of  the  power  of  the  fame  quantity  is 
greater  than  97.  In  confequence  of  this  change  of  equations  the  fubfequent 
approximations  to  the  true  value  of  *,  or  97  +  z,  became  much  fwifter  than 
they  were  before. 


165.  We  then  expanded  the  quantity  i  -j i-    into  an  infinite  feries  by  the 

binomial  theorem,  and  thereby  obtained  the  equation  i   +  z  X  -H.  —  1^::^ 

X  Jll'  +   "-3"'+'^  X  ^'  -  F^^^^'^^x  Ig*   +    &C   =    1,00a, 
looo)  6  loool  I  *4  loool  ~      ."«*, 

084,1 80,004,486,389,  and  (by  fubtradiog  i  from  both  fides)  the  equation  z  x 
_ii-       ^'-'f    V     ''*T  4.   ''-3«+*'  „  ,  *4  1*       f6«-in[g+fe>'*-y*"      '_34 1* 
1000        I    2        ^    lOool    "^     .      6  ^  loool         (  24  ^  iooo|    "*" 

&c  =:  0.002,084,180,004,486,389,  &c. 

i65.  We  then  proceeded  to  find  approximations  to  the  value  of  z  in  this  new 
equation  in  the  fame  manner  as  we  had  before  found  approximations  to  the  value 

^  1000! ,  6  ^  lOool 

+  &c  =  9,  by,  firft,  fuppoCng  the  firft  terra, 

z  X  -^,  alone,  of  the  fcnes  which  forms  the  left-hand  fide  of  the  equation,  to 
1000  '  ^  ' 

be  equal  to  the  whcde  feries,  and  OMifequently  to  the  abfolute  term  0.002,084, 
180,004,486,389,  &c,  and  then  fuppofing  the  two  firft  terms,  z  x  -^  — 

pn^  X  -^  ,  of  the  fame  feries  to  be  equal  to  the  fame  quantity,  and  by  r&. 
folving  the  equations  refuking  fi'om  thofe  fuppofitions. 

From  the  firft  of  thofe  fuppofitions  we  had  the  fimple  equation  e  x  24  = 
4.084,180,004,486,389,  &c;  by  the  refolution  of  which  we  had  z  =  o.o86,840i 
and  confequently  *,  or  97  +  z,  =  97.086,840;  of  which  number  the  four  firft 
figures,  97.08,  are  exaft;  the  more  accurate  value  of*  in  the  original  equation 

1  +  -^*  =  10  being  97.087,787,353,856,001,437,  as  I  have  found  by  di- 
viding I  by  0.010,2991956,639,811,952,13,  which  is  the  logarithm  of  the  ratio 
of  10Z4  to  looo.  And  of  thefc  four  figures,  97.08,  which  are  exaA,  the  two 
laft,  to  wit,  .08,  were  obtained  by  the  refolution  of  the  foregoing  very  eafy  Am- 
ple equation. 

This  number,  97.086,840,  is  therefore  the  fixth  approximation  to  the  true 

value  of*  in  the  original  equation  i  +  -|^f  =  *o. 
From  the  fecond  fuppofition  there  refulted  the  quadnuick  equation  zz  +  8z. 
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333,333,  &c  X  z  =r  7.236,736,126,688;  by  the  refolution  of  which  we  had 
z  =  0.087,801,  and  confeqiiently  x,  or  97  +  2,  ■:=  97.087,801,  of  which 
number  the  five  firft  figures,  97.087,  are  exaft.     Therefore  97.087,801  was  a 

feventhapproximationto  the  value  of  *  in  the  equation  i  +  -^r  =  10. 

167.  We  then  found  the  arithmetical  mean  between  the  two  laft  values  of  at, 
to  wit,  0.086,840,  and  0.087,801,  which  was  0.087,320;  and  we  obfcrved 
that  this  mean  muft  be  lefs  than  the  truth,  becaufe  the  fecond  value  of  z,  to  wit, 
0.087,801,  muft  be  much  nearer  to  its  true  value  than  the  firft  value  of  it,  to 
wit,  0.086,840.  And  therefore  we  conjeiftured  that  the  true  value  of  2  (being 
greater  than  0.087,320,  and,  probably  not  much  lefs  than  0.087,801)  might  be 
very  nearly  equal  to  0.087,7,  and  confequenily  that  the  true  value  of  jf,  or 
97  +  z,  might  be  very  nearly  equal  to  97.087,7.  And  thus  we  obtained 
97.0877  for  an  eighth  approximation  to  the  true  value  of  *  m  the  equation 

>+; 

168.  We  then  dropped  all  further  confideration  of  the  equation  z  x  — 

r7~  ^  1^\  +  6  ^  7^1  ~  t ^ ^  r^   +  etc  _ 

0.002,084,180,004,486,389,  &c,  and  made  a  trial  of  the  exaftnefs  of  the  laft 
value  of*  obtained  by  the  foregoing  procefTes,  to  wit,  97.0877,  by  raifing  the 
binomial  quantity  1  +  -^  to  the  power  of  which  97.0877  is  the  index  i  which 
■was  done  by  the  help  of  Sir  Ifaac  Newton's  binomial  theorem.  And  we  found 
that  the  faid  power  of  i  4-  -^  was  =  9.999,979,282,720,950,507,346,  which 
is  very  little  lefs  than  10;  and  we  thence  concluded  that  97.0877  muft  be  a 
very  little  lefs  than  the  true  value  of  *  in  the  equation  i  +  -£i;r  =:  10. 

169.  We  then  fuppofed  *  to   be   =    97.0877    +  y,    and  confequenily 

Then,  finceTT^"-"'"*-'  «  =  7+^"°'"  X  i  +  Ji-K  we  had 
iooo|  '    iooo|  '    loool 

7T^"'°'"  X  "i+^-'  =  10,  and  confequenily  (becaufe T^jTig""'" 
has  been  found  to  be  —  9.999,979,282,720,950,507,346)  9.999,979,282,720, 

e  ..  24 1 »  J        '.      sl^r        10.000,000,000,000,000,000,000, 

95o»507>346  X  1  H —V  —  10,  and  i  +  — S-K  = — '-—^ — : — : — —^ 

ys    >j    I  JT  jqqpI  jQQQJ  9.999,979, 1 8 1,7 20,9^0,507, J46  . 

=  1.000,002,071,732,197,014,  &c. 


732,197,014,  &c,  in  whicb^  is  much  fmaller  than  z  in  the  former  equation^ 
2X2 


170.  Having  thus  obtained  a  third  equation  i  +  -—I"'  ^  1.000,002,071, 

in, 
ive 
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wc  proceeded  to  expand  i  +  -^^''  into  an  infinite  feries  by  means  of  Sir  Ifaac 
Newton's  binomial  theorem,  and  thereby  obtained  the  equation  i  +  ^  X  -^ 


no  loooj         I  7ao  lofXil 

+  &c  =   1.000,002,071,732,197,014,  &c,  and  (by  fubtrading  i  frona  both 

fides)  the  equation  y    x    -^    —    '^-^^ 


I  'yy  +  &.y'  -y*  j+  }■*     ,     '4/  -  soy  +  3^'  -  igy*  +j' 


[„o,-.,y+.3S>--8glt:iy-l°  X  ^1*  +  &c  =   o.ooo,ooz,o7.,732,.97, 

J  710  loooj     .  '  y         t    I    Jia    '    yi' 

014,  &C. 

171.  We  then  proceeded  to  approximate  to  the  value  of  _j'  in  this  equation, 

by  firft  fuppofing  the  firft  term,  3  x  -^,  alone,  of  the  /eries  y  x    -^  — 
' ^'^      °  '  ■'        1000'  '  -^         1000 

V.ZIL  X  -^   +  &c  (which  forms  the  left-hand  fide"  of  this  equation),  to  be 

equal  to  the  whole  feries,  and  confequently  to  the  abfolute  term  0.000, 

002,071,732,197,014,  &c;  and,  fecondly,  by  fuppofing  the  two  firft  terms. 


y  X    -^—  - 

and  refolviog  the  equations  rcfulting  from  thefe  fuppofitions. 

From  the  firft  of  thefe  fuppofitions  we  had  the  fimple  equation  j"  x  24  =: 
0.002,071,732,197,014,  &c;  by  the  refokition  of  which  we  had  j-  =  0.000, 
086,322,1,  and  confequently  *  (=  97.0877  4.  j")  i:  97.087,786,322,1;  of 
which  number  the  firft  fevcn  figures  97.087,78  are  exaft,  the  more  accurate 
value  of  X  being  (as  we  have  before  obferved)  97.087,787,353,856,001,437. 

Therefore  the  number  97.087,786,322,1  is  a  nindi  approximation  to  the 

true  value  of*  in  the  equation  i  +  -4rJ'  =  ^o- 

And  from  the  fecond  of  thefe  fuppofitions  there  refulted  the  quadratick  equa- 
tion _xy  +  82.333,333,  &c  X  ji  ;=  0.007,193,514,572;  by  the  refolution  of 
which  we  hadj-  —  0.000,087,371,  and  confequently  x  (~  97.0877  +j')  ^ 
97.087,787,371;  of  which  number  the  firft  nine  figures,  97-087,787,3,  are 
exafl:. 

This  number  97.087,787,371,  is  therefore  a  tenth  approximation  to  the  true 

value  of*  in  the  equation  i  H-  -^'  =  to. 

172.  We  then,  in  order  to  obtain  the  value  of ;?  to  a  ftill  greater  degree  of 
exaftnefs,  had  recourfe  to  a  different  method  of  refolving  the  equationj*  x  ^^ 
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I    3  loool  6  100^  I  24  1000' 

0.000,002,071,733,197,014,  &c;  which  was  grounded  on  the  atniflion  of  all 
the  members  in  each  term  of  the  feries  that  involved  either  yy,  or^',  oty*^  or 
any  othei-  power  of^,  except  the  fimple  power,  orji  itfelf :,  by  which  means  th* 
laid  equuion  was  changed  into  the  following  Cmple  equation,  to  wit,  y  x.  -^ 

—  T  ^  loool  "*"  6  *^  ioto]  ""  1J  ^  io«|  "*"  MO  ^  ioool  '  ^M  ^  Toobj 
+  &c=:  0.000,002,071, 73*,ig7,oi4,  &c,  orj-  X  -^^  — ■  -^  X  -^A   +  ■^ 

X  ^*  -  :L   X"^*  +   =^   X  13'  -  ^    X  ^*   +    &C   =    0.000.002,071, 

looof     4    loool    s    lOool    6    looot  '    »  /  * 

7jl.i97,oH,  &c,  orjr  X  the  infinite  feries  i  x  jii  -  i  X  ^'  +  -j  X 

Igf  -  i  X  ^*  +  f  '^  IS'  -  i  ><  ^'  +  ««,=  o.ooo,=o.,c7.. 
732,197,014,  &c,  or  (if  we  put  A  for  the  firll  term  I  X -— of  this  feries,  ilnii 
Bforits  fecond  term  -j  X  ^^*,  and  C^  D>  E,  F,  8ec  for  its  thiitl,  fourth, 
fifth,  fixth,  and  other  following  terms,  rdpeCtively),  j>  X  the  fcrid  ■  X  -^ 

a      1000    3      1000    4      1000  '  J       1000    0 
•ooo^7'''io«o    S"''  1000  "s'^  1000    10   '^  i«oo  ^  II 

'^  ^   '^  -  T.^  ^  ■^+  '^  -  o-«>o,ooi^7i,732,i,7,oi4,  ace.    We 


i.Bx-£l--lCx:il-+.lDx^-|Ex-2l-+fc«,and 

3  tooo  4  1000  s  i«oo  6  1000     "^  .^^ 

xboBd  it  CO  be  =  0.023,716,527,561,316,041,334;  which  gave  ns  the  fimplo 
equation j>  x  ou:)23,7iiC527»56t,3t6,043«234  =  a.ooo,oosi07i^732,i97/3i4» 
&c,  by  the  refolution  of  which  we  had  y  (* .  *<x»t«'»^7'^3'.'9^.<"4  ^  - 
0.000,087,353,943,011,  and  confequently  «  (=  97.0877  -j-  j)  =  97.087, 
787»553»943»of»  i  o*"  which  number  the  firil  eleven  figures,  97.087,787,353, 

are  ezad,  the  more  accurate  value  rf«  in  the  equation  1  +  ~|*  =  'o  tw'ng 
(as  we  have  before  obfcrvcd)  97.087,7  87,35^56,00 1^437. 

This  number  97.087,787,353,943,01 1,  is  therefore  the  eleventh  approxima- 
tion to  the  true  value  of  x  in  the  equation  t  +  -^  *  =  10. 

173.  And,  laft)y,  to  obtain  the  value  of  ^  to  a  ftiU  greater  d^jRC  of  trxaA' 
nefG,  we  reuuned  in  art.  15S  the  five  firft  tmns  of  the  infioita  i«rics  fc;  down  ta 

art. 
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art.  157  and  170,  that  involved  the  fquare  of  j",  to  wit,  the  five  tcrms^  X 

loocl     6     loool   '   14,    loool     iao    loocl   '  710     1000)  * 

are  equal  to  rr  X  the  fcries  -  X  -^1*  —  4  X  -^-  +  —  X  -^*  —  ^  x 

rSa*  "^  vS  ^  iSl*  —>■>  ^  0.000,281,236,758,360,883,200.  And  hence 
we  obtained  the  quadratick  equation  0.023, 716,527, 561, 316,042, 234  X  jr  + 
0.000,481,236,758,360,883,200  X  jy  =  0.000,002,071,732,197,014,  &c; 
which  (being  refolved  by  approximation  by  fubftituting,  infteadof^,  in  the 
quantity  0.000,281,236,758,360,883,206  X  x^  ^^^  value  of  j:  before  obtained 
by  the  refolution  of  the  fimplc  equation,  to  wit,  0.000,087,353,943,011)  gave 
us  J  =z  0.000,087,353,852,524,  and  confequently  *  (=  97.0877  +  y)  97. 
0871787, 353, 852,524;  of  which  number  the  firft  thirteen  figures,  97.087, 
787.353'85»  are  exad. 
This  number  97.087,787,353,852,524  is  therefore  the  twelfth  approximation 

to  the  true  value  of  «  in  the  equation  i  +  ^^*  =  id- 

■  174;  Wi  then  divided  i  by  this  laft,  or  twelfth,  near  value  of  x,  to  wit,  97. 
087,787,353,852,524,  in  order  to  obtain  the  value  of—,  or  the  l(^aritbm  of 

the  ratio  of  i  +  -^  to  i  in  Briggs's  fyftcm ;  and  we  fbimd  the  quotient  to  be 
=  0.010,299,956,639,813.  And  hence  it  followed  that  the  l<^ridmi  of  2,  or 
of  the  ratio  of  2  to  i  (being  =  ^  log.  i^  =  ^  log.  i^  +  i  log.  iy?  = 

i  log.  i^+  -ix  3  =  i- log.  1^+0.3  =i  log.  i:Hi4  +0.3  ::3l 
10     °   1000  .^   10       ^        10     ^    1000  ^     J        10     ?       I      ^  ^  i  —  ,0 

log.  I  +  -^  +  0.3  :=  —  X  0.010,299,956,639,812  +  0.3)  would  be  = 

1   ■ 

0.3  +  0.001,029,995,663,981,2,  or  0.301,029,995,663,987,2;  which  is  ex»£t 
to  15  places  of  figures,  the  more  accurate  value  of  tlut  logarithm  (according 
to  Mr.  Abraham  Sharp's  computations)  being  0.301,029,995,663,981,195, 
*i3'738,894,724,493. 

End  of  the  review  of  the  Jeveral  fief  s  of  the  foregoing  refolution  of  the 

equation  i   +  -~l'  =  10,  tuid  computation  of  the  logarithm  of  2* 


A    SCHOLIUM. 


175.  The  foregoing  method  of  computing;  Brig^'s  logarithm  of  2  is  cer- 
tainly ibmewhat  laborious,  but  much  lels'fo  than  the  methods  ufed  for  the  fame 
{mrpoie  by  Mr.  Biiggsbimrelf,  which  required  many  very  long  extra£Uons  of  the 

fquare. 


y  Google 


TUB       9INOHIAL       TBEOBEM.  343 

fquare-root.  For  the  diiEculty  of  performing  the  operations' that  were  neceffarf 
'  in  chofe  methods  was  fo  great,  that  (according  to  what  Mr.  Euclid  Speidall  in- 
forms us  (fee  above,  page  73)  he  had  been  told)  it  was  the  work  of  eight  per/ens 
for  a  whole  year  to  compute  the  logarithm  of  iby  thoje  methods  exaSt  to  1 5  pldces  of 
]figureSf  or  to  the  degree  of  exaftnefs  to  which  it  has  been  obtained  in  the  fixegoing 
articles.  This  affcriion  of  Mr.  Speidall  feems,  I  confefs,  a  little  ftrange.  Yet,  as 
he  publilhed  his  traft  on  logarithms  (which  has  been  printed  above  in  the  for- 
mer part  of  this  volume)  fo  long  ago  as  in  the  year  1688,  it  feems  probable 
that  in  his  youth  (perhaps,  about  the  year  1660)  he  might  have  conveHed  with 
fomeold  men  who  had  been  acquainted  with  Mr.  Briggs  himfelf,  who  publilhed 
his  Ariihmetica  Legaritbmica  in  the  year  1624,  -w.hich.was  lefsth^i  40  years  be- 
fore that  time;  and  this  feems  the  more  likely  to  have  been,  the  cafe,  as  bis 
father,  Mr.  John  Speidall,  was  an  eminent  mathematician,  and  had  very  much 
cultivated  the,  at  that  time,  new  invention  of  logarithms;  which  mull  have 
given  both  him  and  his  fon  an  opportunity  of  hearing  many  remarkable  parti- 
culars relating  to  them. 

We  may  further  obferve  that  the  foregoing  method  of  computing  logarithms 
by  the  help  of  the  binomial  theorem,  and  Mr.  Briggs's  methods  of  compuiing 
them  by  repeated  extraftions  of  the  fquare-root,  are  equally  founded  on  the  pure 
and  genuine  principles  of  arithmetick,  without  any  reference  to  the  hyperbola, 
or  the  logarithmick  curve,  or  any  other  geometrical  figure,  and  alfo  without  any 
recourfc  to  the  dotftrine  of  inHnitefimals,  or  ot  fluxions,  or  of  the  limits  of  ratios, 
or  in  general,  of  the  arithmetick  of  infinites  in  any  of  its  modifications ;  which  is, 
in  Dr.  Halley's  opinion,  the  proper  way  of  treating  this  fubjeA,  and  the  way  in 
which  he  boafts  (though  without  being  fulEciently  authorized  in  his  pretenfions), 
that  he  himfelf  has  treated  it  in  the  foregoing  difcourfe  reprinted  above  in  this 
volume  in  pages  84,  85>  86,  87,  88,  90,  and  91. 


CONCLUSION. 

176.  I  have  0OW  completed  the  invefligation  of  the  famous  binomial  the- 
orem in  all  the  cafes  of  fraftional  powers;  which  was  the  propofed  fubjed  of 
this  difcourfe.  This,  however,  is  but  a  part  of  that  important  and  moft  com- 
prehwifive  propofition. .  For  it  is  found  to  be  true  likewife  in  the  cafes  of  nega- 
tive powers,  both  integral  and  fraftional,  that  is,  in  the  cafes  of  1  +  *|~  **, 

and  I  +  *|     « ,  or  of  =x>-  ^^'^ \—      ■^"^   ^  '^*  knowledge  of  ihefe 

cafes  is  not  neceflary  to  the  underftanding  any  of  the  foregoing  methods  of 
computing  logarithms,  I  ftiall  not  on  this  occafion  enter  into  any  inquiries 
concerning  them.  And  therefore  I  here  conclude  what  I  meant  to  offer  to  the 
reader's  coofideration  concerning  the  binomial  theorem  properly  Jo  called.  But, 
ju  the  theorem  concerning  the  fraaional  powers  of  a  rejidual  quantity,  fuch  as 
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I  —■  r>  b  veiy  searly  related  to  the  forcgobg  tbeorcm  coneerniBg  the  6:ti£lioml 
'  powers  of  the  binomial  quantity  i  +  x,  imontuch  that  it  a.  iifuaUy  coiifidered 
«  a  blanch  of  it ;— and,  as  the  laid  rffidual  thftrtmt  in  the  fiift  eafe  of  it,  or 
^  cafe  of  die  sth  root  of  the  refidual  quantity  i  —  jf,  is  made  ufis  of  (as  wetl 
as  the  bioomial'  theorem)  in  the  mvofti^tiocu  of  fame  c£  the  foregoing  ncthods. 
e(  computing  logarithnu ;;— 'I  (haU  nov  proceed  to  fiiew-  hov  we  may  dednre 
icatn  the  theorems  above  demonftratcd  coDcerwng  the  roots,  and  the  powers  of 
the  roots,  of  the  biocHnial  quaooiiiy  x-¥  x*  Ac  tike  theorems  concerning  tW 
roots,  and  tha  powers  of  tbc  roots*  of  the  refidual  qoantit;  t  —  x.  Bat  dus 
fliall  be  the  fubjed  of  a  feparate  trad.  Aad  fherenrc  1  here  amdudc  this 
difcouiie  concerning  the  roota^  and  the  powen  of  the  eooCs,  ot  the  bmomiat 
quantity  i  4-  x. 

Znd  '£  the  Di/iomfe  emcanbtg  tie  Binomial  theorem  in  At  e^  ef 
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COMCERNtNO 


Sir  ISAAC  NEWTON*s  RESIDUAL  THEOREM, 

OR  THEOREM  FOR  RAISING  THE  POWERS  OF  THE  RESIDUAL 

QUANTITY  I-*,  IN  THE  CASE  OF  FRACTIONAL  POWERS.  OR 

POWERS  OF  WHICH  THE  INDEXES  ARE  FRACTIONS. 

©Y  FRANCIS  MASERES,   Es<4t  T.  R.  S. 

CDRSITOK   BARON  OP  HIS  MAJESTT*S  COVKT  OF   BXCHBQjTER. 


Art.  I.  TN  the  foregoing  difcourfe  we  invdUgated  the  ferieTes  that  were  equal 
1  to  the  «h  root .  of  the  binomial  quantity  i  +  *  and  to  the  nth 
power  ofits  «h  root.  In  the  prefcnt  difcourfe  we  are  to  inveftigate  the  feriefes 
that  are  equal  to  the  nth  root  of  the  reiidual  quantity  i  —  x,  and  to  the  mth 
power  ofits  mh  root.  Now  thefe  feriefes  may  be  inveftigated  by  the  fame  me- 
thods which  were  employed  in  the  foregoing  difcourfe  to  inveftigate  the  feriefes 


which  are  equal  to  i  +  *|«"  and  i  +  >|"«  :  but  they  may  likewife  be  derived 
fi'om  thofe  former  feriefes  (obtained  in  the  foregoing  difcourfe),  by  a  juft  and 
legitimate  train  of  reafoning,  with  much  lefs  A-ouble  than  would  be  neceflary  to 
the  difcovery-  of  them  by  a  new  application  of  all  the  methods  of  inveftigation 
ufed  in  the  foregoing  trad.  And  dicrefore  I  (hall,  for  brevity's  fake,  have  re- 
courfc  to  this  derivative  method  of  obtaining  them,  rather  than  to  the  methods 
employed  in  the  foregoing  difcourfe.  And,  firft,  I  ihall  confider  (he  «th -root 
■  of  the  reCdualTjuamity  r  —  «,  and  endeavour  to  ftiew  that  it  is  equal  to  an  in- 
finite feries  confiftihg  of  the  very  fame  terms  as  the  feries  which  is  equal  to  the 
ffth  root  of  the  iTinomial  quantity  i  +  Xj  but  with  the  fign  —  prefixed  to  all 
the  terms  after  the  firil  tenn  ijinftead  of  only  the  third,  ana  fifth,  and  feventb, 
»nd  other  following  odd  terms  of  the  feries,  as  in  the  feries  which  is  equal  to 


\/"|i  +  *,  or  1  +  x\». 
2.  Now  it  has  been  fltewn  in  the  forgoing  tra^,  that,  if  »  be  any  whole 


number  whatfoever,  the  quauity  i  +  jc|«  ,  or  %/"fi  +  x,  will  be  equal  to  the 
Vol.  II.        ■■       -  a  Y  ■  infinite 
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infinite  fcries  i  +  —  A*  —    -~  '  B**    +    "  ~-  Cx^   —  U-^^  D**   + 
1  '  *«  3"  I  +*  . 

E  «!  - —  ji^ —  F**  +  &c  ad  infinitum^     We  will  therefore  jiow  proceed 

I 

to  (hew  that  the  quantity  \/'[i  —  *,  or  i  —  jc|  *  ,  will  be  equal  to  the  infinite 

fcncs  I Ax  —  F —  Bx'  —    Cx'  —  U Dx*  —  P- —  E*' 

I  a«  13",  14"  I    S« 


^ —  Fa:*  —  &c  adinfinitum^  which  confifts  of  the  very  fame  terms  as  the 

former  ferics  (which  is  equal  to  i  +  *^«  ,  or  s/"  ft  4-  *,)  but  with  the  fign  — 
prefixed  to  every  term  after  the  firft  term,  inftcad  of  every  other  term.  This 
may  be  fliewn  in  the  manner  following. 


—  C* 


D** 


,  it  follows  that,  if  we 


3.  Since  the  feries  i  H —  A* 

+  ilzj  E;c'  —  &c  is.  equal  to  i  +  *!»,  or  \/'{ 

raife  the  faid  feries  to  the  »th  power,  or  multiply  it  »  —  i  times  into  itfelf,  the 
produd of  thefe multiplications  will  be  equal  to  i  +  *;  that  is,  the  produft  of 
the  feries  i  +  B*  -  C**  +  D*»  —  E«*  +  F«'  —  &c  *rf  infimtum  multi- 
plied 0  —  1  times  into  itfelf  (upon  the  fuppofition  that  the  co-efficient  B  is  = 
—  A  =  —  X  I »  or  — ,  and  that  the  co-efficient  C  is  =  ^-^  B,  and  that  the 
co-efficients  D,  E,  F,  &c,  are  equal,  refpeftiveiy,  to  ^tZl  c,  ^^Jll  D,  ^^ 

E,  &c)  will  be  equal  to  1  +  *  j  and  confequently  the  co-efficicni  of  *  will  be 
equal  to  1,  and  the  compound  quantities  which  will  be  tbeco-efficients  of  *%  *', 
**,  *',  and  of  all  the  following  powers  of  *  in  the  terms  of  the  faid  produd, 
will  be,  each  of  them,  equal  to  o,  or  will  confift  of  feveral  members,  of  which 
fomc  will  be  marked  with  the  fign  +,  and  others  with  the  fign  — ,  and  which  will 
be  of  fuch  magnitudes  that  the  fum  of  the  terms,  or  members,  which  are  marked 
wi^.tbe  fign  —  will  be  equal  to  the  fum  of  the  terms,  or  members,  which  are 
marked  with  the  fign  -f .    Some  of  thefe  muUiplicatioos  will  be  as  follow. 


I  + 
I  + 

Bx—     Cx' 
Bx-     C»* 

+     D«' 

-&c 
-  &c 

.+«!-. 

I  + 

+ 

B»-     Cx' 

Bx  +     B'«" 

-     Ci- 

+    b«. 

-  BC»' 

-  BC«' 
+     D)t" 

-&c 

+   &C 

+  &c 

+  &C 

I  + 

lB«  —  iCx' 
+     B'x' 

-iBC*' 

ten 

> 
I    +  *>  . 

I  -f  Bx 
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,  4.      B*  —       Cx 


I    +    2  B«  — 

aC«- 

+ 

nDx- 

&c 

+ 

B'«' 

2BCx" 

&c 

+     Bx  + 

2B-« 

— 

iBCx' 

+  &C 

+ 

B'«> 

-&c 

_ 

Cx' 

jBCx' 

+   &C 

H- 

Dx" 

+   &C 

I  +  3B«- 

,c»- 

+ 

,bx. 

&c 

3 

+ 

qB-«' 

— 

6BCx> 

&c 

■  =  .  +  «1". 

+ 

B'x> 

&c 

1  +     B«  - 

Cx- 

+ 

Dx" 

-&c 

=  I  +»!"• 

I  +  38*  - 

,c«- 

+ 

,Dx- 

&c 

+ 

,B-« 



6BCx' 

&I. 

+ 

B'x> 

&c 

+     B«  + 

,B-.- 

,BC.. 

+  &c 

+ 

SB'x- 

-Sec 

_ 

Cx- 

jBCx- 

&c 

+ 

Dx> 

+  &C 

I  +  4B»  — 

4C.' 

+ 

4Ux. 

&c 

* 

+ 

6B-X 

_ 

nBCx' 

&c 

=  I  +  x\.. 

+ 

4B'x' 

&c. 

I  +     B»- 

Cx- 

+ 

Dx' 

-&c 

t 

=  I  +  «i-. 

«^4Bir^    4^'«      -r     ^^j*-  ***- 

+    6B-X-  —  IlBCx"         &C 

+    4B>x'         &c 

+     Bx  +   4B-X- —    4BCx'+«ic 

+    6B>x"   —  8tc 


-      Cx 


4BCx> 
Di 


+  8tc 

+  &C 


I  +  jB»—  sCx-  +    jDx-        STj        . 

+  ioB-x- —  aoBCx'      &C  )■   =  1  +  xl". 
+  loB'x'        &cj 
4.  B7  thefe  multiplkuions  it  appears  that  the  fquaK  of  the  feries  i  +  Bx  — 
C  X-  +  Dx'  —  Ex*  +  Fx*  —  &c  (carried  only  to  the  third  power  of  x)  is 
equal  to  the  compound  feries 

I  +  aBx— aCx-  +  iDx'    fcc 
+     B-x- —  iBCx' &C( 
and  that  its  cube  is  equal  to  the  compound  feries 

1+3B1  — 3CX'    +3Dx'    —  &c 
+  3B»»'  —  6BCx'       &c 
+     B'x'        8cc; 
2  y  a  "  '     and 
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and  that  its  fourth  power  is  equal  to  the  compound  feries 

1+4B*  — 4C**   +    4D*'    &c 
+  6B»**  —  i2BC*»  &c 
4-    4B<v>    &c; 
and  that  its  fifth  power  is  equal  to  the  compound  feries 

X+5B*-    5C*'    +    5D«»     &c 

+  ioB»*»  —  20 BC*'  &c 

+  10  B**'    &c. 

j.  Now,  when  »  is  =  z,  the  firft  of  thefe  compound  feriefes  (which  is  equal 
to  the  fquare  of  the  feries  i+B*  —  C**  +  D«*  —  &c),  to  wit,  the  feries 
i+aBx—  sCx'    +  zDx*     &c 
+     B**»  —  2BC«*  &c, 
muft  be  equal  to  i  +  Xj  ^k1  confequently  z  B  (the  co-c^cienc  of  x)  muft  be 
=  I,  and  B*  —  2C  (the  compound  co-efficient  of  «')  muft  be  =  o,  uid 
a  D  —  2  BC  (the  compound  co-efficient  ofx^)  muft  alfo  be  =  o>  and  every 
following  co-efficient  of  one  of  the  powers  of  x  in  the  f^d  feries  muft,  in  like 
manner,  be  =  o,  if  the  co-efficients  of  the  terms  of  the  feries  i  +  B*  —  €*• 

+  D*»  —  &c,  or  I  -I-  —  A*  —  p^B*'  -I-  21Z_£  C*'  —  Sec,  have  beea 
lighdy  affigned.  For  otherwife  the  faid  compound  feries  cannot  be  equal  to 
I  -t-  X,  as  it  ought  to  be  upon  the  prefent  fuppofition  diat  ff  is  =  2,  becaufe 

upon  this  fuppofition  the  feries  i  -f-  —  A*  —  yt~  ^*'  "^  ""'  Cx*  —  &c 

1  -_^_  ___ ' 

(which  isunirerfally  equal  to  i  +  «|«,  or  \/"|i  +  *),  will  be  =  i  +  «|', 
or,  \/*  I  -(-  *,  or  the  fquare-root  of  i  +  *,  4nd  conftquendy  the^fquare  of  tlie 
faid  feries  muft  be  equal  to  I  -I-  «. 

And  accordingly  we  (hall  find  that,  if  «  be  fuppofed  to  be  =  2,  tiie  co-effi- 
cient 2  B,  of  the  lecond  term  Bx,  of  this  compound  feries,  wiU  be  =  i,  and 
B*  —  2  C  and  2  D  —  2  BC  (the  compound  co-efficients  of  the  two  following 
powers  of  X,  to  wit,  x*  and  x'  in  the  faid  feries)  will  each  of  them  be  equal  to 
o.  For,  if »  is  =  2,  wefhall  have  B(=  —  XA  =  —  xA=i-  x  i)  = 
j.  and  C  (=  Ifli  B  =  i^  X  I  =  -I'x  i)  =  |.  «.dD(=  'J^  C 
=  ^f^  X  i  =  T^'<f  =  fxi  =  ixi)  =  ii  -rfconfe. 
quently  iB(=iX-j-)=l,  andB'  —  2C(=:-— »x-y=-  —  -Jr: 
i-i.)  =  o,  andaD-.BC(=.  X  f.-  /x  -1  X  j  =%-  i) 
=  o. 

6.  In  like  manner,  when  »  is  =  3,  the  fccond  of  thefe  compound  feriefes 
(which  is  equal  to  the  cube  of  dieuneii  +  B«  —  Cx*  +  X>x'  —  &c),  to 
wit,  the  compound  feriet 

X  +  jBjf 
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I  +  jB*—  3C«'    +  3DX'     &C 
+  3B*»'  —  6BC«'  &C 

+     B'«'    &c 
muft  tw  =  to  I  +  *»  and  conicquently  3  B  muft  be  =  i,  and  3  B»  —  3  C 
mt3ft  be  =  o,  and  3D  —  6  BC  +  B*  muft  be  =  o,  or  3  C  muft  be  =  3  B», 
and  6  BC  muft  be  =  B'  +  3D. 

And  fo  we  ftiall  find  thefc  feveral  quantities  to  be.  For  when  s  is  =;  3^  we 
lhallhaTeB(=-i.A=i.  x  A  = -i  x   i)  =  j,  andC(=^B=lZ| 

xi.=-i-x-L=i.x-i)  =  -!.,  and  D  (=  il^  C  =  iiil^  X -L  = 

3         »X3         5         3  3'         1  ^  3«  JXJ       "  9 

i^  X— =.5-  X— )  =  ^iand  confequently  3  B  (=  3  x  — )  =  i,  and  3B* 

-3C(=3  X  i-  3   X  j)=o,  and3D-6BC+  B.  (=3  X   i_ 
■3      9  "•" «;  ~  «7      >7      »7  ~  >;      J?'  —  °' 

7.  And,  when  s  is  =:  4,  the  third  of  th£  foregoing  compound  feiiefes. 
(which  is  equal  to  the  fourth'power  of  the  feries  i  +  B«  —  C**  +  Dm'  -» 
E«*  +  F*>  —  &c),  to  wit,  the  compound  ftries 

I  +4B»  — 4C«'   +    4D«"    fftc 

+  6B'»'  —  i2BCx'  &c 

+    4B'A!'   Jtc, 

muft  be  equal  to  i  +x;  and  confequently  4 B  muft  be  =:  i,  and  6B*  ^  4C 

muft  be  =:  o,  and  4D—  12BC  +  4B*  muft  likewife  be  =  o. 

And  fo  we  Ihall  find  thefe  quantities  to  be.     For,  if  n  is  =:  4,  we  fiiall  have 

B  (=  —y  =  -,  and  C  (=  i^li  B=:i=ixi-=4x-)=i,andD 
*■        ••'         4*  '^  »«  2x4         48'         4''         3?  •"'^  ^ 

i=:i:ZlC='-^^^^  X  X=l::i   xA=.ix  A)=»  J  and  confer 
^  5«  3x4  3«         3x4         3«         4         3,'  —  IS-  " " ''^' 

quently  4B(=4X  -)=  I,  and6B'-4C(=6x  ^  —  4  x  ^  =  -^ 
—  .^)  =  o,  and4D—  liBC  4-4B'  (=4  x  ■^-  u  x  i-  x  -^  +  4  x 

•»       3"       J'       3«       3»        J«' 

8.  And,  when  m  is  =  5,  the  laft  of  the  foregoing  compound  feriefes  (which 
is  equal  to  the  fifth  power  of  the  feries  i  +  Bjr  —  C«*  +  Dx*  —  Ex*  +  Fx* 
^  Sec),  to  wit,  the  compound  feries 

i-l-jBx-    sC*'   +    jD*'    &c 
+  ioB'»*  —  2oBCjc>  &c 
+  loB'*'    &c, 
muftbeeqiulto  l-fx,  and  confequently  5  B  muft  be  a  i,  and  loB*  -.5C 
muSbeso,  and  jD  — toBC  +  10  B>  muftlikcwi&be  =  0. 

And 
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And  (o  we  (hall  find  thefe  quantities  to  be.'  'For,  if  ■»  h  r=  5,  we  (hall  have 

B(=^A  =  -ixA  =  |xO=-i,andC(.:n^B  =  iZixf  = 

±  K  J-  =  i-  X  -^)  =  i,  arid  D  (=  ilZi  x  C  =r  iiLlTi  x  ^  =  ^^^ 
10      ,   S  5  S^         »S  g^  3«  3x5       '^  as  IS 

X  ^  =  ^  X  ^  =  ^  X  ^)  =  — ;  and  confequently  5  B  (=  5  x  y)  =  i. 
4nd  loB'  —  5C  (=  10  X  ^  X  Y  ~  5  ^  ^  ~  is  "H'  ~  °'  *"*^S^  — 
20BC  +  loB^  (=5  X  7^-2oX  j  X   ^  +  'oXv^  =  -^-T^  + 

Jio^  __    40   _    42_\  _  Q 

"5      'as      '*y 

.  9.  Thus  wc  fee. in  all  thefe  inftances,  that,  -when  the  fcries  1  +  B*  —  C*' 

4-  D*'  —  Ex*  +  F*=  —  Sec  (^vhich  is  ecjual  to  7'+~e|T.  or  y/'  1  +  *) 
is  raifcd  to  the  »th  power,  or  multiplied  into  itfclf  »  —  1  times,  the  co-efHcient 
of  X  in  the  compound  feries  obtained  by  fuch  multiplication  Is  always  equal  to  r , 
and  the  co-efficients  of  **  and  *'  (which  are  compound  quantities,  or  quanti- 
ties confiding  of  more  than  i  "termj  are,  each  of  them,  equal  to  o,  the  term,  or 
terms,  which  are  marked  with  the  fign  — ,  or  fubtradled  fi-om  the  other  terms, 
being  equal  to  the  term,  or  terms,  which  arc  marked  with  the  fign  +,  and  from 
which  they  are  to  be  fubtra&ed.  And  the  fame  thing  muft  take  place  in  the  co- 
efficients of  all  the  following  terms  of  the  compound  (cries  obtained  by  fuch  mul- 
tipUcaUon.  For  otherwife  the  fald  feries  could  not  be  equal  to  1  +  x.  We 
may  therefore  lay  it  down  univerfally,  as  an  undoubted  troth,  refulting  from  the 


nature  of  powers  and  roots,  **  that^  if  the  feries  which  is  equal  to  i  +  *)  ■  ,  or 
"  %/'  I  +  X,  to  wit,  the  feries  r  -h  i.  A*  —  p^  B**  +  -^^^  C  *'  — 
"  lEni  D**  +  ^^^  Ex>  —  &c,  orthe feries  i  +  B*  —  C**  +  D*»  - 
"  E**  -H  F*>  —  &c  (in  which  latter  feries  the  co-efficients  B,  C,  D,  E,  F, 
**  &c, arc refpe^ivelyequaltpthe-tormer co-efficients—  A,  or  — ,  and  ■'"■  ■   B, 

"  £1=-I  C,  ^^-^  D,  ^^^-^  E,  &c),  be  raifed  to  the  ath  power,  or  multiplied  inw 

3»4"  S« 

"  itfelf  H—  I  times,  the  co-efficient  of  *  in  the  compound  feries  produced  by  fuch 
"  multiphcation  wiUte  =  i,  and  the  co-efficients  ofjf*,  *',  *♦,  *  *,  and  all  the 
<'  following  powers  of  x  in  the  faid  feries,  will  be,  each  of  them,  equal  to  o ;  the 
"  faid  co-efficients  being  compound  quantities  coolifting  of  lunple  terms,  or  mem- 
"  bers,  conneded  with  each  other,  by. the  figns  +  and  — ,  and  the  fum  of  the 
"  members  of  each  of  the  faid  co-efficients  that  are  marked  with  the  fign  — ,  or 
**  fubtraAed  from  tjie  other  members,  of  them,  which  are  marked  with  the  fign  +, 
"  being  always  equal  to  the  fum  of  the  faid  other  members  from  w^ch  they  arc 
«*  fwbirafted."  This  fundamental  propofition  being  well  ondcrftood,  we  may  de- 
rive/rom  it  a  prot^  of  the  'propofition  a:derted  above  in  art;  3,  concerning  die 

quantity 
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qiuntity  r  +  *)«,  or  s/'  i  —  x,    or  the  nth  root   of  the  refidual  quantity 
I  —  *,  to  wit,  "that  it  will  be  equal  to  the  feries  i  —  —  A*  —  P-^  B*' 

r r V—  '  '" 

«<  _  {^IZJ.  Cx'  -  Ul^l-'  D**  -  p^  E*'  -  &c,  or  1  —  B*  -  C*'  — 


*«  X)x^  —  E**  —  F*'  —  &c;  which  confifts  of  the  very  fame  terms  as  the 
*'  former  feries  which  is  equal  to  the  »th  root  of  the  binomial  quantity  i  +  x, 
**  but  with  the  fign  —  prefixed  to  every  term  after  the  firft  term  i,  infliead  o£ 
**  every  otner  lemi." 

10.  To  render  the  proof  of  this  propofuion  as  eafy  as  poffible,  it  will  be  con- 
venient to  multiply  each  of  the  two  feriefes  1  +  B«  —  C*'  ■+  Dx^  —  E** 
+  F«'  —  &c,  and  I  —  B*  —  C**  —  D«'  —  Ea*  —  F*'  —  &c,  into  itfelf, 
and  then  to  compare  together  the  fquares,  or  produAs  thence  arifmg.  Thefc 
multiplications  will  be  as  follow. 

1+     B*—     C*»    +     D«»     —     E*«     +     F*»      —  &c 
1+     B» —  C*'    +     Py     —     E**      +     Fx'      -  &c 


I  + 

l),_   C-  +    n,.   - 

E,.     + 

F»'- 

-&c 

+ 

B«  +     B-«'  -     BC»"  + 

BD»'  - 

BE«' 

+  «tc 

-     C«'  —    BC»'  + 

C'«'    - 

CD*' 

+  &c 

+     D»>    + 

BD»'  — 

CD«> 

+  &C 

E«*     - 

BE»< 

+  &c 

+ 

F»> 

+  &C 

iC*'    +  zDk'     —  2E**     +  2F«'  &c 
+     B'«' —  2BC«>  +  2BD«'  -  2BE»'        &c 
+     C'x'    -  2CD»'       81C 

I—     B«—     C*"  —     D»"    —     E««     —     F»'      —  8fc 

1  —     B«  —     Cx'   —     D«'     —     E  J'     —     Fa-'      —  &c 

T^     Wx^     C*"   —     D*'    —     EF      -     FT'      -  &c 

—     B»+     B'x'  +     BC«'  +     BDr-  +     BE«'  +  &c 

—     C«'    +     BC«>  +     C'«'    +     CD«'  +  &C 

—     D«'     +     BD»'  +     CD*'  +  &c 

—     Ex'     +     BE»'   +  &c 

-  ,  F«'      +  &c 

I  —  2B*— 2C«-  -  2D«'    -2E««     — 2F1'         &c 

+     B'«'  +  2BC«>  +  2BD«*  +  »BE*'       &c 

+     C'x'    +  2  CD*'       Stc. 

11.  Now,  if  we  compare  this  laft  compound  feries  (wliicli  is  equal  to  the 
fc^uare  of  the  (imple  feries  I  —  B*  —  C«'  —  D*»  —  E**  —  F*'  — &c) 
With  the  former  compound  feries  (which  is  equal'  to  the  fquare  of  the  fimple 
liries  i  +  B»  —  €»•  +  D«'  -  E*'  +  F»'  -  fcc),  we  fliall  find  the  fol^ 
lowing  obferrations  to  be  true  concerning  them. 

rn 
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In  the  firft  place,  all  the  terihs  of  the  fecond  of  thefe  compound  ferielea  are 
the  very  fame  with  die  correfponding  terms  of  the  former  of  them,  but  are  dif- 
ferently connefled  with  each  other  by  the  figns  +  and  — .  And  this,  it  is  evi- 
dent, muft  be  the  cafe  with  all  the  following  terms  of  both  thefe  compound 
ferieies  (to  whatever  number  of  terms  thefe  feriefes  may  be  continued)  as  well  as 
with  the  few  terms  here  computed.    For,  fince  the  terms  of  the  fimple  feries 

1  —  B*  —  C*'  -  D«'  —  Zx*  —  F*»  —  &c,  are  the  fame  with  the  terms 
of  the  fimple  feries  i  ■+■  Bw  —  C**  +  D*^  ■—  E**  +  Fx'  —  &c,  thoi^ 
differently  connetted  with  each  other  by  the  figns  +  and  — ,  it  follows  that  die 
produfts  of  the  multiplication  of  the  terms  of  the  feries  i  —  B*  —  C**  — 
D*»  —  Ea:*  —  F*'  —  &c,  into  each  other  muft  be  equal  to  the  produfts  of 
the  multiplication  of  the  correfpondent  terms  of  the  feries  i  +  B*  —  C**  + 
D*^  —  E**  +  F*'  —  &c,  into  each  other,  that  is,  the  feveral  membera  of 
the  fquare  of  (he  feries  i  —  B*  —  C*'  —  D**  —  £■**  ^  F*'  —  &c, 
muft  be  equal  to  the  correfponding  members  of  the  fquare  of  the- feria  i  +  Bx 
—  C«*  +  D*'  — E«*  +  F*'  —  &c,  though  difieremly  coone&ed  with 
each  other  by  the  figns  +  and  — . 

And  fecondly,  we  may  obferve  ^t  dte  fiift  tenu  in.both  diefe  compound 
feriefes  is  i . 

And,  ihirdly,  we  may  obferve  that  the  third  and  fifth  terms  in  the  fecond  of 
thefe  produAs,  or  compound  feriefes,  which  is  equal  to  the  fquare  of  the  feccmd 
fimple  feries  i  — B*  —  C*»  —  Dx'  — E**  —  F**  —  &c  (in  which  all  the 
terms  after  the  firft  term  i  are  marked  with  the  fign  — )  to  wit,  the  terms  —  aC  x» 
+  B*«*  and  —  2  E**  -f  iBDar*  +  C*V«,  have  the  fame  figns  +  and  — 
prefixed  to  t^eir  feveral  memlSerB  2  Car*,  B***,  lEir*,  a*B««,  MdC»**, 
refpeftively»  as  are  prefixed  to  the  fame  members  of  the  third  and  fifth  terms 
of  the  former  of  thefe  produAs,  or  compound  feriefes,  which  is  equal  to  the 
fquare  of  the  fimple  feries  i  -r  B*  — -C**  4--D*J  — -E**  +  i"-«»  —  &c 
(in  which  the  fecond  and  other  following  terms  are  marked  with  the  figns  + 
and  —  alternately), , to  wit,  the  terms  —  tCx*  +   B*«*  and  —  2E**  + 

2  BD**  +  C*x*.  And  the  fame  obfervation  is  true  Ukewife  of  the  fevendi 
and  ninth,  and  eleventh,  and  all  the  following  odd  terms  of  thefe  two  com- 
pound feriefes  (to  whatever  number  of  terms  the  faid  feriefes  may  be  con- 
tinued), to  wit,,  that  the  figns  +  and  —  that  are  to  be  prefixed  to  the  feveral 
members  of  any  of  the  faid  odd  terms  in  the  lauer  of  thefe  compound  feriefes 
will  be  the  fame  that  are  to  be  prefixed  to  the  fame  members  of  the  fame  odd 
terms  in  the  former  of  thefe  compound  feriefes ;  as  will  appear  from  an  attentive 
confiderauon  ctf  the  two  foregomg  operations  of  multiphcation  fefdown  in  the 
foregoing  article. 

And,  4thly,  we  may  obferve  that  the  fecond,  fourth,  and  fixth  terms  of 
the  fecond  of  diefe  produAs,  or  compound  feriefes  (which  is  equal  to  the  fquare 
of  the  fecond  fimple  feries  i  —  B*  —  C«*  —  Dat^  —  E**  —  F*»  — '&c), 
to  wit,  the  terms  —  z  B*,  —  2D*'  +  aBC*',  and  —  2F*'  +  2"BE«' 
-■(-  2CDar',  have  their  feveral  members  aBar,  aD*',  iBCx*,  2F*', 
iBEffS  and  2  CD*',  marked  with  contrary  figns  to  thofc  which  are  :pre- 
fixed  to  the  fame  members  of  the  fecond,  fourth,  and  fixrti,  terms  of  rfte  for- 
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mer  of  thofe  compouitd  ierides  (vhtch  is  equal  to  the  fquare  of  the  firft  fimple 
feries  I  +  B*  —  Car*  +  Dx'  —  E»*  +  F«'  —  &c),  to  wit,  the  terms  + 
2B*,  +  aDjp*  -  zBC*»,  and  +  iFff'  -  2BE*>  —  2CD«».  And  the 
fame  obfervation  is  true  likewrfc  of  the  eighth,  and  tenth,  and  twelfth,  and  other 
following  even  terms  of  thefe  two  compound  fericfcs  (to  whatever  number  of 
terms  they  may  be  continued),  to  tfii,  that  the  figns  +  and  —  that  are  to  be 
prefixed  to  the  fcveral  men^bers  of  any  of  the  faid  even  terms  in  the  latter  of 
thefe  compound  feriefes  will  be,  refpeftivcly,  contrary  to  thofe  which  are  to  be 
prefixed  to  the  fame  members  of  the  fame  even  terms  in  the  former  of  thefe 
compound  feriefes ;  as  will  appear  from  an  attentive  confideration  of  the  two 
foregoing  operations  of  multiplication  fet  down  in  the  foregoing  article. 

12.  And  if  we  were  to  repeat  the  foregoing  multiplications  of  the  two  feriefes 
I  +  hx  —  Cx*  +  D*J  — E**  +  F*'  — &cand  i  —  B*  — C)»»  — D«' 
—  E**  —  F*'  —  &c  into  ihemfelves  any  number  of  times  whatfoever,  fo  as 
to  obtain  ihe  cubes,  and-  the  fourth  powers,  and  the  fifth  powers,  or  any  higher 
powers  of  the  faid  feriefes,  the  foregoing  obfervations  would  be  true  of  all  the 
compound  feriefes,  or  of  all  the  powers  of  the  faid  two  fimplc  feriefes,'  which 
would  be  thereby  obtained ;  to  wit,  ift.  That  the  terms  of  every  power  of  the 
one  feries  would  be  the  very  fame  with  the  correfponding  terms  of  the  fame 
power  of  thic  other  feries ;  and,  idly.  That  the  firfl  term  of  every  power  of  bodi 
feriefes  would  be  i ;  and,  gdly.  That  the  figns  +  and  — ,  which  would  be 
prefixed  to  the  feveral  members  of  the  third,  fifth,  feventh,  ninth,  eleventh, 
and  other  following  odd  terms  of  any  power  of  one  of  thefe  feriefes,  would  be 
the  very  fame  that  were  to  be  prefixed  to  the  fame  memben  of  the  fame  od,d 
terms,  refpeftively,  of  the  fame  power  of  the  other  feries ;  and,  -fthly.  That 
the  ligns  +  and  — ,- which  would  be.prefixed  to. the  fecond  term,  and  to  the 
feveral  members  of  the  fourth,  fixth,.  eighth^  tenth,  twelfth,  and  other  follow- 
ing even  terms  of  any  power  of  one  of  thefe  two  feriefes  would  be,  refpeftively, 
contrary  to  the  figns  that  would  be  prefixed  to  the  fecond  term,  and  to  the 
fame  members  of  the  fame  following  even  terms  of  the  fame  power  of  the 
other  feries. 

13.  Of  the  truth  of  thrfe  obfervations  in  the  cafe  of  higher  powers  of  the  two 
foregoing  fimple  feriefes  i  +Bx  —  C«*  +  D«'  —  E**  +  Far*  —  &c  and 
I  —  B*  — ^C*'  —  Dx'^  —  Ex*  —  Far'  —  &c  than  the  fquare.  I  fhall  here 
give  one  example,  by  railing  the  faid  two  feriefes  to  the  cube,  or  third  power. 

We  have  aheady  fecn  in  art.  i  o  that  the  fquare  of  the  feries  1  +  B  *  —  C  *  * 
+  D*>  —  Ex*  +  F*'  —  &c  is  the  compound  feries 

i  +  zB* — zCx*   +  aD«'    — 2E«*     +aF«'     —  &c 
+     B'**— 2BC*^  +  aBDx*  —2  BE*'  +  &c 
+     C***   — 2CD*»  +  &c. 
Therefore  to  find  its  cube,  we  muft  multiply  this  compound  feries  into  the 
original  feries  i  +  B*  —  C*'  +  D*'  — E**  +  F*'  —  &ci  whichmay 
be  done  as  follows. 
Vol.11.  a  Z  i  +  aB* 
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i4-iB«  —  iC«'    t-aDi"    — lEjr*     4|-aF«'      —  ke 

+     B*«' — «BC«>  +  tBDj«<  — aBE«'    +  &c 

+     C'l*    —  2  GDy.   4-  &c 

T  +     Bk—    Cx'    +     D»'    —     Ek'       +     FjC       —tec 

I  +  iBx  —  2C«"    +  jD»'    — lEx'      +it«'      — &e 

+     B'x- —  iBC*'  +  sBD»;«    — jBE»'     +  8re 

+     C'«"      —  2CD»'     +  &c 

+     B«  +  2B^«'  — 2BC«'  +  iBOi'   — 2BE»'     +  Stc 

+     B'x"   —  2B'C»'  +  iB'D*' —  tec 

+     BC'«'   — &c 

^     C«"    — 2BC«'  +  2C'»'     — 2CD«'    +  &c 

—  B^Ci'  +  2BC*«r'   —  &:c 
+    D«'     +2BD»*   —  2CD»'     +  Sec 

+     B'D«'  —  ace 

—  Ear*      —  2  BEx'     +  .fcc 
+    Fx>       —fa 

I  -I-  3B«  —  3C«'    +  jD*'     — jE**      +3F)f'       — &c 

+  3B'x*— 6BC*'  +6BD**   — 6BE*<     +  &c 

+    B'x'    +  jC'x'     — «CD*'    +  fee 

—  3  B'Cat'  +  jB'Dif  —  fee 

+  3  BCV  —  &c. 

Therefore  flie  cube  Of  the  feries  i+B»— C*'+  Dx'  —  Ei'  +  Far' 
•—  &c  is  the  compound  feries 

•      I  +  3Bsr  — 3C«»   +  jDjt"   — 3E«*      +3.F*'       — &c 

+  3B'x'— 6BC«'  +  6BDir<  — 6BE«>     +  Jcc 

+     B>»>    -i-sC'*'     —  6CD«'    +  &e 

—  3B*C««  +  3B'D«' —  &c 

+  3BC*«'  —  fcc. 

And  we  have  aheady  feen  in  art.  lo  that  the  fquare  of  the  fecond  feries  i  — 
Br*-  C**  ^Dff*  —  E**  — Fx*  —  &c  is  the  cotnpouod  feries 

I  — iBx  —  2C«"  — iD*'    — 2E*'    — 2F*>     — &e 

+     B'«'  +  2BC»'  +  2BD«*  +  2BE*>  +  &c 

+     C'«*    +  2CD»>  +  te. 

Therefore,  to  find  the  cutic  of  the  faid  fecond  feries  i  —  B*  —  C*'  — 
D*'  —  Ex*  —  F*'  —  &c,  we  muft  muhtply  this  laft  compound  feries  into 
the  faid  fecond  feries  itfetf ;  which  may  be  done  as  follows. 

I  — iBi 
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I iBo  —  »C«'  — aD»»    —  iE«*  —  aF»'  — &<: 

+     B"*'  +JBC«'  +  >BD»'  +2BE«'  +&C 

+     C'»»  +  zCDi'  +  ace 

l_    B»—    Cx'    —    D»'     —    E»'  —    Fx'  —  &c 

l_2B»— »C»'    — 2U«>     —  2E«*  —  2F»'  —  8ie 

+     B'x"   +2BC»'+2BD»*  +  2BE»"  +  &c 

+     C'««  +  2CD»>  +  &c 

B«  +  2BV   +  2BC»'   +  2BD»*  +  2BE»'  +  &c 

—  B"»"      —  sB'C«<  —  lB'D«"  —  8ic 

—  BC*»'    —  &c 
—    C*"     +  2BC*>  +  2C")t«      +  »CD)f>    +  &c 

—  B'Cx'  —  lK'x'   —8(0 

—  D»>     +  2BD»*     +  2  CD*'     +  &c 

—  B'D*'  +  &c 

—  E«*       +  2BEjr'     +  &c 
^ —    F«'        +  &c 

I — 3B* — sCx'    — 3^x»    — 3  Eat*      — jFx*  ate 

+  jB'«'  +  6BCjr>  +  6B0j<<    +6BE«'     +  ace 

—  B>«'     +3C'»«      +  6CDAf>     +  8rc 

—  3B'C«*  — jB'Dj;'       &c 

—  3BC*«'  — ace 
Therefore  the  cube  of  the  laid  fecond  feries  I  —  Bjr  —  C**  ^  Daf'  — 

E**  —  F*'  —  ate  is  the  eompound  feries 

,_jB«— 3C«'    — 3Djr>     — jE**  — 3F»'  —See 

+  jB'jr"  +  6BC«'   +6BD»:»  +6  BE*'  +  ate 

—  B'«»      +3  €■«-•  +  6  CD*'  +  ace 

—  jB'C*' —  3B»D«"        «cc 

—  3BC'*'  —  8ce. 

14.  The  fonr  oblervatioiis  made  in  art,  11  and  la  are  evidently  true  of  the 
two  compoond  feriefcs  obtained  io  the  foregoing  article  13,  and  which  are  equal 
to  the  cubes  of  the  two  fimple  ferieies  i  4.  B*  —  C*"  +  D«*  —  E**  + 
F»i  —  &c  and  I  —  B«  —  C*'  —  D*'  —  E«*  —  F«'  —  See.  For,  in 
die  ill  place,  tlie  fcveral  terms  of  the  latter  compound  feries  are  exaftly  the 
Jiunc  wKh  the  correfponding  teitns  of  the  former  compound  feries ;  and  adiy, 
the  firft  term  in  both  thefe  compound  feriefes  is  I ;  and,  jdly,  the  figns  +  and 

—  that  are  prelsxed  to  the  feveral  members  of  the  third  and  iilHi  terms,  —  3  C** 
+  3B"*'  and  —  3  E«*  +6BD*'  +  3C'»*  —  sB'C**  of  d>e  h»ter com- 
pound feiies  (which  is  equal  to  the  cube  of  the  feries  1  — B*  —  Cx*  —  D** 

—  E**  —  F*'  —  ate)  are  the  fame  with  thofe  which  are  prefixed  to  the  fame 
members  of  the  third  and  fifth  terms^  —  3  C  *'  •+■  3  B*jr»  and  —  3  E  **  H- 
6  BD**  +  3  C»**  —  3  B'C**,  of  the  former  compound  feries,  which  is  equal 
to  the  cube  of  the  feries  i  +  B»  — C«"  +  D«>  — E<»  +F«'  —  8tc; 
and,  4thly,  the  Kens  +  and  —  which  are  prefixed  to  the  fecond  term,  — ' 
3  B«,  and  to  the  fereral  members  of  the  fourth  and  fixth  terms,  —  3  D*'  + 
tBC»'  —  B'»»  and  —  3F»'   +   6BE*'   +  6CD»'  —  3  B'D*'  — 

1Z.1  jBC'*', 
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3  BC  ** ' ,  of  the  Utter  compound  feries  (which  is  equal  to  the  cflbe  of  tiie  fim- 
ple  feries  i  —  B«  —  C*'  —  D**  —  E**  — F*'  —  &c)  are,  refpeftively, 
foiurary.  to  thoC;  which  are  prefixed  to  the  fecond  term,  +  3  B  *,  and  to  the 
fcveral  members  of  the  fourth  and  fixth  terms,  +  3  D*'  —  6  BC*'  +  B»«' 
and  +  3F*»  —  6BE*>  ~~6CDx'  +  3B»D*»  +  3BC'*S  of  the  former 
compound  feries,  which  is  equal  to  the  cube  of  the  fimple  feries  i  +  B*  — 
C*»  +  D*'  —  E«*  +  F*>  —  &c. 

And  the  fame  obfervations  will  be  found  to  be  true  of  the  feveral  members  of 
all  the  following  terms  of  the  faid  two  compound  feriefes  after  the  fixth  tenns 
(to  whatever  number  of  terms  the  faid  feriefes  may  be  continued)  and  of  the 
figns  +  and  —  that  are  to  be  prefixed  to  the  faid. members.  And  they  will  be 
true  alfo  of  the  terms  of  the  fcveral  compound  feriefes  that  are  equal  to  the 
fourth  powers,  and  to  the  fifth  powers,  and  to  all  higher  powers,  of  the  faid  two 
iimple  feriefes  i  +  B*  — C**  +  Da:'  — E*«  +  F*'  —  &c  and  i  — B* 
_C**  —Dx'  —Ex*  —  F*'  -!-&c. 

15.  This  relation  between  the  fignsthat  are  to  be  prefixed  to  the  fame  mem- 
bers of  the.  feveral  terms  of  the  faid  compound  feriefes  which  are  equal  to  the 
fquares  and  die  cubes  and  other  higher  powers  of  the  two  fimple  feriefes  i  +  B  v 
—  C**  +  D*'  —  E**  +  F*'  —  &c  and  I  — Bx —  C*»  —  D«'  — 
E**  —  F**  —  &c  is  the  confcquence  of  the  known  rules  of  Algebraick  mul- 
tiplication ;  according  to  which  the  produft  of  the  multiplication  of  two  quan- 
tities which  are  both  marked  with  the  fign  —  is  to  be  marked  with  the  fign  +, 
as  well  as  the  produd  of  the  multiplication  of  two  quantities  which  are  both 
marked  with  the  fign  +  ;  and  the  product  of  the  multiplication  of  two  quan- 
tities, of  which  one  is  marked  with  the  fign  +,  and  the  other  with  the  fign  — , 
is  to  be  marked  with  the  fign  — .  For- it  will  follow  from  hence  that  in  the 
compound  feries  which  is  equal  to  the  fquare,  or  cube,  or  fourth  power,  or 
fifth  power,  or  other  higher  power,  of  the  feries  i  +  Rx  —  C**  +  Dx'  — 
E.**  +  F*'  —  8tc,  all  the  terms  that  will  involve  the  odd  powers  of  *,  to 
wit,  X,  x',  x'y  *',  *',  X",  &c,  will  be  marked  with  contrary  figus,  re- 
fpe^vely,  to  thofe  which  are  to  be  prefixed  to  the  fame  terms  in  the  com- 
pound feries  which  is  equal  to  the  fquare,-  or  cube,  or  fourth  power,  or  fifth 
power,  or  other  correfponding  higher  power,  of  the  feries  i  —  B*  —  C*"  — 
D*'  —  Ex*  —  Fx*  —  &ci  and  all  the  terms  that  will  involve  the  even 
powers  of  ,v,  to  wit,  **,  *■♦,  *•,  *',  *'",  *■*,  &c,  in  the  former  compound 
feries,  which  is  equal  to  the  fquare,  or  cube,  or  other  higher  power,  of  the 
feries  1  +  B*  —  C**  -I-  Da:^  -  -E**  +  Far'  —  &c,  will  be  marked  with  the 
fame  figns  +  and  — ,  refpcdlively,  as  are  prefixed  to  the  fame  terms  in  the  latter 
compound  feries,  which  is  equal  to  the  fquare,  or  cube,  or  other  correfponding 
higher  power,  of  the  feries  i  —  B*  —  C*'  —  D*'  —  E**  —  F*'  —  &c. 

16.  To  make  this  more  evident,  let  the  capital  letter  P  be  put  =  B*  + 
D*'  +  F*'  +  H«'  -1-  K**  •+■  Mx"  +  &c,  or  the  fum  of  all  the  terms  in 
the  firfl  feries  i  +  B*  — C**  -J- D*'  —  E«*  +  Fx'  _G**  +  H*'  — 
I*»  +  K*»  —  L*""  -t  M*"  —  &c,  which  involve  the  odd  powers  of  x, 
and  which  in  this  feries  have,  all  of  them,  the  fign  +  prefixed  to  them ;  and 
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let  the  capital  letter  QJbe  put  =  C*'  +  E**  +  G**  +  I  *'  +  Lat"  +  &c, 
or  the  fum  of  all  the  terms  in  the  fame  feries  which  involve  the  even  powers  of 
AT,  and  which  in  this  feries,  as  well  as  in  the  fecond  feries  i— B*  —  Car'  — 
D*'  —  E**  —  F*'  —  G*'  — Hx'  —  I*'  —  K**  _L*"  — M«"  — 
&c,  are  all  marked  with  the  fign  — . 

Then  will  the  feries  i  +  B*  —  C*»  +  D*'  —  E«*  +  F«'  —  &cbe  = 
I  +  P  —  Qj  and  the  feries  i  —  B*  —  C**  —  D«'  —Ex*  —  Fx'  — &e 
will  be  =:  I  —  P  —  Q^;  and  confequenily  the  fquare  of  the  former  feries  will 
be  (=  I  +  P  -  Ql*  =  I  +  IP  -  Oil*  =  I  +  2  X  I  X  (P  — d.  + 
p_Q^*)  =  I  +  2  P  —  2  Q^+  P*  —  zPCt-H  Q!.  and  the  fquare  of  the 
latter  feries  will  be  (=  i— P  — Q[»  =  i  —  |p"+'Q11'  =  i  —  2  X  i  X 
F+Ql_+  P  +  Ql^)  =  I— 2P  — 2Q.+  P'  +  2PCL+  Q^. 

1 7.  The  terms  of  this  latter  quantity  (which  is  equal  to  the  fquare  of  the  lat- 
ter feries)  are  exaftly  the  fame  with  the  terms  of  the  former  quantity  i  +  2  P 
—  2  Q_+  P*  —  2  PQ^+  Q^  (which  is  equal  to  the  fquare  of  the  former  fe- 
ries) but  are  not  connefted  with  each  other  by  the  figns  +  and  —  in  the  fame 
manner  as  the  terms  of  the  faid  former  quantity.  And  the  difference  between  the 
terms  of  thefe  two  quantities  in  this  reipeit  is  as  follows.  The  third  term  2  Q^ 
and  the  fourth  term  P*,  and  the  fixth,  or  laft,  term  Q^,  in  both  the  quantities 
I  +  2P  — 20+  P*—  2PCL+  Q^  and  i  —  2P  —  aCt+  P*  +  2  PQ^ 
+  Q^  are  marked  with  the  fame  figns  +  and  — ,  being  —  2Q^+  P'  +  Q^in 
both  quantities ;  but  the  fecond  term  2  P,  and  the  fifth  term  2  PQ^  have  dif- 
ferent figns  in  the  two  quantities,  being  +  2  P  and  —  2  PQjn  the  former  quan- 
tity, and  —  2  P  and  +  2  PQJn  the  latter  quantity. 

18.  Now  the  three  terms  a  Qj  P*,  and  Q^  which  arc  marked  with  the  fame 
figns  in  both  thefe  quantities,  will  be  equal  to  feriefes  that  will  involve  only  the 
even  powers  of  *. 

For,  in  the  firft  place,  the  fecond  term  2  QJs  =  2  x  the  feries  C  **  +  E  ** 
+  G**  +  Ix*  +  L*"*  +  &c  =  the  feries  aC**  +  2E«*  +  2G*'  -i- 
2I**  +  2  L*'"  +  &c,  which  contains  only  the  even  powers  of  *. 

And,  in  the  fecond  place,  the  fixth  term  Q^  (being  equal  to  the  fquare  of  the 
feries  C**  +  E**  +  G**  -)-  I*'  +  L,*"  +  &c)  will  evidently  be  equal  to  a 
feries  that  will  contain  only  »*,  **,  *',  »*°,  and  the  following  even  powers  of*. 

And,  laftly,  the  fourth  term  P*  (being  equal  to  the  fquare  of  the  feries  B* 
+  D**  +  Fjf*  -I-  Ha:'  +  K**  +  M.r"  -j-  &c,  which  contains  only  the  odd 
powers  of  x)  will  alfo  be  equal  to  a  feries  that  will  contain  only  the  even  powers 
of  X ;  becaufe  its  terms  wUI  be  the  produAs  of  the  multiplication  of  the  term& 
of  the  feries  B«  +  D«*  4-  F*'  +  H*'  +  Kx»  +  M*"  +  &c  (whicU 
involve  only  the  odd  powers  of  *)  into  each  other :  it  being  evident  that  the 
multiplication'  of  two  odd  powers  of  x  into  each  other  muft  sdways  produce  an 
even  power  of  it. 

Therefore  the  three  terms  2  Q^  P',  and  Q^  which  are  marked  with  the  fam& 
figns  +  and  —  in  both  the  quantities  i  -f-  2  P  —  2  Q_+  P*  —  2  PQ_+  Q\ 

and 
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and  I  —  2  P  -  2  Ct+  P*  +  -2  PQ.+  Q^  will  be  equal  to  feriefes  which  wiH 
involve  only  the  even  powers  of  x.  q.  e.  », 

1 9 .  And  the  fircond  term  2  P,  and  the  fifth  term  a  PQ_,  of  the  faid  quanti- 
ties I  +  a  P  -  a  Q_+  P*  —  2  PQ_+  Q!  and  i  -  2  P  —  2  Q_+  P*  +  a  PQ^ 
4-  (^,  which  are  marked  with  contrary  ngns  in  the  latter  of  thcfe  two  quBwi- 
tics  to  thofe  with  which  they  arc  marked  in  the  former  quantity,  will  be  equal  to 
fcriefes  which  will  contain  only  the  odd  powers  of  *. 

For,  in  the  ift  place,  2  P  is  =  2  x  the  feries  B  a:  +  D**  +  F  *'  +  H*' 
4-  K*»  +  Mx"  +  &c  =  the  feries  28*+  2  D*'  +  2F**  +  aH*'  + 
a  K  *»  +  2  M  *"  +  &c,  which  contains  only  the  odd  powers  of  *. 

And,  adly,  2  PQ_is  =  Q_x  2P  =  Q_x  the  feries  2  B«  +  2 1>«»  + 
2  F«>  +2  H*T  +  «K*»  +  2M*"  +  &c  =  the  feries  C*»  +  E**  + 
G**  +  Ix*  +  L*'"  +  &c  (which  involves  the  even  powers  of  *)  X  theferies 
2  B*  +  2D*'  +  2  F*'  +  2H*'  +  2  K**  +  2  M*"  +  &€  (which  in- 
volves the  odd  powers  of  «)  —  a  feries  confifting  of  terms  which  will  involve 
Only*',  **,  x^y  X',  x",  and  the  following  odd  powers  of  w;  becaufcallthe 
terms  of  it  will  be  the  products  of  the  multiplication  of  fome  of  the  terms  of 
the  feries  C*'  +  Ex*  +  G**  +  I*'  +_L*'**  +  &c'(wfiich  involve  only 
fbc  even  powers  of  *)  into  fome  of  the  terms  of  the  feries  2  B*  +  2  D*'  + 
2F**  +  zH*'  +  2K«'  +  2M«"  +  &c,  which  involve  only  the  odd 
powers  of  *;  it  being  evident  that  the  produif^  of  the  multipHcation  oi  an  even 
power  of  X  into  an  odd  power  of  it  muft  always  be  an  odd  power  of  it. 

Therefore  the  two  terms  2  P  and  2  PQ^of  the  two  quantities  i  +  2  P  — 
2  Q^+  P*  —  2  PQ^+  02  and  I  —  2  P  —  2  Q^+  P*  +  2  PQ.+  Q^,  which 
are  marked  with  contrary  figns  +  and  —  in  thofe  two  quantities,  wiH  be  equal 
to  feriefes  which  will  contain  only  the  odd  powers  of  .V.  q.  e.  d. 

20.  It  appears,  therefore,  from  the  two  preceeding  articles,  that,  to  whatever 
number  of  terms  the  two  feriefes  i  +  B*  —  C«*  +  D*»  —  E**  +  F**  — 
tec  and  1—  Bar—  Cx*  —  D*»  —  E**  — F«»  —  fcc,  and  the fquares of 
thefe  two  feriefes,  may  be  continued,  the  terms  involving  the  even  powers  of  « 
in  the  fquares  of  both  feriefes,  will  be  marked  with  the  fiunc  figns  +  and  — » 
and  the  terms  involving  the  odd  powers  of  x  in  the  fquare  of  the  latter  feries  will 
be  marked  mth  the  contrary  iigns  to  thofe  with  which  the  fame  terms  are  marked 
in  the  fquare  of  the  former  feries. 

21.  The  reafonings  i^ed  in  the  fix  preceeding  articles  to  prove,  "that, 
*'  m  the  two  compound  fenefes  which  are  equal  to  the  fquares  of  the  two  fimpie 
«  feriefes  I  +Bx  —  Cx*  +  Dsr'  —  £*♦  +  F«'  —  &c  and  1  —  B*  — 
•*  Cx*  —  D*'  —  E«*  —  F**  —  &c,  the  feveral  terms,  and  members  oi 
'*  terms,  which  involve  the  even  powers  of  x  will  be  marked  with  the  fame 
"  ligns  +  and  —  refpcAively,  and  that  the  feveral  terms,  and  members  of 
"  terms,  which  involve  the  odd  powers  of  x  in  the  latter  of  the  faid  compound  fe-  - 
"  riefea  will  be  marked  whh  the  contrary  i^ns  to  thofe  which  are  to  be  prized 
**  to  the  fame  terms,  and  nKmbers  of  terms,  in  the  former  of  the  iatd  coa»- 
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"  [MiHid  foriefcs,"  may  be  extended  to  the  more  complicaied  compound  feriefej 
which  are  equal  to  the  cubes  of  the  faidfimpleferiefes  i  +  B«—  C«*  +  D*' 

—  E**  +  Fa-'  —  &c  and  1  —  B*  —  C*'  —  D*'  —  E«*  —  F*>  —  &c, 
and  to  the  fourth  powers  of  the  faid  feriefes,  and  to  the  fifth  powers  of  the  faid 
feriefes,  and  to  all  higher  powers  of  the  faid  feriefes,  fo  as  to  prove,  "  that  in 
*'  all  thefe  compound  feiiefes  the  feveral  quantities  which  involve  the  even 
"  powers  of  *  will  be  marked  with  the  fame  iigns  in  every  two  correfponding 
•*  feriefes,  and  that  in  the  compound  feries  which  is  equal  to  the  cube,  or  the 
*'  fcmrth  power,  or  the  fifth  poww,  or  any  higher  power,  of  the  feries  i  —  B*  — 
**  C  jr*  —  D*'  —  E;f*  —  F*'  —  &c,  the  quantities  which  involve  the  odd 
**  powers  of*  will  be  marked  with  the  contrary  figns  to  thofc  which  arc  prefixed 
'*'  to  the  fame  quantities  in  the  compound  feries  which  is  equal  to  the  cube,  or 
•*  the  fourth  power,  or  the  fifth  power,  or  other  correfponding  higher  power  of 
"the  feries  i  +  B*  —  C«*  +  D*'  —  E**  +  F*'  —  &c."  And  there- 
fore 1  think,  we  may  now  conlider  the  four  obfervations  fet  forth  above  in  art. 
II  and  13  as  fufiicieotly  eftabUOaed. 

22.  Now,  if  thefe  obfervations  are  admitted  to  be  true,  it  will  follow  that, 
whenever  the  co-efiicients  of  the  third,  fourth,  fifth,  fixth,  and  other  following 
terms  of  the  compound  feries  whidi  is  equal  to  the  fquarc,  or  the  cube,  or  the 
fourth  power,  or  the  fifth  power,  or  any  higher  power,  of  the  feries  i  +  Bsr  — 
Cet*  +  D«*  —  Ex*  +  Fi:>  —  &c  are  all  equal  to  o,  or  thofe  of  the  mem- 
bers of  the  faid  co-efficients  which  aw  marked  with  the  Cgn  —  ^  tajten  together, 
are  equal  to  the  other  members  of  the  faid  co-efficients  which  are  marked  with 
the  llgn  +,  and  from  which  the  former  members  marked  with  the  fign  — ,  are 
to  be  fiihtrafted,  the  fame  thing  will  alfo  take  place  in  the  compound  feries 
-whidi  is  rqual  to  the  fquare,  orthe  cube,  or  the  fourth  power,  or  the  fifth  power, 
or  the  otlier  correfponding  higher  power,  of  the  feries  i  —  B*  —  C**  —  D*' 

—  Ejf*— F*'  —  &c;  to  wit,  that  the  co-efficients  of  the  third,  fourth,  fifrfi, 
fixt^,  and  other  following  terms  of  the  {kid  compound  feries  will  Ukewife  all  he 
equal  to  o,  or  that  thofc  members  of  the  laid  co-efficienrs  which  are  marked 
WHh  (he  fign  — ,  or  are  fubtrafted  from  the  other  members  of  them  which  are 
marked  with  the  fign  +,  will  be  equal  to  the  faid  other  members. 

For  in  the  faid  correfpondent  compound  feriefes  the  members  of  the  feveral 
coarrafponding  terms,  or  terms  involving  the  fame  powers  of  x,  will  be  the  very 
Jame  quantities,  hy  the  ift  obfervation  in  art.  ii  and  12.  And  in  the  third, 
fifth,  feventh,  and  other  following  odd  terms  of  the  faid  compoimd  feriefes 
(which  will  involve  the  even  powers  of  *)  the' figns  +  and  — ,  to  be  prefixed 
to  the  feveral  members  of  the  faid  terms,  will  be  the  fame  in  both  feriefes ;  and 
in  the  fecond  terms  and  the  feveral  members  of  the  fourth,  fixth,  eighth,  add 
other  following  even  terms  of  the  faid  compound  feriefes  (which  will  involve  the 
odd  powers  or  x)  the  figns  +  and  —,  to  be  prefixed  to  the  faid  fecond  terms, 
and  to  the  feveral  memt«rs  of  the  fourth,  fixth,  eighth,  and  other  following  even 
terms  of  the  faid  compound  feriefes,  will  be,  refpeftively,  contrary  in  one  of 
thofe  compound  feriefes  to  what  they  are  in  the  other  ;  as  is  evident  from  the 
third  and  fourth  obfervations  in  art.  11  and  12.  Therefore,  if  in  the  third, 
a  fourth. 
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fcHinh,  fifth,  fixth,  and  other  following  terms  of  the  compound  fcries  which  is 
equal  to  any  power  of  the  firfl.  fimpie  leries  i  +  B*  —  C«'  +  D*'  —  E** 
+  F»'  —  &c,  the  fum  of  the  members  of  each  of  the  faid  terms  that  arc 
marked  with  the  fign  —  is  equal  to  the  fum  of  the  members  of  the  fame  term 
which  are  marked  with  the  fign  -f,  the  fame  thing  will  alfo  take  place  in  the 
compound  feries  which  is  equal  to  the  fame  power  of  the  fecond  ^mple  feries 
1  —  Bar  —  C*'  —  D**  —  Eff*  —  F«*  —  &c,  or  the  fiim  of  the  members 
which  are  marked  with  the  lign  —  in  the  third,  and  the  fourth,  and  the  fifth,  and 
the  fixth,  and  every  other  following  term  of  the  faid  fecond  compound  feries, 
will  be  equal  to  the  fum  of  the  members  of  the  fame  term  which  are  marked  with 
the  fign  +  ;  that  is,  in  other  words,  when  the  third,  fourth,  fifth,,  fixth,  and 
other  following  terms  of  the  compound  feries  which  is  equal  to  any  power  of  the 
fimpie  feries  i  +  B*  —  C**  +  D**  —  E**  +  F*'  —  &c,  become,  all, 
equal  to  o,  and  the  whole  feries  confifts  of  only  the  two  firft  terms,  the  third, 
fourth,  fifth,  fixth,  and  other  following  cenns  of  the  compound  feries  which  is 
equal  to  the  fame  power  of  the  feries  i  —  B«  —  C**  —  D*'  —  E**  —  F*' 

—  &c  will  alfo  be,  all,  equal  to  o,  and  the  whole  feries  will  confift  of  only  the 
two  firft  terms.  q_.  E.  d. 

23.  And  hence  we  may  derive  a  proof  of  die  propofition  aflerted  above,  in 

I 

art.  z,  concerning  the  quantity  1  — *) « ,  or  y/'  (i  —at,  or  the  «th  root  of  the 

refidual  quantity  i  —  * ;  to  wit,  that,  if  A  be  =  i,  and  B  be  =:  —  A,  and  C 

be  =  i^  B,  and  D  be  =  ii-=-i  C,  and  E,  F,  G,  H,  &c  be  equal  to  ^—^  D, 
3"  3"  ^ 4" 

^~  '  E,  ?*~'  F,  -*  ^—  G,  &c,  refpedlively,  the  faid  quantity  i  —  *}^,  or 
*/"fi  —  Xf  will  be  equal  to  the  infinite  fcries  i  —  —  A*  —  t.^  B*»  — 
(EZi  c*'  —  |HzId**--^^E*'  -  &c,ori  _  B*-C*»  -  Dx' 

—  E**  —  F;if'  —  &c,  in  which  all  the  terms  after  the  fiift  term  i  are  marked 
with  the  fign  — ,  or  are  fubtraded  from  the  faid  firft  term. 

For.  fince  the  feries  1  +  -  A*  -  £^  B«'  +   21^  C«'  -  (^ 

D**  +  ^^  E*>  —  &c,  or  I   +  Bs:  —  C*>  +  D**  —  Esf*  +F*'  - 

&:c,  has  been  (hewn  in  art.  47  of  the  preceeding  difcourfe  concerning  the  Bino- 

I  

mial  Theorem,  page  237,  to  be  equal  to  i"+  *]»,  or  \/"fi  +  *»  't  follows 
that,  if  the  faid  fcries  were  to  be  raifcd  to  the  nth  power  («  being  any  whole 
number  whatfoever)  or  to  be  multiplied  »  —  i  times  into  itfelf,  the  compound 
feries  thence  arifing  would  be  equal  to  1  +  *,  which  would  be  the  two  firft 
terms  of  it,  and  confequenily  the  co-efficients  of**,  x',  x*,  *',  Szc  ad  infi- 
nitum in  the  following  terms  of  the  faid  compound  feries  would  be,  each  of  them, 
equal  to  o,  or  thofe  members  of  the  faid  co<efficients  which  would  be  marked 

with 
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with  the  fign  — ,  or  would  be  to  be  fubtrafted  from  ihe  others  which  would  be  mark- 
ed with  the  fign  +,  would  be  equal  to  the  faid  other  members,  from  which  they 
would  be  to  be  fabtrafted ;  of  which  we  Have  given  fome  examples  above  in  art.  5, 
6,  7,  and  8.  But,  by  the  foregoing  article  ai,  whenever  the  co-efficients  of  the 
third,  fourth,  fifth,  fixth,  and  other  following  terms  of  the  compound  feries  which 
is  equal  to  any  power  of  the  feries  i  +  B*  —  C**  +  Dx'  —  E**  -I-  F«*  —  &c, 
are  all  equal  to  o,  or  the  fubtrafted  members  of  each  of  the  faid  co-efficients  are 
equal,  taken  together,  to  the  members  from  which  they  are  fubtrafted,  the  co-effi- 
cients of  the  third,  fourth,  fifth,  llxih,  and  other  following  terms  of  the  compound 
feries,  which  is  equal  to  the  fame  power  of  the  feries  i  —  B*  —  C**  —  D*'  — 
E«*  —  F*'  —  itc,  will  alfo  be,  all  o(  them,  equal  to  o,  or  the  fubtratled  mem- 
bers of  each  of  the  faid  co-efficients  will  be  equal,  taken  together,  to  the  mem- 
bers from  which  they  are  fubtrafted.     Therefore,  if  the  feries  i Ax  — 

El  B**  -  EEi  C*'  -  (HZTd*-*  -  EHTe*'  -  &c,  or  I  -  Bff 

—  Cat*  —  Dar'  —  E**  —  F*»  —  Sec  fin  which  B  is  =  -^  A,  or  —  x  i, 
or  -,  and  C  is  =  !!-=-i  B,  and  D  is  =  ^^^-=-i  C,  and  E  is  =  ^lUi  D,  and  F, 
G,  H.  I,  &c,  are  equal  to  i^^^  E,  £^  F,  ^1^  G,  and  ^1=^  H,  &c,  re- 
fpeftively),  be  raifed  co  the  »th  power,  or  multiplied  »  —  i  times  into  itfelf, 
the  co-efficients  of  the  third,  fourth,  fifth,  fizth,  and  other  following  terms 
of  the  compound  feries  which  will  be  prtiduced  by  fuch  multiplication,  and 
which  will  be  equal  to  the  faid  nth  power  of  the  feries  i  —  B*  —  Car'  — 
D*»  —  Ex*  —  F«'  —  &c,  will,  each  of  them,  be  equal  to  o,  or  the  fub- 
trafted members  of  each  of  the  faid  co-efficients  will  be,  all  taken  together, 
equal  to  the  other  members  of  them,  from  which  they  are  to  be  fubtrac- 
tcd ;  and  confequently  the  whole  of  the  faid  compound  feries  will  be  equal 
to  its  two  firfl  terms ;  which  will  be  i  —  *,  becaufe  the  two  firft  terms  of 
the  compound  feries  which  is  equal  to  the  »th  power  of  the  feries  i  -f  B  *  — . 

C*"  -}-  Daf'  —  E*»  +  F«'  —  &c,  or  I  +  i-A*  -  p^B**  -1-  '-1^ 
Cx'  —  r' ~ ■'-  Dx*  +  *'" '  E**  —  &c  (to  which  the  compound  feries  that 
is  equal  to  the  «th  power  of  the  feries  i  —  B*-  —  C**  —  D«*  —  E,v*  —  F** 

—  &c,  has  been  (hewn  to  be  analogous  in  the  manner  above-defcribcd),  are  ■ 
I  -I-  *. 

And,  fince  the  »th  power  of  the  feries  i  —  B*  —  C*'  —  Dx'  —  Ex*  — 

F*'  -  &c,  or  I  -  —  A*-  El  B*'  -  EU G.t'  -  (E^D**  — 

F— -  E*'  —  &c,  will  be  equal  to  i  —  *,  it  follows  that  the  faid  feries  itfelf 

t  

will  be  equal  to  i  —  *] » ,  or  \/'  (i  —  x,  or  the  »th  root  of  the  refidual  quan- 
tity I  —  *.        ■  <l.  E.  D. 
Vol.  II.                                           3  A  24.  Wc 
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24.  We  muft  now  proceed  to  confuier  the  quamity  1  — "j(^»,  orthemti 
power  of  the  Mb  root  01  the  refidual  quantity  i  —  *. 


Of  the  feries  which  is  equal  to  the  quantity  ii  —  x\ " , 
er  the  xntb  power  of  the  nth  root  of  the  refidual 
quantity  i  —  x,  when  m  and  n  are  any  vobolt  num- 
bers whatfoever. 


25.  It  has  been  (hewn  in  the  foregoing  difcourfc  concerning  the  braomial 
theorem*  an.  yj,  p.  269,  that,  if /n  be  ^ny  whole  number  whatever,  and  » 

any  other  whole  number  greater  than  m,  the  quantity  i  +  *V  .orthemth  power 
of  the  »th  root  of  the  binomial  quantity  i  +  *,  will  be  equal  to  the  feries  i  + 

^  A*  —  p^  B**  +  """"-CjfJ  —  p"-"— D.y*  +  ^^— ^E*'  —  &c  a/ 
infinitum  ;  in  which  feries  the  fecond,  and  third,  and  fourth,  and  other  following 
terms,  are  alternately  marked  with  the  fign  +  and  the  fign  — .  And  it  has  been 
fticwn  in  att.  104  of  the  faid  difcourfe,  page  289,  that,  when  m  is  greater  than 

n,  but  Ids  than  2  »,  the  quantity  i  +  x\» ,  or  the  Mth  power  of  the  Hth  root  of 
the  binomial  quantity  i  +  *,  will  be  equal  to  the  feries  i  +  —  A*  +  ^!-^ 

B*»  -  EZic*^  +  ^1^1?  D**  _E^E«>  +  &c;  in  which  the  thre? 
firft  terms  of  the  feries  are  added  together,  and  the  fourth  and  fifiji,  and  other 
following  terms  of  it  are  marked  with  the  fign  —  and  the  fign  +  aliemaieiy,  or 
are  alternately  fubtradcd  from,  and  added  to,  the  faid  three  firft  terms.  Aijd  i[ 
has  been  (hewn  in  art.  1 15  of  the  faid  difcourfe,  page  299,  that,  ifmbeofany 
-  magnitude  greater  than  2  »,  and  ^  »  is  the  greateft  muhiple  of  n  that  is  lefs  than 
i»,  fo  that  «  is  greater  than  fn,  but  Icfs  than^  +  1)  X  »,"  or  pn  +  «,  the  quan- 
tity T"+^"  ,  or  the  mth  power  of  tHe  «h  root  of  the  binomial  quantity  I  +  Jf, 
will  be  equal  to  the  feries  i  +  —  A*  +  !1^^  B**  +  "^^^  Cx'  +  ^1=^ 


D**  +!lfifEAr'  +  ^LZJlVx^  +&c,-(«i±^C''*^  +  '  +ft 


+  a«- 


/'  +  «  ^      ^»  +  3« 


jy   p  +  3    _  [>*"  +  i»  -  "  r'jgP  +  4     ,    /"  +  4"-'"  F'*'  "*■  5   _  y^+i"-"  Q'f-i-6 
I     /•  +  4<i  "^      /« +  s»  \    p^  +  f,a 

+  &c  ad  infinitum ;  in  which  feries  all  the  terms  after  the  firft  term  1  are  to  be 
added  to  the  faid  firft  term,  till  we  come  to  the  term^"    '"^  C^x^  "*"  *,  which 
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is  M  be  fubtraded  from  it ;  and  all  the  terms  after  the  faid  term  ^— -^— - 

C'*'     '  arc  to  be  added  to,  and  fubtrafted  from,  the  faid  firft  terra  alternately. 

Now  the  quantity  i  —  x^,  or  the  mth  power  of  the  nth  root  of  thcTefidual 
quantity  i  —  *,  will  always  be  equal  to  a  feries  confilling  of  the  very  fame 

terms  as  the  feries  that  is  equal  to  the  quantity  i  +  *]«>  or  the  fame  power  of 
the  fame  root  of  the  binomial  quantity  i  +  *,  but  with  the  figns  -f-  and  — 
changed  into  their  contraries  in  all  the  terms  that  involve  *,  x',  x',  *',  *•; 
pe"y  and  the  other  following  odd  powers  of  *,  or  in  the  fecond,  and  fourth,  and 
fixrh,  and  eighth,  and  tenth,  and  other  following  even  terms  of  the  feries. 
This  I  flull  now  endeavour  to  demonllrate. 

•  I 

26.  It  has  been  (hewn  above  in  art.  23,  that  i  —  x]" ,  or  the  »th  root  of  the 

refidual  quantity  i  ~  x,  is  equal  to  the  infinite  feries  1  —  —  A  «  —  f^-^  B** 

-lEEic*'  -  [iiZJD*«  — E^  Ex'   -   &c,    which  confifts  of  the 

)   3"  14''  15* 

very  fame  terms,  only  differently  conneftcd  tc^ether  by  the  figns  +  and  — ,  as 

the  feries  i  +  -  A*—  E^Bx*   +  ^^^^  C»'  -  |HZi  D**  +  i^^ 

"Ex*  —  &c,  which  is  equal  to  i+*|* ,  or  the  »th  root  of  the  binomial  quan- 
tity I  +  «.  And  the  difference  between  thefc  two  feriefes  with  refpeft  to  the 
figns  -f  and  — ,  that  are  to  be  pi-efined  to  their  fecond  and  other  following 

^  I 

terms,  is  that  in  the  feries  which  is  equal  to  1  —  x\*  die  fign  —  is  to  be  pre- 
fixed to  alt  the  terms  after  the  firft  term,  whereas  in  the  feries  which  is  equal  to 

1  —  x] «  the  fign  —  is  to  be  prefixed  only  to  its  third,  and  fifth,  and  feventh,- 
and  other  following  odd  terms,  and  the  fign  4-  is  to  be  prefixed  to  its  fecond, 
and  fiaurth,  and  Cxth,  and  other  following  even  terms. 

lc|«  is  equal  to  the  infinite  feries  I  —  — A*  —  jl^  Bj<» 

D«*  —  f"  ~  '  E**  —  &c,  it  follows  that  the  quan- 
»  t 

tity  I  —  a^" ,  or  the  «th  power  of  1  —  j^"  will  be  equal  to  the  wth  power' of 

the  faid  infinite  feries  i  —  —  Aa:  —  p-^  B**  —  \     ~  '  C*'  —  P"  ~  '  Dx* 
"  \ '"  '    3"  '    4« 

—  r*-"—  Ex'  —  &c,  or  (as  Jt  will  be  convenient  to  denote  it  for  the  fatoeoi* 

brevity),  of  the  feries  i  — Ba»  —  C**  —  Diff^  —Ex*  —  Wx*  —  See  aJiit-- 

finitum.    We  muft  therefore  inquire  what  will  be  the  terms  of  the  feries  that  is 

3  A  2  equal 
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equal  to  the  wth  power  of  the  feries  1  —  B*  —  C**  —  D**  —  E**  —  F*'  — 
&c,  and  what  will  be  the  figns  +  and  —  that  will  be  to  be  prefixed  to  thenii 
or  what  will  be  the  terms  of  the  feries  that  will  be  produced  by  multiplying  the 
faid  feries  1  —  B*  —  C**  —  D*'  —  E«*  —  Far'  —  Sec  m  —  i  times  into 
itfelf,  and  which  of  the  figns  +  and  —  will  be  to  be  prefixed  to  each  of  them : 
and  we  muft  compare  the  feries  fo  produced  with  the  feries  which  is  produced 

by  the  muliipU cation  of  the  feries  i  +  —  A*  —  \'-^  B  ar*  +  '"  ~  '  C*'  — 

D**  +  i^i^^  Ex'   —  Sec,  or  1  +  B«  -  C*"  +  D*'  -  E**  + 


F*'  —  &c  (which  is  equal  to  i  +  x]"  )  m  —  1  times  into  itfelf,  and  which  is 

therefore  equal  to  the  quantity  1  +  *)» ,  or  the  wth  power  of  the  »th  root  of 
the  binomial  quantity  i    +  x. 

27.  Now,  from  what  has  been  (hewn  above  in  art.  ii,  12, —  ^  21, 

it  is  evident,  in  the  firft  place,  that  if  we  raife  both  the  feriefes  i  4-  B«  —  C«' 
+  D*^  -  Ex*  +  F*>  —  &c,  and  1  -  B*  —  C*'  —  D*'  —  E«'  —  F*' 
—  &c,  to  the  wth  power  (m  being  any  whole  number  whatfoever),  or  multiply 
each  of  them  m  —  1  times  into  itfelf,  the  produAs  of  the  faid  multiplications 
■will  be  two  compound  feriefes  conlifting  of  exaflly  the  fame  terms,  of  which 
the  firft  term  will  be  1 ;  and,  2dly,  that  the  figns  +  and  — ,  that  will  be  pre- 
fixed to  the  members  of  the  feveral  terms  of  the  faid  compound  feriefes,  will  be 
the  fame  in  all  the  terms  which  will  involve  the  even  powers  of  *  in  bioth  feri- 
'  efes,  but  will  be  different  in  thofe  terms  of  the  faid  two  feriefes  which  will  in- 
Tolve  tlie  odd  powers  of  *.  Therefore  the  compound  feries  which  is  equal  to 
the  wth  power  of  the  fimple  feries  i  —  B*— C**  —  D*'  —  £«*— F**  — 

&c,  or  1  -  -  A*  -  f^  B**  -  ^^  C*'  -  (EEIdx*  -  £Ei 

Ex>  —  ScCy  may  be  derived  from  the  compound  feries  which  is  equal  to  the 
wth  power  of  the  fimple  feries  i  +  B*  —  C**  +  Dx*  —  Ex*  +  F«>  — 

&c,  on  +  -  Aa-  —  f^^  B*»  +   i^^^  Cx>  -   I^^D**  +  ^!LZJ. 

Ear'  —  &e,  by  changing  the  figns  of  all  thofe  terms  of  the  faid  latter  compound 
feries  which  involve  the  odd  powers  of  x,  into  their  contraries.  But  the  com- 
pound feries  which  is  equal  to  the  wth  power  of  the  faid  fimple  feries  i  +  Bx 

~  Cx'   +  T>x'    -  Ex*   +  Fx>  —  &c,  or  I  -l-  ^  A*  —  EI B*»  + 

■*""'  Cx'  —  P"~ '  Da:*  -t-  **~  '  E*>  —  &c,  is  equal  to  the  aith  power 


of  I  +  x\»  ,  or  to  the  quantity  i  -|-  a^»  ,  and  confequently  (by  what  is  (hewn  in 
art.  1 1 5  of  the  foregoing  difcoiirfe,  page  299)  is  alfo  equal  to  the  limple  feries  i  -f- 


.    /»  +  * 


y  Google 


THE        RBSIDtTAL        THEORBH.  565 

E±^Cfx^  +  '  ^f'+ '•'-'"  jy^f  +  i  _  &c.    Therefore,  if  the  figns  + 

and  — of  [hofe  terms  in  this  laftiimpleferies  which  involve  the  odd  powers  of  x:^ 
thai  is,  of  the  fecond,  fourth,  fixth,  and  other  following  even  terms  of  it,  be 
changed  into  their  contraries,  the  fimple  feries  thereby  produced  will  be  equal  to  the 
compound  ferics  produced  by  changing  the  figns  of  thofe  terms  of  the  compound 
feries  that  is  equal  to  the  mth  power  of  the  fimple  feries  i  +B*  —  C*'  + 

D«*  -  E**  +  F*'  —  &c,  or  I  +  7  A*  —  E^  B**  +  ^l^Cx'  — 
P"'"'  D**  +  ^"~ '  E*'  —  &c,  which  involve  (he  odd  powers  of  *,  or  the 
figns  of  its  fecond,  fourth,  fixth,  and  other  following  even  terms,  into  their 
contraries.  But  it  has  been  juft  now  ftiewn,  that  the  compound  feries  pro- 
duced by  changing  the  figns  of  thofe  terms  of  the  compound  (cries  that  is  equal 
to  chemth  power  of  the  fimple  ferics  i  -|-  B*  —  C*^  -j-D**  —  E**  +  F*' 

—  &c^or  1  H A*  —  — -  B**  -j C**  —  \~ D**  + 

E  *'  —  &c,  which  involve  the  odd  powers  of  x,  into  their  contraries,  is  equal 
to  the  compound  feries,  or  rather  Js  the  compound  feries,  which  is  equal  to  the 
iBth  power  of  the  fimple  feries  i  —  B*  —  C**  —  D*'  —  E**  —  Fx'  —  &c, 

ori--^A*-EHlB*>  -f^Cx^  _^D**  -I^E*'- 

"  I  »■  I    3"  14"  Is* 

&c.    Therefore  the  Cmple  feries  that  is  produced  by  changmg  the  figns  of 

thofe  terms  of  the  fimple  ferics  i  +  —  A*  +  ;  ~—  B«'  +  ■  "-  "■  Cx'  + 


D**  +  '!^^^  E*'    +   &c».  -    P'J'*""  Ox 


/»  +  3« 


E/a/  +  3^  —  p^?|^ — -  E'*'  "^  *  +  &c,  which  involve  the  odd  powers  of  *,  ( 
the  figns  of  the  fecond,  fourth,  fixth,  and  other  following  even  terms  of  it,  into 
their  contraries,  will  be  equal  to  the  compound  (erics  which  is  equal  to  the  mth 
power  of  the  fimple  ferics  i  —  B;c  —  Cjf*  —  D*'  —  £«♦  —  F*>  —  &c, 

or  I A*  —   B**  —  C«*  —  i^ D**  —  P- E*'  — 

m  I  »«  I    3"  14"  IS" 


&c,  and  confequently  will  be  equal  to  the  wih  power  of  i  —  *l?  (which  is 
equal  to  the  faid  laft-mentioncd  fimple  feries),  or  to  the  mth  power  of  the  «th 
root  of  the  refidual  quantity  i  —  *. 

^  E.    D.. 

28.  The  reafonings  in  the  foregoing  article  appear  fomewhat  perplexed  in 
eonfequence  of  the  multitude  of  words  which  have  been  made  ufe  of  in  defcrib- 
ing  the  feveral  infinite  fcricfes  mentioned  in  them.  I  will  therefore,  now  re- 
peat them  in  a  concifer  manner,  which  will,  I  hope,  remove  all  obfcurity  from 
them ;  and  for  this  purpofe  I  (hall  denote  all  the  feriefes  that  we  Ihall  have  oc- 
cafion  to  confider,  by  fingle  letters. 

29.  Lee 


y  Google 


366        X   Bl^COrHSB   COHCERHIHG 

zg.  Let  the  Greek  capital  letter  r  be  put  for  the  ieries  i  +  —  A*  —  |^^-^ 
B»*  +  ;i=-l  Cx'  —  fliHiDx*  +  i^^^^  Ex»  —  &c,  ad ir^niltm,  or  i  + 
fix  —  C«'  +  D*»  —  Ex*  +  Fx'   —  Stc  W  itifinitumy  which  is  equal  to 


J  +  4* »  or  the  »th  root  of  the  binomial  quantity  1  +  x ;  and  let  the  Greek 

capital  letter  A  be  put  for  the  feries  1 ^  A*  —  [2.ZJ  Bat*    —  1'"  ~  '■  G «* 

_  hlZ-L  D»*  —  ytlZJ.  E*s  —  kc  aj is&titum,  or  i  —  B«  —  Cx'  -  Dx' 

—  Ex*  —  F x^  —  iicad infinitum,  which  is  equal  to  i  —  x]"  ,  or  the mh root 
of  the  refidual  quantity  i  —  x.  And  let  V  ftand  for  the  compound  feries  which 
is  equal  to  the  mth  power  (»  being  any  whole  number  wharfoever)  of  the  fimple 
tries  I  +  Bx—  Cx»  +  Dx*  —  Ex*  +  Fx*  —  &c,  orr,or  the  produft  which 
arifes  by  tnukiplying  the  faid  fimple  feries  m  —  1  times  into  itfelf;  and  let 
A"  flaod  for  the  compound  feries  which  is  equal  to  the  fame>  or  the  jnth^  power 
of  the  fimple  feries  t  —  Bx  —  Cx'  — Dx*  —  Ex*  —  Fx'  —  &c,  or  A,  or 
the  product  which  arifes  by  multiplying  it  «  —  i  times  into  itfelf.  And  let  the 
Greek  capital  letter  A  denote  the  fimple  feries  i  +  —  Ax  +  "*"*  Bx*  + 

!Li:if  Cx'  +  iXi-'Dx*  +::i:ii:  Ex'   +  &c  -   (?^£?C'x'+^  + 

3«  i,"  5"  1   A"+"  ^ 

€^|JL^IX;,^  +  3_^^lZJ!E'xJ*  +  *+^±ii:i^F'x'  +  *   _  fkcad 

infinitum,  which  is  equal  to  the  quantity  i  +  x]"  ,  or  the  wth  power  of  the  «h 
root  of  the  binomial  quantity  i  -^  a.  And,  laftly,  let  the  Greek  capital  letter 
n  denote  the  fimple  feries  which  is  derived  from  the  fimple  feries  A  by  chang- 
ing the  figns  of  thofe  terms  in  it  which  involve  the  odd  powers  of  x,  that  is,  of 
the  fecond,  fourth,  fixth,  eighth,  and  other  following  even  terms  of  it,  into 
their  contraries.  With  this  notation  the  reafonings  contained  in  the  foregoing 
-article  27.will  be  as  follows. 

30.  From  what  has  been  (hewn  above,  in  art.  11,  11,  &c, 21,  it  is 

evident,  in  the  ift  place,  that  the  compound  feriefcs  F"  and  A"  will  confift  of 
exactly  the  fame  terms,  "of  which  the  firil  term  will  be  i  ;  and,  zdly,  that  the 
figns  +  and  —  that  will  be  prefixed  to  the  members  of  the  fevcral  terms  of  the 
faid  [WO  compound  fcriefes  will  be  the  fame  in  all  the  quantities,  or  members  of 
the  terms  of  the  faid  feriefcs,  which  will  involve  the  even  powers  of  x,  that  is,  in 
the  third,  and  fifth,  and  feventh,  and  other  following  odd  terms  of  the  faid  fe- 
riefcs ;  but  will  be  different  in  thofe  terms  of  the  faid  two  feriefcs  which  will  in- 
volve the  odd  powers  of  x,  that  is,  in  the  fecwid,  and  fourth,  and  fixih,  and 
other  following  even  terms  of  the  faid  feriefcs.  Therefore  the  compound  feries 
A"  may  be  derived  from  the  compound  feries  P"  by  changing  the  figns  of  all  the 
members  of  thofe  terms  of  the  feries  T"  which  inyolve  in  them  the  odd  powers 

of 


y  Google 


THE        RESTDVAL        THEORBm;  ^f 

of  *,  that  is,  the  figns  of  all  the  members  of  the  fecond,  fourth,  fixth,  and  other 
follmving  even  terms  of  it,  into  dieir  contraries.     But,  becaufe  the  (imple  feries 

r  is  equal  to  i  +  x\ «  ,  the  canpound  feries  1>  will  be  equal  to  the  »ith  power 

of  I  +  *1 »  ,  or  to  the  quantity  i  +  *)  * ,  arid  confequently  (by  what  is  Ihewn 
in  art.  1 15  of  the  foregoing  difcourfe,  page  299)  will  be  alfo  equal  to  the  fimple 
feries  A.  Therefore,  if  the  figns  +  and  —  in  thofe  terms  of  this  fimple  feries 
A  which  invohre  the  odd  powers  of  f ,  that  is,  in  the  fecond,  founh,  fixth,  and 
other  following  even  terms  of  it,  be  changed  into  their  contraries,  the  fimple 
feries  thereby  produced  will  be  equal  to  the  compound  feries  that  is  produced 
by  changing  the  figns  +  and  —  of  all  the  members  of  thofe  terms  of  the  com- 
pound feries  r*,  which  alfo  involve  the  odd  powers  of  *,  or  the  figns  of  all 
the  members  of  the  fecond,  fourth,  fixth,  and  other  following  even  terms  of 
the  faid  compound  feries  r"j  into  their  contraries.  But  it  has  been  juft  now 
ftiewH,  that  the  compound  feries  which  is  produced  by  changing  the  figns  + 
and  --  of  all  the  members  of  thofe  terms  of  the  compound  feries  T"  which 
mvolve  the  odd  powers  of  *,  or  of  all  tlie  members  of  the  fecond,  fourth, 
fixth,  and  other  following  even  terms  of  it,  is  the  compound  leries  ^".  There- 
fore, if  the  figns  +  and  —  in  thofe  terms  of  the  fitnple  feries  A  which  in- 
volve the  odd  powers  of  *,  or  in  th.e  fecond,  fourth,  fixth>  and  other  fol- 
lowing even  terms  of  it,  are  changed  into  their  contraries,  the  fimple  feries 
thereby  produced  will  be  equal  to  the  compound  feries  A-*,  and  confequently 

_  I 

will  be  equafto  the  wth  power  of  i  —  *]»  ,  or  of  the  »th  root  of  the  refiduaf 
quantity  ,1  —  *,  which  is  equal  to  the  fimple  feries  A ;  that  is,  the  fimple  feries 

H  will  be  equal  to  the  mth  power  of  i  —  «1* ,  or  of  the  »th  root  of  the  rcfidual 

quanricy  i  —  *,  or  to  the  quantity  i  —  *]•  .  q,  e.  r. 

3 1 .  And,  if  ftiU  greater  brevity  be  defir*d,  this  demonftraricm  of  the  equality 

between  the  fimple  feries  Hand  the  quantity  1  —  «l "  may  becxprcffcd  in  the 
manner  following.. 

Since  the  fimple  feries  F  is  3:  1  +  *!',  it  follows  thtt  the  compound  feries 

r*  will  be  =:  the  Mth  power  of  1  +  «1»,  or  =  1  +  x\». 

But  (by  the  foregoing  difcourfe,  art  i  ijj  page  199)  t  +  atV  is  equal  the- 
fimple  feries  A. 

Therefore  the  compound  feries  F"  is  equal  the  fimple  feries  A, 
Therefore,  if  we  change  the  figns  +  and  —  of  all  the  even  terms,  or  terms 
involving  the  odd  powers  of  *,  in  both  thefe  fericfes  T"  and  A,  into  their  con- 
traries, the  feriefes  thereby  produced  will  be  equal  to  each  other. 

But. 
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But  the  fcries  produced  by  this  change  io  the  (igns  of  the  terms  of  the  com- 
pound feries  T"  will  be  the  compound  fcries  A",  by  what  has  been  Qiewn  above 

in  art.  1 1,  12,  13,  &c ai.     And  the  feries  produced  by  this  change 

in  the  figns  of  the  terms  of  the  fimple  feries  A  is  the  fimple  feries  11. 

Therefore  the  fimple  feries  n  will  be  =:  the  compound  feries  A". 

But  becaufe  the  fimple  fcries  A  is  =  1  —  *1« ,  it  follows  that  the  compound 
ieries  A"  muft  be  =  the  mth  power  of  i  —  x\ «  ,  or  =  the  quantity  i  —  *^  «  . 

Therefore  the  fimple  feries  n  will  be  equal  the  quantity  i  —  *1«.      ci^  E.  d. 

32.  Wc  have  now  demonflxated  tn  a  manner  that,  I  hope,  wilt  be  thought 
fatisfaftory,  ift,  that  the  quantity  1  —  j;| « ,  or  the  glh  root  of  the  refidual  quan- 
titjr  I  —  *,  is  equal  to  the  infinite  feries  i  — -  Ax  —  p-^  Bat*  —  r*~ 
C**  —  P" ~  ^-  D**  —  [--"■-  E*'  —  &c  adhfimtum,  in  which  all  the  terms 
that  come  after  the  firft  term  j,  are  marked  with  the  fign  —  ,  or  fubtraded  from 

the  faid  firft  term  ;  and  fecondly  that  the  quantity  i  —  xX'  ,  or  the  wth  power  of 
the  »th  root  of  the  faid  refidual  quantity,  is  equal  to  a  fimple  feries  (which  we 
have  called  11)  confifting  of  the  very  fame  terms  as  the  fcries  (which  we  have 

called  A)  that  is  equal  to  the  quantity  i  +  *] " ,  or  to  the  fame  mth  power  of  the 
fame  »th  root  of  the  binomial  quantity  1  +  x,  and  derived  from  the  laid  feries  A 
by  changing  the  figns  of  thofe  terms  of  it  which  involve  the  odd  powers  of  *, 
or  the  figns  of  its  fecond,  founh,  fixth,  and  other  following  even  terms,  into 
their  contraries.  Nothing  therefore  feems  now  to  remain  to  be  done  with  re- 
fpeft  to  this  fubjeft,  but  to  illuftratc  thefe  two  feriefes  by  applying  them  to  a 
few  parttculai'  cafcs,  or  examples,  in  the  fame  manner  as  we  illuftrated  the  fe- 
riefes which  are  equal  to  t4ic  quantities  1  +  *1«  and  1  +  x]'  in  the  beginning  of 
the  foregoing  difcourfe  concerning  the  binomial  theorem  in  art.  8,  9,  10,  11,  12, 

&c.  — 19  of  the  faid  difcourfe,  pages  201,  202,  203,  &c.  —  —  —  209. 

Thefe  examples  may  be  as  fbl](»ws. 


Examples  of  the  extra£iien  ef/eme  particular  reels  ef  the 
refidual  quantity  i  —  x  by  means  ef  the  Jeries  givm 
above  in  art.  2. 


33.  Tn  the  firft  place  we  will  extraft  the  fquare  root  of  the  refidual  quantity 
1  —  *  by  means  of  the  feries  given  in  art.  a,  to  wit,  the  feries  i  —  —  A  *  — 
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\  am  I    3» 

Jinitum. 


S' 


3«9 
&c  ad  t'S' 


Now  in  this  cafe  i  —  *[«  is  =:  i  —  x\t ,  or  «  is  =r  2,  Therefore  2»  is  (r: 
2  X  1)  =  4,  and  3  »  is  (=  3  X  2)  =:  6,  and  4»  is  (=  4  X  2)  =  8,  aiid 
J»  is  (=  5  X  a)  =  10,  and  confequemly  »  —  i  is  (=  2  —  r)  =  I,  and 
2»—  I  is  (=  4—  i)  =  3,  and  311  -  l   is  (=  6  —  l)  =  5,  and  4»  —  i  is 

(=  8  —  i)  =  7.    We  lliall  therefore  have  1  _  i.  Ax  -  EEJbx-  _ 

1^  C*.  _  {^  Dx'  -  [EEi  E«.  _  &c  =  i'_  4  A,  1*4  B,.  _ 


S-C»'  -  4D«>  -  iE«'  -8cc=  I  -i. 


<:c. 


16        us   ' 


■S« 


Therefore,  if  the  feries  given  above  in  art.  2  is  really  equal  to  i  _  *|« ,  the 

quantity  1  —  *|a ,  or  the  fquare-root  of  the  refidual  quantity  i  —  *,  will  be 
equal  to  the  feries  I  _  i  -  ^  _  .^  _  2l_  2il  _  &c.  <^.  ,.  ,. 

34.  Now  "  that  this  feries  is  really  equal  to  the  fquare  root  of  i  —  x,"  will 
appear  by  multiplying  it  into  itfelf.  For  we  (hall  find  that  the  pnxluft  of  the 
faid  multiplication  wiU  be  i  —  x.  This  multiplication  may  be  performed  in  the 
manner  following. 


'        »        8        16  ~  1.8  ~  ;j6  ~  '"^ 

'— T-T— 76-ha  — ti6-*'<= 

-f  +  T  +  S+f  +  fS  +  ^ 
•"  J.  »'  j_  **  j_  ''    ,1 
—  T  +  TJ-+  ?7  +  T15  +  *=<^ 


It  appears  therefore  that  die  feries  i— i— ^_4  — ^— 2i^-&c,  is 
a  8         16         138        2j6  ' 

really  and  truly,  as  far  as  relates  to  the  fii  firft  terms  of  it,  the  fquare-root  of 
Ihe  refidual  quantity  i  — j»;  and  confequendy  that  the  feries  given  above  in 
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art.  2  for  the  value  of  i  —  at  » ,  or  \/"  fi  —  *,  is  true  in  the  cafe  of  fquare- 


35.  In  the  next  place  we  will  inveftigate  the  value  of  i" —  x)s ,  or  the  cube- 
root  of  the  refidual  quantity  i  — jr,  by  means  of  the  fame  feries  i  —  —  A*  -^ 

\  in  I    3«  (    4«  IS" 

Now  in  this  cafe  »  is  =  3 ;  and  confequently  we  fliall  have  2  »  =  6,  and 
^n  ■=  ^,  and  4«  =:  11,  and  5H  =  15,  and  « — i  =2,  2«  —  i  =  5,  3»  —  i 

=.  8,  and  4a  —  i  =  1 1»    And  therefore  the  feries  i  —  —  Am  —  1^^  B*» 
1    3«         *  I    4« 


*«  —  pi E**  —  &c,  will  in  this  cafe  be  = 

i-|Ax-i-B.--fC*'l^D**-iiE*«-&c=i— i 

_il_Sf!_^_2^  — &C.  Q,E.    I. 

9  81         343         7*9 


36.  Now  "  that  this  fcries  is  reaily  equal  ta  the  cube  root  of  i  —x"  will 
appear  by  multiplying  the  f^  feries  twice  into  icfd£.  Forwe  QisW.  find  that  die 
produft  of  the  uid  multiplications  will  be  equal  to  1  —  *.  Thefe  muUifJica- 
tions  will  be  as  follow. 


L_£;_2:- 


7'9 


3   ^   9         27  243  7»9 

—  —  +  —  +  4^+  -Si^  +  &C 

9  ^   »7  81     ^  719 

»■  »«  7'9 


" 

»43 

+ 

7'9 
7"9 

+  &C 

»» 

-• 

*>' 

_ 

iil 

_^ 

.4*' 

«K, 

1 

» 

»43 

7'9 
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I    D  U 

A 

I. 

T    1 

!I    E 

0    R    £    M. 

2JI 

** 

4*" 

7"* 

I4jr» 

81C 

3 

y 

'^i 

■j"> 

1  — 

"T 

— 

T 

- 

^ 

- 

»41 

- 

1^ 

—  &C 

_ 

4*' 

Jx* 

i4J^s 

8;c 

H 

9. 

Ml 

ji<t 

T 

+ 

9 

+ 

27 

+ 

4** 
241 

4- 

+  &C 

— 

+ 

+ 

"fiT 

+ 

4*' 
7!9 

+  «cc 

- 

%= 

+ 

"^ 

+ 

+   &C 

»43 

+ 

7*9 

+  &c 

+   &C 

I  —  a;  *  *  *  *  8ec. 

It  appears  therefore  that  the  feries  i  —  —  —  i H £21.  _  lii , 

3         9  81         14]         7»9 

&c,  is  realty  and  trvd^,  as  &r  as  relates  to  the  firft  £x  terms  of  it,  the  cube-root 
of  the  relidual  quantity  i  —  x,  and  conj^uently  that  the  feries  given  above 


in  art.  2  for  the  value  of  i  —  arj" ,  or  \/«  i  —  «,  is  true  in  the  cafe  of  cube- 
roots  as  well  as  in  that  of  fquare-roots. 


Examples  of  tbe  extra^tm  of  the  roott  of /ome particular 
powers  of  the  refidual  quantity  i  —  x  ^  means  of  the 
Jeries  given  aieve  in  art.  25,  and  which  in  art.  29, 
30,  Mid  ^i  is  denoted  iy  tbt  Greek  capital  letter  U. 


37.  In  the  neit  place  we  will  invcftigate  the  value  of  the  quantity  i  —  «|3 , 
or  the  cube-root  of  the  fqaare  of  the  refidual  quantity  i  — -*,  or  (which  comes 
to  the  fame  thing)  the  fquare  of  ks  cube-root,  by  means  of  the  feries  given 
above  in  art.  35,  and  denoted  by  the  Greek  capital  letter  n  in  art.  29,  30,  and 

z 

Now  it  is  (hewn  in  the  foregoing  difcourfe,  art.  12,  page  203,  that  i  -t-  *|j, 

or  the  cube-root  of  the  fquare  of  the  binomial  quantity  i  -f-  x,  is  equal  to  the 


feries  I  +— —  —  +  i^  —  2f!j.  i±l!  _  &c,  ad  infinitum.    Therefore  the 
3  98'         343  ^    729 

from 
this 

Google 


quantity  i~— xi  3  muft,  according  to  art.  t$y  be  equal  to  a  feries  derived  from 
3  B  2  this 
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this  feries  by  changing  the  figns  of  its  fecond,  fourth,  fixth,  and  other  fjllow- 

ine  even  terms  into  their  contraries,  that  is,  to  the  feries  i  —  —  —  —  —  ^  ^ 
6  ^  3         9         8i 

^ — &c,  in  which  all  the  terms  after  the  firft  term  i  are  marked  with 

the  fign  — ,  or  are  fiibtraftcd  from  the  faid  firft  term.    Therefore,  if  the  propo- 

fition  contained  in  art.  2j,  is  true,  and  the  feries  juft  now  fet  down,  and  which, 

in  the  foregoing  articles,  is  denoted  by  11,  Is  realty  equal  to  i  — *) » ,  the  quan- 
tity i  —  x\  3 ,  or  the  cube-root  of  the  fquare  of  the  refidual  quantity  i  —  *,  will 
be  equal  to  the  feries  i  —  —  —  —  — ^ — ~ &c. 


38.  Now  "  that  this  feries  is  really  equal  to  i  —  ^  3 »  or  to  the  cube  root  of 
"  the  fquare  of  the  refidual  quantity  i  —  if,  or  to  the  cube-root  of  the  trinomial 
*'  quantity  t  —zx  +  xx,"*  (for  both  the  quantities  1  +  ix  +  xx  and  i  —  zx 
+  XX  Are  equally  called  trinomial  quantities,  though  in  the  latter  quantity  the 
middle  term  zx  is  marked  with  the  fign  — ,  or  fubtraAed  from  the  fum  of  the 
two  other  terms)  will  appear  by  miutiplying  the  faid  feries  twice  into  itfelf. 
Thcfe  multiplications  will  be  as  follow. 


3« 

«• 

4** 

7** 

I4jr» 

—  &c 

3 

<» 

»43 

1"> 

** 

*'' 

1'' 

Hic> 

—  &c 

-f? 

3 

1 

!« 

7") 

¥- 

2i.*_ 

14** 

—  &c 

'         3 

1 

»«3 

1"> 

tx 

+ 

<!.* 

+ 

»*' 

+ 

£+ 

UJrk 

+  &C 

'*} 

,,^ 

— 

+ 

+ 

tf  + 

+  8tc 

4*' 

sr 

+ 

»■' 
7*9 
•V' 
7!9 

7") 

+  &C 
+   &C 

+    &C 

■  -£ 

+ 

3*» 

+ 

+»' 

+ 

^+ 

8.. 

&c. 

3 

J»9 
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,  _Jf  _  il_  *^_ -Hl_  iSi  _  J,, 
3  9  8'  '4i  7=1)         '^'^ 

3    ^     9    ^    8.    +    .43    ^    7'9         " 
ff    1     8**         4*^  8jt*  lOr*  . 

3  9*7  343         7*7  ~ 

8'  a«  7^9 


I  IX  +  XX  *  •  •  &c. 

It  appears  therefore  that  the  feries  i  —  —  — ^ ^^ ^i^  —  &c 

is  really  and  truly  the  cube-root  of  the  trinomial  quantity  i  —  2a:  -J-  xx,  or  of 
the  fquare  of  the  relidual  quantity  i  —  x,  and  confequently  that  the  propofition 
contained  in  art.  25  is  true,  or  that  the  feries  n  is  really  equal  to  the  quantity 


1^*1  • ,  in  the  cafe  of  the  cube-root  of  the  fquare  of  a  refidual  quantity,  or 
when  «,  the  numerator  of  the  fraAion  —  (which  is  the  index  of  the  power  of 

I  —  *  in  the  quantity  1  —  x\ «  )  is  =  2,  and  n,  the  denominator  of  the  faid 
fra£tion>  is  =  3. 

39.  As  another  exatnple  of  the  inveftigatlon  of  the  value  of  i  —  x\ »  by 
means  of  the  feries  11,  we  will  fuppofe  m  to  be  =  3,  and  n  to  be  =  5,  or 

I ' —  x]'  to  be  equal  to  1  —  x\s ,  or  to  the  fifth  root  of  the  cube  of  the  refi- 
dual quantity  i  ^x^  or  to  the  fifth  root  of  the  quadrinonaial  quantity  i  —  jx 

+  3*'  —  **- 
Now  it  appears  by  art.  14  of  the  forgoing  difcourfe  concerning  the  binomial 

theorem,  page  205,  that  the  quantity  i  •!•  x)  s  is  ^  the  feries  i  +  "  —  -^^ 
+  2^^ilfl  +  2S2f!  _  &c.    Therefore  the  feries  n  wJU  be  i  — 15_  Hi 

—  2i. —  ^l-,^MZi_  ^  &c,   and  confequenily,  by  art.  25,   the  quaiitity 

r=nif  wlU  be  equal  to  the  feries  i  -if  — 5^- i^-if^-iiHl 
"  ^  5  »S  »>S         625         156,5 

—  &c. 

40.  Now 
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40.  Now  **  that  this  ferics  is  really  equal  to  the  quantity  i  —  *|  s ,  or  to  the 
"  fifth  root  ofthe  cube  of  the  refidual  quantity  i  —  *,  or  to  the  fifth  root  of  the 
"  quadrinomia]  quantity  i  —  3*  +  3**  —  ar',"  will  appear  \?y  raifing  the  faid 
feries  to  the  fifth  power  by  multiplying  it,  firft,  into  itfelf,  whereby  we  fhali 
obtain  its  fquare,  and  afterwards  multiplying  the  faid  fquare  into  itfelf,  whereby 
we  (hall  obtain  its  fourth  power,  and,  laHly,  muhiplying  the  faid  fourth  power 
of  it  into  the  faid  feries  itfelf,  whereby  we  (hall  obtain  its  (ifth  power.  For  we 
(hall  find  that  the  produft  of  thefc  three  multiplications  will  be  the  faid  qua- 
drinoraial  quantity  i  — 3*  +  3*'  -•  *'.  Thefe  multiplications  will  be  as  fol- 
low. 

X  _3;_  2^'_  21.' _£il!_112^  _&c 

S  >s         "i         6,5         IS62S 


s 

+ 

3'* 
•i 

+ 

.6» 
56.5 

&C. 

-f 

+ 

+ 

+  «f  + 

■»6^ 
I(6.( 

&C 

+ 

+ 

+  -^  + 

H^n 

&c 

'-f 

+ 

+ 

4^^ 

-1.    9'''j. 

15615 

See 

""    5 

+ 

3t^ 
3! 

- 

24»« 

— s^r- 

—  fcc 

+ 

-^ 

+  -ef  + 

I3*» 

3"S 

+  &C 

+ 

*<• 
"5 

+ 

.c6., 

+  &C 

+  &C 

—  &c 

5  »i  "S         <"S         'i<"S 


This 
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This  is  die  fourth  power  of  the  ftries  I  — ^  — H*—  2i!_  IL^  _  liZii 


j*s         f>"i 


J iff  .   4^ ^ 

J     ■*'      as  125  5jj  IS6JS 

as  "S  6»S  3'»S 

"5  61s  jiij 

-  411:  +  iiii:  -  &c 

+  &c 


--  &c 


I  —  3»  +  3**  —    ** 
It  appears  therefore  that  the  feries  i  —  2i_  li!  _  21.*  __  i£i.*  _  lilf.'  __ 

&c,  is  really  and  truly  the  fifch  root  of  the  quadrinofnial  quaritity  i  —  %x  +  ^x* 
~-  X*,  or  (»  the  cube  of  t&e  refidual  quantity  h  —  Xf  and  confequentty  that  the 

refidual  theorem  laid  down  in  att.  25,  to  mtf  that  the  quantity  1  —  *|  •  is 
equal  to  the  feries  Tl,  is  true  in  the  cafe  of  the  fifth  root  of  the  cube  of  a  refidual 
quantity,  or  when  «,  the  numerator  of  the  fraftion  —  (which  is  the  index  of 

the  power  of  ;  —  *  in  the  quantity  i  —  *)  *  )  is  =  3,  and  »,  the  denominator 
of  the  faid  fradtion,  is  =-  j. 

41.  In  the  foregoing  examples  the  denominator  tt  of  the  fraction  —  (which  is 

the  index  of  the  power  of  the  refidual  quantity  1  —  *  in  the  quantity  1  —  x\ "  ) 
has  been  greater  than  m,  the  numerator  of  the  faid  fraftion.    We  will  now  give 

an  exMMple}  op  two,  of  the  eipreffion  of  the  value  of  the  quantity  i  —  «] «  by 
means  of  the  f(!nes  n>  when  the  denominator  »  of  the  fradion>  or  index,  — ,  i> 
Ws-  than  itfr  numerator  m. 

^3. 

And,  firft,  we  will  invefti^te  the  value  of  1  —  4» »  or  of  ^^  fquare-root  of 
the  cube  of  the  refidual  quantity  i  —  y  by  means  of  the  faid  feries  tt. 

Now  it  appears  by  art.  16  of  the  foregoing  difcourfe  concerning  the  binomial 
7  theorem. 
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theorem,  page  207,  that  the  quantity  1  +  *l '  is.equal  to  the  feries  i  +  —  + 

3i!_fl  +  3f^_  ifi  +  &c.    Tbereforc  the  feries  n  will  be  i  — 25  +  H! 

0  16        118        i^ft  a  H 

+  f_  +  H_  +  2f-  +  &c,  and  confequentJy,  if  the  propofition  contained  in 

J_ 

art.  25  is  true,  i  —  x\  ^ ,  or  the  fquare-root  of  the  cube  of  the  refidual  quantity 
X  ~~-x,  or  the  fquare-root  of  the  quadrinomial  quantity  i  —  3*  +  3**  —  **, 
will  be  equal  to  the  feries  1— ^+Jj!+i^  +  H!  +  |il+&c. 

42.  Now  '*  that  this  feries  is  really  equal  to  the  fquare-root  of  the  cube  of 
<«  I  _  *,  or  to  the  fquare-root  of  the  quadrinomial  quantity  i  —  3*  -I-  3**  — 
"  **,"  will  appear  by  multiplying  the  faid  feries  into  itfelf.  For  we  fliall  find 
that  the  produd  of  the  faid  multiplication  will  be  the  faid  quadrinomial  quantity. 
This  multiplication  will  be  as  foHows. 


•-¥ 

+ 

s^ 

+ 

IS 

+  fl5' 

-% 

+  &C 

+ 

4 

- 

3f 

-% 

—  &c 

+ 

f 

— 

16 

+  ^ 

+  SJ 

+  &C 

+ 

16 

+  &C 
+  &C 

—  &C 

I  —  3*  +  3**  —  «*        *         • 

It  appears  therefore  that  the  feries  t  —  ^  ^VL  ^  t.j^  Vll^^^  tec 
is  really  and  truly  the  fquare-root  of  the  quadrinomial  quantity  i  —  3*  +  ^x* 
—  *»,  or  of  the  cube  Of  the  refidual  qitantity  i  —  *,  and  confequcntly  that  the 

refidual  theorem  laid  down  in  art.  25,  to  wit,  that  the  quantity  1  —  xl""  is 
equal  to  the  feries  ifla  is  true  in  the  cafe  of  the  fquare-root  of  the  cube  of  the 
refidual  quantity  i  —  a^  or  when  at,  the  numerator  of  the  fraction  —  (which  is 

the  index  of  the  power  of  i  —  *in  the  quantity  1  —  x', »  )  is  =  3,  and  »,  the 
denominator  of  the  faid  firafUony  is  =  2. 

43.1 
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'43.  I  (hall  add  one  more  example  of  the  feries  n,  in  which  the  numerator  m 
of  the  index  —  (hall  be  greater  than  its  dcaominator  n. 

Let  it  be  required  to  find,  by  means  of  the  faid  feries  11,  the  value  of  T^^T, 
or  of  the  cube-root  of  the  fifth  power  of  the  refidual  quantity  i  —  «,  or  of  the 
cube-root  of  the  fextinomial  quantity  i  —  5*  +  10** row*  +  ex*  —  x*. 

It  appears  by  art,  18  of  the  foregoing  difcourfc  concerning  the  binomial 

theorem,  page  208,  that  the  quantity  1  +  *)3  is  equal  to  the  feries  i  +  if  + 

9  81        3«        729 

Therefore  the  feries  n  wiU  be  i  -  i?  +  i^  -*-  ^  +  t^  +  Zf!  +  gcc 

and  confequently  i  —  'x]i ,  or  the  cube-rooe  of  the  fifth  power  of  the  refidual 
quantity  i  —  *,  or  the  cube-root  of  the  fextinomial  quantity  i  —  5  *  +  jo  «■ 
—  ID**  +  5  «*  —  A  will  be  equal  to  the  feries  i— 5;+lf!j.S^4.$f^ 

44.  Now  "  that  thb  feries  is  really  equal  to  the  cube-root  of  the  fifth  power 
**  of  I  —  X,  or  to  the  cube-root  of  the  fexiincwnial  quantity  1  —  jit -f- to**— . 
«  io**-t-  5**  —  **,"  will  appear  by  multiplying  the  faid  feries  twice  int* 
itfelf.  For  we  Qiall  find  that  the  produft  trf"  the  iaid  fflultipHcauons  will  be  the 
faid  fextinomial  quantity.    Thefe  multiplications  will  be  as  follow. 

.  _  2 +^  +  ii  +  ii.  +  i^  +  &c 

2  -1- Jf!.a.-li  j-ii. 


t  —  ^+j^  + 


3    ^     9      ^     8t     ^    .,j    +    ,.,   ■•■  «"= 
8i  345  }'9    ^ 
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.-f+^-^+^ 

+  ^        «^= 

>  -  T  +  r  + '::  + ::; 

+  1^+*"= 

■"  +  3!'-        ■4<"'  +    3S-' 
3^9              '■             '43 
S'     ,    !~-         .7S«'         ■<»•• 
3             9        •     '7             MJ 

+    '7V9          "' 

+^-«^^ 

^■^ 

•  5*  +  10**  —  10**  +    5**  —    ** 

It  appears  therefore  that  the  feries  i— — +■— 4-^+^+^  +  &c 
Is  really  and  truly  the  cube-root  of  the  fifth  power  of  the  refidual  quantity  i  —  *, 
or  the  cube-root  of  the  fextinomial  quantity  i  —  5*+  lo**—  io**-f-5**  — 
x',  and  confequently  that  the  refidiul  theorem  laid  down  in  art.  25,  to  wit,  that 

the  quantity  i  —  *1 «  is  equal  to  the  feries  11,  is  true  in  the  cafe  of  the  cube- 
root  of  the  fifth  power  of  liie  refidual  quantity  1  —  x,  or  when  »,  the  numera- 
tor of  the  fraftion  —  (which  is  the  index  of  the  power  of  i  —  *  in  the  quantity 

i"'—  x\i)  is  =  S,  and«,  the  denominator  of  the  faid  fraftion,  is  =  3. 

45.  Thefe  examples  will,  I  apprehend,  be  fufficient  to  illuftrate  the  two 
theorems  delivered  above  in  art.  2   and  25  of  this  difcourfe  concerning  the 

quantities  i  —  *]»  and  i  —  *1  •  j  or  the  »th  root  of  the  refidual  quantity  i  —  * 
and  the  mth  power  of  the  faid  »th  root.  And  therefore,  having  already  given 
demonilrations  of  thefe  theorems  in  art.  11,  12,  13,  &c.  .  .  .  and  26,  27,  30, 
31,  32,  &c,  I  (hall  here  put  an  end  to  this  difcourfe. 

End  eftbe  dtfieurfe  concerning  the  refidual  theorem  in  the  cafe  of 
JraOimal  fowers. 
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A 

METHOD 

OFEXTEHDIHC 

CARDAN'S      RULE 

FOR   RESOLVING   THB   CUBICK    EQJUATIOM 

y*  +  qy  =  r,  or  qy  +yz:  r, 

TO  THE   RESOLUTION   »F   THB   CUBICK   EQJATIOM 

qy  —y  —  r,  vbett  —  is  ef  any  magnitude  Itfs  than  — , 

if  —  y.^t  or  wben  r  is  Uft  than  1/2  x  ^^  > 

i)F  /i*  flif/jp  of  Sir  IJaac  Nenton't  hinomuU  and  rejidml  Theorems  in  the  Caje  of 
Roots^  whitb  have  keen  demonfiratad  in  the  two  preeeeding  Dtfcour/es, 

By  FRANCIS  MASERES.   Esq^  F.  R.  S. 

GtJRSITOR   BARON  OF  BIS  MAJESTY'S   COURT   OF   SXCHEOJ^BR* 
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METHOD 


OF    EXTE»0ING 


C   A  R  D   A   N's      RULE,     &c 


Art.  i;  ^TT'HE  binomial  and  refiduat  theorems,  which  have  been  demon- 
.1  ftrated  in  the  prececdlng  trafts  both  with  refpeft  to  integral  and 
to  fra£tionarpower«  of  the  quantities  i  +  *  and  i  —  jr,  are  of  veiy  ejtenfive  ufc 
in  many  other  branches  of  the  mathematicks  as  well  as  in  die  conftru(5tion  of  the 
iogariihms,  or  meafures,  of  ratios.  And,  amoogft  other  fubjCfts,  they  may  be 
^plied  to  the  refolurion  of  cubick  equations  in  which  the  fquare  of  the  unknown 
.  quantity  is  wanting,  to  wit,  of  the  equations  y*  -\-  qy  —  r,  and  j*'  —  ^■=r,  and 
jjr  —  y*  =:  r,  fo  as  to  enable  us  to  find  the  values  of  j",  in  all  the  poffible  cafes 
cf  tbe&  equations*  or  in  all  the  <Ufferenc  relative  magnitudes  of  the  co-eficient 
y,  and  the  abfolute  term  r,  that  can  be  fuppofed,  not  excepting  that  cafe  of  the 
&cofldequatiQii>^  —  fj»  =  r  in  which  —  is  lefathan  — ,  orrris  Icfs  than  -^^ 
or  r  is  lefs  than  ^^y^,  and  which  (from  its  not  being  capable  of  a  direft  and 
immediate  refolution  by  the  help  of  Cardan's  rule  for  refolving  the  faid  equation 
jr»  —  yjr  =  r,  in  the  firft  cafe  of  it,  or  when  —  is  greater  than  — ,  or  rr  is 

greater  than  — ,  or  r  is  greater  than  ^^^)  has  obtained  amongft  algebraifts  the 
name  of  the  irreduciiU  ca/e.  Even  in  this  cafe  we  may  always,  by  the  help  of 
Sir  Ifaac  Newton's  binomial  and  refidual  theorems  in  the  cafe  of  roots  (which 
have  been  inveftigated  in  the  two  preceeding  difcourfes)  derive  from  one  or 
other,  of  Cardan's  rules  an  expreOion  of  the  true  value  of  y  in  the  faid  equa- 
tion jr»  -—  qy  ■^r.    The  method  of  doing  this,  when  —  is  lefs  than  21,  but 

greater  than  -^ — ,  or  — ,  has  been  explained  at  conliderabie  length  in  a  paper  of 
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mine  publidied  in  the  Philofophical  Tranfaflions  for  the  year  1778,  which  pro- 
ceeds upon  clear  and  intelligible  principles,  without  any  mention  of  impoffible 
roots  or  impoffible  quantities  of  any  kind,  or  even  of  negative  quantities.  But  when 

—  is  lefs  than  —2 — ,  or  — ,  or  rr  is  lefs  than  (■■*^—,  or)  -^,  or  r  is  lefs  than  Vi 
X  1^,  the  method  explained  in  that  paper  will  not  enable  us  to  find  the  value  of 
y  in  that  equation ;  becaufe  the  feries  obtained  in  that  paper  for  the  faid  value 
will  not  in  that  cafe  be  a  converging  feries.  Nor  had  I,  at  the  time  of  publifhing 
that  paper,  difcovcred  any  method  of  deriving  from  Cardan's  rules  an  expreOion 
of  the  value  of  ^y  in  the  faid  equation  y  —  ^y  =  rin  this  fecond  branch  of  the 
irreducible  cafe  of  it,  or  when  —  was  lefs  than  '  -,  or  -^j  or  r  was  lefs  diaa 
\/z  X  ^^'  BiJt  I-  have  fince  found  out  a  way  of  doing  it  by  the  help  of  Car- 
dan's firii  rule,  which  gives  us  the  Value  of  _y  in  the  equation^*  +  y_y  =r,  or 
qy  +y^  —  r.     For  from  the  expreffion  of  this  value  of  ^  in  the  faid  equation 

y_y  +  _jp'  =  r  we  may,  in  the  cafe  fuppofed,  or  when  —  is  lefs  than  ~ — ,  or 
■l~f  or  r  is  lefs  than  v/2  x  ^^»  derive  an  expreffion  of  the  value  of  die 

lefler  of  the  two  roots  of  the  equation  qy  —  y*  =  r,  by  the  help  of  the  two  fe- 
riefes  for  exptefling  the  cube-roots  of  the  binomial  quantity  i  +  x  and  the  rdl- 
dual  quantity  i  —  x  obtained  by  means  of  the  binomial  and  relidual  theorems : 
.and  from  the  value  of  the  faid  leffer  root  of  the  equation  qy  —y'  =  r,  we  may 
afterwards  derive  the  value  of  j*  in  the  equation  _)>'  —  y^y  =  r  by  the  refolution  (rf 
a  quadratic^  equation.  And  this  extenfion  of  Cardan's  firfl:  rule  (which  gives 
us  the  value  ofj"  in  the  cubick  equation  j''  +  qy  =  r,  or  qy  +  y*  =  *"),  K>  the 
difcovery  of  the  leffer  root  of  the  cubick  equation  qy  —y*^  r,  when  r  is  le6 
than  \/a  X  ^^»  may  be  made  in  a  clear  and  intelligible  manner,  without  any 
mention  of  impoffible  roots,  or  other  impoffible  quantities,  or  even  of  negative 
.quantities,  as  well  as  the  former  extenfton  of  Cardan's  fecond  rule  (which  gives 
us  the  value  of  y  in  the  equation  y^  —  qy  =  r  m  the  firft  cafe  of  it,  or  when 

—  is  greater  than  — ,  or  r  is  greater  than  ^■~)  to  the  difcovery  of  the  value  of 

y  in  the  Jirft  branch  of  the  fecond  cafe  of  that  equation,  or  when  —  is  lefs  than 

■1-  but  greater  than  — — ■,  or  -^.  The  manner  of  making  this  extcnfion  of 
27»  ^  ZX17  S+  ^ 

■  Cardan's  firft  rule  to  the  difcovery  of  the  leffer  root  of  the  equation  ^j*  —y*  =  r, 
I  Ihall  now  endeavour  to  explun. 


y  Google 


FOR  THE  XB80LUTI0N  OF  C1TBICIC  EQjTATIOHS,  &C.  3^ 


72>^  values  of  the  quantities  1  +  k\z  and  1  —  «l3  ,  or  %/» 
[i  +  *■  and  v/'  [i  —  «■,  expTeJfed  in  infinite  Jeriejes  by 
means  of  the  binomial  and  fefidual  theorems. 


2.  It  has  been  fliewn  above  in  thcdifcourfe  concerning,  the  binomial  theorem 

in  the  cafe  of  fradional  powers,  art.  51,  page  242,  that  i  +  x\i;  or  v/'fi  +  *>1 
or  the  cube-root  of  the  binomial  qiantity  i  +  *,  is  equal  to  the  infinite  feries 
I  +  ±Ax  _  ^  B;c'  +  i-C*'  -  Id**  +  ^  Ex^  -  i|F*«  +  12. 

24  ^    a?  30  33  36  ^  39 

i^O*-*-!-  iiP*"  -  -^Q.*"  +  f  R«"-  ^  S*"  +  &c  ad  infinitum,  or 

3  9    "^    81  ^43  7^9  6s6J  '9.68j  59,049    ^    i,S94»J*3 

^_    Sj.Qi^jr'"  U7»4°7*"    _    i.'79t*5o*"      .      3,i7J.9'°-y"     _      8,61 7.640 jr'« 

4,781,969    "*"    14,548.907  119,140,163  387,4*0,489  1,161,161,467    "^ 

70,664,6484:"    _  i94.3'7.78j*"'     ,     S37.*S9.'6'^'*  _  13.431.479.05°*"     .     ^         .   ■ 
10,460,353,203         31,381,05^609/^  94,i43.'>78.8i7  a,i4i,B6s.8i8,3»9   ^ 

Jhtitum,  Therefore  (by  what  is  fhewn  in  the  foregoing  difcourle  concerning  the 
refiduai  theorem  in  the  cafe  of  fradional  powers,  art.  23,  page  36c)  the  quantity 

I  —  xy^y  or  v/* fi""— ^j  or  the  cube-root  of  the  refiduai  quantity  1  ~  x,  will 
be  equal  to  a  feries  confiding  of  the  very  fame  terms  as  the  foregoing  feries,  but 
with  the  iign  —  prefixed  to  every  term  after  the  firft  term  1,  inftead  of  every 
other  term,  that  is,  to  the  feries  i Ay  —  ■— Bx* 1-C*^ D** 

_  ii  E«'  -  y  F»>  -  i2  G«'  -  ^  H.-  _  a  I.»  -    25  K,'°  -  £2 
•  5  ■»  '<  '4  »7  30  3! 

36  39  4!  4i  48  ^^  ;i 

S2  S«"  -  &c  adinfmlum,  ori-i-i-'-^_i2f^_'-ii-lSli; 
54  3  9  81  J43  729  6561 

_    374*^    _   935*      _    'U505*'    _    S5»9'3.^"'  _   '47.407*"    _    i,i79,J56*"   _ 

19,683  S9.049  ».S94,J23  4.78*,969  >4,34B,q07  1:9,140,165 

3,174,9*0*"  _    8,617,6404'*  _    70,664,648*'*    _  194,317.78'*'*  _    537.it9,'6i*"  _ 
387,410,499         1,161,161,467         10,460,353,203  ~  31,381,059,609         94,i43,;78,8i7 
■3.43I. 479.050*"         f^ 
^,541,865,828,319 
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3S4  '  ^  METHOD  OP  BXtCfSIKG  CAftDXS's  YIRST  RtTLE 

^e  value  of  \/ '  fi  +  «  —  v' '  [1  —  *  exprejid  in  an  infinite firits. 


3.  Therefore  the  difference  of  the  two  quantities  v^*/i  +  «  and  \/*\i  —  x, 
or  the  excefs  of  \/'h  +  *,  (or  the  cube-root  of  the  binomial  quantity  i  +  x,) 
above  \/'(i  —  a,  (or  the  cube  root  of  the  refidual  quantity  i  —  *,  will  be) 
equal  to  the  excefs  of  the  former  of  rhefe  two  feriefes  above  the  latter,  that  is 
(if,  for  the  fake  of  brevity,  we  denote  the  co-efficients  of  the  fecood,  and  third, 
and  fourth,  and  other  following  terms  of  thefe  two  feriefes  by  the  fingle  letters 
B.  C,  D,  E,  F,  G,  H,  I,  K,  L,  M,  N,  O,  P,  Qj  R,  S,  T,  &c),  to  the  excefs 
of  theferies  i  -f  B*—  C*»  -|-  D«*  —  E**  +  F*'  -  G««  +  H*'  — 
Ix^  +  Ka"  —  L*'"  +  Mar"  —  N«'*  +  O***  -  P«'*  +  Qx'*  —  R*"  -|- 
Sx'^  —  Tx'*  +  &c  above  the  feries  i  —  B*  —  Cx'  —  D**  —  Ex*  —Fx' 
—  G«*-  H*'  -  U'  -Kw'-L*""  -  M*"  — N*"-0*"  — P*"- 
Q*'*  —  R «"  —  S  *"  —  T  x''  —  Sec,  and  confequently  fo  the  feries  iBx  -i- 
xjyx'  +  2F*'  -I-  2Hj»'  +  zK*'  +  2M*"  +20x"  +  2Ci»"  +  2S*'! 
+  &c. 


Of  the  rset  oftht  cuhick  equation  y^  ■{■  qy  =  r^  or  qy  -^  y^  zzr, 
according  to  Cardan's  fa-Jl  riU*.- 


4.  The  firft  of  the  two  rules  for  the  re(blution  of  certain  cubick  equations  ufu- 
ally  known  by  the  name  of  Cardan's  rules  was  not  invented  by  Cardan  himfelf, 
but,  about  30  years  before  the  publication  of  his  book,  by  one  Scipo  Ferreus,  of 
Sonoma,  or  Bolcgna,  in  Ualy  ;  as  Cardan  himfclf  informs  us.  It  relates  to  the  re- 
folution  of  the  cubick  equation  y'  +  qy~  r,  and  is  true  in  all  (he  poffible  cafcj 
of  that  equation,  or  in  all  the  different  relative  magnitudes  of  q  (the  co-effidenC 
of  the  unknown  quantity  jr),  and  the  abfolute  term  r,  and  confequently  when  r  is 
lefs  than  \/i  x  ^^.  which  is  the  cafe  that  we  are  about  to  confider.  And  it 
gives  us  two  different  expreffions  of  the  value  of  7  in  the  faid  ctpiarioni  to  wit, 
—  ? 

'^'  ^'  I7  +  ^  llf  +  7      3  v/'|4+~T7]^  +  5,  and,   idly,   y/* 

[1  +  ^  p  +  i:  _  v/4-  -  +  v/  f^  +  -1  or  (if,  for  the  fake  of  brc- 
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2dly,  V"  f7+j  —  v^'  f—  tfV  fj  or,  rather,  (bccaufe  ss  is  greater  than  — 

or  «,  and  confequently  /  is  greater  than  — ,  or  e,   and  therefore  ought  to  be 

■ -  g 

placed  before  it)  ift,  v^' (7  +  1  3  ^Hs  +  f,  and,  zdly,  \/*&  +  ^  —  \/* 
\*  —  *•  See  my  diflfertation  on  the  ufe  of  the  negative  fign  in  Algebra,  art.  20S, 
209,  210,  zii,  212,  pages  178,  179,  180. 

It  is  the  fecopd  of  thcfc  two  expreflions,  to  wit,  the  exprefiion  v^'fj  +  e  — 
v'*/'  —  tf  that  we  fliall  have  occafion  to  confider  in  the  courfe  of  the  following 


The  value  of  the  root  efthefatd  cubick  equation  exprejjed  iy  an 
ixfittite  /cries  hy  means  of  the  hinomial  and  rejduai  the-- 
erems. 


5.  Now  J  -J-  *  is  =/  X  1  +  "fj  *"d  s  —  e\%  =  s  xji  —  — .  Therefore 
^/*{s  +  e  will  be  =  v'*  /  X  v^'j  t  +  — ,  and  y/*\s  —  e  will  be  =  v^*  J  x 
\^*|i  —  y;  and  confequently  \/*  {s  +  e  —    v^*  \s  —  e  will  be   =   v/*  ■» 

X  \/' |i  +  7  —  v^*'  X  \/'|i  -7=  \/*'  X jv"U  +  7  -  •'[i  —7. 

-  Therefore  the  root  of  the  cubick  equation  J)' +  ;jr  srjorjjr+j"'  =s  r,  will 

be  =  V  X  [/^jt +7-^^|t-7- 

But,  fince  Vfi  +*  —  /» [i  —  *  is  equal  to  the  feries  a B*  +  2  D**  + 
2F«»  +2H*'  +  aK*»  +  2M*"  +  2  0«'*  +  2Q*'*  +  2S*"  +  &c 
ad  infinitum  (as  is  fliewn  in  art.  3)  it  follows  (by  fubftituting  —  inftead  of  x  in 

die  terms  of  the  faid  equation)  that /)|i  +  — —  v'*!'  —  —  will  be  equal  to 
the  fenes  _—  +  -^+_—  +  __+  -y.  +  — ^  +  _— + -^  + 

^1^  +  Ztc  ad  infinitum.    Therefore  v'»  j  X  V'  ('  +  7  —  /'[i  —  y  will  be 

equal  to  V*  J  X  the  fenes  —  +  — j-  H —  +  -j-  +  —^  +  -jn-  +  —^ 

+  "^~  +  "7»~  +  &c  fli  infinitum ;  and  confequendy  the  root  of  the  cubick 
equationj-'  +  qy  —  r^  qt  qy  ■{•  y^  =  r,  will  be  equal  to  v"  ^  X  the  faid  feries 

—  -t*  -;?-  +  -^  +  -75-  +  .-|y-  +  -77—  H-  -77-  1-  "TTj-  t    ^i,     -r  «c 
Vol.  IL  3D  tJ 
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ad  irtjmtum^  or  to  1  /'  /  x  the  ferics  ^  +  ^+^  +^  +  ^+  ^+ 
*t^  +  ^  +  ^  +  &c  «</  infinitum,  or  (reftoring  the  values  of  the  co-effi- 


cients  B,  C,  D,  E,  F,  G,  H,  &c)  !»/*  j  X  the  ferics  -  +  /4  +  -^  + 


70,664.648  <■ 


374'*        ,       »'.S°t**        ,        147.407*"        .       3.174.9"*'*        ,     , 

19,683^'    "*"  i.S94.3»3^  '4.348.907'"  387,420,4891"  10,460,3s J,»03i' 

S37.z59.6»-^  g^^  tf^»yf«/««. 

94,145,178,837^" 

We  will  now  proceed  to  give  an  example  of  the  refolution  of  a  cubtck  equa- 
tion of  the  faid  form  j- '  +  yj-  =  r,  or  y;'  +  j" '  =  r,  by  means  of  this  expreffion. 


Jin  etcample  of  the  reJoluHm  of  a  euhtck  equation  of  the 
foregoing  form  y*  +  ^y  =:.r,  er  ^.  +  Jf'  =  ^  Jb 
means  of  the  expreffien  1  ^*  j  x  tbe/eries  —  +  i-y 

-t     "'^      .       374**       .       ".JOS*^       ,     '  147.407«"       . 
^  7t9J*         19,683^^         i,S94»3*J''         14.348.907*" 
3,i74t980f"  7^664,648  <"  j37,asg,i62«" 

387.4*0.48?''*  1 0.460.3  S3»«»3'"         947143.  >78.8a7'*' 

+  &C  M  it^tum. 


6.  Let  the  equation  diat  is  to  be  refoiTcd  by  means  of  thi»  rxpfcffion,  be 
Herft Y  is  ss:  ij,  and-r  is  =  4J  *nd  OMrfequently  i.  is  (*  iS)  s  j,  4nd  - 

is  (=  ^)  =  z,  and  il  is  (="1)'  =  H')  -  .i5,  and  :=!  is  (=^'  =  ;]') 
=  4- 

We  Ihall  therefoft  have  ss  (=  ?—  +  —  =  115  +  4)  =  129,  and  s  (  = 
•  129)  =  ii.357,8i.6,69i,  and  v"  '  C=  •*  ii'357,Si6,69i)  =  a.247, 
Ssi,  and  confequcntly  ay?  /(—ax  a.«47,83s)  =  4^.9j,$7o., 

And  we,  (hall,  alfo  have  #(=-)=  2,  and  confequenUy  -  <  =   '•°°°'T^?°J 
*  ,        _^        ,     -  /  -r  J  ^       ti-3S7t8i6t69l' 

^   o.i7*,«9D,i8i,    iffid    —  "i(=    o.i76,o90,i8i]*)     =    0.031,006,752, 

and—  (=  —  >{  —  z:  oJ76j09o,i8i  x  0.0311006,752)  =:  0.005,459,984, 

and  —  (=  —  X  -r  =  0.005 ,459, 984  X  <'-03i,o66,752)  =  0.000,169,2916, 

and-j7<=:  -^  X  ^- =  0.000,169,296  >C-0'03i»oo6,752]i  =0.000,005,249, 

and  -^  (=  ^  ^  7*  ^  o.oto6,005,!i49  X  -6.'d3i,oiCifi,55a)  =:  0^000,000,  liSl* 
7  Tuid 
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and  ■—  (^^  X  ^  =  0.000,600,161  X  0.031,006,754)  =  0.000,000^005! 

and  —  (=  —  X  -jr  =  0.000,000,005  x  0.031,006,752)  ^  0.000,000,000, 

and    •—    (=    ^    X     7    =     j-    X    0.176,090,181)    =   0.058,696,727, 

^^^   ii^    (=    Jl    "^    r^     =    f.    X    °-«°S.459,s84   =   ^>^'>-«'^4S9..B4  ^ 

0.017,199,010.      ,  ,      2i/>     ,  21  (1  ij 

8.        >   =  °-°°°'337.   036,  and  j^  (=  -  X  ^  =  -  X  o.ooo, 
"  '  7»9  r"9       '  >    3'    y>  19,683.' 

(=  1^3  X  ^  =  ^5  X  0.000,005,249  =  3»>°^°o.--49  ^ 
^^^ )  =  0.000,000,090,  and  — '        „  (=■ — -^-^  X  —  ~  ■■     ^^- 

X   O.0OO,OO0,.62  =  "^'°^':-::^-^^^'     =    :^^°)    =    0.000,000,002, 

-^  TJ^^.  (=  T^g^   X  i;^  =   .^   X  0.000,000.005   = 

""••'°;r.r^r°°' = ^a^'  =  0.000.000,000.  xh^rrfor.  *.  fe,ies 

14,348,907  I4.348,9<'7 

(=  0.058,696,747  +  0.000,337,036  +  0.000,005,109  +  0.000,000,099 
4-  0.000,000,00a,  +  0.000,000,000,  +  &c)  =:  0.059,038,9731  and  confe- 
quently  z  ^*  s  muttiptied  into  the  faid  fecies  wiU  be  =  2  i/W  nuiltiplied  into 
O'OigiOS 8*973  =  4-495>67o  X  0.055,038,973  =  0.265,419,739,  There- 
fore jf,  or  die  root  of  die  cubict  eqiiadon  ji'  -t-  ijjr  =:  4,  or  15J'  +  y'  ~  4, 
will  be  =;  0.265,419,739.  cu  e.  i. 

7;  This  value  of  jr  ap[»:oacbes  very  nearly  to  the  truth.  For,  if  we  fuppofe 
y  to  be  equal  to  0.265,419,739,  we  Aiall  have  jy  =  0.070,447,637,850,  and 
jf»  =  0.018,698,193,  and  1^  (=  15  X  0.265,419,739)  =  3.981,296,085, 
and  (»nfequently J"  +  15J' (=  0.018,698,193  +  3-981,196,085)  =  3-999, 
994,278 ;  which  differs  from  the  abfolute  term,  4,  of  the  propofed  equation 

y'  +  'Sy  —  A^y  only  0.000,005,722,  or  lefs  than  0.000,006,  or ,  or 

6  millionth  pares  of  an  unit,  or  6  four-millionth  parts,  or  3  two-millionth  parts, 
of  the  faid  abfoluK  term  4  itfelf. 

8.  If  we  were  to  tnake  the  value  of  jr  already  found,  to  wit,  0.265,419,739, 
die  balls  of  a  further  approximation  to  its  true  value  according  to  Mr.  Raphfon's 
method  of  refolving  equations,  byfuppolingjr  to  beequal  to  0.265,419,739  -t- 
z,  and  fubftituting  this  compound  quantity  inflead  of  jr  in  the  propofed  equa* 
tionj"  +  9jr  =  4,  and  dicn  refolving  the  equation  refulting  from  fuch  fubfti- 
tution  in  the  iame  manner  as  a  fimple  equation  by  omitting  all  the  terms  that 
involve  either  die  fquare  or  cube  of  z,  we  fliould  find  that  z  was  equal  to 
3  J}  2  0.000,00 ; ,  7 1  iiO0o,oo0iO0o 

15.111,341,913 
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>.ooo.oo;.;»,ooo.ooo.ooo  _.  0.000,000,376,  and  confequently  that  ^,  or  0.26c, 

15.111,341,913  •  'Jl  -IV  -■»  Jf 

419,739  -i-  z,  would  be  (=;  0.265,419,739  +  0.000,000,376)  =  0.265,420, 
115.  We  may  therefore  confidcr  this  laft  number,  0.265,420,115,  as  being 
the  true  value  oiy  as  hx  as  the  faid  true  value  can  be  exprelTed  in  nine  places  of 
figures. 


End  of  the  refolution  of  (be  equation  y'  +  I5J'  =  4,  er  i^y  +  y^  '=  4. 


9.  It  has  been  (hewn  in  the  foregoing  articles,  that,  if  tf  be  put  =  — ^  and  si 

be  =  —  +  — ,  or  ■!-  +  «,  the  rootj  of  the  cubick  equation  j" '  +  qy  =zr  will 

be  equal  to  2  V  ^  X  the  feries  -  +  ^  +  _;  +  -|^,  +  j^-^  + 

147.407 >"  ,  jj^.  aj  infinitum,  or  4  /»  /  x  the  feries  —  +  ^  4.  Z^  +  !l£ 
14,548,9071"  _^  ^^^       ^^^^  '  i'  i»  j' 

+  ill!  +  H—  +  ^  +  ^  +  11-  +  &c  tf(/  infinitum^  the  terms  of  which  arc 

the  fecond,  fourth,  fixth,  eighth,  tenth,  and  other  following  terms  of  the  feries 

which  is  equal  to  I  +—  3j  or^'\i  +  — ,  or  the  cube-root  of  the  binomial 

quantity  1  +  — .  Now  from  this  expreffioo,  which  is  equal  to  the  value  <rf"  y 
in  the  equation 7'  +  j^  =r  r,  or  qy  +  y*  =  r,  we  may,  by  a  peculiar  train  of 
rtafoning,  derive  anoUier  eipreflion,  very  much  refembling  the  former,  which 
(ball  be  equal  to  the  leffer  of  the  two  roots  of  the  egvmiion  j*  —•  «•  =  r  in 
which  the  letters  q  and  r  denote  the  fame  known  quantities  as  in  the  foregoing 
equation;''  +  qy —  f,  or  qy  +y^  =  r.  The  memod  of  doing  this  I  {half  now 
endeavour  to  explain. 


Of  the  cuhick  equation  qx- 


10.  The  equation  qx  —  x*  =  r  is  not  always  pofljble,  whatever  be  the  mag- 
nitudes of  q  and  r,  but  only  when  r  is  equal  to,  or  lefs  than,  the  quantity 
^^~^,  or  that  value  of  the  compound  quantity  qx  —  x*  which  refults  from  the 
fubftitution  of '^,  or  ^  U-,  in  its  terms  inftead  of  x.  If  f  is  equal  to  this 
quantity,  the  equation  qx  —  x*  =  r  will  have  only  one  root,  to  wit,  ^,  or 
V  I— ;  and,  when  the  abfolute  term  r  is  lefs  than  the  faid  quantity  ^^^,  the 
equation  qx—  x^  '=.  r  will  have  two  roots,  of  which  the  le0er  will  be  lefs  than 
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^>and  the  greater  will  be  greater  than  ■^^  but  lefs  thain/y.  See  my  differtation 
on  the  ufe  of  the  negative  fign  in  Algebra,  art.  114^  page  92.  It  is  the  leffer  of 
thefe  nvo  roots  of  the  equation  y*  -  k  »  =:  r  that  I  now  propofe  to  find  in  thofe  cafes 
of  the  faid  equation  in  which  the  abfolute  term  is  lefs  not  only  than  ^^^  (which 
is  its  grcateft  poffible  magnitude),  but  than  /z  x  i^,  by  means  of  an  expreffion 
to  be  derived  from  the  foregoing  expreffion  2  y'*  j  x  the  ferles  —  +  —  + 

-;r  +  -jT-  -I-  -^  +  -jrr  +  -^r  +  -jTr  +  ~  +  &c  a*^  tHfimtum,  which  is 
equal  to  the  root  y  of  the  equation  > '  +  jj"  =  r,  or  j_j'  +  jr »  —  r,  the  letters  j 
and  r  being  fuppofed  to  ftand  for  the  fame  quantities  in  both  equations. 


The  value  of  the  leffer  root  of  the  faid  equation  exprejfed  in  an  infinite Jeries. 


II.  Now,  when  r  is  kfs  than  ^^  1  X  '-r*  or  rr  is  lefs  than  ^,  or  —  is  lefs 
than  (—  X  ^,  or  j^,  or)  ^^  let  zz  be  taken  =  1-  —  il,  and  let  2  be 
fubftituted  every  where,  inftead  of  J,  in  the  foregoing  expreffion  1  /W  X  the 
fenes  —  +-T  +  ~r  +~T  +-r+  "TTT  +  "W  +  «c  tfa  infinitum,  whereby 
the  faid  expreffion  will  be  changed  into  the  expreffion  ay'*  2  X  the  feries 
—  +  —  +  ^+i^'+^  +  ^+^  +  &c<j/  infinitum  j  and,  laftly, 
let  the  fign  —  be  prefixed  to  the  fecond,  fourth,  fixth,  eighth,  tenth,  and 
every  following  even  term  of  this  laft  feries,  inftead  of  the  fign  -f.  The  new 
expreffion  thereby  obtained,  to  wit,  the  expreffion  2  ■/*  at  x  the  feries  — — 
E£+1^  _Jil!+ii^_i£^4.1l2—  &c  will  be  equal  to  the  lefler  root  of 
the  equation  j*  —  *'  =  r.    This  propofition  we  will  now  endeavour  to  deiQon-. 


AffOofAat  the  infitate  Jeries.  Jet  forth  in  the  foregoing  article  is  a  convergingfeHes. 


12.  In  the  firft  place  it  will  be  proper  loftiew  that  this  feries  will  be  %■  con- 
verging feries.    Now  this  may  be  mewn  in  the  manner  following. 

Since  — ,  or  ee,  is  lefs  than  — ,  it  follows  that  — ,  or  z  ee.  will  be  lefs  than 
+  '  S4  * 

££j  or  — .    Therefiare  (fubtrafting  «,  or  — ,  firom  both  fides)  aee  —  ee  will 

be  lefs  than  ^ — ,  that  is  «  will  be  lefs  than  «z.     Confequently  e  will  be  lefs 

than 
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ih^n  z,  and  the  fraAion  -^  will  be  lc&  than  i.  Therefore  the  fradtions  — ,  —, 
^,  ~,  — ,  -n*>  ~TT'  ^^  *'^'  ^°""  *  decreafing  progrcffion,  and  confequentiy 
d  fortiori,  the  feveral  terms  of  the  feries  —  — ^+  ^—  -r+  -7  —  -^ 
+  ~  -  &c  ( of  which  the  numeral  co-efficients  B,  D,  F,  H,  K,  M,  O,  &c, 
alfo  form  a  decreafing  progreflion)  will  alfo  form  a  decreafing  progreffioo,  or  a 
conveiging  feries.  q^  e.  d. 

Therefore  the  esprcffion  2  v"  a:  x  the  feries  ~  —  ^  +  1^— ■^+tr 
. 5^^  +  ^  —  &c  will  converge  to  a  certain  finite  magnitude,  and  confe- 
quentiy may  be  equal  to  the  Icffer  root  of  the  cuhick  equation  J*  —  *'  =  r.  It 
remains  that  we  fliew  that  it  is  fo. 


Preparations  for  demonfirating  that  the  foregoing  ittfitiiejiries 
is  equal  to  the  lejfer  root  ^  the  equation  qx  —  **  =  r. 


13.  In  order  to  demonftrate  that  the  expreffion  2  »/'  «  X  the  feries  —  —  "jr 
u.L^_^  +  Jif!_:iil!+^*_8tcis  equal  to  the  leffer  root  of  the  equa- 
tion  y*  — ;(»  =  r,  it  will  be  neceffary  to  refume  the  confideration  of  the  er- 
preflion  2 1/'  j  X  the  fenes  -7+—  +  ~  +  ~+~"''7"''"""^ 
od  mfatitim,  from  which  it  is  derived. 

Now,  fince  the  expreffion  ay"/  X  the  feries  — +  -|-  +  -T  +  ";r'*'15" 
4>  ^^  +  ~  +  &c  ad  it^tum  is  equal  to  the  root  of  the  cubidt  equation 
.yi  +  5^  s=  r,  or  jj"  +  jf »  =  r,  it  follows  that,  if  we  were,  firft,  to  multiply  the 
faid  expreffion  z  »/*  s  x  the  fenes  —+—+-— -|.---  +  ~  +  — -  +  -jjj- 
+  &c  ad  infinitum  into  the  co-efficient  q,  and  then  to  raife  the  faid  expreffion 

fnitum  to  its  cube,  or  third  power,  and  !aftly,  to  add  the  faid  cube  to  the  fwd 
product,  the  fum  thence  arifing  would  be  equal  to  r,  to  whatever  number  of 

terms  the  faid  fenes  — +-r  +  "T+~i'~r+  ~rr  +  ~ir  "*"  "*^  ™*y  "* 
continued.    For,  if  this  fum  were  not  equal  to  r,  it  would  not  be  true  that  the 

«pr«ffio<i  z  ^ '  .  X  the  ftrio  i-'  +  i?  +  i?  +  if:  +  iiT  +  ^  t  ^  + 

&c  ad  itffiailumf  was  equal  to  the  root  of  the  equation  qy  +y*  =r, 
Thefe  operations  may  be  performed  in  the  following  maoner. 

14.  Since 
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14.  Since  —  +  —  is  —  w,  or  Cbecaufc  —  is  ^  «),  ^  +  «  is  =  jj,  we 
"*  a?  ^   4  ^  4  -"  a;    ^        ' 

fhall  have  -^  ^  «  —  «,  and  j»  =  37  X  [jj  —  «  =  27  x  «  xf  i  —  — ,  and 
confequently  y  =  3X«l3  Xi  -^P=3  XJ3  Xi  —  ^j  3=3^7"  j^ 
>  —  17^  =  3J  3  X  thefenes  i— —--  —  —— - — -^  _-___L.  _ 
&c  flrf  tnfinitum.  Therefore  the  produft  qy  will  be  =  3  j  3  x  the  feries  i  — 
'^-'^  -^  -if  -'-^  -^  -  &cad  hjinilm,  X  J  =  3''T  X  the 

».  BW  C«*  D««  K»'  T*~  Of'*  .  j-j-.,  , 

fenes  i—  —  -"  ~-r  ~  ~jr  "^  ~jr  ~  7s"  —  -jir  ""  "^  "«  tnfinUtim  x  the  cx- 

preffion  a  <  3  X  the  fenes  —+—+—  +  "+"+  ~;ir  +  Trr  +  *^<= 

ad tnfiHttum  =  6 ^  x  the  fenes  i —  —  —  -— ^-— .-_-__  _  — j-  _■ 

&c  arf  i^fimium  X  *«  fenes  —  +  —+  —  +  —+  —  +  -jj-  +  _  + 
&c  ad  iiifivium  =  6  i  into  the  following  compound  feries,  to  wit, 

B «  bV  IC  I*  SD «'  BE «»  BF  <"  BG  **' 


HI-  BUI-  vHt-  "•*•  nn  »■•  T»>i>l 


dV         dr*"        df*"        « 


,       F*»  BF«'  eF«»  or*'*  EFf'»  , 

+  T* 15 :5 -^ 7Tr-&c 

tl<^  Bll**  CH«"  PH«'*  J, 

-       K<»  BK«"  Clt*«  . 

+  -5 —~-^->"^ 

+  -^  —  ^'  -  &<: 

or,  if,  for  the  fake  of  brevity,  we  denote  diis  ■compound  feries  by  the  Creek  ca- 
pital letter  F,  we  (ball  have  the  produd  qy—(is  x  the  compound  feries  T. 

15.  In  the  foregoing  compound  feries  r,  which  is  the  produft  of  the  multi- 

plication  of  the  feries  1  —  —  —  — j-— -^—  — — -  —  —^  —.  &c  -(of 

which  all  the  terms  after  the  iirll  term  i  are  marked  with  the  fign  -~,  or  fub- 
traftcd  from  the  faidfiift  term)  into  the  feries  Y  +7?+  ^  +  7r  +  ^  + 
^  +  ^TjT  +  &c  (of  which  all  the  terms  after  the  fiiA  term  —  arc  marked 

with 
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with  the  iign  + ,  or  added  to  the  faid  firft  term),  it  is  evident  that  the  firfl:  term 
of  every  hoiizontal  row  of  terms  will  be  marked  with  the  fign  +,  and  that  every 
following  term  of  the  fame  row  will  be  marked  with  the  £gD  — ,  to  whatever 
number  of  terms  the  faid  horizontal  rows  of  terms  may  be  continued,  and  like- 
wife  that  tlie  firft  term  of  every  new  horizontal  row  of  terms  is  placed  imme- 
diately under  the  fecond  term. of  the  next  preceeding  horizontal  row,  becaufc 
they  both  involve  the  fame  power  of  the  fraftion  — ;  whence  it  follows  that  all 

the  terms  in  every  vertical  column  of  t«rms,  ezcept  the  loweft  term,  will  be 
marked  with  the  (ign  — ,  and  that  the  faid  lowefl  term  will  be  marked  with 
the  fign  -I* .  This  will  appear  akA  evidently  upon  performing  the  multiplica- 
tion of  the  former  of  the  faid  feriefes  into  the  latter. 

1 6.  If  we  multiply  the  foregoing  compound  feries  called  F  into  6f,  the 
produft  Avill  be  the  following  compound  feries^  to  wit, 

-  6bV        6bc<'        6BDf*        diB*"        6bf*"        6bg*'*        _ 

b  Be   —    ; ;—  — g J ;j—  — ;;—  •—  &C 

,    6d<'         6BDe'         6cD/'         6dV  boet"         6df*"         . 

+  -;3 ^3 Ji p 7TS Jm *fc 

.     6r<'         6trt^        6ct<«        bore"        6eti'*        . 

+  -;« ;* r* Ts 7^ ^'^ 

+  ikl_&c. 

Let  this  compound  feries,  for  the  fake  of  brevity,  be  denoted  by  the  Greek 
capital  letter  A.  Then,  fmcc  the  produd  qy  is  equal  to  6  j  x  the  compound 
feries  F^  it  will  alfo  be  equal  to  the  compound  feries  A. 

17.  In  the  next  place  we  mi^  find  the  cube  of  the  expreffion  a  v"  /  X  the 
fenes  —+—  +  "+—+  —  +-^+-7ir  +  &c  admfiutum,  which  is 
equal  toj*. 

Now  the  cube  of  this  expreffion  is  =  8  j  X  the  cube  of  die  feries  —  +  ^  + 

^  +  ^  +  -;5-  +  "jrr  +  7^  +  &c ;  which  cube  may  be  found  by  multi- 
plying th$  fud  feries  twice  into  itfelf  ia  the  maimer  following. 
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The  muUipHcatfon  o/Tbt/mis  7^  +  -7r+^+7r  + 
^  4.  !l^  ^  SfJ!  +  £i?f  twice  into  itfelfy  in  order  to 


+ 

shtain  its  cube. 

*t 

';:  +  -f  +jifL  +  _jfL+  ";;  +-:i;^  +  &c 

%* 

+ 

-,"  +  ".'  +  »;'  +  'f  +  J^  +  °r,'  +  &c 

.V 

+ 

-^  +  -^  +  ^  +  -^  +  -!^  +  &c 

+ 

— 

■  +  &c 


+  —5—  +  -7u—  +  —75—  +  «c 
4" — jj — '+  «c 
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-     b'H*"    .    .     tUDHt"      ,     3BFH«'>  „ 

-      .  +  —^ 1 jn—  -I ;tr—  +  &c 

,  -i--?^  +  &c 

B'K*"  IBDK<" 

H JIT-  H JTI —  +  &c 

+  -^^^^  +  &c 


This  laft  compound  Xcrics  is  the  cube  of  the  feries  —  +  ^  +  Ij— ).  2i_  ^ 
J^  +  ^  +  ^  +  &c  fli  ittfiniium.  - 

Therefore  8 1  into  the  cube  of  theferies  i-'  +  ~4-Ill+^+^4. 

i^  +  Sij.  4-  &c  will  be  =  8  J  X  the  fcffcgoing  compound  feries ;  or,  if,  for 
the  fake  of  brevity,  we  denote  the  faid  compound  feries  by  the  Greek  capital 
letter  A,  8  j  X  the  cube  of  the  feries  l^+^+Ill+^  +  ^+^'  + 

^  +  &c  will  be  =  8  J  X  the  compound  feries  A;  that  is,  the  cube  of  the 
wpreffion  2  ^'  5  x  the  feries  1^  +  ^'  +  i^  +  i^  +  ^  +  ili;:  +  ig  + 
&c,  or  the  cube  of  j,  will  be  =  8  ^  x  the  compound  feries  A. 

18.  If  the  foregoing  compound  feries  A  be  multiplied  into  8  j,  the  produ(% 
will  be  the  following  compound  feries,  to  wit, 

48BDHf"  48B 


'  +  &c 


'4  BF'' 


+  &C, 

which 
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which  wc  will  denote  by  the  Greek  capital  letter  XI.  Then  will^'  be  equal  the 
compound  feries  11. 

19,  Since  the  compound  feries  A,  obtained  in  art.  i6,  is  equal  to  the  pro- 
duft  9 jj,  and  the  compound  feries  IT,  obtained  in  art.  i8,  is  equal  to j"*,  it 
follows  that  the  fum  of  the  two  compound  feriefes  A  and  n  will  be  equal  to 
qy  +7',  and  confequently  to  its  equal,  the  abfolute  terra  r;  that  is,  the  fe- 
riefes A  +  n  will  be  =r  r.  Therefore  the  feries  n  will  be  =  r  —  the  feries 
A.     But  r  is  equal  to  the  firft  term,  6  Be,  of  the  feries  A.     For  B  is  — ,  and 

*  is  =  — ,  and  confequently  6  B^  is  (=  6x~X-^=~)  =  *:  Therefore 
the  feries  TI  is  =  6  B*  —  the  feries  A;  that  is,  the  compound  feries  n  is  equal 
to  the  excefs  of  the  firft  term,  6  B*,  of  the  compound  feries  A  above  the  whole 
of  the  faid  feries.  But  6  Bs  —  the  feries  A,  or  the  excefs  of  the  firft  term, 
6  B  e,  of  the  feries  A  above  the  whole  of  the  faid  feries,  will  be  a  compound 
feries  coofifting  of  all  the  terms  of  the  compound  feries  A,  except  the  firft 
term  6  B^,  with  their  figns  +  and  —  every  where  changed.  Therefore  the 
compound  feries  n  will  be  equal  to  a  compound  feries  confifting  of  all  the 
lerms  of  the  compound  feries  A,  except  the  firft  term  6  B  f,  with  their  figns  + 
and  —  every  where  changed ;  that  is,  the  compound  feries 


8B*r»     ,    14B«D<''     .    UB»F/'     ,    a4B»H(»     ,    j4b'k 

"■  +  =*■:."'-■ +  &C 

34BDM         48bdf«'         48BDH 

'■■+•»■»'■• +  &C 

+  ':r  +  -r: 

■■  +*«■:."'■■ +&C 

34d'f 

'■■ + '*°;:-' + &c 

+  '*h"  +&C 

will  be.  equal  to  the  compound  feries 

6bV        6bc**        6bd#'        6be^        6bf*" 

+"r+&c 

6d(>     ,    6BDrS     ,    6cD«'     ,     6dV          6de/" 

+'°r+&c 

6f.'      ,    6BFf'     ,    6cF^     ,    6iiFf" 

+'•':."■ +&C 

6  He'     ,    6iH*»     ,    6cH(" 

J!-  +  — p H-Tw- 

+  ^  +  &c 

6K(»       ,     6BKi" 

+  i£l!2+&c 

6  k*" 

+  ^  +  &c 

'rr  +&ci 

which,  for  the  fake  of  brevity,  we  will  denote  by  the  Greek  capital  letter  S. 
And  then  we  (hall  have  the  compound  feries  11  =:  the  compound  feries  2. 

3  E  2  0/ 


y  Google 


39^  A   UBTSOD   OF   EXTEHDIHfi   CARBAM'i   flRST    RVll 

Ofthiftffts  +  atki  —  that  are  So  itfr^4i  to  tbefeveral 
ttrms  of  the  foregoing  compound Jeries  2. 


20.  In  this  compound  feries  £  all  ih?  tepms  of  the  firft  horizontal  row  of 
terms  arc  to  be  abided  together,  and  confequently  ^^\  the  terms  after  the  firft 
term,  -r— .  ^re  to  be  marked  with  the  fign  +,  to  whatever  number  of  termj 
the  faid  horizontal  row  of  terms  may  be  continued ;  and  the  6rft  terms  of  the 
fecond,  third,  fourth,  fifth,  and  other  following  horizontal  rows  of  terms  (to 
whatever  number  of  horizontal  rows  the  faid  compound  feries  may  be  conti- 
nued) will  be  marked  with  the  fign  — ,  and  all  the  following  terms  of  the  faid 
horizontal  rows  after  the  firft  terms  will  be  marked  with  the  fign  +  ;  and  con- 
fcquently  all  the  terms  of  every  vertical  column  of  terms  in  this  compound  fe- 
ties,  except  the  lowdl  term,  will  be  marked  with  the  fign  + ,  and  the  faid  loweft 
term  of  each  vertical  column  will  be  marked  with  the  fign  — . 

This  follows  noceflarily  from  art.  15  and  16;  becaufe  the  Cgns  +  and  — 
^ac  are  prefixed  to  the  terms  of  the  compound  feries  A,  fee  down  in  art.  16, 
are  the  fame  with  the  figns  of  the  correfponding  terms  of  the  preceeding  com- 
pound feries  P,  fet  down  in  art.  1 4,  from  which  the  compound  feries  A  is  de> 
rived  by  only  multiplying  its  terms  into  6^;  and  the  compound  feries  X  is  de- 
rived from  the  compound  feries  A  by  omitting  its  firfi:  term  6  R^,  and  chang- 
ing the  figns  of  all  its  following  terms.  Confequenily  the  figns  to  be  prefixed 
to  the  terms  of  the  compound  feries  2  muft  be  cowcafy  to  thofe  which  are  to 
be  prefixed  tp  the  correfponding  terms  of  the  compound  feries  T,  and  .there- 
fore muft  be  Otntmry  to  thoie  ndaich  are  ddcribed  in  art.  15,  or  muft  be  fuch  as 
they  are  defcfibed  to  be  ui  the  prefent  article. 


Of  the  equality  hetween  the  co-efficients  of  the  terms  of  the  compound  feries  11 
and  the  co^effieients  of  the  correfponding  terms  of-  tH  compound  feries  S. 


2 1 .  Since  «  is  ^  — ,  and  w  is  =  ^  -1-  ■?^,  we  may,  by  leflcning  the  value 
of  — ,  or  of  r,   widiout  altei;ing  that  of  j,  leffen  the  value  of  the  fraftion 

;  or—,  and  confequemly  that  of—,  as  far  as  we  pleafe.    Yet  in  all 


thefe  values  of  the  fraction  ~  it  will  always  be  true  that  the  compound  feries  11, 
which  involves  in  itfi  terms  the  fractions  — ,  — ,  -r-,  -j-,  —^,  —^,  Sec,  which  will 
lie  equal  to  the  compound  feries  2,  which  involves  in  its  terms  the  lame  fraftions. 
It  therefore  follows  from  this  conftant  equality  betweea  thefe  two  feriefes  in  all 

poffible 
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pofiible  magnitudes  (how  fmall  foever)  of  the  fraiftions —,  -^,  ^,  -i,  -— ,  -j^, 
&c,  that  the  term,  or  terms,  that  involve  any  given  powers  off  and  s  in  one  of 
the  two  feriefes  muft  be  equal  to  the  terms  that  involve  the  fame  powers  of  them 
in  the  other  feries.  And  confequendy  the  feveral  co-efHcients  of  the  terms 
which  involve  any  given  powers  of  *  and  s  in  one  of  the  two  feriefes  muft  be 
equal  to  the  feveral  co-efficients  of  the  terms  that  involve  the  fame  powers  of  f 
and  J  in  the  other  feries.    Thus,  for  examfJe,  the  co-efficient  of  the  fradion 

~  in  the  feries  n,  to  wit,  8  B',  muft  be  equal  to  the  two  co-efficients  of  the 
fame  fradlion  -^  in  the  feries  £,  to  wit,  6  B'  —  6  D ;  and  in  like  manner  the 
co-efficient  of  the  fraftion  ~  in  the  feries  11,  to  wit,  24  B*D,  muft  be  equal  to 
the  three  co-efficietits  of  rfie  fame  fraiflion  -j-  in  the  feries  X,  to  wit,  6  BC  + 
6  ED  —  6  F  J  and  the  two  co-efficients  of  the  fraftion  ~  io  the  feries  11,  to  wit, 
Z4  B*F  -1-  24  BD*,  muft  be  equal  to  the  four  co-effidcnts  of  the  iame  fra^lon 
4-  in  the  feries  X,  to  wit^  6  BD  +  &  CD  +  6  BF  —  6  H ;  and  the  fame  thing 
muft  take  place  with  refped  to  the  coefficients  of  the  following  ti^ions 
in  -M*  ~M»  2£C  ad  infimttm^  or  to  whatever  number  of  terms  the  two  feriefes 
nay  be  continued. 


Exam^enftbejaid  equality  of  tbt  ee-^ttJUs  of  the  terms  of  tbi 
/aid  two  compound feriefet^ 


24.  Of  this  equality  between  the  co-efficients  of  the  fame  fraftions,  confifting 
of  the  powers  of  e  and  s,  in  thefe  two  compound  feriefes  11  and  X,  it  may  not 
be  amiis  to  give  a  few  inftances  by  a&uaUy  comButing  the  values  of  the  faid 
co-efficients;  which  may  be  done  in  the  manner  ToUowing. 

The  capital  letters  B,  C,  D,  E,  F,  and  H,  are  equal  to  —,  —,  ^,  — ,  — , 

T  3'   9'  81    34J    719' 

■  and  -Ms-*  refpeftively.    Therefore  B'  will  be  =  -,  and  S  B'  will  be  =  -2- ; 
19683        *  '  if  i-j' 

and  6  B*  will  be  (==  6- X  -)=-,  and  61>mll-be(=  fr  x -i- =  2  x -S-)  = 

-,  and  confequently  SB*—  6-D  will  b«(=-^-— =:—  —  -1  =  .?.;  that 

is,  8  B»,  the  co-efficient  of  the  fraftion  ^  in  the  compound  feries  11,  and  6  B' 

^-  6  D,  the  co-efficient  of  the  fame  fraftion  —  in  the  compound  fecies  S,  wilU 

each  of  them,  be  eqxial  to  the  fame  quantity  — . 

4  In 
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In  like  manner  24  B*D,  or  the  co  efficient  of  the  fraftion  -^  in  the  compound 
feries  n,  is  (=  24  X  —  X  ^  =  -|  X  ^)  =  ^ :  and  6  BC  +  6  BD  - 
6  F,  or  the  co-efficient  of  the  fame  fraftion  —  in  the  compound  feries  S,  will  be 
found  to  be  equal  to  the  fame  quantity.    For  6  BC  +  6  BD  —  6  F  is  =:  6  x 

i-v±4-6  v-xi-— 6x— f=-+-— -i^n-Si  +  ^-ii 

-  X   ^   +  6  X    J    X  g,         0  X  7.9  l.-    9   +  81         .43         M3  ^  M3         H3 

—  ^  _  ill  —    4° 

J43         HJ-^  '43*  <U  E.   D. 

And  24  B*F  +  24  BD%  or  the  co-efficient  of  the  fraflion  ~  in  the  com- 
pound feries  n,  is  (=  24  X  ^  X  ^  +  24  x  j  X  ^^  =  |  X  ^  +  8 
Xs-7^  =  ^,^^  =  6^+6^^>  =  ^;-^^«D  +  6CD+6BF 

—  61-1,  or  the  co-efficient  of  the  fame  fraftion  -7  in  the  other  compound  feries 
E,  is  equal  to  the  fame  quantity.  For  itis  =  6x—  X  ^+6x  —  X^ 
a,6v-ivii.—  6x    "*    f—  2X-^-l--^xi--^2x—  —  '^"* 

—  i£  J.  i£.  4.  il  _  -21?-  —  ill  +  -12?.  +  J9^  _  ill  —  iiz5  _  ilii  — 

~"  Si   "*"  343   '*'  719         6561  ■"  6561         6561   "•"    6561  6561  ~   6j6i         6561-'  ~ 

6561*  Qi   E.   D. 

And  the  fame  equality  will  be  found  to  take  place  between  the  co-efficients  of 
the  following  fraftions  -^,  '— ,  '—,  &c,  ad  infinitum,  in  the  compound  feries  11 
and  the  co-efficients  of  the  fame  fraftions  in  the  compound  feries  S,  refpec- 
tively,  to  whatever  number  of  terms  the  faid  feriefes  may  be  continued. 


^e  redH^lien  of  the  compound  feriei  U.  to  a  fimfUJeries  ^-  -|^ 
2^  -f-  ^  +  ^  -I-  -^  +  — -  +  fc?c  ad  infinitum. 


23.  In  the  compound  feries  11,  obtained  in  art.  18,  all  the  terms  after  the 
firft  term,  — j— ,  are  marked  with  the  iign  +  and  added  to  the  faid  firft  term. 
Therefore,  if  we  reduce  the  faid  compound  feries  to  a  llmple  feries,  wirh  (ingle 
letters  for  the  co-efficients  of  its  terms,  by  denoting  the  co-efficient,  8  B',  of 
the  fradion  --  in  the  firft  term  -A^,  by  the  fingle  letter  P,  and  the  co-efficient, 

24  B*D, 
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and  the  compound  co-efficient,  24  B'F  +  24  BD',  of  the  fraiftion  ~  in  the 
tRird  term,  by  the  finale  letter  R,  and  the  compound  coefficients  of  the  fol- 
lowing fradtions  -7,  ^,  ^,  &c,  in  the  fourth,  fifch,  and  fixth,  and  other  fol- 
lowing terms  of  the  fame  feries,  by  the  fingle  letters  S,  T,  V,  &c,  the  fimple 
feries  that  will  be  equal  to  the  faid  compound  fcrics  n  will  be  -^  4-  ^  -|-  -^ 
4.  i_  -f.  II-  +  II-  -t-  &c,  in  which  all  the  terms  after  the  firft  term,  -^ , 
are  marked  with  the  fign  +,  or  are  added  to  the  faid  firft  term. 


rbefameJimpU/mes  ^  +  S^+^  +  t^^lJl  +  l^ 
4-  ^c  ad  injmitum  will  alfo  he  equal  to  the  compoundjeries  2. 


24.  But  by  art.  1 9,  the  compound  feries  n  is  equal  to  the  compound  feries 
2.  Therefore  the  fimple  feries  ~Jr~+~-\-'^~^+  I^  +  ^  +  &c 
will  be  equal  to  the  compound  feries  £,  which  is  fet  down  in  the  latter  part  of 
art.  19. 


And'tbe /everal  co-egcients  P,  Q_,  R,  S,  T,  V,  tff,  of  the 
terms  ef  the  Jaid  fimple  feries  will  be  refpeStvety  equal  to  the 
fivtral  compound  co-efficients  ef  the  correfponding  terms  of  the 
/aid  compoundjeries  2. 


25.  And,  further,  it  is  ftiewn  in  art.  21,  that  the  co-efficients  of  the  fevcral 
fra(ftions  -;-,  -7,  ~,  -j-,  ~^,  ~,  &C,  in  the  compound  feries  II  are  refpec- 
tivcly  equal  to  the  co-efficients  of  the  fame  fraftions  in  the  other  compound  fe- 
ries S.  Therefore  the  co-efficients  P,  Q^  R,  S,  T,  V,  &c,  of  cbe  feveral 
fradions  —y  I7,  ~,  -r,  ^,  — ,  &c,  in  the  fimple  feries  ^  -f  H-  -^  ^  + 
-J-  -i — ^  H — ^  H-  &c  (which  are  refpeftively  equal  to  the  co  efficients  of  the 
fame  fraftions  in  the  compound  feries  II)  will  be  alfo  refpeflively  equal  to  the 
co-efficients  of  the  fame  fractions  in  the  compound  feries  £.  And  hence  it  fol- 
lows that,  if  we  were  to  reduce  the  faid  compound  feries  X  to  a  fimple  feries  by 


the  addition  and  fubtra^on  of  the  feveral  members  of  each  of  its  venical  co» 
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lumns  according  to  the  figns  +  and  —  which  are  prefixed  to  Aem,  we  (hould 
find  the  fum  of  the  co-efficients  of  the  terms  that  are  marked  with  the  fign  -)- 
in  each  of  the  vertical  columns  of  the  faid  compound  feries  (and  which  are  ^ 
the  terms  of  the  column,  except  the  laft,  or  lowefl)  to  be  greater  than  the  co< 
efficient  of  the  taft,  or  loweft,  term  in  the  column,  which  is  marked  with  the 
fign  — ,  and  the  refutting  differences,  or  excefies,  of  the  fuihs  of  the  co-effi- 
cients of  the  terms  marked  with  the  fign  •+  in  each  column  above  the  co-effi- 
cients of  the  lowefi  terms  in  them>  which  are  marked  with  the  fign  — ,  to  be 

equal  to  the  co-eflicients  P,  Q^  R,  S,  T,  V,  &c,  of  the  fi-aftions  — ,  — ,  -j, 
J.  ^.  ^.  &c.  In  the  Cmple  ftries  '^ +  S^ +  lf +  -^ +1^  +  ':^  + 
&c  refpeftively ;  that  is,  we  (hould  find  the  compound  co-efficient  of  the  frac- 
tion ~  in  the  compound  feries  S,  to  wit,  6  B"  —  6  D,  to  be  =  P ;  and  die 
compound  co-efiicient  of  the  fi-aAion  -^  in  the  fame  feries  2,  to  wit,  6  BC  -t* 
6  BD  —  6  F,  to  be  =  Qj  and  the  compound  co-efficienc  of  the  fraAion  ~  m 
the  fame  feries,  to  wit,  6  BD  -J-  6  CD  -|-  6  BF  —  6  H,  to  be  =  R  i  and  die 
compound  co-efficient  of  the  fraftion  ^,  to  wit,  6  BE-}-  6V  -|-  6CF-t- 
6  BH  —  6  K,  to  be  =  S ;  and  the  compound  co-efficient  of  the  fiiaAion  ^, 
to  wit,  6BF  +  6  DF,  -I-  6DF  -H  6CH  -|-  6  BK  —  6M,  to  be  =  T; 
and  the  compound  co-efficient  of  the  fradion  -^,  to  wit,  6  EG  +  6  DF  -J- 
6EF  -h  6DH  -I-  «CK-|-6^I  — 60,  tobe  =  Vj  and,  in  like  manner, 
the  compound  co-efficients  of  the  following  fraftions  ~,  -jj,  ^,  — ,  -— -, 
&CC,  ad  infinitum  in  the  fame  compound  feries  2  to  be  refpedively  equal  ts  the 
co-efiicients  of  the  fame  fi-a£tions  in  the  following  tennt  of  the  fimple  fertes 


CoBclufions  eoHtaitted  in  the  thrfe  foregoing  articles. 

■26.  It  appears  from  the  three  fiKegoing  articles,   that  the  fimple  feries 
^  +  ^  +  yl  +  '-l!  +  I^  +  I^  +  &c  will  be  equal  to  each  of  the  two 

compound  fenefes,  11  and  S,  and  Ukewife  that  each  of  its  terms  will  be  equal 
to  the  correfpondent  term,  or  term  that  involves  the  fame  powers  of  e  and  J, 
in  each  of  the  faid  two  compound  fcriefes,  and  confequenily  that  the  co-effi- 
cieot  of  each  of  its  terms  will  be  equal  to  the  co-efficient  of  the  correfpondent 
term,  or  term  involving  the  fame  powers  of  t  and  s,  in  each  of  the  faid  two 
compound  feriefes. 

Examinatim 
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■  ExammatiM  of  tbt  expre^on  %  •,/ ^  %  y.  the /tries  —  —  ■^ 


27.  Thcfe  things  being  thorou^ly  undcrftood,  we  muft  now  lum  our  at- 
tention to  the  expreffion  2  v''*  2  X  the  feries  —  — il?  +  I^— i!4-  +  —  — 

^^  +  %^  +  &c  ad  infinilimt  which  we  have  aflTerted  to  be  equal  to  the  lefler 

root  of  die  cut»ck  equadoQ  qx  -^  w*  =  r.  This  we  muft  now  proceed  to  de^ 
monftrate.  And  firft  we  will  endeavour  to  prove  that  this  expreOlon  is  equal  to 
-one  of  the  two  -roots  of  the  faid  equation ;  and  afterwards  we  wiQ  fliew  that  k 
cannot  be  equal  to  the-greaterofthoretwo  roots>  and  confequently  that  it  muft 
be  equal  10  the  lefler  bfthem. 

t8.  Now  it  will  be  evident  that  this  expreJHion  2V'  ^  '^  the  feries  —  —  ~> 
+  lll_l^+^-!l^  +l(?-&c#rf(Wj6»«w  is  equal  t«  one  of  the 
roots  of  the  ciibick  equation  fx  —  x'  =r.  If  we  can^hew  that,  being  fubfti- 
tated  infte«d.of  K  in  the  oxnpound  quantity  gx  ~  »>,  it  will  make  that  quan- 
itity  be  equal  to  the  abTolute  term  r,  or  that  the  produft  of  the  mukiplica- 
tion  of  (he  laid  ca^nfion  -ioto  tlte  co-efficient^  will  be  greater  than  the<ube 
<4  theiiiid-ezpreffion,  and  that  in  excefs  above  the  (ud  tnibe  will  be  equal  to 
■the  obTolMC  term  r.  This  thweforcii  what  I  fliall  now  CDdetvour  to  dem^- 
'ftrate. 


1tbtpndt0  tfihtmuItipRt^um  of  j  inti  tbe/aidaxfreJio»fet 


19,  TheTdueof  aa  in  thtcxpreffioo  2>^'  a  X  theferics^  —  ^  +  ^ 
_£^+£^-!^  +  i£I_'fc:i,^-^,  by  art.  II,  in  which  this  feries 
n  dcciTCd  from  the  expBcfioB  s  <%/ '  J  X  die  feries—  +  ^  +  ^  +  "1^  + 
1^  -J- 11^  +  ^^  +  &C,  which  is  equal  to  the  root  <rf  the  equation  qy  ^J* 
=  T,    But  t»  is  :=  — ,  and  confequently  i-  —  w  is  e  i-  .  — .     Thertffoie 

cz  will  be  =:  ^^  tt^  and  confequently  -i-  will  be  s:  as  -f  «»>  and  ;*  win,  be 
Vol-  II.  3  F  =  «7 
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n  27  X  zz  +  te  =  27  X  zz   X  ji  +  -^j  and  J  will  be  =r  3   x  azll]  X 

'—  —       ^— 

i+— 3=3X23   xi+-^J=  (by  the  binomial  theorem  in  the  cafe 

of  roots)  3  XzlT  X  the  feries  i+i-A^-|-Bx^  -H-^Cx^  — 

Id  X  ^ +^1JE  xjS- HF  X  ^  t  HP,  X -^ -|2H  X  ill  + 

&c  =  3.  X  al  3   X  the  fenies  i  +  ^^ ;r  +  "^s ;^  +  7^  —  -?r 

+  -2^  —  '-^  +  &c.    Tberefoie  the  produA  of  ^  multiplication  of  f  iiu» 

the  expreflion  223  X  the  feries  —  —  — ^  +  -^  i—  — y;-  +  ~r~^  —  — j;^  + 

o(«         B        ... ,                   — ^ —         1     i-   ■           .  ■  8'""    ■ "  <^<*     .     B«*   '      i^ 
—7 T-  —  &c  will  be  =  3  X  z)  3    X  the  fenes  i  + —  —7-  +  —7 j- 

+  -^  — •^+^ir~"T5  +  ^^x**3  x*^ **"" 7  — -IT  +  ~T 
-  ^  +  7^  -  "^  +  ^  -  &<;  =  6^.^,  the  feri«  ;  +'^  ^""^  + 

w  ^  +  ^  _  ^  +  11^  ^  fcc  =  6  B  X' the  compound  feries 

««     ,     iV  BC^  'bB*'    '      M*»      ,-BF<"       '  'BC*"    -';'.'■  - 

T  +  — -■^  +  -? 3r+-;?: ?r  +  ««:        .    , 

""*  BP^      ,     CPf'  P**»  Pg«"  PF<"  . 

,''  F<*        /  BF*'       ~  CFt*  I1F«"  EF*'J     ,      . 

"**  "^  ■*""? ^  +  T^^  ~.~?r  +  *^c^ 

+  -tsrr  -  -^  +  &c 


.      K*"       ,     BK«"  CK«**      ,      , 

*   j>'     '    ,11 ?i-  +  &<: 

■.-.....    :.-.--,    ,:..:+:^,^&e,:..:     _. 
...  ■■■•;-  "     ■    - 

Lai  us*  fcv  the  fake-of  bieVity,:  deitote  iive  xrompcxmd  ferict  by  ike  Gnall 
Greek  letter  y.    And  we  Hiall  then  h^ve  the  produA  of  the  mulfipliauion  of;, 

into  the  ejtpreffioD  aa  T  X  the  feries  —  —  ^  +  -^  —  ^  +  —  —  -^^ 

i      '  _  ._.  ~     .      .    »:  X»        '        (S*  Xl-  ««  _x"- 

+  -pj-  —  &c  aJ  i^nitttm  e^ual  to  6  z  X  the  compound  feries  ^. 

:'.%■■• 

■5 

Digitized  by  vjOOQ  IC 


■PO-R    THE    It«50n»TI0M    08   COBlCK.«qjIATIOSS>  &C.  #03 

■  'A iomfaripM  hettDttu  Aefirtgtittg  cmpomd/trieiy  and ibe 
'  ■.  cpmpQiadJeries  T  ohlaaied  abovt  in  art,  14. 


=>  '3(>.-'This  copipound  feritts  y  wHl  cenfift  of  lerms.  that  »iH  involve  the  feverd 
fittftions  — ,  -V/  ^,^  ^  -tt  ^>  ^i  ficCjOr  the  feveral  odd  powers  of  the  frac- 
tion  — ,  in  theiuuc  manner  as  ihe  terms  of  the  compound  feries  r,  obtained 
above  in  art.  14,  involve  the  correfponding  fraftions  — ,  — ,  -^,  ^,  — ,  ~l 
^i  icz,  or  thefeveral  odd  powers  of  the  fraAion  -^:  and  the  «o  efficients  of 
the  fevcral  powers  of -^  in  the  prefent  feries  y  will  be  the  fame  with  the  co-efH- 
cienfs  of  the  fame  powers  of—  in  the  former  feries  r,  though  they  will  not  be 
weruphece  marked  with  the  fame  figns  +  and  — .  This  equality,  or,  rather, 
identity,  of  the  co-efficients  of  the  correfponding  terms  in  both  thefe  compound 
feriefes  arifcs  from  the  equality,  or  identity,  of  the  co-efficients  of  the  terms  of 
the  two  fimple  fericfes,  by  tlie  multiplication  of  which  into  each  other  the  faid 
compound  feries  y  is  produced,  with  the  co-efficients  of  the  correfponding  terms 
of  ;he  two  fimple  feriefes,  by  the  muhiplication  of  which  into  each  other  the  for- 
mer compound  feries  r  is  produced.    For,  fince  the  co-efficients  of  the  lerms 

of  the  two  ftnecs  .1  +  —  —  -^  +^"^"?"  +  ^  — -jTr  +  ^cand^-^ 
^  +  ^  —  ^  -I-  ^  —  ~  +  ^'  —  &c  (by  the  multiplication  of  which 
into  each  other  the  compound  feries  y  is  produced)  are  the  fame  with  the  co- 
efficients of  the  correfponding  terms  of  the  two  feriefes  i  —  —  —  ^ ^ 

—  -?-  —  —  — -?-  —  *^*=  *"**T +  —  +  —  +  — +  7-  + TT  +  -^r 
•4-  &c  (by  the  multiplicarion  of  which  into  each  other  the  compound  feries  r 
was  produced)  it  is  evident  that  the  co-efficients  of  the  feveral  correfponding 
members  of  the  two  compound  feriefes  r  and  7  produced  by  thefe  multiplica- 
tions mull  be  the  fame  combinations  of  the  co-efficients  B,  C,  D,  E,  F,  G,  &c 
and  B,  D,  F,  H,  K,  M,  O,  &c  of  the  terms  of  the  two  original  feriefes,  or  ia 
other  words,  muft  be  the  fame  quantities  in  both  feriefes. 


Qfthtfiffu  -f  tmd  —  that  are  to  ht  frefixtd  to  tbt  terms  of  the 
tompound  Jerits  y, 

31.  But  the  figns  -)-  and  —  that  are  to  be  prefixed  to  the  feveral  terms  of  the 
compound  feries  y  will  not  be  every  where  the  fame  as  thofe  that  are  to  be  pre- 
fixed to  the  correfponding  terms  of  the  other  compound  feries  T,  but  only  in  the 
3  F  2  terms 
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terms  of  the  thirdt  fifth,  leveiitb»  and  other  following  «d<)  vertical  cdumns  of 
terms,  whidi  invdw  the  fraftioos  — ,  -^t  ~t  fcc  and  ^,  ^,  ^  8cc.  In 
.  the  fecond,  fourth,  fixih,  and  other  ftrflo^g  even  votical  columns  of  terms 
ID  the  faid  compound  leries  7,  which  invt^ve  the  ftadions  -7,  ~,  -7^.  &c  the 
figns  +  and  —  to  be  prefixed  to  the  Icveral  terms  ia  the  faid  vertical  columns 
will  be  rcfpeftively  contrary  to  thofe  which  are  to  be  prefixed  to  the  correQ>oad- 
iog  terms  of  the  fecond,  fourth,  Oxtb,  and  other  following  even  vertical  ccHumoi 
of  the  compound  feries  T,  which  involve  the  correfponding  fractions  -^,  -^, 
-^,  &c.  This  will  appear  to  be  the  cafe  as  far  as  the  terms  of  the  feventh  ver- 
tical columns  of  the  faid  two  compound  feriefes,  or  the  terms  which  involve  the 
fractions  -^  and  -^,  upon  the  infpeiftion  of  the  faid  two  compound  feriefes,  as 
herdn  before  fet  down  in  art.  14  and  29.  For  in  the  former  of  thefe  ferieles  die 
terms  contained  in  the  third,  fifth,  and  feventh,  vertical  columns  are  —  — :- 

IDt*  F*'  »£»"  P'«*  Cr*"  IHf*  K«»  .  BOt"       •    PF*" 

EF*"  Due'*  CK<'*  BM*''      ,     O  <"  i         /■       •  -    i_  i  f  e- 

-^5 jj~  —  — n~  ~"  """u~  +"«"•  "*  ***^"  "  which  columns,  or  iets,  of 

terms,  the  figo  -^  is  prefixed  to  every  term,  except  the  laft,  and  the  fign  -|>  is 
prefixed  10  the  laft  term ;  and  m  the  latter  of  thefe  feriefes  the  terms  contained 
in  the  third,  fifth,  and  feventh  vertical  columitt  are  —  ^~  —  ^~-  +  V>  -^ 

««•  D*r*  Cri*  ■«»•  K«*  ,  Bflr"  OF*"  KF  *"  D****' 

».*  "15"  a»  «•      "*"     *•  *  %"  «•*  M^  Jt" 

^^ ii^  +  ^T- ;  in  each  of  which  columns,  or  fcts,  of  terms  the  fien  — 

is,  in  like  manner,  prefixed  to  all  the  terms,  except  the  laft,  and  the  fign  -f*  is 
prefixed  to  the  laft  term.  And  in  the  farmer  of  thefe  feriefes,  the  temis  con- 
tain:d  in  the  fecood,  fourth,  and  fixth,  vertical  columns  are  —  ^ — h  ~-,  — 

,7           ,7           ,7      '     j»  '                 1"            1"            )"  t"  j" 

+  ^^;  in  each  of  which  columns,  or  fets  of  terms,  the  fign  —  is  prefixed  to 
all  the  terms,  except  the  laft,  and  the  fign  +  is  prefixed  to  the  laft  cerm  :  and 
in  the  latter  of  thefe  feriefes  the  terms  contained  in  the  fecond,  founh,  and  ftxtb, 
verucal  columns  are  +  ~ 1^,  +  -^  +  -^  +  -^^ — ,  and  +  -^7- 

H n — ' 71"  "f if  +  — ;• m"  »  '■*  ^*^h  of  which  columns,  or  fets 

of  terms  the  fign  +  is  prefixed  to  all  the  terms,  except  the  laft  term,  and  the 
l;gn  —  is  prefixed  to  the  laft  term. 

And  that  the  fame  thing  will  take  place  in  the  terms  of  all  the  following  ver- 
tical columns  of  thefe  two  compound  feriefes,  to  whatever  number  of  tenns  they 
may  be  continued,  may  be  fhewo  in  the  manner  following. 

7  3*-  It 
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51.  It  is  fhewn  above  in  art.  15,  that,  in  the  compound  feries  T,  all  the  terms 
in  every  vertical  cohitnn  of  the  feriet,  except  the  lafti  or  loweft,  tenn>  are  marked 
with  the  iign  — ,  and  the  loweft  term  is  marked  with  the  lign  ■+■.  And  we  have 
feen  that  the  fame  thing  takes  place  in  the  terms  of  the  third  vertical  column 
and  of  the  fifth  vertical  coluoao,  and  c^  the  fevench  vertical  column,  of  the  com- 
pound feries  yy  which  involve  in  them  the  fraAions  ~,  — » and  —^ ;  to  wit» 
that  all  the  terms  in  each  of  thefe  venical  colunuis,  except  the  loweft>  have  the 
fign  —  prefixed  to  them,  ajid  that  the  loweft  term  is  marked  with  Ute  fign  +  ; 
but  that  the  contrary  rule  takes  place  in  the  terms  of  the  fecond  veniaU  column, 
and  of  the  founh  vertical  column,  and  of  the  lixth  vertical  column,  of  the  faid 

compouiKlfcriesy,  which  involve  in  them  the  fra£tt«n)-r.  -r,  and  -«■;  to  wit, 

that  all  the  terms  in  each  of  thefe  vertical  columns,  except  the  loweft,  are 
marked  with  the  fign  ■+ ,  and  the  loweft  term  is  tuarkol  widi  the  Hgn  — ;  We 
are  oow  to  prove  that  the  fame  rules  will  hold  as  to  the  figtu  of  the  terms  con- 
nuned  in  the  9th,  nth,  i3thi  15th,  and  other  foUowingodd  vertical  columns  of 
terms,  and  the  ligns  of  the  terms  contained  in  the  8th,  lodi,  izth,  14th,  and 
other  following  even  venical  columns  of  terms  of  the  faid  compound  feries  j*, 
to  whatever  number  of  terms,  or  columns  of  terms,  the  faid  compound  feries  y 
may  be  c(»itintied. 

Xj.  Now  in  the  faid  compound  feries  /  (which  is  fet  down  in  arL  29^,  it  is 
evident,  that  in  the  ift,  and  3d,  and  5jtb,  and  7ih,  and  other  following  odd  ho- 
rizontal rows  of  terms,  the  two  firft  terms  wilt  be  marked  with  the  fign  + ,  and 
all  the  following  terms  will  be  marked  with  the  fign  —  and  the  fign  +  alter- 
nately ;  and  &  the  zd,  and  4th,  «nd  ^ihy  and  other  following  even  horizontal 
rows  of  terms,  the  two  firft  terms  will  be  marked  with  the  fign  — ,  and  all  the 
following  terms  will  be  marked  with  the  fipn  +  and  the  fign  —  alternately. 
This  is  a  neceflary  confequence  of  the  order  in  which  die  figos  +  and  — >  follow 
each  other.  In  the  two  fimple  feriefes,  by  the  multiplication  of  which  the  com- 
pound feries  y  is  produced.    For  the  fimple  feries  which  is  the  multiplicand  of 

his  multii^icatioii,  it  die  ftnes  t  +^~^-t-^- 1~.  ^  ijQ  —  1^  ^ 

&c ;  in  which  the  fecond  term  —  is  marked  with  the  lign  + ,  and  all  the  foUow- 
mg  terms  are  nulled  with  the  figns  —  and  -^  alternately :  and  confe^ently, 
whenever  this  feries  n  tmiltiplicd  by  a  quantity  to  which  the  fign  +  is  prefiifed,' 
the  produd  will  be  a  feries  of  terms,  in  which  the  figns  +  and  -—  will  follow 
eadi  other  in  the  fune  order  as  in  the  multiplicand,  mat  is,  the  lign  +  wiU  be 
prt&xid  to  the  two  firft  terms  <^  the  faid  produd,  and  the  fign  —  and  the  fign 
+  will  be  prefixed  to  the  third,  fourth,  fifth,  fixth,  and  other  following  terms 
of  the  faid  produd  alternately ;  and,  whenever  this  fimple  feries  is  multiplied  by 
a  quantity  10  which  the  fign  —  is  prefixed,  the  produd  will  be  a  feries  of  terms 
in  which  the  fi^»  will  be,  refpcdively,  contrary  to  the  figns  of  the  correfponding 
terms  of  the  multiplicand,  and  therefore  the  fign  •«  will  be  prefixed  to  the  two 

firfl 
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firft  ftemis  of  tlic  faid  pfodud,  and  the  figns  +  and  —  will  be  prefixed  to^he 
tliirdi  fourth,  fifth,  fixtUj  v  and  other  fbUo\¥bg  tv tBs  of -the  faid  produift  alter- 
nately.   But  the  fimple-ferjes  into  which  the'faid  fimple  feries  i  +  —  — ^ 

J.  £_ T-  +  ^  —  ^r  +  &c  is  multiplied,  in  order  to  produce  the  cotn- 

pound  fenes  7,  re  the  fenes j-  +  — — j-  +  — j-  —  — jj.  +  —^ — 

Jcc,  in  which  the  terms  arc  marked  with  the  fign  +  and  the  fien  —  altfcrnatdjr. 
Thereforein  the  ift,  and  3d,  artd  5th,  arid  7th,  and  other  foUowing  odd  hori- 
zontal "rdwi-  of  terms  in  the  ■compound  feries  y  (which  is  produced  by  the  faid 
multiplication)  the  Jign  .+  willbe  prefixed  to  the  two  firft  terms  of  the  faid  ho- 
rizontal :rows,  and  the.fign  —  and  the  £gn  +  will  be  prefixedvto  the  tUrd/  and 
foqrth,  and  fifth,. and  fixth,  and  oijier  following  terms  of  the  fa^  rows,  alter- 
natery :  and  in  the  2d,  and  4th,  and  6tb,  and  8th,  and  oth^foUowiBj|  eren  ho- 
rizianiai  rows  bfierms  in  the  faid  compound  feries  y,  the.fiai  —  wUl  be  pre- 
fixed to.the.two  firfl  terms  of  the  faid  horizontal  rows,  and  the  fign  -f  and  the 
lign  —  will  be  prefixed  to  the  third,  and  fourth,  and  fift^,  and  fixth,  and  other 
following  terms  of  tlje  faid  hocizont^  rows,  alternately. 

34.  Now  from  this  order  of  fucceffion  of  the  figns  +  and  —  to  each  other  in 
the  horizontal  rows  of  terms  of  the  compound  feries  y,  we  may  deduce  the  order 
of  their  fucceffion  in  the  terms  contuned  in  the  feveral  vertical  columns  of  the 
faid  compound  feries.    This  may  be  done  in  the  manner  following. 

Since  the,two  firft  terms  of  the  feveral  odd  horizontal  rows  of  terms  in  this 
compound  feries  Y  are  tnarked  "with  the  fign  +,  and  ihetwo  firft  terms  of  the 
feveral  tvpa  horizontal  rows^re  niartteH  with  the  lien  — ,  and  th& firft  terms  of 
the  fecond,  and  third,  and  fouhh,  and  other  followmg  horizontal'  ix)ws  of  terms 
are  the  laft,  or  loweft,  ter;ms  of  the  fccond,  and  third,  and  fourth,  and  other  fol- 
lowing vertical  columns  in  the  faid  feries,  it  follows  that  the  laft,  or'loweft  terms 
, of  the  fecood,,ahd  third,  and  fourth,and  other  vertical  columns  will  be  mafked 
ivith  the  fi^ji— and  thc^fign  +  alternately;  and  it  follows  fikewifc  that  the  fign 
prefixed  to  the  fccqnd  term  of  evisry  horizontal  row  of  terms  (being  the  fime  as 
ttie  fign  pr-efi;Ked:to  the  fir{l  term(»  the  fame  horizoMal  row) -will  be  contrary  to 
the  fign  of  the  term  placed  immediately  under  it,  or  of  the  firft  term  of  the  next 
horizbiital  row,  and  confequently  that  the  lign  prefixed  to  the  laft  term  but  one 
of  .every  veitifr^l,  cptumo  (which  is.  always  the  fecond  lerra  (tf  •nC'of  the  horizon- 
t4  V)ws  of  terms)  will  be  contrary  to  the  1^,  or  loweft,  term  of  tlie  fame  veiti* 
aii  colunpn,.  jvhicb  is  the  firft  terni  of.  the  next  lower  horizontal  row  of  terms. 

,  Xberefori;^  fince  t\tc  firft,  terms  of  the  fccondj  ajtd-  fourth,  and  fixth,  and  other 
following  even. horizontal  rows  of  terms,  or  the  l^ft  or  loweft  terms  of  the  fe- 
cond, fourth,  fixth,  and  other  foJIowing  even  vertical  columns,  are  marked  with 
the  fign — ,  the  laft  terms. but  onc.of  the  fame  ^columns,  to  wit,. the  fecond, 
fourtl),.  fixth;  ^d  other  following  «yen  columns,,  will  be  miu-ked  with  the  fign 
+  ;  and,  iiaefi  j^. firft  terms.of  the  third,,  and  fifth,  and  feventh,  and  other  fol- 
Jlpffini;  bdfi  'b^^ntal  rows  of  terms,  or  the  laft,  pr  loweft  terms  of  the  third, 

fifth. 
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fifdi,  feventh,  and  other  following  odd  vertical  columns,  are  mariced  with  ihe 
fign  +,  the  laft  terms  but  cmc  of  the  fame  columns,  to  wit,  die  third-,  and 
fifth,  and  fevcnth,  and  other  following  pdd  coUunns,  *ill".  be  .imrked  with  the 
fign  — . 

35.  In  the  foregoing  article  34,  we  have  (hewn  that  the  loweft  terms  of  the 
fecond,  founh,  (ixth,  and  other  following  even  columns  of  terms  in  the'com- 
pound  fcries  y  will  be  marked  with  the  fign  — ,  and  the  next  higjier  terms^  or 
the  loweft  renns  but  one»  of  the  fame  columns  will  be  maiked  with  the  fign  +  \ 
and  that  the  loweft  terms  of  the  third,  fifth,  fcvtnth,  and  oiher  followihg  odd 
columns  of  terms  in  the  fame  feriea  will  be  marked  with  the  fign  +,  atidthe 
next  higher  terms,  or  the  loweft  terms  but  one,  ai  the  fame  columns  will  be 
marked  with  the  fign  — .  We  muft  now  examine  the  figns  that  are  to  be  pre- 
fixed to  the  other  terms  of  the  feveral  columns  that  are  higher  tljan  the  two 
loweft  terms. 

Now  the  figns  to  be  prefixed  to  all  the  terms  of  every  column  above  the  twd 
loweft  terms  are  the  fame  with  eath  other  and  with  the  fign  of  the  loweft  term 
but  one  of  the  iame  column ;  as  may  be  fliewn  in  the  manper  fc^lowiog^ 

The  fecond  term  of  every  horizontal  row  of  term?  ia  the  compound  (cries  y  is 
placed  diredly  under  the  third  term  of  the  next  horizontal  row  afcove  it,  and 
under  tht  &iurth  Demi  of -the  fecond  horizontal  row  above  itj  and  tioder  the  Afth 
term  of  the  third  horizohtal  row  above  it,  and  fo  on  ad  infinitum,  the  number  of 
terms  in  every  new,  horizontal  row  above  the  fiud  fecond  term  that  pr.ecced.the 
term  that  is  placed  immediately  above  fuch  (fecond  term,  increifrng  continually 
by  an  unit.  But,  becau(e  the  figns  +  and —  are  prefixed  'to  ■theTccontl',  and 
thinU  and iounh,  and.flfth;  and  ot)]erfblli3v(tit;g  terms  trf'-tbeifirft,  .the  thiVdj 
(he 'fifth,  ihe-.fevenths,  andother;folIowing^o<Jd  horizontal /ows, of  ternjs,  alier-j 
faately,  and  the  fig^ns^^ — and  +  are  prefixed  to  the  fecond,  an^  third,  and 
fourth,  and  fifth,  and  other  following  ttrriis  of  the  fecondi  thi  fourth,  the  fixth,' 
the  eighth,  and  other  foJIowing  even,  horizont^  row^  of  terms,  alternaEely,  it  is 
evident  that  the.  fign  prefixed  to  the  fecond  term  of  every- horizontal  .rpw  of 
terms  muft  be  the  fame  with  the  fign  prefixed  to  the  third  term  of  the  next  ho- 
rizohtal  row  above  'it,"  abd'wiihtKe  fign  prefixed  to  the  fourth  term  of  the  fe- 
cond horizcMital  row  above  it,  and  with  the  iltgv  prefixed  to  the  fifth  tartn  K>9  the 
third  borizcotal  row  above  it',1  and  with  the  figns  prefixed  to  the  fixth,  feveeth. 
eighth,  &c,  terms  of  the  fourth,  fifth,  fixth,  &c,  horizontal  rows  above  it,  a4 
infimium.  And  therefore  the  fign  +  or  — ,  that  is  to  be  prefixed  to  the  fecond 
term  of  ever^  horizontal  row  of  terms  in  the  faid  compound  feries  /  will  be  the 
feine  with  the  figns  of  all  the  terms  placed  immedtaiely  above  th'fe  faid  fecond 
term,  or  of  all  ihe  terms  of  the  fanre  Vertical  colntwn  rhit'preceedJfr'bf;  the 
figns  to  be  prefixed  to  all  the  terms  of  every  vertical  column  ■of  terihs'in  thefaid 
compound  feries  y  above  (he  two  loweft  terms  of  the  faid  column  will-  be  the 
&me  with  each  other,  and  with  the  fign  of  the  loweft  term  but  one  of  the  faid 
column. 
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A  rtca^ulatUm  tif  what  has  betnfiieaiB  iu  thefiK/ongting 
articles  tMeemitig  the  MoUgj  htwem  the  cn^umJ/erw . 
T  and  the  eempMaui./erUs^. 


^6.  It  fellows  from  the  fix  forvgCHng  articles,  $o,  $t,  jt,  33,  34,  and  35* 
that,  if  we  compare  the  compound  fenes  y,  obtained  in  arc  29,  with  the  com- 
pound feries  r,  obtained  Atove  in  art.  14,  the  analogy  and  the  differences  be- 
tween them  will  be  as^ollows,  ^to  wit :  .In  the  ifl:  (4aeet  in  the  compound  Jeries 
y  the  temu  wilt  involve -the  fi-aftioiu —,  ^,  ^,  ^,  -7,  ^,  ~,  &c,  or  the 
odd  powers  of  the  fradion  — ,  tnftead  c^  the  fra^ons  — »  -7,  -r>  -ri  -r*}  *^>> 
^,  &c,  or  the  odd  powers  of  the  fraAion  — ,  which  are  involved  in  the  tenns  of 
the  compound  (erics  iT. 

In  the  next  place,  the  co-efficients  c^  fhe  fereral  temu  in  the  feries  7  that  in- 
volve  in  them  the  feveral  odd  powers  of  the  fra£Hon  —  in  the  compound  leries  7 
will  be  the  very  fatne-Nith  the  co-effidcnu  of  the  feveral  correfpondii^  terms, 
or  terms  involving  the  fame  eddipowers  of  thefradion  ~,  in  the  feriet  T  refpec* 
lively. 

And,  laftly,  the  %ns  —  «ad  -f-  to  be  prefixed'CO  fhe 'feveral  terms  of  the 
3d,  5th,  7th,  and  other  following  odd  vertical  columns  of  terms  in  the  feriesy 
(wfaicfajnvolvetbefradions— ,  — ,  -^i  &c)  will  be  the  fame  as  are  to  be  pre- 
fixed to  the  correfponding  tehns  of  the  3d,  5th,  7th,  and  oAer  £>Uowmg  odd 
vertical  colomnsof  terms  in  theferiesr,  which  invtHvethefiraftioDS-r*  t-*  Ti* 
&c;  but  the  ftgns  +  and  — ,  which  are  to  be  prefixed  to  the  feveral  terms  of 
the  2d,  4tb,  6th,  8(h,  and  other  following  even  vertiod  columm  of  terms  indie 
feries  J'  (whtchiavolTe-tbe  fca£fcions  ~,  -^,  —^^  &c}  arill  be  refpeftively  con- 
trary  to  thofe  irfiidi  are  to  be  prefixed  to  the  ccHTefpoading  terms  of  die  2d, 
4th,  6th,  8th,  and  other  following  even  vertical  columns  of  terms  in  the  feries 
Ty  which  involve.the  fraftions  -V,  -V,  -tt.  &c. 

37.  If  we  multiply  theiforegoir^^cMnpound  feries  called  y,  (which  was  ob- 
tained in  an.  29)  by  the  quaoti^  6z,  the  product  will  be  the  feUoving  com* 
jwimd  feries;  to  wit. 
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Let  this  compound  feries,  for  the  fake  of  brevity,  be  denoted  by  the  fmall 
Greek  letter  J.    Then,  fince  the  produft  of  the  multiplication  of  y  into  the  ex- 

preflion  2  z  "3  X  the  feries  —  — ^+^  "^  "^^  ~  ^  +  ^  —  *^*^ 
ad  injmtum  is  equal  to  6  a  X  the  compound  feries  7,  it  will  alfo  be  equal  to  the 
compound  feries  5. 


Of  the  analogy  between  the  foregoing  compBund feries  S  and  tht 
tempound feries  A  obtained  above  in  art.  16. 


38.  Now  fince  the  compound  feries  A,  obtained  above  in  art.  16,  is  equal  to 
6  J  X  the  compound  feries  F,  and  the  compound  feries  I  is  equal  to  6  z  x  the 
compound  feriss  y,  it  follows  that  there  will  be  the  fame  analogy  and  the  fame 
differences  between  the  two  compound  feriefes  A  and  }  as  between  the  two 
compound  feriefes  T  and  y.  And  coftftquently  the  analogy  and  the  differences 
which  are  (hewn  in  art.  36  to  take  place  between  the  two  compound  feriefes  P 
and  y,  will  take  place  alfa  between  the  Ewo  compound. feheles  A  ami  I,  and 
therefore, 

In  the  firft  place,  the  fccond  and  other  following  terms  of  the  compound  feries" 
5  will  involve  the  fradions  ■^,  ■^,  ^,  -=,  ~.  -in-*  &c>  inftead  of  the  cor- 
refponding  fradiom  ~,  ^,  ^,  -j-,  ^,  ~,  8tc,  which  *re  involved  in  the 
fecond  and  other  following  terms  of  the  compound  feries  A. 

And  2dly,  the  co-efficients  of  the  feveral  fradions  — ,  ~,  ^,  -^,  ~,  ^» 
Sec,  ia  the  terons-of  the  fecond  iUid  other  following  vertical  columns  of  the  com* 
pound  feries  J  will  be  the  fame  with  the  co-efficients  of  the  correfponding  frac- 
tions — ,  -J-,  -;•,  -J-,  -^,  ij^,  &c,  refpeiftively,  in  the  terms  of  the  fecond  and 
other  following  vertical  columns  of  the  compound  feries  A. 
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And,  gdly,  the  figns  —  and  + ,  that  are  to  be  prefixed  to  the  feveral  term* 
of  the  3d,  5th,  7th,  and  other  following  odd  vertical  columns  of  terms  in  the 
compound  feries  5  (which  involve  in  them  the  fraftions  — ,  -7,  -jj-,  &c)  will  be 

the  fame  as  are  to  be  prefixed  to  the  correfponding  terms  of  the  3d,  5th,  7th, 
and  other  following  odd  vertical  columns  of  terms  in  the  compound  feries  A  which 

involve  in  them  the  correfponding  fraAions  ■-^,  tj  -j7»  &c;  and  the  figns  + 
and  —  which  are  to  be  prefixed  to  the  feveral  terms  of  the  2d,  4th,  6th,  8th, 
and  other  following  even  vertical  columns  of  terms  in  the  compound  feries  J 
(which  involve  in  them  the  fradions  — ,  -^^  ^^  ~,  8ec)  will  be,  refpeftively, 
contrary  to  thofe  which  are  to  be  prefixed  to  the  correfponding  terms  of  the  ad» 
4th,  6th,  8th,  and  other  following  even  vertical  columns  of  terms  in  the  conw 
pound  feries  A,  which  involve  in  them  the  fraftions  — ,  -^^  ^,  ^,  &c. 


^e  p-oduS  of  the  multiplication  of  the  eo-effident  q  into  the 
txprej^en  2  a/'  fF  x  thg/mes  !i  —  ^  +  Lf  —  i^ 
+  i|i!_^  +  l^_&?f  is  equal  to  the  Jimph 
Jerus  6B^  +  ^— ^+^— ^+  —  — 
■^+&c. 


39^.  The  compound  feries  mentioned  above  in  art.  19,  and  denoted  by  the 
Greek  capital  letter  E,  is  equal  to  6  B  *  —  the  compound  feries  A.  And  it  is- 
fliewn  in  art.  25  and  26  that  the  compound  feries  2,  or  6  B  e  —  A,  is  equal  to 
the  fimple  feries  ^  +  ^  +  ^  +  Lj  +  I^  +  I^  +   &c.    Therefore 

(adding  A  to  both  fides)  we  fhall  have  66/  =  ^  +  ^+  ^'+  ^  +  t^ 

+  ^  +^   +   &c,  and  A  =  the  fimple  feries  6B(r  -  ^  —  S^  — i^' 

—  V  ""  "7^ '1^ ^*^»  ***  which  all  the  terms  after  the  firft  term  6  B*^ 

are  marked  with  the  fign  — ,  or  fubtrafted  from  the  faid  firft  term.  But  it  has 
been  fhewn  in  the  foregoing  art.  38,  that  the  co-efficients  of  the  fraftions 
^j  1^'  y*  ^»  ^1  -ir»  ^^>  *"  t^e  compound  feries  3  are  equal  to,  or  the 
fame  with,  the  co-efficients  of  the  correfponding  fraftions  ^^  ^,  -V*  -r*  ~nr 
~  &c  in  the  compound  feries  A,  refpeftively ;  and  that  the  figns-  —  and  4-,  that 
are  to  be  prefixed  to  the  feveral  terms  of  the  3d,  5  th,  7th,  and  other  following  odd 
vertical  columns  of  the  compound  feries  3,  (which  involve  in  them  the  fraftions 
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— ,  -J,  -jj-»  &c)  are  the  fame  with  thofe  which  are  to  be  prefixed  to  the  corre- 
^nding  terms  of  the  3d,  jth,  7th,  and  other  following  odd  vertical  columns  of 
the  compound  feries  A,  which  involve  in  them  the  correfponding  fradions  — ,  -f, 

-^,  &c;  and  that  the  figns  which  are  to  be  prefixed  tothefeveral  terms  of  the  zd, 
4th,  6th,  8th,  and  other  following  even  vertical  columns  of  the  compound  feries  J 
(which  involve  in  them  the  fraftions  -^,  -^,  -^,  ~,  &c)  are,  refpeftively, 
contrary  to  thofe  which  are  to  be  prefixed  to  the  correfponding  terms  of  the  id^ 
4th,  6th,  8th,  and  other  following  even  vertical  columns  of  the  compound  fe- 
ries A,  which  involve  in  them  the  fraftions  •—,  — ,  -^^  —■,  Sec,  And  in  both 
the  laid  compound  feriefes  £k  and  S  the  firll  term  is  6  B  e.  It  follows  therefore, 
that,  fince  the  compound  feries  A  is  equal  to  the  fimple  feries  6  B  f  —  ^  — 
Sj.  —  li  —  Ij-  —  -^  —  -^  ^  txc  aJ  infmiuHtt  the  compound  feries  5  muft 
be  equal  to  the  fimple  feries  6Btf  +  ^-^  +  ^_i?  +  I^  ~1^  + 
&c  ad  in^nitum.    But,  by  art.  37,  the  produA  of  the  multiplication  of  the 

co-efficient  q  into  the  expreffion  a  z  3"  x  the  feries  —  — ^^+Il-_^  + 

~  —  il^  +  ^^  —  &c  is  equal  to  the  compound  feries  8.     Therefore  the 

I 
product  of  the  multiplication  of  the  co-efficient  q  into  the  expreffion  z  2:  3    x 

die  feries l^+'T 1^  "^1^ !?»'  "*"  "i?r  "*"     *■  *"  *  "*  °^  equal 

to  the  fimple  feries  6B*+^-^+^-'^+^—  l^'+&c«rf 
infinititm. 


Of  the  relation  of  the  frodaSl  of  the  multtpHcatm  of  the 
co-efficient  q  into  the  expreffion  a  v'' (2   X   the /tries 

to  the  cube  (^thefaid  expreffion, 

40.  We  are  now  to  ftiew  that  the  produft  of  the  multiplication  of  the  co«effi- 

tient  q  into  the  expreffion  zz~i    x  the  feries  —  —  ^+~  —  ^  +  ^  — 

^^  -t*  —^  —  &c  is  greater  than  die  cube  of  the  faid  expreffion,  atid  that  the 

difference  is  equal  to  r,  orto  6Btf,  whichis  (=6x—  X  —  =  -3-X  r)  =  r. 
3  G  z  Now 
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Kow  this  will  be  evident,  if  we  can  (hew  that  the  fimple  fcri^  6  B  ^  -f  ^ 

—  ^  "^  "^  —  V  "^  ^^^ —  ^  "^  ^*^  ""^  '^'""'"  (which  we  have  Aiewn  to 
be  equal  to  the  faid  produfl:)  is  greater  than  the  faid  cube,  and  that  (he  diffe- 
rence is  equal  to  r,  or  6  B^;  or  that  t!ie  faid  feries,  when  its  firft  term  6  B/ 
is  taken  tVoni  it,  will  be  equal  to  the  faid  cube;  or  that  the  fimple  feries  ~  — 
~  +  ^ — '  V  "*"  T="  ""  "T^  ^  ^c  ad  f»fimtttfH,  will  be  equal  to  the  cube  of 

the  laid  expreflion  2  z  3    X  the  lenes  ~"-'^  +  "^"- '^X-;;; TT  + 

^j &c  ad  inftniiKm.    This  we  will  therefore  now  endeavour  to  prove  in  the 

manner  following. 

I 
41.  The  cube  of  the  expreffion  2  2  7  X  the  feiies  IJ  ^  ^  +  Ijf  —  If. 

+  5^  _  !1C  +  ^  —  fee  is  =  8  2:  X  the  cube  of  the  faid  feries.    We  muft 

therefore  raife  the  faid  feric« ir+T* ^"i — r >r  H ir  - 

&c  to  its  cub«,  or  third  power,  by  multiplying  it  twice  into  itfclf.  This  may  be 
done  as  follows. 

The  multiplication  0/  tbe/eries  ^  -^  ^  +  ^5 ^ 

^^.I^  +  E^„tff  tmce  intQ  iifelf,  in  order 
to  obtain  its  athe. 


IL 

+  ^ 

—  &c 

,         <!.■> 

—  &c 

X 

-  -i 

1          »(                      »I           1          rf                      »■» 

+  -?5- 

+  &C 

«• 

''        «•        ■'      '    x-        *+'       .'o          "      ■«»■" 

,        D**«                 PF*«        ,       PH*>»              PK*"* 
+        ..                      .•         +       «"         -       ... 

,     if««           pfH      ,      fV           fh«" 

BH*»        ,      PB*">              FB*" 
--.«■■      '         .» 

,       IK*"               DK^» 
■♦"       «" 

BM*** 

a'» 

+  &C 
+  &C 
+  &C 

+  &c 

+  &C 
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+ 

Hit. 

3BM< 

+  &C 

+  ■ 

ZDH*"* 

aPKH» 

+  au: 

+ 

aFH«" 

+  &C 

aB'Df'     ,    aB»F(» 

-^9i^  +  e=c 

.        BD'<' 

3BDP<9      ,     2BDH«" 

"°,;'"  +  &c 

+  "::" 

-i^S^  +  &c 

B»D«S             «BP»<I 

..DF^            J.D.." 

-iii^  +  Scc 

-^9^  + Sec 

+  ^ 

1BDF<»    ,     aip»«^' 

+    ^ 

-4?^  +  8=c 

B»H««        ,     aBDR*"* 

BBFH*"     ,      , 

+  ^^ 

■^•-f    +&C 

3B«D<*      ,     JB»F«» 

'tr+*c 

+  ^ 

6bof^     .    6 BOB." 

-i^  +  &c 

-         ^            1           ... 

_l^  +  &c 

.f.S"'"" 

This  laft  compound  feries  is  the  cube  of  the  feries  —  —  —  +  —  _ 
•  iic  ai  infinitum . 
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Therefore  8  z  x  the  cube  of  the  faid  fcrics  li_^+I^—  Jli'+  ^_ 

^  +  ^  —  &c  will  be  =  8  2  X  the  foregoing  compound  feries;  or,  if,  fw 
the  fake  of  brevity,  we  denote  the  faid  compound  feries  by  the  fmall  Greek 
letter  ^,  we  (hall  have  8  a  x  the  cube  of  the  feries  — —  ^+~—  ^  + 

— ^  —  -4r  H — n ^^  equal  to  8  z  X  the  compound  feries  X ;  and  confe- 

quently  the  cube  of  the  expreflion  223  X  the  feries  —  —  ^  +  I—  _  iLl! 
4.  if!  _  ?11-  +  ^  —  &c  «</  infinitum  will  be  =  8  z  X  the  compound 
feries  X- 


A  comparijon  httween  the  eempound  Jeries  A,  ohttuned  in 
the  foregoing  article  41,  and  the  eempound  Jeries  A,  ob' 
iained  above  in  art,  1 7. 


42.  We  muft  now  cotnpare  the  compound  feries  X,  which  is  equal  to  the 

cube  of  the  iimple  feries r  +  -: ;-  +  T3-  —  —rr  +  -77-  —  «c, 

with  the  compound  feries  A^  obtained  above  in  an.  1 7,  which  is  equal  to  the 
cube  of  the  fimple  fenes  ~+-7r"'"~  "•'~+"?"  +  "?r  +  tt  ~  "*^» '" 
order  to  difcover  the  analogies  and  the  difierences  that  fubfift  between  them. 

Now,  upon  comparing  together  thefe  two  compound  feriefes  A  and  X,  we 
flult  find  that. 

In  the  firft  place,  wherever  there  is  any  power  of  the  fraction  —  in  the  com- 
pound feries  A,  there  will  be  the  fame  power  of  the  fraction  —  in  the  correfpond* 
ing  term  of  the  compound  feries  \. 

And,  in  the  fecond  place,  the  co-efficients  of  the  terms  of  the  compound  fe- 
ries X  are  equal  to,  or  the  fame  with,  the  co-efficients  of  the  correfponding 
terms  of  the  compound  feries  A. 

And  thefe  two  analogies  between  thefe  two  compound  feriefes  muft  take 
place  not  only  in  the  few  firft  vertical  columns  of  terms  of  the  faid  feriefes  which 
are  fet  down  above  in  art.  17  and  art.  41,  but  throughout  all  the  terms  of  the 
faid  feriefes,  to  whatever  number  of  terms  the  faid  feriefes  may  be  continued : 

becaufe  the  origmal  fenes r  +  -: r  +-r n-  H rr  —  «c 

(by  Uie  multiplication  of  which  twice  into  itfelf  the  compound  feries  \  is  pro- 
duced) involves  in  its  terms  the  fame  powers  of  the  fraction  ^y  and  the  fame 
co-efficients  B,  D,  F,  H,  K,  M,  O,  &c,  combined  with  thofe  powers  refpec- 

tively, 
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lively,  as  the  other  original  ferics  "7"  +  "+"  +  "^+  ~  +  ~  + 
^^  +  &c  (by  the  multiplication  of  which  twice  into  ttfelf  the  compound  feries 
A  was  produced)  involves  of  the  fraftion  — . 

And,  in  the  3d  place,  all  the  terms  of  the  compound  feries  A,  after  the  fitft 
terra  —-»  are  marked  with  the  fign  +,  or  added  to  the  faid  firft  term  :  but  in 
the  compound  feiies  X  only  the  terms  of  the  3d,  and  5th,  and  other  following 
odd  vertical  columns  of  terms  (which  involve  the  fradlions  -j-,  —^,  ~y  -^, 
&c)  are  marked  with  the  fign  +,  or  added  to  the  firft  term  — ;  and  the  fecond 
term  ^  °  °' ,  and  the  terms  in  the  4th,  6tli,  8th,  and  other  following  even  verti- 
cal columns  of  terms  in  the  faid  feries  (which  involve  the  fradions  •^,  — ,  ~, 
-^,  Sec)  are  marked  with  the  fign  — ,  or  fubtrafted  from  the  faid  firft  term. 

43.  That  m  the  compound  feries  X  the  terms  in  the  fecond,  third,  and  other 
following  vertical  columns  of  terms  are  marked  with  the  figns  —  and  +  alter- 
nately, b  evident  upon  infpefUon  as  far  as  the  multiplication  is  carried  above  ia 
art.  41,  that  is,  as  far  as  the  fix  firft  vertical  columns  of  terms.  And  that  the 
fame  alternate  fucceflion  of  thofe  figns  will  take  place  in  all  the  following  co- 
lumns of  terms  in  the  faid  feries,  to  whatever  number  of  terms  the  faid  feries 
may  be  continued,  will  be  evident  fi*om  the  following  confiderations. 

Since  in  the  multiplication  of  the  feries  —  —  ^  +  -^  ~~t+-t~*  "tt 
+  ^4i —  *fc  into  jtfelf  in  art.  41,  in  order  to  obtain  its  fquare,  the  figns  — 
and  +  follow,  each  other  alternately  both  in  the  multiplicand  and  the  multipli- 
cator  (which  ate  both  the  fame  feries  — — ^  +  ~t  —  ~T  +  ^^)*  "  '^  evi- 
dent that  in  the  feveral  products  of  the  multiplicand  by  the  firft  term  —  of  the 
mukiplicator,  and  by  its  third  term  ^,  and  its  fifth  term  i^,  and  its  feventh 
term  ^,  and  all  its  following  odd  terms  (to  which  odd  terms  the  fign  +  is 
prefixed)  the  order  of  the  figns  +  and  —  in  the  terms  of  the  faid  produfts  muft 
be  the  fame  as  in  die  multiplicand  itfelf ;  that  is,  the  terms  of  the  laid  feveral 
products  which  conlUtute  the  ift,  3d,  5th,  7th,  and  other  following  odd  hori- 
zontal lines  of  the  (aid  general  produft  (before  the  fimilar  terms  are  collected 
together  by  addition  at  the  bottom')  will  be  marked  with  the  figns  +  and  — 
altern^ely.  And  it  is  likewife  evident,  that  in  the  feveral  piodi^s  of  the  faid 
multiplicand  by  the  fecond  term  —■  of  the  multiplicator  (which  is  marked  with 

the 
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the  fign  — ),  and  by  the  fourth  term  ^,  and  the  fixth  term  ^,  and  the  fol- 
lowing even  terms  of  the  multiplicatof  (which  are  all  marked  with  the  fign  — ), 
the  order  of  the  figns  +  and  —  in  the  terms  of  the  faid  produfts  muft-be  con- 
trary  to  the  order  of  them  in  the  terms  of  the  mukipHcartd  itfelf ;  that  is,  the 
terms  of  the  faid  feveral  products  which  conftituie  the  2d,  4th,  6th,  8th,  and 
other  following  even  horizontal  rows  of  terms  in  the  faid  general  produft  (be- 
fore the  fimilar  terms  are  collefted  together  by  addition  at  the  bottom)  will  be 
marked  with  the  figns  —  and  +  alternately.  Therefore  the  firftterm  of  every 
■  new  horizontal  row  of  terms  will  be  marked  with  a  contrary  fign  to  that  of  the 
firft  term  of  the  horizontal  row  rtext  above  it,  and  confequently  with  the  fame 
fign  as  the  fccond  term  of  the  faid  horizontal  row  next  above  it,  or  as  the 
term  under  which  it  is  placed ;  the  firft  term  of  everf  new  horizontal  row  bang 
placed  immediately  under  the  -fecond  term  of  the  horizontal  row  next  above  it. 
And  thus  it  appears  that  the  laft  term  of  every  vertical  row  and  the  lall  term 
but  one  will  be  marked  with  the  tame  fign.  And  hence  it  follows  (from  the 
alternate  fiiccelTion  of  the  figns  +  and  —  to  each  other  in  the  terms  of  all  the 
horizontal  rows  of  terms  in  the  faid  general  produfb*  before  tbe  terms  are  col- 
lefted  together  at  the  bottom)  that  all  the  terms  in  every  vertical  column  of 
terms  will  be  marked  with  the  f^me  fign  as  the  loweft  term,  and  confequently 
that  the  terms  in  the  fecond,  tlurd,  fourth,,  iifth,  fixtfa,  and  other  following  ver- 
tical cokimns  of  terms  will  be  noarked  with  tbe  fign  -»-  tad  Ihe  fign  -^  aher- 
nately.  ■     tie  1.  d. 

44.  And,  fince  all  the  termi  in  each  of  the  vertical  columas'  of  the  geoeral 
produ(%  in  art.  4.1  (before  the  fimilar  tcmas  are  c<^le^ed  together  ac  the  bottom 
by  addition)  are  marked  with  the  fame  fign  -f  or  — ,  and  the  terms  in  the  id, 
3d,  4th,  5th,  6th,  and  other  ftrflowing  vertical  columns  of  terms  in  the  faid  ge- 
neral proAjft  are  marked  with  the  fign  —  and  the  fign  -f  alternately,  it  follows 
that  in  the  compound  feries  fet  down  under  the  faid  general  produ6t  (and  wBtich 
is  equal  to  it  and  derived  from  it  by  adding  together  the  fimilar  terms  in  each 
vertical  column  fo  as  to  convert  them  into  finale  terms)  the  feveral  terms  of  the 
fecond,  and  third,  and  tmirth,  and  fifth,  andlirth,  and  otber  Icdkiwing  vertioU 
columns  of  terms  will  alfo  be  marked  with  the  fign  —  and  the  fign  -I-  alter- 
nately, (ia  E.  D. 

45.  And,  fince  in  the  compound  feries  laft  mentioned,  vhicfi  is  cqnal  to  tie 

fquare  of  the  feries  — T  "^  ~r r+"T""'tr  "*"  "^  ~~  ^^*  *^  *^* 

cond  and  other  foUcrwing  vertical  columns  of  terms  are  marked  with  the  fign  — 
and  the  fign  +  alternately,  and  the  compound  feries  >.  (which  is  the  cube  of  the 

feries  —  —  ^  +  ^^1 ^'^^~  ^  '*'  ^75 ^'^^  "  produced  by  mul- 
tiplying the  faid  compound  feries  into  the  original  feries  — r  +  "i 7 

+  -—  —  — ^  +  — jj-  —  &c,  in  which  the  fecond  and  other  following  terms 
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are  dfo  marked  with  the  fign  —  and  the  figa  +  alternately,  it  will  follow,  by 
repeating  the  reaTonings  ufed  in  the  two  laft  articles  43  and  44,  that  in  the  pro- 
duft  of  this  laft  multiplication,  that  is,  in  the  compound  feries  X,  the  terms  of 
the  fecond,  and  third,  and  fourth,  and  fifth,  and  fixth,  and  other  following  ver- 
tical columns  will  alfo  be  marked  with  the  iign  —  and  the  lign  +  alternately, 
agreeably  to  what  we  have  feen  by  infpeftion  of  the  laid  compound  feries  A  (as 
fct  down  in  art.  41)  to  take  place  in  die  firft  fix  vertical  columns  of  it,  or  as  hr 
as  the  terms  that  involve  the  fraction  — ,  and,  agreeably  likewifc,  to  what  was 
aflerted,  in  art.  42,  concerning  all  the  following  vertical  columns  of  the  faid 
compound  feries.  q.  k.  p. 


Of  the  tompMnd  feries  x,  which  it  equal  rt  8z  X  the 
tempeund  feries  h,  and  eonfequently  to  the  tube  of  the 
{Jim  2  ^»  I^X  theferies——^  +  !ll _  2il 

^^  +  ^^  —  i^e  ad  inSnitim. 


46.  If  the  foregoing  compound  feries  X,  obtained  in  art.  41,  be  tnultiplied 
jnto  8  z,  the  produdt  will  be  the  following  compound  feries,  to  wit, 

8  bV         34B*d«^         Z4b'f«'         a4B*He»         a^B'icg"  34  B'm  t'*  j^  - 


48BDHe' 


48flFHg" 
i4D*H^" 


■  +  &c 

+  &C 


+  &C 

■  +  &c. 


■>"  +  '4  - 


which,  for  the  fake  of  brevity,  we  will  denote  by  the  fmall  Greek  letter  w. 

Then  wilt  the  cube  of  the  expreflion  223  x  the  feries  —  —  — y 
^  +  ^  —  ^  +  ^  —  &c  (which  is  equal  to  8  a  X  the  compound  feries 
X)  be  =  the  compound  feries  «■. 

47.  Since  the  compound  feries  n-  is  =  8  z  x  the  compound  feries  X ;  and  the 
terms  of  the  fecond,  and  third,  and  fourth,  and  other  following  vertical  columns 
of  the  compound  feries  X  are  marked  with  the  fign  —  and  the  fign  4-  alter- 
nately ;  it  is  evident  that  the  terms  of  the  fecond,  and  third,  and  founh,  and 
Other  following  verdcal  columns  of  the  compound  feries  v  will  atfo  be  marked 
with  the  fign  —  and  the  fign  4-  alternately :  becaufe  the  multiplication  into  8  x 
can  make  no  change  in  tlK  figns  of  the  quantities  that  are  multiplied. 

Vol.  II.  3H  jicom- 
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A  comp^ifon  between  the  comfotatd ferUs  «■  jufi  new  ob- 
tained  in  art.  46,  and  the  compound /tries  n,  obtained 
above  in  art.  1 8. 


48.  It  has  been  fhewn  above  in  art.  41,  that  the  co-efficients  of  the  fereral 
terms  of  the  compound  fcries  X  (fet  down  in  art.  41)  are  refpeiaively  equal  to, 
or  the  fame  with,  the  co-efficients  of  the  correfponding  terms  of  the  compound 
feries  A,  fet  down  in  art.  17.  And  therefore  the  co-efficients  of  the  fevcral 
terms  ot  the  compound  feries  ff,  or  8  z  x  the  compound  fcries  X,  which  are 
equal  to  8  times  the  co-efficients  of  the  correfponding  terms  of  the  compound 
feries  K,  muft  be  equal  to  the  co-efficients  of  the  correlponding  terms  in  the 
compound  feries  11,  or  8  j  x  the  compound  feries  A  (fet  down  above  in  art. 
18),  which  are  equal  to  8  times  the  co-efficients  of  the  correfponding  terms  of 
the  compound  feries  A. 


A  proof  that  the  compound  Jertes  -tt  is  equal  to  the  JimpU 
ad  infinitum. 


49.  It  appears  from  the  laft  article  48  that  the  co -efficients  of  the  feveral 
terms  of  the  compound  feries  x,  which  is  fet  down  in  art.  46,  are  refpeftively 
equal  to,  or  the  fame  with,  the  co-efficients  of  the  correfponding  terms  of  the 
compound  feries  IT,  which  is  fet  down  in  art.  1 8  ;  and  it  appears  from  art.  47 
that  all  the  terms  in  the  fecond  and  other  following, vertical  columns  of  the 
compound  feries  tt  will  be  marked  with  the  fign  —  and  the  fign  +  altemately, 
to  wit,  all  the  terms  in  the  2d,  4th,  6ih,  8th,  and  other  following  even  vertical 
columns  of  it  with  the  lign  — ,  and  all  the  terms  of  the  3d,  5th,  7th,  9th,  and 
other  following  odd  vertical  columns  of  it  with  the  fign  -H  ;  whereas  in  the  com- 
pound feries  n  all  the  terms  in  the  2d,  3d,  4th,  5th,  and  all  the  following  ver- 
tical columns,  both  odd  and  even,  are  marked  with  the  fign  -f.  It  follows 
therefore  that,  if  the  compound  feries  11  be  converted  into  a  fimple  feries  by 
adding  together  into  one  fum  all  the  terms  of  each  leparate  vertical  columo, 
and  the  compound  feries  %  be  hkewife  converted  into  a  ^mple  feries  by  adding 
together  into  one  fum  all  the  terms  of  each  feparate  column,-  the  co-efficients  of 
the  terms  of  the  fecond  fimple  feries,  which  is  equal  to  the  compound  fcries  ■tt, 
will  be  refpeftively  equal  to  the  co-efficients  of  the  correfponding  terms  of  the 
former  fimple  feries,  which  is  equal  to  the  compound  feries  IT  :  but  in  the  fim- 
ple feries  that  is  equal  to  the  compound  feries  x,  the  fecond,  and  fourth,  and 
iixth,  and  other  following  even  terms  will  be  marked  with  the  fign  — ,  and  the 
third,  and  fifth,  and  feventh,  and  other  following  odd  terms  will  be  marked 
with  the  fign  +  ;  whereas  in  the  fimple  feries  that  is  equal  to  the  compound 
fcries  11  all  the  terms  after  the  firft  term  will  be  marked  with  the  fign.  There- 
fore, 
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fore,  if  we  fuppofe  (as  was  done  above  in  art.  23)  the  co-efficients  of  the  terms 
of  the  fimple  feries  that  is  equal  to  die  compound  feries  n  to  be  P,  Q_,  R,  S, 
T,  V,  &c,  and  confequcntly  the  faid  Ample  feries  tobe^  +  H!  +  ii!+i^ 

+  -jj-  +  — ^  +  &c  ad  infinitum)  the  fimple  feries  that  is  equal  to  the  com- 
pound feries  ff  will  be  ^  —^  +  ^  _  !^  4.  :^  „  1^'  +   z^^c  ad  infini- 


A  proof  derived  from  the  foregoing  articles,  that  the  ex- 
prej/ion  z  ■/>  (2  X  the/eries  15  —  £i!  +  li*  _  !ii! 

+  -^ ^  +  -^ 6?c  is  equal  to  one  of  the 

roots  of  the  cubtck  equation  qx—x'  =  r. 

50.  It  is  ftiewn  in  art.  46  that  the  compound  feries  -tt  is  equal  to  the  cube  of 

the  exprcffion  2  z7  X  the  feries^  _lf!  +  Ll!_^+i^_ii^+^* 

—  &c.    Therefore  the  fimple  feries  ^ —  ^  +  -T  —  "T  +  -T5 "ir  + 

&c  ad  infinitum  (which  is  equal  to  the  compound  (cries  ir)  will  alfo  be  equal  to 

the  cube  of  the  expreflion  zz  3  X  the  feries  — — ^+-^ j-+  "j^"" 

!li!!  +  ^  —  kcad  infinitum. 

51.  It  was  fliewn  above  in  art.  39  that  the  produft  of  the  multiplication  of 

the  co-efficient  q  into  the  expreflion  1  g  3    x  the  feries  ^  —  ~^  "^  '^ ^ 

+  ^  —  5^|1  +  ££l!  —  8tc  ad  infinitum  is  equal  to  die  feries  6  B  c  +  ^  — 
S£  A- if.  —  L^+14^  —  1^  +  &c  ad  infinitum.     And  now  we  have  feen,  in 

the  laft  art.  50,  that  the  cube  of  the  faid  expreflion  zz  3   X  the  feries -^ 

+  L^  —  2—  +  ^  —  ^  +  ^  —  &c  is  equal  to  the  feries  -^  —  ^  + 
11'  ^  i?  +  14s-'  —  —  +  ice  ad  infinitum^  which  confifts  of  the  very  fame 
terms  as  die  feries  6  B^+  ^^— ^  H--^^— ^  +  ^— ^+  ^'^ '^  in- 
finitum j  except  the  firft  term  6  B  ^,  and  therefore  is  lefs  than  the  faid  laft-men- 
3  H  2  tioncd 
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tioned  feries  by  the  difference  6  B  ^ .    Ic  follows  therdbre,  that  the  cube  of  the 

expreffion  2  z  3  X  the  feries  —  —  —  +  ——  —  +  — —  -^  +  __  _ 
&c  aJ  iijfiniium,  is  lefs  than  the  product  of  the  mulii^Ucation  of  che  co-effident 
q  into  the  faid  expreffion,  and  that  their  difference  is  6  B  ;,  or  r.    And  coofe- 

quently  thc-faid  espreffion  2  z  T  X  the  feries  ^— ^  +ir""^"^^~' 
HL.  ^  Zi-.  _  &c  ad  infinitum  muft  be  equal  to  one  of  the  roots  of  the  cubick 
equation  j*  —  «*  =  r.  4jE.  d. 

I 
52.  Having  now  fliewn  that  the  expreffion  2  z  3  X  the  feries  —  —  ^  + 

—  — —  +  ^  —  ^  +  ^  —  &c  adtHfaiitum  is  equal  to  one  of  the  roots 
of  the  cubick  equation  j*  —  *'  =  r,  it  remains  that  w.e  ftiew  that  it  cannot  be 
equal  to  the  greater  of  the  two  roots  of  that  equation,  being  always  lefs  than 
the  Icaft  poflible  magnitude  of  the  faid  greater  root;  whence  ic  will  follow  that 
it  muft  be  equal  to  the  leffer  root  of  the  faid  equation.  This  may  be  fhewn  In 
the  manner  following. 


Of  the  leafi  pojfihU  magnitude,  or  the  Imoer  limit  of  tbt 
magnitude,  of  the  greater  root  of  the  cuhici  equation 
qx  —  *J  =  r  Hpw  the  fappfition  that  r  i$  Ufi  than 

^2   X  ^. 

53.  The  greateft  poflible  magnitude  of  the  abfolute  term  r  of  the  cubick 
equation  qx  —  x^  =  r  is  ■2^^,  or  thM  value  of  the  compound  quantity  ja  —  ** 

Its  from  a  fuppofition  that  x'v-  —  — 

tity  ^i— ,  the  equation  jw  —  *'  =  r  is  impoffiblej  and  if  r  is  exadly  equal  to 

^^^,  the  equation  j*  -—  **  =  r  will  have  but  one  root,  which  will  be  =r  ~\ 
3^^3*  /  *^^ 

and,  if  r  is  lefs  than  ^^,  the  equation  ?*  —  **  =  r  will  have  two  roots,  of 

which  the  leffer  will  be  lefs  than  -^^,  and  the  greater  will  be  greater  than  -^, 
but  lefs  than  \/q.  But  in  the  foregoing  articles  it  is  fuppofed  that  the  abfolute 
term  r  is  lefs,  not  only  than  il^  (which  is  its  greateft  poflible  magnitude),  but 


or  of)  I  to  ^2.  Therefore  the  grcmer  root  of  the  equation  qx  —  x^  =  r  muft,  on 

the 


likewife  than  y/i  X  ^^,  which  is  lefs  than  i£^  jn  the  proportion  of  ( v'2 

■mu) 
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die  preTeot  fappofition,  be  greater,  not  only  than  — ^,  bat  than  the  greater  root 
of  it  when  r  is  =  \/%  X  ii^.  Now,  when  r  is  =  \/a  X  ^4^^  the  greater  root 
of  the  equation  j*  —  jf*  a:  r,  will  be  \/2  X  ■« .  For,  if  wc  fupprfe  «  to  be  = 
\/a  X  ^,  we  fliall  have  *»  =  2  v^2  x  |^,andj*(=f  x  v'ft  X  ^  = 
t/2  X  ^)  =  3  */a  X  1^,  and  confequenUy  jAf  -  «'  (=  3  •»  X  |^  — 
2  v^'i  X  ^^)  =  I  X  \/z  X  ^^»  or  >/2  X  'v*    Therefore,  on  the  pre- 

3v3  3V3  3v3 

fent  fuppofidon,  to  wic,  that  r  is  lefs  than  v^z  X  £^,  the  ^%acer  root  of  the  equa- 
tion J*  —  *•  ^  r  muft  be  greater  than  ^2  x  ^,  or  than  ^  X  v'?*  or  than 
V'  —  X  v'f*  or  than  v'o.666,666,  &c  x  *^J»  or  than  0.8165  X  v'j;  or,  in 
other  words,  \/  —  X  ^q,  or  0.8165  X  v'j,  will  be  the  leaft  poffible  mi^i- 
tude,  or  the  lower  limit  of  the  magnitude,  of  the  greater  root  of  the  equation 
qx  —  x*=r  upon  the  prefent  fuppofitioo. 


Afrooftiat  the  /aid  lower  limit  of  the  magnitude  of  the 
greater  root  ^  the  cmbiek  equation  qx  —  *'  —r  is 
greater  than  the  greatefi  foffible  magnitude  of  the  ex~ 
prejion  2  ^/'  ^  x  tbeferies  1.'  —  1^  +  ^  —  ^ 


+  ^-"^+^-«'- 


Now  this  quantity  ^'fix  ^q,  or  0.8165  x  •?»  is  greater  than  the  greateft 

poffible  m^nitude  of  the  eipreffion  2  2  T  X  the  feries  —  —  ~-  +  -f  —  -,- 

+  -^  —  ~^  +  —^  —  &CC  ad  it^tum ;  as  may  be  (hewn  in  the  manner  fol- 
lowing. 


54.  ThisexpreffionazT  X  the  feries  ^  -  ^  +  ^-If  +  i£_^ 

■+iS-&cis  equal  tothe  feries^  Ji^V  ^-  1^  +  'J^l 


Now,  fioce  «« is  =  |-  —  -^j  or  |-  —  «,  it  is  evident  that,  if  ee,  or  — ,  be 

fuppofed 
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fuppofed  to  increafe,  zz,  or  the  excefs  of -^  above  «  or  — .  will  at  the  feme  time 
dccreafe.  Therefore,  if «,  or  — ,  is  fuppofed  to  increafe  from  o  to  its  greateft 
poffiblc  magnitude  on  the  prefent  fuppoiidon,  to  wit,  to  — ,  or  — — ,  the  nume- 
rators of  the  terms  of  the  feries  iJL'-.i£l'+ill!_iS£+if^_  U^  + 
^^  _^  xf         «f   "^  *y        «V         »V         «'i' 

-^ &c  (which  involve  in  them  the  powers  of  ?)  will  continually  increafe, 

and  their  denominators  (which  are  powers  of  the  decreafing  quantity  z)  will  at 
the  fame  time  continually  decreafe :  and  confequently  the  terms  of  the  iaid  fe- 
ries will,  on  account  both  of  the  increafe  of  their  numerators  and  the  dccreafe  of 
their  denominators,  continually  increafe  at  the  fame  time.    Therefore  the  fiud 

feries  lir -^  +  ill' -  ^4?  +  14? -^■+i^' _&c  will  have 
attained  its  greateft  magnitude  when  ee,  or  — ,  has  attained  its  greateft  magni- 
tude, or  is  =:  ^;  at  which  time  zz,  or  ^  —  ee.  oc~ — ,  will  be  =:  ^ 

~,  ^"^  17  — 1~>  ^'^  T"'  "*^  confequently  will  be  equal  to  ee.  Therefore  the 
expreffion2zT  X  the  feries  if-  ^  +  Lf  _  ^  +  ^'_  !lfL"  +  if- 
&c  (which  is  equal  to  the  feries  14!  -  i^  +  ill'  _  i^  +  '-4?  -  ^? 

H n &c)  will  alfo  have  attained  its  greateft  magnitude  when  ee  or  — ,  is 

equal  to  |-,  and  zz  is  confequently  equal  to  ee.  But,  when  zz  is  equal  to  «, 
and  «  is  equal  to  £,  the  feries  =-i  _2il+If!_!i£+'5i!_^+f^ 
—  &c  becomes  =  B  —  D  +  F  —  H+K  —  M  +  O&c,  andj!is{=<  = 

y)  =  ^In"*  ^^  confequently  a  3  =  \/*  — ,  and  zzT  =  2  ^*lw  ~ 

-;^  -  ;7£2Z^F  "  ^*      ' "     IS '^ .  ■^^  =  ^  fe 

X  v'?  =  •"fi. 185,185,185  X  /j  =  1.028,7  ><  /?;  and  confequently  the 

—  ^  ,       y     .         ■*  D**  F«*  H«'      .     K««  M<^'      ,     O*" 

expreffion  2  z  3  X  the  leries  —  —  — j-  -|-  — j-  —  -^  -| — ~  —  — ^  -| — jj-  — 
&o  becomes  iri  this  cafe  =  1.0287  x  \/q  X  the  feries  B  —  D-HF  —  H  + 

i. 

K  —  M  +0  —  &c ;  or  the  greateft  poffible  magnitude  of  the  expreffion  i  z  3 
xtherenes--^+^-^  +  -^-^+  — -  &c.s=  1.0287 

X  v/j  X  the  feries  B  —  D  +  F  —  H  +  K  —  M  +  O  —  Sec  iJ  affinilian. 

^^,  Now 
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55.  Now  becaufe  the  terms  B,  D^  F,  H,  K,  M,  O,  &c,  are  a  decreafing  pro- 
greffion,  every  term  being  lels  than  that  which  immediately  preceeds  it,  the  firft 
term  B  alone  of  the  {aid  feries  B  —  D  +  F  —  H  +  K  —  M+O&c  muft  be 
greater  than  the  whole  feries.  Therefore  T.0287  X  v'j  x  B  will  be  greater  than 
1.0287  X  V'?  X  the  whole.feries  B  —  D  +  F— H  +  K  —  M  +  O  —  &c, 

I 
and  confcqucntly  than  the  grcateft  poflible  magnitude  of  the  expreffion  223 

X  the  fenes r+-r r  +-; rr  +  -n ice  ad  tnfinttum. 

But  B  is  =  — .     Therefore  1.0287  X  /?  X  — ,  or  '"-*-■  x  V?,  or  0.3429   x 

t 
t/y,  will  be  greater  than  the  greateft  poflible  magnitude  of  the  expreffion  2  2  T 

X  the  fenes  -.  _  —  +  — 77-  +  ~, ^TT  +  "^ir  ""  ^^-     ^"^ 

0.3429  X  /f  is  much  Icfs  than  0.8165  X  v'?»  which  is  the  leaft  poflibie  mag- 
nitude of  the  greater  root  of  the  equation  qx  —  «*  =  r  upon  the  prcfent  fuppo- 
fition  that  —  is  lefs  than  -2-,  or  that  r  is  lefs  than  ^±  X  ^^.    Therefore,  hfer- 

tiori,  the  greateft  poffible  magnitude  of  the  expreffion  223  X  the  feries  —  — 

-^  +  ~i ^  -^—9 777  +  -^  —  &c  's  lefs  than  0.8165  X  /?,  or 

the  leaft  poffible  m^nitude  of  the  greater  root  of  the  equation  qx  ~  «*  =  r. 

Therefore  the  faid  expreffion  223    x  the  feries \-  +  — j- ~-  + 

^ i^J-  -f  ^-;5 —  &c  ad  infinitum  caimot  be  equal  to  the  greater  root  of  the 

faid  equation.  But  it  has  been  (hewn  above  in  art.  51  that  the  faid  expreffion  is 
equal  to  one  of  the  roots  of  the  faid  equation  qx  — ;?  =  r  in  this  cafe  of  the  faid 
equation,  or  when  r  is  lefs  than  \/2  x  ^^,  or  —  is  lefs  than  ^.     Therefore  it 

3^3  4  54 

muft  be  equal  to  the  leiTer  root  of  the  faid  equation.  q^,  e.  d. 


End  of  the  demenjtratien  that  the  expreffion  2  -/^  r.  x  the 

—  (^c  ad  infinitum  is  equal  to  the  lejfer  root  of  the 
cubick  equation  qx  —  x^  =  r. 


56.  I  have  now  compleated  the  demonftration  of  the  propofition  laid  down 

of  th 


above  in  arL  11,  to  wit,  that,  if  the  abfolute  term  r  of  the  cubick  equation 
y*  -i  **  =  r  be  lefs,  not  only  than  ^2if  (which  is  its  greateft  poffible  mago 

tude)  but  than  ^z  x  ^-^ ;  or  if  —  be  lefs,  not  only  than  i-,  but  than  -^ 
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or  —  :  and  e  betaken  =  — ,  and  22  be  =  ^  — —,  or  1-  —  «:  the lefl*er root 

54  *  *7         +  »7 

1 

of  the  equation  qx  —  x*  =.r  will  be  equ^  to  the  ezpreffion  z  ai  3  X  the  feries 

—  — — T  +T*"~'T^  "''"15 ?^  +  ■;«■"*"=  adtnJhMtm.  It  is  in- 
deed a  very  long  and  complicated  demonftration.  But  I  know  not  how  to 
make  it  (horter  without  taking  from  the  perfpicuity  of  the  reafonings  ufed  in  it, 
which  are  both  various  and  abftrufe.  And  **  that  they  (hould  be  fo"  will  appear 
the  Icfs  furprifing,  if  we  confider  that  they  fupply  the  place  of  thofe  very  oblcure 
and  intricate  operadons  by  which  many  writers  of  Algebra  endeavour  to  find  the 
roots  of  impoffible  quantities,  fuch  as  81  +  y'  —  2700  and  81  —  v^  —  2700. 
See  upon  this  fubjeft  Mtxfittir  Qairaufs  EUmexs  ^jOriire,  Part  V,  art.  iz, 
pages  286,  287,  288,  289,  and  a  paper  of  Monfieur  Mcete  in  the  Memoin  of 
the  Academy  of  Sciences  a:  Paris  for  the  year  1738,  pages  99  and  100,  from 
which  Monfieur  Clairaut  has  extracted  what  he  has  delivered  upon  this  fubjed 
in  the  p^es  of  his  Algebra  juft  now  cited.  And  fee  aUb  Dr.  Wallis's  Algebra, 
chapter  48 ,  pages  179,  180,  of  the  fc4io  edititm  at  London  in  1 68c,  and  Pro- 
fcffor  Saundcrion's  Algebra,  pages  744,  745,  746,  747,  and  Mac  Laurin's  AK 
gebra.  Part  I.  the  fupplement  to  the  14th  chapter,  p^es  127,  i«8,  129,  130, 
and  the  Philofophical  Tranfadions,  No  451. 

57.  We  will  now  proceed  to  give  an  example  of  the  refolution  of  a  cubick 
equation  of  the  forgoing  form  j*  —  «*  =  r,  when  r  is  lefs  than  ^1  x  ^^, 
or  —  is  lefs  than  ^^^_,  or  j-,  by  means  of  the  expreflion  4  /»  z  x  the  feries 

—  —  — j-+-^j —  +-^ ^  4 — jj-  —  &c,  which  we  have  (hewn  m 

the  foregoing  arricles  to  be  equal  to  its  lefier  root. 


jfn  Example  of  the  refolution  of  a  cuhick  equathm  of  the 
foregoing  form^  j  *  —  **  =  r,  iy  means  of  the  expref- 
Jion  z  s/^zx  the  feries  !i— ^  +  ^— If  + 
ar*        Ht"    ,    at"        cj 


Let  the  equation  that  is  to  be  refolved  by  means  of  this  expreflion  be  15* 
—  *»  =  4. 

Here  j  is  =  15,  and  r  is  =:  4;  and  confequendy  ^  is  (zr  — )  =  5,  and  —  is 
(=  1)  =  a.  and  ^,  i.  (=  If  =  HO  =  ,25,  <u,d  i,  or  |,  is  (=  iiS)'  = 
62.5,  and  -J-  is  (r=  -^  ="2!')  =  4,  which  is  lefs  than  62.5,  op  ^.    Therefore 
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this  equation  may  be  rcfolved  by  means  of  the  foregoing  expreffion  2  ^'  z  x 

Now,  fince  —  is  =  125,  and  —  is  =  4,  we  (hall  have  zz  (:=  ^  -^ —  r: 
125  —  4)  =  121,  and  confequently  z  (=  •/  121)  =  11,  and  ^^  z  (=  y"  11) 
=  2.223,980,090,569,361,  &c,  and2v'*z(=2  X  2.223,980,090,569,361, 
&c)  =  4.447,960,181,138,722,  &c. 

And  we  (hall  have  ee(—  — )  =  4,  and  confequently  e  —  2,  and  -^  =  —  = 
0.181,818,181,818,  and  4-  =— • 

Therefore  4  will  be  (=  -  X  —  =  o  181,818,181,818  X  -i-  = 
o.7a7.^7^*.7'7.'7i^  _  0.006,010,518,407  ; 

.   And    -^  will   be    (=    -^    X    -^    =    0-006,010,518,407     x     -^    = 

0.024,041,073,67 a.  „  y        - 
7ji            )  =  0.000,198,694,823; 

And  ^,-  will  be  (=  -^  X  -7  =  0.000,198,694,823  ^  77;  — 
°.ooo.79y79.a9»^  =  0.000,006,568,423: 

And    —   will    be    (=    -^    X    -^    =    0.000,006,568,423     X    ^    = 

o.ooo,oi6,£73,6q2, 

li_Z_)  =  0.000,000,217,137  ; 

And  ~~  will    be    (=    —    X    -^    =    0.000,000,217,137     X     —    ~ 


And    -^7   will    be  (=    -^    x    4-    =    0.000,000,007,178     x    -77    = 

a'*  ^  X"  »*  ,  r  1  I'     I  III 

0.000,000,028,712.  ^ 

i — -^ — )  =  O.OOO/)O0,0OO,237. 

Therefore  —  will  be  (=  B  x  0.181,818,181,818  =  —  x  0.181,818,181, 

818    =     ■ )    =    0.060,606,060,606; 

3 
And  ^  will  be  (=  D  X  0.006,010,518,407  =  ^  X  0.006,010,518,407 

0.0'tO,0(2,Cq2,O^C.  , 

_         '       i^^'"       3>)  =  0.000,371,019,654; 

And  ^'  will  be  (=  F  X  0.000,198,694,813  =  ^  X  0.000,198,694, 

-            0.004,371,186,106.  , 

8=3  =  „a  )  =0.000,005,996,277; 
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And  ^will  be  (:=  H  X  0.000,006,568,423  =  -^  x  0.000,006,568, 

4'^3  =  T^^g^^!—)       =       0.000,000,124,807; 


'»S94.3*3 
0.004,660,  cq  i,T  8  e .  n 

217,137   =  -■  ■  i2?. 2)  —  0.000,000,002,028; 

"  ^'      _  i.S94.3'i        ■'  .        ,        »y      . 

And -^^  will  be  (=  M  x  0.000,000,007,178  =     '^^'^""^     v  0.000,000. 
„\  "  /  14.348.907  *      * 

_       0.001,0(8,087,446, 
007>i78  =       .4,3^8.907      ^  =  0-000,000,000,073; 

And  ^4r  will  be  (=  O  X  0.000,000,000,237   =    1'"?*'^^°     x  0.000,000, 
z"  '  387,4jo,489  '        ' 

0.000,7  CI, 4i"  6,040, 

000,237   =  ~12—l—-2-)   =  0.000,000,000,001. 

^'  587,420,489      -'  >         K        ' 

Therefore  the  feries -^  "'"'^  —  "^+~r"~  "IT  +  Tir  —  ^0  will 

be  =  0.060,606,060,606  —  0.000,371,019,654  +  0.000,005,996,277,  — 
0.000,000,124,807  +  0.000,000,002,928  —  0.000,000,000,073  +  0.000, 
000,000,001  —  &c  =  0.060,612,059,812  —  0.000,371,144,534  zz  0,060, 
240,915,278 ;  and  confequently  ihe  expreflion  2  y/'  z  x  tlie  feries  —  — ^ 

+  V — ~r  +  ^  — ^  +  ^  —  ^c  will  be  =  4.447^960,181,138,  &c 
X  0.060,240,915,278  =  0.267,949,192,431,  &c.  Therefore  this  number 
0.267,949,192,431,  &c  is  the  lefler  root  of  the  propofed  equation  15* — *• 
=  4.  <t,  &.  t. 

The  foregoing  number  0.267,949,192,431,  agrees  with  the  true  value  of  the 
lefler-  root  of  the  equation  i^x  —  *'  ==  4  in  all  its  twelve  figures,  the  faid  root 
being  equal  to  0.267,949,192,431,122^  &c,  or  2  —  1-732,050,807,568,877, 
&c,  or  2  — v''3-   For,  if  we  fuppofe  a:  to  be  =  2  —  ^^s,  we  Ihall  have  15*  (= 

15  xfi— /g)  =30—15  ^^3*  and*»(=8  —  3X4X^3  +  3  XzX 
3  — 3  •3  =  8--  12  t/3  +  18  —  3^/3)  =  26  — 15  v^3,  and  15*  — *»  (= 
30—15/3  —fab—  15/3  =  30  -T.  15/3  —  2^  +  15 V3  =  30  —  26) 
=  4- 


Another  Example  of  the  refolutton  ef  a  cuhick  equatim  ^ 
-   means  of  the  fame  expreffion. 


58.  As  a  fecond  example  of  the  foregoing  method  of  refolving  cubick  equa- 
tions, let  it  be  propofed  to  refolve  the  equation  90*  ^  *'  =  98, 
Here  y,  the  co-efficienc  of  *,  is  =  90,  and  the  abfolute  term  r  is  =  98. 

Therefore  i-  will  be  (=  — )  =  30,  and  |-  will  be  (=  M  =  30!*)  =  27,000, 

5  and 
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and  ^,  or  -2 — ,  will  be  (zz  '^'°^)  rr  14,500  i  and  —  will  be  (=  ?-)  =  49, 
and  —  will  be  (=  49}*)  =  2401,  which  is  lefs  than  13,500,  or  -2-.  Therefore 
the  equation  90*  —  **  =  98  may  be  refolvcd  by  means  of  the  foregoing  ex- 
preffion  2  v^'  z  X  the  fenes  -— -^  +-;r—  ir+-;^— -^tl^r 

—  &c. 

Now,  fincc  —  is  =  27,000,  and  —  is  =  2401,  we  (hall  have  zz(^z 

—  r:  27,000  —  2401)  —  24599,  ^'^'^  ^  (=  V^  ^4599)  ==  156.84O1683,  and 
a/*  z  (=  ^J  156.840,683)  =  5.392»865,326,o78,  and  2  \/*  z  (=  2  X  5. 
392,865,326,078)  =  10.785,730,652,156. 

And  we  Ihall  have  w  ( =:  — )  =  ^401 ,  and  confeqaently  e  zz  49,  and  —  = 
.s6.8%3  =  o.3".4i8,940^35.  "d^  =  ^. 

Therefore  ^  will  be  (=  ^  X  ^  =  0.312,4.8,940^35  X  ^  = 
ii ^-ZiajlHS)  =  0.030,493,836,171  ; 

And    i   will    be    (=    ^    X    ^    =    0.030,493.836." 7«    X    j^  = 

74,11  £1600,646,(7  I. 

24S„        )  =  o.ooz,97J,»99,7i3  ; 

And  i  will  be  (=  ^  X  ^  =  0.002,971,299,713  X  ^  = 
7..,6,.^„.6.o,<,,,    _  g 

24599  '  •  »  .     i>   /     ■ 

And  --P  will  be  (=  .^  X  4-  =  0.000,290,113,078  x  -^^  = 
— -'■  ■    *       ■    )  =  0.000,028,316,650; 

And  -^  will  be  (=  -^  X  -r  "^  0.000,028,416,650  x  -^^  = 
—^ — —)  =  0.000,002,764,864: 

And   ^   will   be   (=    ~    X   ■^    =    0.000,002,763,864  x    -^^  = 

O.oo6.6,6.o'^7.464^  _  0.000,000,269,768  . 

,     J   e"    , <"     ^^    **    £      ^zo    .       »40*  0.000,647,712,069. 

And  -rr(=-TrX   -^  =  0.000,000,269,768   X   -^ —  =  ^^^     '■      ) 

~  0.000,000,026,330. 

Therefore  ^  will  be(=  B  x  0.311,418,940,435  =:  —  x  0.312,418,940, 

435  =  lilil:i212di})  =  o..o4,.39.646,8.. ; 

3  I  2  And 
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And  ^  will  be  (=  D  X  o.o3o,493'836,i7i   =  |^  X  0.030,493,836,171 

_        i  .t  » ii^  _  0.001,882,335,566; 

And  ~  will  be  (=  F  X  0.002,972,299,713  —  —  x   0.002,972,299,713 

= >_i^__i2£! — )  ~  0.000,089,699,031 ; 

And  ^  will  be  (=  H  x  0.000,290,113,078   =  -^^  x  0.000,290,113, 

078  = 166  ^  ^^  0.000,005,512,487  ; 

And  ^  will  be  (=  K  X  0.000,028,316,659  =  •  "^°\    X  0.000,028,316, 
6  „  =  a6o8.949.15'.79S)  _  0.000,000,38 1 ,948  ; 

And  ^^  will  be  (=  M  X  0.000,002,763,864  =  —*7'A°'L.  x  0.000,002, 
*"  «  ft  •4»3+»'907 

763,864  =  2±2^^J-)  =  0.000,000,028,393 : 

And  21- will  be  (  =  O  x  0.000,000,260,768  =:    3*^7^*9'°     ^  0.000,000, 

K'»              ^  ^"  387,410,489 

^      yn       0.8(6,401,818,560,  

260,768  =; ^-~ 5^^— J  =  0.000,000,002,210; 

And  ^  will  be  (=  Q  X  0.000,000,026,330  =      70.004*  4 —    ^    0.000, 

a"  \      -   '^  '  '  »J0  10,460,3 S3»303 

1.860,600,181,840. 

000i026,330  ^  7 )  ^  0.000,000,000,177. 

^^*      'J-'           10,460,353,103  ^                t      >       >  li 
Therefore  the  feries  —  —  — +  — j_+_. _+  _ :^ 

&c  will  be  =  0.104,139,646,811  —  0.001,882,335,566  +  0.000,089,699, 
031  — 0.000,005,512,487  +  0.000,000,381,948  —  0.000,000,028,393  + 
0.000,000,002,210  —  0.000,000,000,177  +  &c  =  0.104,229,730,000  — 
0.001,887,876,623  ^  0.102,341,853,377;  and  confequently  the  expreffion 
2v/'zxtheferies-— ^+^— —  +  __-jj.  +  __:^  + 

&c  will  be  =  10.785,730,652,156  X  0.102,341,853,377  =  1.103,831,664, 
966,  &c.  Therefore  this  laft  number  1.103,831,664,966,  &c,  is  the  leffer  root 
of  the  propofed  equation  90*  —  *•  =  98.  <^.  e.  i, 

59.  That  this  number  1.103,831,664,966  is  nearly  equal  to  the  leffer  root  of 
the  equation  90s;  —  *'  =  98,  will  appear  by  fubftituting  the  firft  fevcn  figures 
of  it,  to  wit,  1.103,831,  inftcad  of*  in  the  compound  quantity  90*  —  **.  For 
we  fliall  then  have  9©*  (=  90  X  1.103,831)  =  99-344,790,  and  *'  (= 
1.103,831!')  =  1.344,955,018,877,185,191,  and  confequently  90*  —  «*  (= 
99.3  44,7  90,000 ,000,000,000 
—  1-344,955.018,877,185,191 
—  97.999,834,981,122,814,809;  which  is  very  nearly  equal  to  the  abfolute 

term 
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term  98.  Therefore  1.103,831  muft  be  very  nearly  equal  to  one  of  the  roots 
of  the  equation  90*  —  x'  zz  98. 

If  we  were  to  make  the  number  1. 103, 831  the  firft  ftep  of  a  further  approxi- 
mation to  the  true  value  of  *  in  this  equation,  according  to  Mr.  Raphfon's  me- 
tliod  of  approximation,  we  (hould  find  the  firft  eleven  figures  of  the  faid  true 
valuetobe  1.103,832,911,1. 

60.  Thefe  two  examples  are,  as  I  apprehend,  fufiicient  to  illuftrate  and  con- 
firm the  foregoing  method  of  refolving  cubick  equations  of  the  foregoing  form, 
ex  —  **  —  r,  when  the  abfolute  term  r  is  lefs  than  s/z  X  ^-^,  or  —  is  lefs 

than  2-    or  — — ,  by  means  of  the  expreflion  2  v"  2;  x  the  feries 't-  + 

If.^H^  +  '^  —  H^+^  —  y^  +  Sccad  mfnitum:  and  therefore  I  (hall 
not  add  to  the  length  of  this  difcourfe  (which  is  already  longer  than  I  could 
have  wifhed)  by  applying  the  faid  expreflion  to  the  refolution  of  any  more  ex- 
amples. 


Another  expreffion  of  the  value  of  the  lejfer  root  of  the  cuhick 
equation  j*  —  **  =  r,  derived  from  the  foregoing  eX' 
freffion  of  it. 


61.  But  there  is  another  expreflion  for  the  value  of  the  lefl*er  root  of  the  cu- 
bick equation  qx  —  x*  =  r  m  the  cafe  here  fuppofed,  which,  as  it  may  be  eafily 
derived  from  the  foregoing  expreflion  for  it,  to  wit,  2  V*  z  x  the  feries  —  —  ~ 

•^~i 1?"  +  ^ ^  ■•"  ^n ^  "^  ^'^'  ought  not,  I  think,  to  be 

omitted.  This  expreffion  does  not  confift  entirely  of  an  infinite  feries  (as  the 
foregoing  expreffion  does),  but  partly  of  a  finite  algebraick  expreflion,  and 
partly  ofaa  infinite  feries ;  and  fewer  terms  of  the  infinite  feries  are  neceflary 
to  be  computed  and  added  together,  in  order  to  obtain  the  value  of  the  expref- 
fion to  any  propofed  degree  of  exaiftncfs,  than  of  the  infinite  feries  —  —  -r  + 
__ _  _|. _.  ^  ___  __  ___  _j_  jjj,  contamed  m  the  foregoing  ex- 
preffion. It  is  as  follows,  to  wit,  •/^[z  +  e  —  '/'\z  —  e  —  4  */'  z  X  the  infi- 
nite feries  ^  +  ^  +  ^  +  ^r  +  ^^  +  &c ;  the  terms  of  which  feries  are 

taken  fi-omthe  feries  that  is  equal  to  i  -f  — 13,  or  the  cube-root  of  the  binomi- 
al quanrity  i  +  -,  to  wit  the  feries  1  +  —  — ~  +  ^  —  i^  +  ^  —  ~ 

H*»  !*•  K^  It'.  M*"  N*'»  0«"  ?««♦      .      »l/"  «*'*      , 
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1^  —  I^  +  Z^  —  &c,  by  beginning  with  the  fourth  term  ^,  and  taking 
every  fourth  term  from  h.    This  expreffion  may  be  derived  from  the  foregoing 

expreffion  2  4/'  2  X  the  feries  7  —  ^"+5 ^+^5 ^  +  ^ 

—  H_-  -i-  &c  in  the  manner  following. 


Tht  derivation  of  the  exprtjjion  of  the  value  of  the  leffer  root 
of  the  equation  qx  —  * '  =z  r  given  in  the  proceeding  ar- 
ticle 61,  from  the  former  exfrefjim  of  it^ 


63.  By  the  binomial  theorem  in  the  cafe  of  roots  we  have  ^*  ji  +  ^  =  the 

,     .  fi(  C«*      .      D*»  E«*       ,      F<»  G^  K*'  iH  K(»  L^ 

feries  i  +— —  —  +7r— —  +'5"~'?"  +^5 "?  +"5 13- 

<ji^  infinitum ;  and  by  the  refidual  theorem  in  the  cafe  of  roots  we  have  v^*[  i  —  - 

B*  C«*  De'  a**  Fe*  Oe*  Hr»  I  e»  K«« 

=  the  feries  i  -  -  — -j"  — ^  — "?- — "3- — •?"  — IT  —  7 ;?- — 

Le»         Mt"  H«"  oe"  P^ ^£t  l^  iJl!  __  Ifll li!! 

■?: ?r jr       ,.1        ,»        ,«        i>; ^'r        ,<• ^ 

&c  W  iirfinitum.  Therefore,  if  we  fubti-aft  •■  |i  —  ^  from  •'( ■  +  7.  and 
this  latter  feries  (which  is  equal  to  ^'\i  — ^)  from  the  former  feries  (which  is 
equalto  */Mi +— )  the  remainders  will  be  equal  to  each  other;  that  is^ 
^>(7+i—  v/>|i— .i  willbe  =  the  feries  i|i  +  ^^  +^  +  '-^  + 
iili!  +  ,iil2  +  1^  +  iaC  +  ii^'  +  i^  +  &c  W  <»jf«K»»i.  There- 
fore -  X  v"li  +7  — T  X  ■*"'■— 7  "'"  be  =  '>«:  &"«  T  +  IT  + 
^  +  J^+;^+!li;+2^+^+^'+^+  kc  ad  infinitum.  Let 
the  feries  i|i^  +  ^  +  ^  +  ^^  +  ^75"  +  -^"^  -^  »icf«»ai»  be  fub- 
trafted  from  both  fides.  And  we  Ihall  then  have  -i  •■  It  +  .|  —  i-  v" 
(,_i.  _  the  feries  i^+ii^-i-i^  +  i$r+iJ?-'+&c  *i,>jfe;/«ii 
=  the  feries  -— tt+I?-— •JT  +  '^Tir  +  Tir—  -JT  +  Tn-  — 
^  +  &c  ji  infinitum.  Therefore  (multiplying  both  fides  ipto  2  •■  z)  we 
""  (hall 
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fliallhavc  ^'zX  v"h  +-^  — v^'zx  ^"41— 7— 2  •/"  z  X  the  feries  ^^' 
H J 1-  — 7^ — h  — ~ — V  — 15-  +  &c  ad  tnfimtum  —  z  V^  z  'x  the  ferics 

infinitum^  or  V'*  z  X  ^^^i  +  —  —  »/"  2  X  y*^  [1  — —  —  4^2  X  the  feries 
^+  ^  +  !l[!l4.^  +  ^  +  &c<i^  infinitum  =  2  ^'  z  X  the  feries  ^ 


jmitum.  But,  becaufe  zXi  +  —  is=z  +  f,  we  (hall  have  ^'  z  X  v'*|i  +  — 
=  v''  jz  +  *  J  and  becaufe  2  x  [i  — —  is  =  z —  e^  we  Ihall  have  V  z  X 
v'Mi  —  —  =  ^/>  fz  — tf.  Therefore  \/*  [z  +,ff  —  v''  \z~e  —  4  ^/^  z  x  the 
feries  ^  +  —  4 — n~  *i — ;r  +  ^^  +  ^'^  ad  infinitum  will  be  =  the  expreflion 
W  /.  X  4=  f=rie>^  -^  +  '^--^+-^-^+'^-^  + 

2-J5 ^^  +  &c  ad  infinitum^  and  confequently  will  alfo  be  equal  to  the  lefler 

toot  of  the  cubick  equation  qx  — »'  =  r  in  the  cafe  here  fuppofed,  or  when 

the  abfolute  term  r  is  lefs  than  >/2  x  ^^»  or  —  is  lefs  than  — ,  or  -^ — . 
3V'3  4  54         *xa7 

Q^   £.    D. 


^  applicatien  of  the  lafi  exprejfim  ef  the  value  of  the  leffer 
root  ef  the  equation  qx  —  x^  =  r  to  ibe  re/olution  of  the 
above-mentioned  numeral  equations  15*  —  «*  =  4  and 
90*—*'  =  98. 


63.  This  new  expreffion  •/*{%  +  e  —  ^ 3 fz  —  *  —  4  a/»  z  X  the  feries^ 

-f-  -^  -f-  -^  +  ~-  +  ^^  +  &c  may  be  applied  to  the  refolution  of  the 
two  foregoing  equations  15*  —  **  =r  4and9o*  — *»  =  98  in  the  manner 
following. 

In  the  equation  15*  —  «'  =4,  we  have  feen  above  that  ^  is  =  2,  and  e  is 
=:  II,  and —J-  is  =  0.000,37 1,01  9j6 54,  ^^^  — j-  is  =:  0.000,000,104,807, 
and  — jj-  is  =  0.000,000,000,073,  and  ^/'  z  is  ~  v'*  11  =  2.223,980,090, 
569,361,  &c.  Therefore  the  feries  — i-  H — ^  +  — ^  +  &c  is  (=  0.000,371, 
oi9>654  +  0.000,000,124,807  -f-  0.000,000,000,073   +  &c)  =:  0.000,371, 

144. 
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144,534,  &c,  and  4  \/J  z  X  the  faid  ferics  —  +  ^  +  !ll|!  +  &c  Is  (=4 

X  2.223,980,090,569,361,  &c  X  0.000,371,144,534  =  8.895,920,361,277, 
444,  X  0.000,371,144,534)  :=  0.003,301,672,217,358,  &c.  And  z  +  e  s% 
(—  1 1  +  2)  =  13,  and  2  —  f  is  (=  11  —  *)  =  9;  and  confequently 
v'^fz  +  /  is  (=  v''  13)  =  2.35 1,334.687,721,  and  */'  fz  —  *  is  (=  ■/'  9)  = 
2.080,083,823,052.  Therefore  V  (2  +  ' —  V**  z  —  ^  will  be  (=  2.311, 
334,687,721  —  2.080,083,823,052)  =  0.271,250,864,669,  and  •/'  {z  +  e 
—  \/  ^  fz  —  e  —  4  v'  *  s  X  the  feries  ~  +  ~  +  ^^^  +  &c  will  be  (=: 
0.271,250,864,669  —  0.003,301,672,217)  =  0.267,949,192,451.  And 
coniequently  this  laft:  number  0.267,949,192,452  will  be  equal  to  the  leffer 
of  the  two  roots  of  the  equation  i^x  —  x'  =  4.  q^  e.  i. 

This,  number  0.267,949,192,451  is  exaft  in  the  firft  ten  figures  0.267,949, 
192,4,  the  more  exai^  value  of  the  leffer  root  of  the  faid  equation  being  0.267, 
949,192,431,122,  &c,  or  2 — 1.732,050,807,568,877,  &:c,  or  2 — v^3,  as 
was  (hewn  above  in  art.  57. 

In  the  other  equation  90X  —  x'  =  98  we  have  feen  above  that « is  =  49, 
and2is(=:  a/ 24599)  =  '56.840,683,  &c,and^is(=^^5;^^)  =  o.3i2, 
418,940,435,  and  — J-  is  =  0.001,882,335,566,  and  —  is  =5  0.000,005,512, 
487,  and  -^  is  =  0.000,000,028,393,  and  ^^  is  =  0.000,000,000,177,  and 
v"  z  is  (=r  •/'  156.840,683)  =:  5.392,865,326,078.  Therefore  the  feries 
^  +  ^  +  -^  +  ^^  '"''11  ^  (=  0.001,882,335,566  +  0.000,005,512, 
487,  +  0.000,000,028,393  +  0.000,000,000,177)  =  0.001,887,876,623, 
and  4  v"  2:  X  the  faid  feries  ^  +  ^  +  iI-L_  +  H_  wHi  be  (=  4  X  5.392, 
865,326,078  X  0.001,887,876,623  =r  21.571,461,304,312  X  0.001,887,876, 
623)  =  0.040,724,257,520. 

And  z +  *  will  be  (~  156.840,683  +  49)  =  205.840,683;  and  2  —  e 
will  be  (=  156.840,683 — 49)  =  107.840,683;  and  confequently  ^'  {z  +  < 
will  be  (:=  'Z'  205.840,683)  =  5.904,417,671,968,  and  \/'  (z — *  will  be 
(=:  v''  107.840,683)  =  4.759,860,337,980.  Therefore  v"  (z  +  e  — 
</'{%  —  ^will  be(=  5.904,417,671,968  — 4-759,860,337,980)=  1.144,557, 
333,988;  and  •/*  (z  +  e —  ^'  fz  —  t  —  4  v''  2  X  the  feries  ^  +  ^  + 

^  +  ^  will  be  (=  i.i44»557>333j988  —  0.040,714,257,520)  =  1.103, 
833,07(5,468.  Therefore  this  laft  number  1.103,833,076,468  will  be  equal  to 
the  leffer  of  the  two  roots  of  the  equation  90*  — «^  =:  98.  a.  e.  i. 

This  value  of  the  leffer  root  of  this  equation  is  cxaft  in  the  fix  firft  figures 
i>io3i83,  and  exceeds  the  true  value  of  the  faid  root  (which  is  1.103,832, 

9H>'>) 
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911,1,)  by  only  the  fmall  quantity  0.000,000,165,3,  which  is  romewhat  lets 
than  the  difference  whereby  ihe  former  value  found  for  this  lelfer  root  in  ait. 
c8  by  means  of  the  expreffion  z  >/^  zY.  the  feries  —  —  ^  +  ^4 ^  + 

-; ^-Tr+.~Tr — -^TT  ^^j  to  wit,  1.103,831,664,9,  falls  (hort  of  the  faid 

true  value,  that  diSerence  being  0.000,001,246,2. 


A  third  exprejfton  for  the  value  of  the  lejfer  root  of  the 
equation  qx- — x^  =  r,  derived  from  the  ex}re£ion 
obtained  for  it  above  in  art,  55. 


64.  We  may  alfo  derive  another  expreflion  for  the  value  of  the  leffer  root  of 
the  equation  y^r — *'  =1  r  in  the  cafe  here  fuppofcd,  from  the  foregoing  ex- 

preffion  2.  */'  2  x  the  feries  2i_^  +  I4l_^  +  ^  —  ^  +  ^- 
•^  +  &c,  in  the  manner  following- 

The  quantity  ^'  f z  +  *  —  >/^  (z  —  ^  is  =  v'*  2  X  \^Mt  +  —  —  v''  z  >< 
^'  (rZr=  ^.  ,  X  ,hc  feries  ,  +  !:_  ^  +  ^  _  ^  +  ^_  ^° 

_+if'_i^+ij_!ii;:  +  :!£;:  _!!;!  + 24:  _iiL*  + Si!  _s,c- 

'      e'  a'      '      z»  tt'o  a"  t"       '       »'»  t'*  »'* 

«/^  z  X  the  feries  1 :-  — — ; — r— -; r  —  -t- 

— ^  —  ^—^  —  ^  —  ^— ^  —  &c  =  v"  2  X  the  feries  :i^  + 
'-1^  +^'  +#  +  4^+%;  +V'  +^  +  *"c=  ^V.  xtf,e 
feries  1;  +  11'  +  y:  +  :L;:  +  ^  +  if;:  +  ^'  +  ^  +  &c.  Therefore, 
ifweadd2/'zXthereries!^-^  +  qi-^+  ii  -  !^;;  +  lif  — 
^  +  &c  10  both  fides,  we  ftiall  have  ^^  (z"+T—  >/'  fz  — *  +  2 /'Z  X 
the  feries  l!-£|!  +  L5l^l£!+iJ_^+2i;f_S^  +  &c  =  2v^'j8 

«  «»       '      z*  z'      '      »•  »"  s"  »"       '  ' 

X  theferies^  +  ^  +  ^^  +  ^-^~  +  &c  =:  4»/»  z  X  theferies^  + 
^4-^4-^  +  &c.  Therefore,  if  we  fubtraft  /*  fz  +  *  —  /»  I2  — tf 
from  both  fides,  we  (hall  have  2  v^  ^  z  x  the  feries  — —  -t+'^~"';^  + 
IF"  "?r  +  -;^— ^  +  &c=:4v''2Xthefencs-  +  ^  + -;^  + -^ 
+  &c  -I-  \/  3  (2_  f  _  j^  s  [z  4.  f .    But  2  v/ '  z  X  the  feries  —  —  ~  4. 

^-  —  ^  +  ^  —  ^^  +  ^  —  -TT  +  &c  has  been  (hewn  above  to  be 
Vol.  II.  3  K  equal 
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equal  to  the  leffer  root  of  the  equation  qx  —  *"  =  r  in  the  cafe  here  fuppoferf, 
or  when  —  is  lefs  than  ^.    Therefore  the  expreflGon  4  \/  ^  z  x  the  feries  — 

4  S4  « 

4.^+^  +  1^+  &CC  ad  infinitum  +  \/  >  [z — 7  —  \/*  [2+7,  or  the 

eicefs  of  the  quantity  ^>/'  z  x  the  feries  ^  +  ^  +  ^  +  ~  +  &c  a/ 

iiffinitum  above  ihe  quantity  </'  (z  +  e  —  /'  (z  —  f,  will  alfo  be  equal  to  the 
leffer  root  of  the  equation  y*  —  **  =  r  in  the  fame  cafe  of  iu  ij.  e,  d. 


yiit  application  of  the  lajl,  or  third,  expreffion  of  the  leffer 
root  of  the  equation  qx  —  x*  ^-  r  to  the  refolution  of 
the  above-mentitned  numersl  equations  15*  —  **  =r 
4  and  gox  —  x^  =  98. 

65 .  This  laft  expreffion,  4  \/  *  2  X  the  feries  ~  +1^  +^  +  ^  +  &c 
ad  infinitum^  may  be  applied  to  the  refolution  of  the  two  foregoing  eqiutions 
15*  —  x'  =  4  and  90*  —  *'  =  98  in  the  manner  following. 

In  the  equation  15* —  «'  =  r  we  have  feen  above  that  f  is  =  2,  and  z  Is 
^11,  and  —  is  =  0.060,606,060,606,  and  — j-  is  1=  0.000,005,996,277,  and 

— ^  is  =  0.000,000,002,928,  and  -jj-  is  =  0.000,000,000,001,  and  y**  z  is 

=r  y"  II  =  2.223,980,090,569,361,  &c.    Therefore  the  feries 1-  _  4. 

!^- +  2--_  +  &c  will  be  (=  0.060,606,060,606  +  0.000,005,996,277  + 
0.000,000,002,928  +  0.000,000,000,001  +  &c)  =  0.060,612,059,812,  &c, 
and  4^/^  z  X  the  faid  feries  —  +  ■^  "^  ^  "*"  t^  "*"  ^^  *'"  be  (=  4  X 
2.223,980,090,569,361,  &c  X  0.060,612,059,812,  &c  rr  8.895,920,362,27;, 
444  X  0.060,612,059,812,  &c)  =  0.539,200,057,081,  &c. 

And  z  +  e  is  (=:  1 1  +  2)  =  13,  and  z  —  *  is  (=  1 1  —  2)  =  9 ;  and 
confequently  </'{%  +  e  is  (=  ^*  13)  =  2.351,334^687,721,  and  'Z'  k  —  e 
is  (=  •/*  9)  =:  2.080,083,823,052.  Therefore  ^'  iz  +  e  —  ^/'  Iz  —  e  is  (= 
2.351,334,687,721  —  2.080,083,823,052)  =  0.271,250,864,669;  and  the 
expreffion  4  \^^  z  X  the  feries  —  +  — -  +  ^  +  —^  +  &c  —  *^'  fz  —  *  + 

t/'  iz  +  e,  or  the  exccfs  of  the  quantity  4  ^/^  z  x  ihe  feries  —  +  -f  +  ^ 
+  ~  4-  &c  above  the  quantity  */>  \z  +  e —  •/'  iz  —  f ,  will  be  (=  o.539^ 
200,057,081,810  —  0.271,250,864,669,  &c)  =  0.267,949,192,412.  There- 
fore this  laft  number,  0.267,949,192,411,  will  be  eqi^  to  tlic  leffer  root  of 
the  equation  15*  —  **  =  4,  ti^z.  i. 

This 
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This  number  0.267,949,192,412  is  csaift  in  the  firft  ten  figures  0.267,949 
192,4,  the  more  cxadt  value  of  the  lofler  root  of  the  faid  equation  being  0.267, 
949,192,431,122,  &c,  or  2  —  1-732,050,807,568,877,  &c,  or  2  —  V'3,  as 
was  (hewn  above  in  art.  57. 

In  the  other  equation  gox  —  x^  ^98  we  have  feen  above  that  ^  is  ^  49, 

and  z  is  (=  v''24599)  =  156.840,683,  &c,  and  —  is  =  0.104,139,646,811, 
and —J- is  =  0.000,089,699,031,  and  — ^  is  =  0000,000,381,948,  and  — ^ 
is  =  0.000,000,002,210,  and  */'  z  is  (=  V  156.840,683)  =  5.392,865, 
326,078.  Therefore  the  feries  —  +  ^-  +  ~  +  ^  +  &c  will  be  (=  o. 
104,139,646,811  +  0.000,089,699,031  +  0.000,000,381,948  +  0.000,000, 
002,210  +  &c)  =  0.104,229,729,000,  and  ^W^  z  x  the  faid  feries  —  +  -n" 
•i — ^  -i — TT  +  ^'^  ^^'^'  ^^  (==  4  ^  5*392>865,326,078  X  0.104,229,729, 
000  =  21.571,461,304,312  X  0.104,229,729,000)  =  2.248,387,565,882,81c. 

And  z  +  tf  is  (=  156.840,683  +  49)  =  205.840,683,  and  z  —  e  is  (  = 
156.840,683  —  49)  =  107.840,683;  and  confequently  </'  (z  +  e  is  (= 
^'205,840,683)  =  5.904,41 7,67 1,968, and  '/'(z  —  e  is(=  /^  107.840,683) 
=  4.759,860,337,980,  and  i/^  Iz  +  e  —  v'*  (2  —  ^  is  (=  5.904,417,671,968 

—  .4.759.860,337,980)  =  i.i44>557»333>988.  Therefore  the  expreflion 
4^/'  z  X  the  feries'^  +^  +  ir"*'l?r  +&c-\^'  {z  —  e  +  ^^  (T+V, 
or  the  cxcefs  of  the  quantity  4-/'  z  X  ihe  feries  ^  +  ^  +  ^  +  ~.  +  &;c 
above  the  quantity  •/'  fs  +  ^  —  -/^  {z  —  e,  will  be  (=  a. 248,387,565,882, 

—  i-i44,557>333,988)  =  1.103,830,231,894.  Therefore  this  1^  number 
i-io3,830,23i,894  will  be  equal  to  the  Icffcr  of  the  two  roots  of  the  equation 
90*^*'  =98.  0^  E.  I. 

This  number,  1.103,830,231,894,  is  cxaft  in  the  firft  fix  figures  1.103,83, 
the  more  exaA  value  of  the  lefler  root  of  the  faid  equadoa  being  i>i03,832, 
911,1. 


Afisort  view  of  the  three  exprejjions  that  have  been  hire 
obtained  for  the  value  of  the  leffer  root  of  the  cubick 
equation  qx  —  at'  =  r. 


66.  It  appears,  therefore,  that  the  leffer  root  of  the  cubick  equation  qx  —  ** 
=  r,  in  the  cafe  of  it  that  has  been  here  fuppofed,  or  when  the  abfolutc  term  r 

is  Icfs  than  •/!  X  ^^,  or  —  is  lefs  than  ^^  or  -^— ,  will  be  equal  to  either 

3v3  4  .     S+        ax»7 

of  the  three  following  expreffions ;  to  wit, 

3  K  2  Fiift, 
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Firft,  to  2  \^*  z  X  the  feries  -^ r+l^~-^+  'j^i "^  +  "TT  " 

2^  +  &c  ad  infinitum,  which  is  an  expreflion  wholly  tranfcendental ; 

And,  2dly,  to  the  expreflion  ^>\z  ■\-  e  —  ^/^(z  —1  —  4  */'  2  X  the  ferier 
Hi-  +  ^  4.  !lij-  4-  S£-.  f.  &c  W  itifinitum ;  which  is  an  expreflion  partly  al- 
gcbraick  and  partly  tranfcendental,  and  of  which  the  greater  part  (to  wit, 
V"'  \z  +  e —  >/  •  fz  —  f,)  is  algebraick  j 

And,  jdly,  to  the  expreflion  4  V*'  2  x  the  feries  ^4-^4.^  +  t—  + 
&c  ad  infinitum  +  >/'  [z  —  e  —  */'  fz  4-  f ;  which  is  alfo  an  expreflion  panly 
iranfcendenul,  and  partly  algebraick,  but  of  wHich  the  greater  part  is  tranfcen- 
dental. 

And  we  may  obferve  that  the  algebraick  part  of  the  two  latter  expreffions,  to 
wit,  the  quantity  •/'  \z  -\-  e  —  i/^|z— T,  is  fimilar  to  the  algebraick  expreflion, 
•/'  |j  4-  e  —  >/'  \s  —  f ,  given  by  Cardan's  firft  nile,  for  the  root  of  the  cubick 
equation  qy  +  y^  =  r. 

67.  The  firft  of  the  three  foregoing  expreflSons  of  the  value  of  the  lefler  root 
of  the  equation  qx  —  x'  =  r,  to  wit,  the  expreflion  2  v''  z  X  the  feries  —  — 

^  +  ^ ^  -t-  ^i ^  +  -^TT ^  "*"  ^^  ^^  infnitum,  is  given  by 

Monfieur  Clairaiit  in  his  Elements  of  Algebra,  Seft.  X,  page  288  ;  and  I  have 
been  informed  that  all  the  three  expreflions  were  publifhed  in  the  year  1738,  in 
the  Memoirs  of  the  French  Academy  of  Sciences,  by  Monfieur  Nicole.  But 
they  are  obtained  by  both  thofe  learned  gentlemen  by  the  intervention  of  negO' 
true  quantities  (or  quantities  lefs  than  nothing,  or  quantities  refiilting  fi-om  the 
fuppofed  fubtraftion  of  a  greater  quantity  from  a  leflier),  and  of  the  fquare- 
roots  of  negative  quantities,  or  what  are  called  in  books  of  algebra  impoffible 
quantities ;  both  which  forts  of  quantities  I  have  throughout  this  difcourfe  taken 
care  to  avoid  mentioning. 


Of  tbt  triJeSiion  of  a  circular  arc  fy  means  of  either  of 
the  three  foregoing  exprejfions  for  the  value  of  the 
lejfer  root  of  the  cubick  equation  qx  —  x'  =  n 


68.  The  foregoing  expreffions  of  the  value  of  the  lefler  root  of  the  cubicfc 
equation  qx  —  *>  =  r  may  be  appiicd  to  the  trifcftion  of  a  circular  arc,  or  to 
the  finding  of  the  chord  of  the  third  pan  of  an  arc  of  which  the  chord  is  given, 
in  a  circle  of  which  the  diameter  is  given,  provided  the  given  chord  be  lels  than 
the  chord  of  the  fourth  part  of  the  circumference  of  the  circle,  or  of  an  arch  of 
90  degrees. 

3  For, 
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For,  if  a  be  the  radius  of  a  circle,  and  confequently  a  a  its  diameter,  and  k 
be  the  chord  of  any  arc  in  it  that  is  not  greater  than  the  femicircumference, 
and  X  be  the  chord  of  the  third  part  of  the  arc  of  which  k  is  the  chord ,  the  rela- 
tion between  the  chords  k  and  *  will  be  expreffed  by  this  equation,  3  aax  —  *' 
=  aak  I  as  is  demonflrated  in  many  books  of  mathematicks,  and  amongfl:  the 
reft,  in  my  Differtalion  on  the  Ufe  of  the  Negative  Sign  in  Algebra,  publifhed 
in  the  year  1758,  pages  183,  184,  art.  220,  221.  Now  let  q  be  put  =  ^aa, 
and  r  =  aak\  and  the  equation  3tffl*  —  **  =  aak  will  be  converted  into  the 
equation  y«  — **  =  r,  in  which  -^  reprefents  «,  or  the  radius  of  the  circle, 
and  — ,  or  r  X  ^,  or  -2^,  reprefents  — ,  or  k.  the  given  chord  of  the  greater 

q_  f  J  ^  at 

3 
arch,  which  is  to  be  trifcfted.  Therefore,  by  computing  either  of  the  three 
foregoing  expreffions  of  the  value  of  the  leffer  root  of  the  equation  j*  —  «'  =  r, 
we  (hall  (if  r  is  lefs  than  v'z  x  ^^,  or  aak  is  lefs  than  v'a  X  <»S  or  *  is  Icfs 
than  i/i  X  Ji,  or  it  is  lefs  than  the  chord  of  a  quadrantal  arc,  or  an  arc  of  90 
degrees)  obtain  the  value  of  the  chord  of  the  third  part  of  the  arch  of  which  ^, 
or  k,  is  the  chord,  in  the  faid  circle,  of  which  ^,  or  a,  h  the  radius. 


0/ the  analogy,  or  barmoKy,  befween  circular  arcs  and 
logarithms t  or  between  the  meafures  of  angles  and  the 
mea/ures  of  ratios. 


69.  This  application  of  the  feries  obtained  in  the  foregoing  articles  to  the  tri- 
feftion  of  a  circular  arc  is  an  inftance  of  the  analogy,  or  harmony,  as  Mr.  Cotes 
calls  it,  that  fubfifts  between  logarithms  and  circular  arcs,  or  between  the  mea- 
fures  of  ratios  and  the  meafures  of  angles.  For  from  the  expreffion  •/ '  fs  +  e  — 
•/'  (s  —  e  given  by  Cardan  for  the  root  of  the  cubicfc  equation  jf*  -f-fjif  —  r,  or 
gy  +  y'  =  r  (the  value  of  which  expreffion  is  to  be  obtained  by  extrafting  the 
cube-roots  of  the  given  quantities  s  +  e  and  j  —  *,  that  is,  by  trifeifting  the  ratios 
o(s  +  e  to  I,  and  of  J  —  *  to  i),  we  have  derived  the  three  expreflions  fee  down 
in  art.  66,  by  either  of  which  we  may  trifeft  the  circular  arc  of  which  the  given 
quantity  — ,  or  k,  is  the  chord,  in  a  circle  of  which  the  given  quantity  ^,  of 
a,  is  the  radius  (provided  the  faid  arc  is  lefs  than  a  quadrant)  or  may  find  the 
chord  of  die  third  part  of  the  iaid  arc  by  finding  the  leffer  root  of  the  equation 
f  *  —  *'  —  r.  And  confequently  problems  that  require  the  irifcftion  of  a  cir- 
cular arc,  or  of  an  angle,  may,  by  means  of  the  method  here  explained,  be 
folved  by  the  trifeftion  of  a  ratio,  or  by  the  help  of  a  cable  of  loganthms. 

A    SCHO- 
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A        SCHOLIUM. 

^o.  That  very  learned  and  ingenious  matliematician  and  philofopher  of  the  lat- 
ter part  of  the  laft  century,  Mr.  Leibnitz,  of  Hanover,  feems  to  have  bcea  the  firft 
perfon  who  took  notice  of  this  connexion  between  circular  arcs  and  logarithms, 
or  the  meafures  of  angles  and  the  meafLires  of  ratios,  which  was  afterwards  more 
fully  infixed  upon  and  illutlrated  by  Mr.  Cotes  in  his  Harmonia  Menjurarum. 
For  in  the  Commercium  Efiftolicum  de  Attaint  fromotd  (firft  printed  by  order  of 
the  Royal  Society  of  London,  in  the  year  17 12,  and  afterwards  publiftied  by 
Tonfon  and  Watts  in  the  year  1722)  there  is  a  very  learned  letter  of  Mr. 
Leibnitz  to  Mr.  Henry  Oldenburgh  (at  that  time  fecretary  to  the  Royal  So- 
ciety), dated  on  the  -27th  day  of  Auguft  in  the  year  1676,  and  direded  to  be 
communicated  to  Mr.  Newton,  at  that  time  proieffbr  of  matheraaticks  in  the 
univerfity  of  Cambridge  (afterwards  better  known  by  the  name  of  Sir  Ilaac 
Newton);  in  which  there  is  the  following  curious  paffage :  "  Imagitiariaram 
qtiantitatum  in  Realium  Radlcum  expreffiones  ingredientium  fublationemt  fruftri  futem 

Jperari  j  imo  quart.     Neque  ettim  ilU  ullo  mode  vel  calculu  vel  conjiru£fionibus  ob- 

Junt :  et  vera  realijque  Junt  quaittitates,_fi  inter  Je  corjunguntur^  ob  deftruSiones  vir- 
tuales,     ^od  multis  elegantibus  exempHs  et  argumentis  deprebendi. 

Exempli  gratia,  */  [\  +  >/ —  3  -f  -t/U- —  »/  —  3  ejl  =  v'6.  Tametfi  enim 
neque  ex  hinomie  i  -^  •/  —  3,  neque  ex  binomio  i  —  >/  —  3,  radix  extrahetur; 
nee  proinde  fie  defiruetur  [^guantitas]  imaginaria  •/ —  3  ;  fupponenda  tamen  efi  de- 

ftruSa  ejfe  virtuaiiser ;  quod  ailu  appareret,  fi  fieri  pojfet  extraBio.  AUd  tamen 
vid  bac  fumma  reperitur  eJfe  v'6.     Unde  in  cubicis  Sinemiis,  ubi  realitas  eju/medi 

formularum  (tunc  cum  extraffio  exfingulis  btnomiis  fieri  nequit),  ad  oculum  ofiendi  nsn 
poteft,  mente  tamen  inteUigitur.  ^ari  fruftra  Cartefius  aliique  expreffiones  Carda- 
nicas  pro  particularibus  habuere.     Si  quis  pojfet  invfmre  quadraturam  circuit  el  ejus 

partium  ex  datd  bfperboU  et  ejus  partium  quadraturd,  is  pefiet  eas  tollere ;  modi  in 
ipjam  quadraturam  imaginaria  ilia  rurjus  ingrediantur.  See  the  Commerciitm  EpiJ- 
tolicum,  &c,  pages  137,  138. 


In  this  paffage  Mr.  Leibnitz  fays  that  t/  ft  +  V -—  3  +  v'  fi  — v*  —  3  is 
=  »^6.  Now,  if  we  for  a  moment  fuppofe  it  poffible  for  fuch  quantities  as 
*/  li  +  1/  —  i  and  '^  \i  ■ —  v'  —~^  to  exift,  and  (having  made  this  fuppofition) 
we  treat  them  as  other  algebiaick  quantities,  ic  may  be  (hewn  in  the  following 
manner  that  their  fum  is  =  */6. 

Smce  a  +  b\  *  is  ^  aa  +  2  ab  +  hh,  it  follows  (by  fubftituting  V  f  i  -f-  ^^  —  3 
for  a,  and  v'fT— V—  3  for  b)  that  the  fquare  of  the  quantity  ^/|i  +  ^ — 3 
•f  ■•ft  —  a/  —  3  will  be  ;r  I  +  V  — 3  -f-  2  X  ^  ft  +  V  -^  X 
a/|i  —  •/  -^  •\-  I  —•/  —  3  =  2  +  2XV[t  +  */  —  S  X  a/  f I  —  V*  —  3  = 
a  +  2  X  v[ft  +  A/-.3   X  {i.  ~  •/  .^^  =  2  -H  2  X  -/U 3  s"  2  +  a 

X    V  ( I   +3   =   2  +  2XV'4=2-f2X2  =  2-4-4  =  6.  Q-E.   D. 

And  in  the  fame  collection  of  letters  called  Commercium  Eptfiolieum,  Sec,  there 
is  another  letter  of  Mr.  Leibnitz  to  Mr.  Oldenburgh,  dated  on  the  2  jft  day  of 

June 
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June  in  the  following  year  1677,  in  which  there  is  the  following  palfage  re- 
lating to  the  fame  fubje£i:»  which  is  flill  more  curious  and  remarkable  than  the 
former. 

jiHtequam  jiniam,  adjidam  ujum  ■pukberrmum  /erierum,  qui  imprimis  CoUinto 
nefiro  non  erit  ingrattts.  Sets  magnam  efft  difficHltatem  cird  extrabendas  radices  ex 
hnomiis  cuiUis,  quando  eas  ingreditur  quantilas  imaginaria,  orta  ex  radice  quadra^ 
tied  negative  quantitatis ;  ut  >/'  [a  +  •/  —  l>b  =r  Af,  ?/  v''  fa  —  v'  —  bb  =  N; 
ahi  utraque  quantilas  Met  N eft fingulatlm  impoJ/ibilis,/umma  autem,  ut  alibi  oftendi, 
eft  quantilas  pejfibilis  et  realis,  aqualis  cuidem  qtuefila  z.  XJl  veri  ea  eximatur^  et 
ut  extrabatur  radix,  nempe,  ut  tnveniatur  —  +  /  x  •/  —  bb  =.  •/ '  \a -^  ■/  —  bi. 


et  ~  —  e  X   ■/  —  W  =   v''  {a  —  -J  —  bh  {undefil  v"'  (a  +  v^  —  bb  +  •/* 

\a  —  i/  -^hb  =  z)  nen  foteft  adbiberi  metbodus  Scbotmi,  Geometric  Cartefiante 
fubjeSia,  quia  of  us  eft  ad  earn  ut  valor  ipftus  a  •\-  •/  ~~  bb  exbibeatur  /altim  approxt- 
mando ;  quod  notis  metbodis  impoftibile  eft.  ^ts  enim  valorem  ipftus  —  bb  profi  ve- 
rum  dahil  ?  NeceJJe  eft  enim  invenire  ^  x  v'  —  i  ;  quit  autem  exprimat  i/  —  \  ap- 
prepinquando  ?  Scripji  olim  ColUnio  me  remedtum  invent^,  quod  elidm  ad  omnes  gradus 
Juperiores  valeat.     Id  ecce  bic  uno  verba ! 

Ex  binemiis  a  +  >/  —  bb  extraho  radicem  per  Jeriem  inftnitam,  five  per  Ibeorema 
Newionianum,  five  etiam  more  mto  priore,  inftituendo  ealculum/ecundOm  naturam  cu- 
jufquegradus,  cum,  Jciltcet,  mndum  ibeorema  generate  abftraxijfem :  ^^radixpona- 
turejfe  I  +  my.  •/  —  bb  +  »  +p  X  •/  —  bb  &ff.  Extrabatur  jam  el  radix  ex  bi~ 
jtomio  altera,  -J^  \a  —  -/bb  ;  fiet  ilia  I — m  x  ^  —  W  +  » — p  x  •/  —  bb  tfc; 
utfacili  demonftrari  patcft  ex  ealculo.  Ergo,  addenda  bac  duo  extraSIa,  deftruentur 
imaginaria  quantitates,  etfiet  z  =  2/  +  i»  +  ^c,  quajunt  ea  feriei  portiones  tit 
quibus  nulla  reperitur  imaginaria.  Invento  ergi  valore  ipftus  z,  quantum  fttth  eft, 
propinquo,  quemadmodum  Schatenius  poftulat,  reliqua  metbado  Schoteniand,  perinde  ac 
in  Hits  binomiorum  extrabendorum  generibus,  tranftgentur.  Scc  the  Commercium 
Epiftolicum,  &c,  pages  202,  and  203. 

In  the  former  of  thefc  paffages  Mr.  Leibnitz  feems  to  have  entertained  an 
opinion  of  the  poffibilily  of  fo  extrafting  the  roots  of  two  impoffible  binomial 
quantities,  that  the  impoflible  part  of  one  of  the  roots  ftiould  be  equal  to  the 
impoflible  part  of  the  other  root,  and  Ihould  be  marked  with  a  contrary  fign  + 
or  — ,  and  confequently  that  the  fum  of  the  faid  two  impoflible  roots  (hould  be 
a  poflible  quantity ;  but  he  does  not  fecm  to  have  then  found  out  a  method  of 
doing  (his :  but  in  the  fecond  palfage  he  informs  Mr.  Oldenburgh  that  he  had 
found  out  a  method  of  doing  it,  and  he  defcribes  the  method  to  binv:  which 
confills  in  extrading,  in  an  inRnite  feries,  by  means  of  the  binomial  theorem, 
or  otherwife,  the  cube  root  of  the  binomial  quantity  a  +  •/  —  bb,  and  in  ex- 
tracting, in  an  infinite  feries,  by  means  of  the  refidual  theorem,  or  otherwife, 
the  cube-root  of  the  refidual  quantity  a — ■/  —  bb,  and  in  adding  together 
the  two  fericfes  obtained  by  thefe  extradtions,  in  which  feriefes  the  impof- 
fible parts  will  mutually  deftroy  each  other,  fo  as  to  leave  a  feries  confift- 
ing  of  only  real  terms,  to  wit,  the  feries  2/  +  2»  +  &c,  for  the  value  of  the 
fum  of  the  faid  two  roots,  or  of  the  quantity  v'  *  \a  -^  ^  —  bb  -f-  V '  {a  —  -/bb' 

And 
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And  Monfteur  NieeU  aod  Mmfieur  Clatrmi  have  done  nothing  nior«  than  expa- 
tiate upon  this  method  here  given  by  Mr.  Leibnitz,  of  obtaining  ibefe  cube- 
roots  by  means  of  the  binomial  and  refidual  theorems.  But  both  Mr.  L^ibnicz 
and  thofe  other  authors,  in  explaining  this  method  of  proceeding,  all  equally 
fuppofe,  for  a  while,  the  exiftence  of  impoflibie  quantities,  fuch  as  v'  — W, 
though  they  contrive  to  get  rid  of  them  in  the  conclufion  :  and  this,  1  think, 
renders  their  methods  of  treating  this  fubjeift  obfcure  and  unfatisfaftory.  But 
now  in  the  prefent  difcourfe,  I  have  (hewn  how  Cardan's  rule  for  refolving  the 
cubick  equations  J"*  -^  ^y  —r^  or  qy  +  y'  =z  r  (which  is  true  in  all  the  cafes 
of  that  equation,  or  in  all  the  relative  magnitudes  of  the  co-efficient  y  and  the 
abfolute  term  r)  may  be  extended  (by  means  of  Sir  Ifaac  Newton's  binomial 
and  refidoal  theorems,  in  the'  cafe   of  roots)  to  the  refolution  of  the  cubick 

equation  gx  —  *'  =  r,  when  r  is  lefs  than  ^2  X  ^— ,.  or  —  is  lefs  than     ^— ■, 
T  ^  3v3  4  2x»7 

or  ^,  by  finding  its  leffer  root,  from  which  the  root  of  the  oppofite  equation 
«'  —  jjf  juay  be  derived  by  means  of  a  quadratick  equation,  as  is  Qiewn  in  my 
Difleriation  on  the  Ufe  of  the  Negative  Sign  in  Algebra,  art.  218,  pages  182, 
183  J  and  in  the  paper  publiftied  in  the  Philofophical  Tranfaftions  for  the  year 
1778,  1  liave  (hewn  bow  Cardan's  odier  rule  for  refolving  the  cubick  equation 
yi  —  yjr  =  r,  or  *  >  —  qx  =  r  (which  is  true  only  when  r  js  greater  than  itx^,  or 

—  is  greater  than  2_)  may  be  extended  (by  meatis  of  the  fame  binomial  and  refi- 

dual  thcorctns  in  the  c:de  of  roots)  to  the  refolution  of  the  equation  jr*  ~  qy  =r, 

OTX'  — flxrrr,  when  r  is  lefs  than  ^^^,  but  greater  than  v'2  x  ^-^>  or  when 
*    .  3V3  iV$ 

—  is  icfs  than  ^,  but  greater  than  —  x  — ,  or  than  ■£- ;  and  confequentty,  by 
both  thefe  difcourfes  together,  I  have  enabled  the  reader  to  extend  one  or  other 
of  Cardan's  two  rules  to  the  refolution  of  the  equation  x'  —  qx  :=  r,  when  r  is  - 
of  any  magnitude  lefs  thgji  ^^y^,  whether  greater  or  lefs  than  ^2  x  ^^,  or 
when  —  is  of  any  magnitude  lefs  than  — ,  whether  greater  or  lefs  than  — ;  and 
i^\%  without  ai^  mention  of  tithtr  impoJ}ible  cr  negative  quantilies :  which,  I  hope^ 
will  be  conlidered  as  a  valuable  improvement  on  Mr.  Leibnitz's  and  Mon- 
iieur  Nicole's  method  of  effcfting  the  fame  purpofe,  by  all  fuch  cultivators  of 
Algebra  as  are  fond  of  feeing  it  treated  in  a  fcientifick  manner,  or  with  perfpi- 
cuity  in  the  ideas  and  accuracy  in  the  reafonings  throughout  all  the  various  pro- 
ceffes  of  it,  inllead  of  being  ufed  as  a  fort  of  manual  exercife,  or  mechanic  art, 
by  which  conclufions  are  obtained  we  know  not  how,  like  corn  that  is  put  imo 
a  mill,  and  ground  to  meal,  without  the  owner's  comprehenfion  of  thc.manner 
in  .which  the  operation  is  performed. 
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tr  wbm  r  is  equal  to,  or  ff-eater  tbtUf  ^^,  cr  ^h 
equal  to,  or  groater  tbmif  i-,  to  the  other  cafe  of  the/amt 

equation,  in  whith  rislefs  than  ^^?»  or~isiefs  than  ■£, 
and  which  the  Jaii  ruU  is  not  naturally  fitted  to  refohei 
frovided  that  the  abfoUte  term  r  (though  le/s  than  ^^^} 
be  greater  thm  v^a  X  ^,  or  that  —  (though  left  than 
^J  be  greater  than  —  x —,  or  than  ^. 

By  FRANCIS  MASERES,  Es(U  F.  R.  S. 
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I 


T  is  well  known  to  all  perfons  converfant  with  Algebra>  that  Car- 
dan's rule  for  refolving  the  cubick  equation  j"'  —  qy  =  r  is  only 
fitted  to  rcfolve  it  when  —  is  equal  to,  or  greater  than  2_,  or  when  the  abfolute 
term  r  is  equal  to,  or  greater  than,  ^^^,  and  that  it  is  of  no  ufe  in  the  refolu- 
tion  of  the  other  cafe  of  this  equatipn,  in  which  —  is  of  any  magnitude  lefs  than 
2-,  or  r  is  of  any  magnitude  lefs  than  2££2.  For  in  this  cafe  the  refidual  quan- 
tity —  —  -i-,  or  the  excefs  of  —  above  -2-  becomes  (according  to  the  ufual  lan« 
guage  of  algebriiifts)  a  negative  quantity,  and  confequently  its  fquare-root 
(which  enters  into  Cardan's  expreffions  of  the  root  of  the  equation  j*'  —  gj*  =  '') 

becomes  impoflible,  and  thofe  expreffions  (which  are  v^M—  +  y'P  —  —  + 


■^y^-T-7-. 


3  ^■(w'lFI- 


3v/'    

and  ^'1—  +  •/]—  ~~i ^sp._  t/vL  — £_■)  become  impoffible,  or,  ac- 

,.        ''  ,        U  «7  l»  U  37-'  r    ^  ■  y 

cordmg  to  what  appears  to  me  a  more  correft  way  of  fpeakmg  (as  I  never 
could  form  any  idea  of  a  negative  quantity,  nor  could  ever  underftand  by  the 
fign  —  or  minus,  any  thing  more  than  the  fubtradion  of  a  lefler  quantity  from 
a  greater)  the  quantity  —  —  —  itfelf  becomes  impoffible,  or  the  fuppofuion 

that  —  is  greater  than  —  (which  is  one  of  the  foundations  of  Cardan's  rule 
above-mentioned)  is  no  longer  true,  and  confequently  the  rule  itfelf,  which  is 
built  upon  it,  can  no  longer  take  place. 

3  L  2  2.  Never- 
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f .  Ncverthelefs  it  is  poffible  by  the  help  of  Sir  Ifuc  Newton's  binomial  and 
rcfiduat  theorems  in  the  cafe  of  roots  (which  have  been  demonftratcd  in  the 
foregoing  difcourfes  of  this  volume)  to  extend  this  rule  of  Cardan  to  the  latter 
cafe  of  the  equation  >'  — gjf  =  r,  in  which  ^  is  lefs  than  ^,  or  r  is  lefs  than 

^^~^,  and  which  it  is  not,  of  itfelf,  fitted  to  refolve ;  or,  to  fpeak  with  more  ac- 
3v3  . 

curacy,  it  is  poffible,  by  means  of  the  faid  two  theorems  of  Sir  Ifaac  Newton, 
to  derive  from  one  of  the  expreffions  of  the  value  of  _)r  given  by  the  faid  rule  of 
Cardan  for  the  refohnion  of  the  equation  j"'  —  qy  =  r  in  the  firft  cafe  of  the 
faid  equation,  or  when  ^  is  equal  to,  or  greater  than  -^»  another  expreOion 
fomewhat  different  from  the  former,  but  bearing  a  great  refemblance  to  it,  that 
(hall  exhibit  the  true  value  of  y  in  the  fecond  cafe  of  that  equation,  or  when 
—  is  lefs  than  ^,  provided  it  be  not  alfo  lefs  than  —  x  ^,  or  than  S-.  And 
this  may  be  done  by  a  train  of  juft  and  clear  reafonings,  and  without  any  men- 
tion of  impoffible,  or  even  of  negative  quantities.  To  Ihow  bow  this  may  be 
effeftcd  is  the  delign  of  the  foUowmg  pages. 

$,  That  the  whole  of  this  matter  may  be  feen  at  one  view,  it  TtriU  be  conveni- 
ent to  fet  forth  the  foundation  and  inveillgation  of  Cardan's  rule  for  refolving 
the  equation  ^ »  —  f>  =  r  in  the  firft  cafe  of  it,  or  when  the  abfolute  term  r  is 

equal  to,  or  greater  than,  ^^j^t  or  —  is  equal  to,  or  greater  than,  ^ ;  wluck 
may  be  done  in  the  manner  following. 


Oh/ervatims  freparatory  to  the  mvefiigation  of  Car^f^s 
rule  far  rtfoMng  the  cukttk  elation  y*  —  qy  ^  r, 
whet  r  is  tqual  to^  or  greater  tbatty  ^^y^,  or  ~  is 
equal  to,  or  greater  than,  ^. 


4.  Previoufly  to  the  inveftigation  of  this  celebrated  rule,  it  will  be  proper  to 
make  the  following  obfervations. 

Observation  i.  In  the  cubick  equation^* —j>  =:r  (which  is  a  propofi- 
tion  affirming  that  jr^,  or  the  cube  of  the  unknown  quantity^,  is  greater  than 
qy,  or  the  produft  of  the  multiplication  of  ;f  by  the  known  co-efficient  j,  and 
that  the  excefs,  or  difference,  is  equal  to  the  known  quantity  r)  it  is  evident  that, 
fincejf*  is  greater  than  qy,  ^,  or yy,  muft  be  greater  than  -^  or  j,  and  confe- 
quently  that  j'  muft  be  greater  than  ^q. 

Obs.  2.  While  jr  increafes  &om  \/q  ad  inftnituMy  y^  will  increafe  continually 
from  q^/g  ad  infinitum,  and  qy  will  alfo  increafe  continually  from  the  iame  quan- 
tity q^q  ad  ifffinitum, 

Obs.  3, 
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Oa>.  3.  And,  wWle^  iacreafes  from  v^j  ad  infinituv,  the  excefs  of y* 
sboTC  qy  will  increafe  continually  from  nothing  ad  infinitum,  without  ever  de- 
cioUing. 

For,  if  we  put^  (or  the  letter  jf  with  a  point  placed  over  it)  to  denote  the  in- 
crement which  ^  receives  in  any  given  portion  of  ttmej  either  fmall  or  great, 
during  its  increafe,  qy  will  be  the  increment  which  qy  will  receive  in  the  fame 
time,  and  3^*y  +  iyy*  +^*  w'H  be  the  increment  which> '  will  receive  in  the 
fame  time ;  becaufe,  when  y  is  increafed  to  ^  +  y,  qy  will  be  increafed  to  j  x 
y  +  Vi  ortoy>  +  }J/,  andji'  will  be  increafed  frorajr*  toJ"+^',  orjr'  + 
SlT*^  +  3J^*  +J'**  Now,  finccj**  is  always  greater  than  f  during  the  whole 
increafe  of  y  from  being  equal  to  v/?  ad  infinitum^  it  follows  that  y*  xy,  or 
jf'y,  will  be  greater  than  q  x  y,  or  qy,  during  that  whole  increafe.  But  ^y'y  is 
gr.eaterihanj'*y,  and  3>'J/  +  3Jry*  -|-jj*"isftill  greater  than  3J'*ji'.  Therefore, 
i/ortisri,  ^y^y  +  gjr^*  -{- y^  muft  be  greater  than  jy  during  ihe  whole  increafe 
t^y  ;  ibat  is,  the  increment  of  j"'  will  be  greater  than  the  contemporary  incre- 
ment of  qy  during  the  whole  increafe  oi  y.  Therefore  the  refidual  quantity  j"* 
—  qyt  or  the  excefs  of  j)'  above  qy,  will  continually  increafe  from  o,  without 
ever  decreaiing,  while  jf  increafes  from  \/q  to  any  greater  magnitude. 

Further,  fince  37*  y+  %yy  +_yMs  the  increment  ofj"^,  and  qy  is  the  incre- 
ment of  qy,  and  j  *j/  is  greater  than  qy,  it  follows  that  the  excefs  or  the  increment 
of_y'  above  the  increment  oi  qy  will  be  greater  than  the  excefs  of  the  increment 
of^*  above j"^',  or  than  the  excels  of  ^y^y  -(-  jjjy  +_y'  above  y^jf,  or  than 
the  quantity  zy  'y  +  ^yy  *  +  _y '  •  But  the  excefs  of  the  increment  of  y '  above 
the  increment  01  qy  is  the  increment  of  the  refidual  quantity  jr'  — qy.  There- 
fore the  increment  of  the  refidual  quantity  ji*  —  qy  is  greater  than  the  quantity 
2jr'y  +  3j>y*  +  y'.  But  it  is  evident  that  the  quantity  ^y^y  +  ^yv*  +^* 
wiirincreMC  continually  «</ («^«V«(b,  while  jf  increafes  ad  infinitum  \  io  that  no 
quantity  can  be  affigned,  how  great  foever,  which  the  faid  quantity  zjf'j/  + 
^y*y  +  y*t  or  either  of  its  two  firft  members  iy*jf  and  iyy*j  may  not,  by  in- 
creafing  the  quantity^  continually,  be  made  to  exceed.  Therefore  the  incre- 
ment of  the  refidual  quantity  y'  —  qy  (which  iocrement  is  greater  than  the 
quantity  2y^y  +  $yy*  +^"0  will  increafe  continually  ad  infinitum,  or  fo  as  to 
become  greater  than  any  nnite  quantity, .  how  great  foever.  And  confequently 
the  refidual  quantity  itfelf  (which  receives  the  faid  continually -increafing  incre- 
ments) will  increafe  continually  from  o  ad  ittfiaitumt  or  fo  as  to  becorne  greater 
than  any  finite  quantity,  how  great  foever.  (L.  e.  d* 

OBS.4.  Since  the  compound  quantity^*  — jy  increafes  continually  at  the  fame 
time  as^  increafes;  and,  when  y  is  equal  to  ^^,  the  faid  compound  quantity  U 
equal  to  (?i^  -  ^.  or  !^  -  ^,  or)  ^ ;  it  follows  that,  if  ^  is  greater 
than  i^,  the  compound  quandty y^  —qy  will  be  greater  than  ^^y^,  and,  if  y 
is  lefs  than  ^~,  the  faid  compound  quantity  will  be  lefs  than  ^^^ ;  and  2  cm- 
virfot  if  the  compound  quantity  y*  — qy,  or,  iis  cqud,  the  aWolute  term  r,  is 
6  greater. 
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greater  than  H^/  the  value  of  j"  will  be  greater  than  i^,  and,  if jr»  —  jjf,  or 
r,  b  lefs  than  ^^^,  the  value  of  v  will  be  Icfs  than  ^^;  or  if  —  is  greater  than 
2I,  y  will  be  greater  than  ^;  and,  if  —  is  lefs  than  -^j  ir  will  be  lefs  than 

^3 
Obs.  5.  When  r  is  greater  than  ^^j^>  or  —  is  greater  than  i-,  and  c<rafe- 

quently  (by  the  laft  obfervation)  y  is  greater  than  ~^,  yy  will  be  greater  thaa 
— ,  and  confequently  -^  will  be  greater  than  — .  But  ^—  is  the  fquare  of  — . 
Therefore,  when  r  is  greater  than  ^2^>  or  —  is  greater  than  i-,  the  fquare  of 
— ,  or  of  half  the  unknown  quantity^,  will  be  greater  than  ■^.  But  (by  Euclid's 
Elements,  Book  II,  Prop,  j)  it  is  always  poOible  to  divide  a  line,  as^,  into  two 
unequal  parts  of  fuch  magnitudes  that  the  redanglc  under  the  faid  parts  (hall  be 
equal  to  any  quantity  that  is  lefs  than  the  fquare  of  it's  half.  Therefore,  when 
r  is  greater  than  ^^y^,  or  —  is  greater  than  ^,  it  is  poffible  to  divide  the  line, 
or  root,  y  into  two  unequal  parts  of  fuch  magnitudes  that  their  reftangle,  or  pro- 
du(5t,  (hall  be  equal  to  -2-. 

This  laft  obfervation  is  the  foundation  of  Cardan's  rule  for  the  refolution  of 
the  cubick  equation  y^  —  qy  —  r,  in  the  firft  cafe  of  it,  or  when  r  is  greater 
than  ^£if ,  or  —  is  greater  than  -i-  j  the  inveftigation  of  which  rule  I  (hall  now 
proceed  to  explain  by  the  folution  of  the  following  problem. 


r    R    O    B    I.   E    M 


fRUHi-EM         I, 

5.  To  rcfolvc  the  cubick  equation^'  -~  qy  —  r,  when  the  abfolute  term  r  it 
greater  than  ^^y^,  or  —  is  greater  than  ^. 


S    O   L    IT   T    I    o    K. 


Since  r  is  fuppofed  to  be  greater  than  ■^^y^,  and  confequently  (by  Obferva- 
tion 5)  —  is  greater  than  — ,  it  is  poffible  for  j"  to  be  divided  into  two  unequal 
parts  of  fuch  magnitudes  that  their  redangle,  or  produft,  (hall  be  equal  to  -i. 
Now,  let  it  be  conceived  to  be  fo  divided ;  and  let  the  greater  of  its  two  parts  be 
called  V,  and  the  lefler  be  called  z.     Then  will  vz  be  =  -^,  and  confequently 

3  ^»a  will  be  =  j,and  j-oz  x  v -^  %  will  be  ;=  q  y.  v+z. 

Now, 
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Now,  Cnce  v  +  zis  ■=  y,  we  (hall  have  y'  /=  u  +  2\'  =  v»  +  jw'z -f- 
3^2*  +  z'  =:  v'  +2'  +  jTJ'z  +  3V2*  =U'  +  Z'  +  3VZ  XV  +  z; 
and  we  (hall  have  yj>  =r  y  x  «  +  2.  Therefore  y^  —  qy  will  be  =  V  +  2* 
+  jvz  X^  +  z  — jXw  +  z;  that  is  (becaufe  3  vz  x  v  +  2  is  equal  to 
}  X  V  +  z),  >'  —  JJ*  will  be  =  V*  +  2'.  Therefore  the  abfolute  term  r 
(which  is  equal  toy'  —  qy)  will  be  =  v^  +  z'. 

But,  fince  7vzK  =  a.  we  ftiall  have,  z  :^  —,  and  confequenily  2'  =  -2 — . 
Therefore  v'  +  2'  will  be  =  v  +  ^^>  and  confequently  r  (which  has  been 
fhewn  to  be  equal  v^  +  2')  will  he  —  v^  +  ■^—^.  Therefore  (multiplying 
both  fides  of  the  equation  hyv^)rv^  will  be  =  w*  +  — ;  and  fubtrafting  v* 
from  both  fides)  rv'  —  v*  will  be  =  — . 

But  rw'  — ^^  is  the  produft  of  the  multiplication  of  r  —  v'  into  v>,  which 
are  togethef  equal  to  r.  Therefore  (by  El.  II,  5,)  rv'  —  v*  muft  be  lefs  than 
the  fquare  of  half  of  r,  that  is,  than  — ,  and  confequently  may  be  fubtradled 
from  — .  Let  it  be  fo  fubtraded ;  and,  let  its  equal,  — ,  bealfo  fubtra£ted  from 
the  fame  quantity  — .    And  the  remainders  will  be  equal  to  each  other ;  that  is, 

—  _  fni'  —  w",  or  —  —  rw'  +  v",  will  be  equal  to  —  —  — .    Therefore  the 

4  *        4  .      ^  4        27 

fquare-root  of  the  trinomial  quantity  —  —  rtJ'  +  v*  will  be  equal  to  die  fquare- 

root  of  —  —  — .    But  the  fquare-root  of  the  trinomial  qiuntity  —  —  rv '  +  v*  is 

the  difference  of  the  fimple  quantities  —  and  v',  that  is,  either—  —  v  or  v* 

— .— ,  according  as  —  or  v'  is  the  greater  quantity.     But  it  has  been  already 

Ihewn  that  v*  and  2'  together  are  equal  to  r;  and  v  is  fuppofed  to  be  greater 
than  z,  and  confequently  V  is  greater  than  z'.    Therefore  v^  mull  be  greater 

than  the  half  of  V  +  z',  and  confequently  than  the  half  of  r,  or  than—.  There- 
fore the  difference  of  —  and  v '  muft  be  v '  —  — ,  and  not  —  —  v ' :  and  confe- 
a  2'  a 

quently  v*  —  —  muft  be  the  fquare-root  of  the  trinomial  quantity—  —  m*  + 
f'.  We  (hall  therefore  have  u'  —  —  =  \/ I—  —  ^;  and  confequently  (ad- 
ding J  to  both  fides)  v»  will  be  =  ^  +  v'  p  —  |^,  and  therefore  (extrafting 

the  cube-roots  of  both  fides)  vwillbe=v'*|7+\/  p  —  f^. 

But 
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But  z  has  been  flicwn  above  to  be  =  -2-.     Therefore  v  +  z  "wilt  be  (=:  «  + 

iV    [a    T  v  ]^  J, 

or  the  root  of  the  cubicle  equation  j*'  —  qy  =  r  (which  is  equal  to  tt  +  z)  will 

6.*  This  exprcffion  of  the  value  of j"  in  the  equation  y^  —qy  zzr  naay  be  ren- 
dered more  fimpte  by  fubftituting  in  it  the  fingle  letter  e  inftead  of  — ,  and  the 

iingle  letter  s  inftead  of  i/j—  —  |r.  For  then  it  will  bey'i  (T+T  +  /,  ■. 
Therefore,  if  e  be  put  for  half  the  abfolute  term  r  of  the  cubick  equation  y »  — 
yjr  =  r,  andw  beputfor^  — "l^jor  jbeputforthefquarc-rootof—  —  ^,thc' 

I 
rootjf  oftbefaid  equation  will  beequal  to  v'^fT+j  +  - 


<*-+!!* 


jf^fynthetick  demonfiratioti  of  the  truth  of  the  foregoing 
/olution. 


7.  Since  this expreffion  e  +  j\3  +  "TTll  "  ^1"*^  ***  '^c  root  y  of  the 
equation  jr  *  —  yj"  ==  r,  it  is  evident  that,  if  it  were  fubftituted  inftead  of  jr  in  the 
compound  quantity^'  —  qy,  which  forms  die  left-hand  fide  of  that  eqattkn, 
it  would  make  the  faid  compound  quantity  be  equal  to  the  abfolute  term  r. 
And  fo  we  Ihall  find  it  will,  if  we  make  the  faid  fubftitution ;  which  may  be 
done  in  the  manner  following. 
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9t  ,  >'  .i. 


,y  =  e  +  .  +  ,  xr+ls  +  ,   ■grrj-.  +  — ^ 


3X>+^i  "^       "■"   »7X.+«  >7x>+'i  ~  »7  X  JTT 

,^  gy^*  +  S4«  +  ay,*  ^.  ^ 

But,  becaufe  jj  is  =  —  —  j^,  or  «  —  |-,  we  Ihall  have  «  +  £  =  «,  and 

—  =  tf  —  J/,  and  confequendf  ;  >  =:27«^  —  »7^* 

Therefore  the  fradion 
«?<•  *  H"  +  '7^  ■!->'  „i|i  (^  _  »?^+.s««  +  a;i'  +  »;^-j;.-   _   n^+st„ 
'J'+'T  .        •J'+»7'  i7,+  »7,  ' 

and  confequently  the  cotnpolHid  quanuty^^  — fy  (which  has  been  ftiewn  t4 

he Mnal  to  the  laid  fraOion)  will^ro  be  equal  to  the  taflion  '*'*  '*'  "".  and 
therefore  =    ^^,     =      ,^,      =  i»  =  2  x  -  =  r.    Thetefore JT^ 


— ^        muft  be  equal  to  the  root  t  of  the  equation  t*  —  o»  =  r, 
3  X  «+*lr 


^  E.  V. 


^  jMother  :ei^iffifiii  for  thtrwt  tf  Uft  foregvng  egifatiipi 

■8.  %  refuming  the  fbtution  of  the  .-foregoing  problem  we  may  find  another 
expreOion-for  the  root  j'  of  the  equation  jfV^jjiss  r,  to  wit,  the  cxpreffion 


v"l7-^f^+- 


S,  or  •'/«-/  + 


or  <— jjs    +  JlTr^p-     '^'^  expreffion  may  be  found  in  die  following 


^ilMviJiiiatim  iS  tht  JOificmiixfriJlim  for  Ihi  valiu 
of  the  root  y  of  At  oMck  equation  y  —qyzsr. 


9.  In  art.  j  we  fuppoTed  the  line^to  be  divided  into  two  unequal  parts,  v 
•odsi.  of  which  v  was  fiippofed  10  be  the  greater ;  and  we  fiift  found  the  value 
of  the  greater-pan o.-and  then  determined  that  of  the  teller  pa^t  z  by  its  relation 
to  V,  whichisjatpttftdjiylhe-equatiop  gmx  ^a.    But^aejaayvwidi-the  fame 

Vol.  II.  3  M  ■  ■  eafe 
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eafe  firft  determine  the  value  of  the  lelTer  part  z,  and  then  derive  from  the  faid 
value  of  z  the  value  of  the  greater  part  v  by  means  of  the  fame  equation'  3  02  z: 

?',  which  expreffcs  their  rieiation  to  each  other ;  whereby  we  (hould  obtain  the 
econd  expreffion  of  the  value  of  v  +  z,  or  z  +  v,  or^,  which  was  fet  forth  in 

the  foregoing  article,  to  wit,  v/ '  |^  —  v'l~~  —  —  +  r  .  ', 

^^^^  t 

or  y"  {e  —  s  +  — T77^=^t  or  /  —  jI  J  +  — ^.'.  This  may  be  done  in  the 
manner  following. 

Since  3  ■ki  is  =  f,  and  confequently  v'a  zz  -^  and  w'  is  =  -~,  and  it  hai 
been  (hewn  in  art.  5  that  r  is  zi  v*  +  z*,  it  follows  that  r  will  be  =  -—,  +  z». 
therefore  rz^  will  be  =  ^  +  z*,  and  rz'  —  »•  will  be  :=  — .  Therefore,  if 
we  fubtratft  both  fides  of  this  equation  from  —  (which  is  fuppofed  to  be  greater 
than  ^,  and.  confequently  muft  alfo  be  greater  than,  its  equal,  rz^^z*")  the 

remainders  will  be  equal  to  each  other ;  that  is, {rz*  —  z*,  or rz* 

+  z*,  will  be  equal  to  —  —  ^.  Therefore  the  fquare-root  of  the  trintMnial 
quantity  —  —  rz^  -^  z*  will  be  equal  to  the  fquare-root  of  —  — ^.  But  the 
fquare-root  of  the  trinomial.,quantity  — ,  —  f^*.-f-  2*  is  the  difference  of  the  fim- 
jde  qnantiries  —  and  z*,  that  is,  cither  —  —  a*  or  z*  —  — ,  accordiitg  as  —  or 
2*  is  the  greater  quantity.  But,  becaufe  r  is  equal  to  d*  +  z*,  and  t»'  is  greater 
than  z*,  it  follows  that  z*  muH  be  lefs  than  one  half  of  v*  +  z^,  or  than  one  half 
of  r,.  or.  than -^;  and  confequently  the  difference  between  —  and  z*  will  be  — 
—  z',  and  not  z' .  Therefore  —  —  z*  will  be  the  (quare-root  of  the  tri- 
nomial quantity  —  —  rz*  +  z',  and  confequently  will  be  equal  to  the  fquare- 
root  of—  — ■^,  or  — ■—  z*  will  be  =  v'  —  —  ^'  Therefore  (adding  z'  to 
both  fides)  J  wiU  be  =  z>  +  ^  p— F*  *°*^  (fubtraaing  v/  [— —  J^  from 
both  fides)  2*  will  be  =  —  —  y'j— —  2-,  and  confequendy  (extrafting  the 
cube-roots  of  both  fides)  a  will  be  =  \^'  r-  —  v')--"  — — •    Therefore  z  +v 
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—  y'B- 


1  >'  — fj"  =  r  will  be  equal  to  the  expreffion  v'M—  —  v'l—  —  —   + 

I  a  I  4  37 


,    or  to  the  expreffion   */*  *  —  s   +    ^-1 — , 


jfjSfnibetiek  demenftratim  of  the  truth  ef  the  foregoing  expreffion. 


to.  Here  again  we  may  demonftrate  fynthetically,  that  this  expreffion  t  — "ij  3 
+  —  ^       is  equal  to  the  true  value  of  >  in  the  propofed  equation  jf'  — yjr  =  r, 

by  iubftituting  it  forj"  in  the  compound  quantity  >*  —  qy,  which  forms  the  kft- 
hand  fide  of  the  faid  equation.  For,  if  we  make  this  (ubflitution,  wc  (hatl  find 
that  the  value  of  7*  —  {■_?  thence  arifing  will  be  equal  to  the  abfolute  termr. 
This  may  be  (hewn  in  the  manner  following. 

If  J-  is  fuppofed  to  be  equal  »#^^T  +        -^i,   we  ihall  have  jr' 
(=  f— J  +  3  X  r^niT  X  3^^^  +  3  X  ?=1^-  X   77^  + 


X  1^  —  j]  3  +  5  X  r^'^  ~  ^  X  «  — JJ  3    4-      x*-ili'  *"^  confequcntly  J" 

—  ?;-(=*-,  J  +  y  X  *  — j17+  rTTTTl?  +  a;  x  7^  ~  ^  X  *  -  47 

—  W       )  =  f  —  J  +         t*         _.  ^7  X  ^'  +  f'  _  37  X  /'--»  +  ^'+f' 
3x7-1*  ?7  X  *-.*  a7X<-*  .         .     >7'-a7* 

37<-27i  *  . 

But  it  has  been  (hewn  in  art.  7  that  q*  h  tz  17«*—27j.— Therefore  the 
fnftion  *''*  ~  ""  '*'  '^''  "**  ^  ii  =  »7''  -  54"  +  '7**  +  i?**  —  ??'*  -_  ?4^  -  S4« . 

27*  -  37^  27*  -  z;*  17'  -  2?^* 

and  confequemly  the  compound  quantity  j"* —yjr  (which  has  been  (hewn  to 

be  equal  to  the  faid  fra^iion)  will  aUb  be  eqxial  to  the  fraftion  ^*'   ]]  ^*"  = 

3  M  2  54  X  <■*  -  « 
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the  value  of  the  compound  quanray/*  -r-  qy  arifing  from  the  fubftitution  of  the 

eXpreflion  e  —  j]  3  +        ——-.>'  ia  its  termi  inftead  of  j",  is  eqaal  to  the  abfo- 
luie  term  r  of  the  cubick  equation  j**  —  fj"  =  »■.    Therefore  the  faid  expreflion 

^2.  g 

t  —  i[  %  +        — — -.1  muft  be  equal  to  the  value  of  jr  in  die  faid  equation. 


jI  third  exprejjion  for  the  root  of  the  foregoing  equstiai 
y*  -qyzzr. 


II.  We  may  aIfo>  byjefuming  the  folution  of  the  foregoing  problem  coo- 
tained  in  att.  5,  find  a  third  expreffion  for  the  root  of  this  equation  y*  —-^y  —  r, 

to  wit,  the  expreflion  ^.[T+T^TT  +  •■[!— v'|^"3^  oi 

^»  (r+T+  </*  /—J,  or  r  -f  j\3  +  *— 4>'  This  exprefllm  may  be  fooMl 

in  the  following  manner. 


^e  inveJUgtttien  of  the /aid  third  exfregiotifor  the  valui 
efyHt  root  y  of  the  euhkk  iquation  y^  -^qy^r. 


12.  Since  v»  ■+»»  is  =  r,  it  follows- that  g'  will  be  =  r  — f '.    But  v'  is 
fliewn  in  art.  5  to  be  =  —  +  v'|— — ^.     Therefore  r— v*  will  be  =  r  — 

—  —  v"!— —  ^  =  -^—  v'j— — ^.  Confequentlyz' (which  is  equal  tor -^ 

»')wittbc:=-— ^lEZl!,    Therefore  tf  will  be  =  V»(-  +  vf^— ^, 


Mid  at  will  be  =,/»!--  y'pl  — i!,  jnad  cmifequeatly  t»  +  a,  or  7,  will  be 


Qj   E.  I. 

,  Google 


tT+^T  +  t — 43.  <lj   E.  I. 


roR.  TK£  nsObVTttw  Of  etriiCK  e^ations,  Acs.  4^5 

^^Mtbetick  demmjiration  of  the  truth  of  the  foregotng-^expre^ffien. 


13.    Here  again    we  may  demonftrste  (ynthedcalty  that   this    expreOion 

^       I  I 

t  •¥  s\ 3  +  #  —  s\i  is  equal  to  the  true  value  o{y  in  the  propored  equation y ' 
•^qy^-r,  by  fubftituting  it  for  y  in  the  compound  quantity  y^  —  qy;  which 
forms  the  firfi,  or  left-hand,  fide  of  the  faid  equation.  For,  if  we  make  this 
fubftitution,  we  Ihalt  find  that  the  value  of  ji'  —  qy  thence  arifing  will  be  equal 
to  the  abfolute  term  r  of  the  Cud  equation.  This  nuy  be  fhewn  in  the  following 
manner. 

'        _^_  * 

If  jr  isfuppofcdto  be  =  *'  +  i[  3  +  e  —  jfi",  we  (hall  have;f*  (=:  *  +  j  + 


3  X  *  -i-  s\l    X  r— 7f3    +  3  X  r+j]3    X  T--7[i  +  e  —  J=2e+3X 

a         I  1         a  I 

'  +  '17  X  e — #(7  +   S    X   *  +  JJJ   X  e — jIj  =  zff  +  3   x  #"+^3   x 
I  1  I        ^_i_  1 

7T~t[i  X  '— jIs  +  3  X  '— iJF  X  '  +  4'  X  «— jIj  )  = 
^^^  I  I  I       1 

*+43     X 


2*  +  3  >C 


3    4     3    X    *  —  jIs     X    « — J/h,    «nd  ?;>(=:  f    X 


f=;i 


fc  +  jjT  +  *  — J]3)  =  J  X  *  +  -fU   +  J  X  *  — J^J,  andconfequentIy;r»  — 

I        I  I         I 

fj»  =  4*  +  y  X  r+^5   X  «  —  «\^  +  3  X  <f— j|T  X  «  — /i|3  —  y  H 

'  -      ■     ■  T 

«  + Jl3  — ?  X  ^  — '!». 

Butit  basbeea&ffWBisHt.  7  thK  f*  b  =:  971' — »7J»  =  27  x   ei  —  ss^ 

Therefore  ;  will  be  5:  3  x  v"  («  — w,  or  3  x  «— M7.  Confequently  j  x 

t  ^1  ^_£_  _I_ 

#  +  j\3  will  be  =  3  X  te  —  jjU  X  r+7|3,»pd  j  x  «"— ^3  w4U  be  =  j, 

I        _____ ' 
X  ee  —  tf\i   X  *  — jIj^,    Tb*M£»t^«>fji(«i]uch  Uequal  to  2*  +  3  x 

I       I  I        I  1 

»  +  J^S   X  *r  — «l3  +  J  X  «  — 4*   K«— «\»  ■ 


-#  X  «  + JlT—  f  X 
-i  '      '•...,  ■'■  ' 

r  — jIS  )  will  be  =  d*  +  J   X    #  +  j)7  X  »  —  ^7  +  3  X  #  — jfT  X 


le  —  ii\t  -—J  X  «— JJ\3   X  '  +  n3  —  3    X   « —  «|S    X  *-^  JB  =  *' 
=  »  X  ■-  —  r;  duth,  the  value  of  (he  compound  quantity/'  —qy  tn6ng 

-  t         ' »    - 

from  the  iubftkauon  ^-Ae  eipreffioa  #~±!7U  +  r^-/l3  in  its  tewns  ioftead 

of  J',  is  equal  «>  the  abfolute  term  roTth«'cubic£ 'e(^fiori  ^' —"y>  ^  r,  and 

%      '  ~    :  confequentlj 
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I  I 

confequently  the  faid  e;cpreIIion  ^  +  j\  j  ■i-  e  —  s\^  muft  be  equal  to  the  root 
J*  of  ihe  faid  equation.  0^  b.  d. 

14.  I  do  not  remember  to  have  fcen  thefe  fubftitutions,  or  fynthetick  dcmon- 
ftrations  of  the  cxpreflions  given  by  the  foregoing  rule  of  Cardan  for  the  foot 
of  the  cubick  equation  j-'  —  qy  '=z  r,  in  any  book  of  Algebra. 

1 5.  I  will  now,  by  way  of  illuftration  of  the  cxpreflions  that  have  been  above 
inveftigated,  fubjoin  an  example  of  the  refolution  of  a  numeral  equation  of  the 
foregoing  form  j"  —  qy  —  r  hy  each  of  the  three  expreffions  above-mentioned, 
by  which  it  will  appear  that  they  will  all  three  bring  out  the  Gune  number  for 
the  root  of  the  propofed  equation. 


jfy  example  of  the  rejolution  ef  a  cubtck  equation  of  tbt 
f'regcingfom,  y*  —  fj"  =  '",  h  mtt^  of  each  of  tbt 
three  foregoing  expreffions. 


16.  Let  it  be  required  to  find  the  value  of  j  in  ihe  isquation^*.— '3jr  —  ij. 

In  this  equation  j  is  =  3,  and  r  is  i  18.  .  Therefore  v'?  is  =  v'3,  and 

Ui/S  is  =  *'^i^/^  -  2    which  is  much  lefs  than  18,  of  r.     Therefore  this 

equation  comes  under  the  firfl:  cafe  of  the  general  cquatloii  ^ '—  f  j  =  r,  and 
confequently  may  be  refolved  by  Cardan's  rule,  or  by-  cither  of  the  three  fore- 
going expreffions. 


The  refolution  ef  the  equation  J*.'  —  3  j"  =  1 8  4)^  nutiu  of 
thefirfi  of  the  three  foregoing  expreffions,  to  wit,  the  ex-  ' 
preffion  •/*  (T+T  +  - 


Z-/'' 


17.  Now,  fincc  J  is  =  3,  —  will  be  (=  i)  =.  r,  and,  confequently  h  or 


ihe  cube  of  ^,  will  alfo  be  = .  r.;  And^  Iinc«,  r  js  =  1 8,  we  flu^ll  have  -j,  or  f, 
=  9,  and  — ,  or  «,  =  8r,  and  confequently  ^' —  —  (=  ,81 .—  i)  =80; 
that  is.  Si  will  be  =  80.  Therefore  s  will  be  (=:  v'.So  =  v'fift  x  5  = 
^16   X  •  5)   =4^5,  and  *  -H  J  wiU  be  =  9   +4^/5  =  2^  + 

V    :     -  ■:.    ,-.  f^    ...-  •^-..  ^.^.--^r .      .     .   ». 


9 
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8  ~  8  ~~      -^i      * 

and  confequcntly  ^*  e  +  s  will  be  =  tJ-^.    Therefore  3  X   v''  f^  +  j  will 


l?e  =  3  X 


■i,  and 


3^'Rrj 


3  X3+jA         3+  ■/; 


—L^  =:  — i-7-,  and  ^'  (T+T  + ?— =^  will  be  =  ^±^  +  — ^ 

3  +  V^ 3+-/5  3X*^'R^  »  a  +  v'S 


—  a-<-'v^5l  xl3-»- V'^  ^        '  x»        _  9  +  6  V  j  +  s  ^  4 


_     '4  +  6^? 
3  +  ^S 


+  — ^^==    '^  +  '-';    =i±i^=3xGT:A^         Therefore3i5 

jx3+ys      ixfT+Vs       a  +  v's         3  +  v^s        *^  "* 

the  value  ofr  in  the  equation jr*  — 3^  =  »8  obtained  by  means  of  the  expref- 

fion  v"  [<  +  J  + ^=-=. 

3V*fTl  Q*  E-  I. 

1 8.  And,  upon  trial,  we  (hall  find  3  to  be  the  true  value  of  y  in  the  faid 
equation  y'  — SJ"  =  18.  For,  i(y  be  fuppofed  to  be  —  3,  we  (hall  have  y* 
z=  17,  and  3_j'  =  3  x  3  ^  9»  and  confequcntly  y'  —  3y  ^  ij  —  9  r:  iff, 
or  the  abfolute  term  of  the  propofed  equation  j"'  — ^y  :z  18.  Therefore  3  is 
the  true  value  of  j'  in  the  faid  equation.  0^  e.  d. 

And  thus  we  fee  that  the  firft  of  the  three  foregoing  cxpreffions,  to  wir,  the 

expreffion  »/'  e  +  j-\ ?_=i,  has  given  us  the  true. value  of  jr  in  the  pro- 

pofed  equation  J"  —  sj-  =  18. 


3^  refolaticH  of  the  /ante  equation  y*  —  ^y  ^  iZ  hj 
means  0/  the  Jecond  of  the  three  foregoing  exf  regions ^ 
to  wit,  the  expriffioH  */ '  (e  —  s  H ^_ — - 


I9.  Now,  fince  r  is  r=  18,  and  conTequemly  — >  or  *,  is  =  9,  and  /  has  been 
ihewB  to  be  =  V'So,  or  4  ^"5,  we  fhall  have  e  —  /=:9  —  4*^5  =  ?'  ~|--  ' 
=  '7-'7v^i  +  4?-5^i^  ^^  confequently  ^'  j^^^  = 


will  be  : 


av"!^"^      "    '        3  X  3  -  v^s 
— t       wiU  be  =  i^:-2^  +  - 

j^iinr;  ».       3- 


3-.v^S  3  -  V'S' 

.  —  '3- VstxH-- V'S 


and  '/^  e  —  j  + 


axlj-^S     , 

q_6v^S+6 


SX3-VS 
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'xii-'/S  3  X  3  -  v'S  »X3-^/S   "~ 

Therefore,  according  to  this  fecood  expreffiOB 
the  root  of  the  cubkk  equation  ji'  —  ^y^iSisjiM 


it  was  found  to  be  by  the  firft  exprcflion  </ '  (7+7  + ^ . 


tra*  refolulien  of  the  Jame  eqaathn  jf*  —  gjr  =  18  ^  means 
of  the  third,  or  l^f  of  the  three  foregomg  expre^JMS,  to 
wit,  tie  tKpriffitn  */'  fe  +  /  +  V"'  (f  —  /. 


zo.  Since  v"  (T'+Thas  been  (hewn  in  art.  17  to  be  m  iiill^  and  •/*  {t  —  s 
has  been  ftiewn  in  art.  1 9  to  be  =  ^~-*^^we ftwll  have  •/ '  /T+T  +  v" (TI^ 
=  5+js^  +  3~/S  =  J1  =  3.  Therefore  by  this  expreffion,  as  well  as  by 
both  the  former,  the  value  of  j  in  the  equation  j* — V  =  18  comes  out  to 
tw3- 


SCHOLItTM. 


fti.  I  have  dwelt  (he 'longer  -tm  The  'fupegoing  explaiuniuH  vf  Cardan's  rule 
for  refolving  the  cubick  equation  y^  ^gy  =  ''  in  its  firft  cafe,  or  when  r  is 
greater  than  ^^^,  or  —  is  greater  than  — ,  becauTe  I  have  ob(erved  that  it  has 
been  delivered  by  many  writers  of  Algebra  with  an  uncommon'degrec  of  ob- 
fcurity*,  and  has  beemnade  the  fubjcft  of  much  myfterious  and  fantaftick  re»- 
foning,  or  rather  difcourljng,  concecnii^  native  and  iuipoffible  quanddes. 
But  now,  I  hope,  it  will  be  found  intelligible,  and  even  cafy,  to  every  reader 
who  is  acquamted  with  the  iirft  rudiments  of  AlgebEa. 

22.  This  method  of  refolving  cubick  equations  of  this  form  j"'  —  qyz^r,  in 
the  firft  cafe  of  it,  or  when  —  is  greater  than  ^,  or  r  is  greater  than^^^,  and 
-%  fimilar  method  t)f  refolving  cubick  equations  of  the  firft  form,  ;;7*  +-^  :=-r,  in 


*  Sec  Newton'*  jlrilhmellea  Um-orr/aSr,  the  id  edition,  in  the  yew  17*1,  pagea  379,  «8o,  a8l  1 
and  Mae  Laurin'i  Jlgeha,  PaK  II.  coap.  viii.  pagei  321,  04,  aat,  and  Vvt  I.  dup.  xit.  the  Siq>- 
^ement,  pwe«  K7,  128,  119,  130 ;  and  ClaJrmU'j  £ltmmr  &AlgE>n,  pagM^aSx,  JS},  .  ..  .*^7, 
and  SamdtrfaiCi  A^cha,  Vol.  II.  p«gu  692,  693,  694,  695, 707. 
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all  cafes  <^  that  form>  or  whatever  may  be  the  relative  magnitudes  of  the  co-effi- 
cient  q  and  the  abfolute  term  r,  are  uuialljr  known  by  the  name  of  Cardan' t  Rules, 
becai^e  they  were  firil  publilhed  by  him  la  his  Treatife  of  Algebra,  intitled.  Art 
magna,  quamvulgi  Cossam  vecanl,/eu  reoctlas  Algebraicas,  in  A.  D.  1545, 
and  not  becaufe  they  were  of  his  invention.  For  the  rule  for  refolving  cubick 
equations  of  the  firft  form,  y*  +  qy  =  r  was  firil  difcovered  (as  Cardan  himfclf 
iiuorms  us)  by  one  Scipio  Ferreia,  or  Feme,  of  Bonenia,  or  Bokpia,  in  Italy,  about 
30  years  before  the  publication  of  Cardan's  treatife  above  mentioned ;  and  the 
other  rule  for  refolving  cubick  equations  of  the  fecond  form  y'  —  qy  —  r,ia  the 
firft  cafe  of  it,  or  when  —  is  greater  than  ^  (and  which  has  been  the  fubjeft  of 
the  foregoing  pages)  was  invented  by  another  Italian  named  Nicholas  TartagUa, 
or  Tartalea,  who  was  Profeflbr  of  Mathematicks  at  Venice,  and  diftinguimed 
himfclf  very  much  by  his  ingenious  difcoveries.  He  was  a  cotemporary  and  a 
friend  of  Cardan,  and  communicated  this  invention  to  him  under  a  Arid  pro- 
mife  that  he  would  keep  it  fecret ;  and  when  Cardan  afterwards  publifhed  it  in 
the  treatife  above  mentioned,  Tartalea  complied  bitterly  (rf  his  breach  of  pro- 
mife,  and  would  never  afterwards  be  reconciled  to  him.  He  died  in  A.  D. 
1557.  See  Montucla's  Hijleire  des  Maibematiques,  Vol.  I.  pages  462,  and  479, 
480,  4&1. 

.    JE*/  ef  the  itrvejiigatien  and  iUuJlratim  of  Cardan's  Rule 
for  refolving  the  cubick  equation  y^  ~  qy  =  r  in  the 

firfi  cafe  of  it,  or  whenr  is  greater  than  ^^,  or  — 
is  greater  than  — , 


23,  I  (hall  now  proceed  to  convert  the  laft  of  the  three  foregoing  oxpreffions 
of  the  value  of  the  root j?  in  the  cubick  equation  y'  —qy  —  r,  to  wit,  the  ex- 
preflion  1/'  le  +  s  -^  V  {f  —  J,  into  an  ezpreffion  involving  in  it  an  infinite 
feries  of  terms ;  which  may  be  done  by  means  of  Sir  Ifaac  Newton's  two  theo- 
rems for  finding  the  root  of  a  binomial  quantity,  as  i  -f-  x,  and  the  root  of  a 
relidual  quantity,  as  i  — x;  both  which  theorems  have  been  demonftrated  in 
fome  of  die  preceeding  difcourfes  contained  in  this  volume  of  tracts. 


PROBLEM 


24.  To  convert  the  expreffion  v'' jT+j  +  »/>  (ir  —  /  (which  has  been  Ihewn 
to  be  equal  to  the  root  y  of  the  equation  j»'  —  jji  :=r  in  the  firft  cafe  of  that 
equation,  or  when  r  is  greater  than  ^^^,  or  —  is  greater  than  ^)  into  an  ex- 

prefCon  containing  an  infinite  converging  feries,  by  means  of  Sir  Ifaac  Newton's 
binomial  and  refidual  theorems  in  the  cafe  of  roots. 
Vol.  II.  3  N  s  o  l  u- 
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Since  e  +  t  i&  =  e  X  |i  +  — ,  and  /  —  J  is  =  ^  X  U  —  — ,  «  fellows  that 
'/'  \f  +  s  will  be  =  v''  f  X  ■/'  |i  +  — ,  and  */^  fr  —  j  will  be  =  v'*  ^  x 
^/'(i— — ,  and  confcquently  V  If  +  J  +  v^'w — j  will  be  :r   v"(?"x 


\^'(i  +  -f  +  V'Fx  */'fi— 7  =  ^'FxK'  |i  +  7  +  ^'P  —  7' 
But,  by  the  binomial  theorem  in  the  cafe  of  roots,  ^^  ji  +  —  is  equal  to  the 
infinite  feries  i  +-i.A-i  —  ■iB4+-5-c4-  —  D^  +  -E4  —  -^ 

<»  JI  «»  24  *•  2J  «»  30  *"  33  *"  36  «■» 

mjinitumy  or  (if,  for  the  faJie  of  brevity,  we  omit  the  feveral  generating  fraftions 

I         3        C         8       II       14      17     .      .  t       !•     ■  1     B*  CJ*      .     D/'  EJ*      ,      n* 

369'iiisi82i         '  t  t*  €*  t*  «' 

GJ*  Hi'  Ij'  KJ»  LJ"  MJ"  MJ"  Oi"  PJ'*  Q^j'S  R  ('■ 

"7"  "*"  "77"  "  "^  +  "^  ~*  ^o  +  ,11  »«»  "f"  "?*"  «■*"'"  "?>  "7^  '*' 
ii^-  —  ^  +  &c  a^  infinitum.  And,  by  the  refidual  theorem  in  the  cafe  of 
roots,  \/Mt  —  —  is  equal  to  the  feries  i—  — A  —  —  -tB-^  —  i-C^ 

8    n  "*  "  F    '*  '+  F    ^  '?  n   ''  "  H  '*  "J  T  ^  a*  If 

—  »^;j  — 71^;?  — T8^;^-2-7^;?  — ^"7--;?^-?-3-5*^ 

—  lZRiIl_S2  s4r  —  Scc*^  ittfittiium,  or  to  the  feries  i  _  1!  —  —  — 

D  J*  E  J*  F  I*  C  J»  H  J*  I  j"  K  J»  LJ*"  Ml"  K/"  Ol"  f  j" 

~         "^T        "TT  ,•  ,7  ,»  ^  eio  ,11  ,i«  Ti  711 

—  ■^~ ^^  —  ^  —  ^^^ ice  ad  infinitum,  which  confifts  ©f  tke  very 


fame  terms  as  the  feries  which  is  equal  to  y"  |i  +  ->  but  with  the  fign  —  pre- 
fixed to  every  term  after  the  firft  term  i  inftead  of  every  other  term. 

Now,ifthefe  twoferiefes  (whichareequal  to  V'' [i  +  — and^^ji — — )be 
added  together  their  fum  will  be  the  feries  2  —  ~ ~-  —  ^ —^  — 

i^i^  —  ^-^ ^  —  -^  —  -^f-  —  Uc  ad  i^nitum,  in  which  all  the 

terms,  after  the  firft  term,  2,  are  marked  with  the  fign  — ,  or  fubtratfted  fi:om 
the  f£ud  firft  term.    Therefore  ^'  r  +  -^  +  ^»  [i  —  -i  will  be  equal  to  the 

faid 
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—  . ,  -    .  icj*         JEJ*         tafi         aij*         iL*'*         »Kj"         apj"         j « j" 

(aid  fencs  2--;; ;; ^--? ^  - -^j TT  '  1^ 

—  ij? i:c  ad  it^Ki/um,   Therefore  %/ '  F  X  |v/ '  (1+^  +  V^'li j- 

Will  be  =  v  '  (f  X  the  faid  fenes  2 ^ -j-  —  — ^  —  — j -jj- 

—  — ^,     —  —^^— — I! li &c  ad  tnfinttum  =  2  v^M'  X  the  fenes 

Ci»  BJ*  6j"  I  J*  LJ"  Nl"  ri'*  »j'*  T*"  -  ,  . 

,  __^_™___j.___-_--j^^_.  -- ;is-  — --a--8tcW/»- 
JfelV«»t■  Therefore  the  expreflion  ^/'[e  +  s  +  \/'  [e  —  s  (which  is  =z  y"(r 
Xv/'  |t  +  —  +  *'']'  — — )  *'ll  be  equal  to  2v"  I^X  the  feries  i  —  ^ 

it*  ofi  I  J*  L  j"*  V 1'*  Pi'*  X  j"  Tf'* 

—  .^j -^ p-  —-75 ^— —  — -^l! ?r —  Sec  ad  injHitum. 

q.  E.  F. 

25.  It  follows  from  the  foregoing  article,  that  the  root  j"  of  the  cubick  equa- 
tion _j>'  —  yjF  =  r  (which  has  been  (hewn  above  10  be  equal  to  the  expreffion 
■/'  /^  +  J  +  v"k  —  -^3  will  be  equal  to  n/^  w  X  Ae  infinite  feries  i  —  ^ 

—  -^-  —  —-7-— -73-  --;:r—-^—-;ir—';s-  -  Sec  ad  mjmttum. 

a6.  This  fcties  will  always  be  a  converging  one ;  becaufe ^,  or  ss,  is 

always  lefs  than  — ,  or  «,  and  confequently  the  fraftions  — ,  ^,  -j-,  ^,  -^, 
-TTt  -Tr>  -^1  -71  f  &c  (which  are  the  literal  parts  of  the  terms  of  the  faid  fe- 

fX%'     ft**     ^it'     ftir  ^  r 

ries).  will  form  a  decreafing  progrelEon,  and  therefore  the  terms  themfelves, 
which  are  produced  by  the  multiplication  of  the  faid  fradions  into  the  numeral 
co-efficients  C,  E,  G,  1,  L,  N,  P,  R,  T,  &c  (which  Hkewife  are  a  decreafing 
progreffion),  will  alfo  form  a  decreafing  progreffion. 

27.  If  we  compute  the  feveral  numeral  co-efficients  of  the  terms  of  the  feries 

3t  Ci»      ,     DJ*  II*      ,     PJ*  OJ'      ,     Hj'  11'     ,     Ki*  Ll'"     ,     Mi" 

'  +  T--+  — --+  —  --?-+  — -TT  +  TT ->■-+•?;-- 

—  -t-  --jj*  —  -IT  +     >r  "~  "?r  +  -w  ~~  "3"  +  «c  atf  ififtnitum,  which  is 

equal  to  /Mi  +  •-»  we  thall  find  them  to  be  as  follows,  to  wit : 

As  I, 
andB(=iA=  jx  i)=j. 

and  C  (=  '-^  B  =  ^  X  -  =  -  X  t)  =  r. 
and  D  (=  -^  C  =  -1  X  ^)  =  ^ 

3  N  2  and 
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"and  H(=-G  =  -X5^-—  X  ^^j,  -  j^^jj,;  -  ,,,68,' 

J  ,  ,_  »  H  _  "  V  J2i-  -  i.  X  J^  =  -S-  X  .'^""  =    i"'') 
and  1  (—  -  M  _  —  X  ,,_(,3j  -  6   '^    19,683         3x1  '•    19,683         3X19.6«3' 

=    *3S 
S9>»49' 

andK  (_  —  1   -  ,,   X  ^^^/        i,594,5»3 

J  r    /       »6  V  _  ■'  ^,      "'S"'     -  12   X     "■'°'      -  -12-    X     '"""     = 
and  I- (-  —  »■— 5;  X   ,,j„.,,3  —   15    •^    i,S94.3>3         3XS  '.SStS'S 

'3x4301     .  _     S;,9'3 

3  X  l.S94,3'3'^        4.78'>969' 

and  M  (-  j^l-  -  33  X  ^,,8,,^J  -  14,348,907' 

J  M  /       3>  VI  -  3"  „  '47.4°7     -  1  y.     '47,407   s  _     '•'79.'i« 

"°''  ~  V=  56              36  '^  I4.!4«fl'>7        9         '4.348.907'     .    "9."40.'63 

n  ^       J!  M  _  35    V     ■■'79.'S^     3i       „    '3X90.7"    _      3i>'9°.1"    \ 

and  O  (_  —  N  _  —    X  ,29,^5,163  "~  3x13    '^   119,140,163  ~*  3Xi>9,I40,l63' 

_     3.'74.9'° 
■~  3'7.+»o.4V 

and  P  (=  -  O  -  -  X  3j,^,„;,8,  -  „   X   38,,4,o,4«9         3X7    "^   387,420,489 
_     '9     „  7X4;3.i6o  _     '9X4;3,i6o   ,   _      9,617,640 
-  JT?  '^  387,410,489        3x387,410,469  ','6>,"6i,467  . 

,  „  ,      4<         D   _  4"   ^,      8,617,640       _  .11.    „      8.^'7.64° 

andQ.C=—  X  r  —  jj  X  ,,,51,161,467  —  5x9  '^  1,161,161,467 

^x  1,713,518    _     41 X  '.713.S'8    .  __      70,664,648 
1,161,161,467  ~  9x1,161,161,467-'         10,460,353,103' 

JO  ^-44r.  -44    X       ''■'^«4,648       _   li     „        '°'^**'''^       =    -^    X 
""O  *  (— ;8^~  48  10,460,353,103  li     ^     10,460,5(3,103  3X4 

4X  17,666,161  11x17,666,161  >  _     '94.3'7,78' 

10,460,353,203  ~3XIorf6o,353,i03-'        31,381,059,609' 

„J    q    <■-     "    R  -    11    X       '"■^"•'"       =    ^*^    X    imi^'j^    = 
a""   ''  A-     7;    ^   ~    sT    '^     3".3".°59.6o9  3X17  3'>3»'.i>S9.«°» 

47X".43',046   >  _     i37,'S9.'6i 

3X3i,3»i,o59.609'        94.'43.'78.827' 


X 


■.3,43'.479.''5» 
»i54'i8'li8'8>3'9' 


50   „    so  (37,159,161       _     J£     „        ;37.'i9,'6'  \     _5 

«ndT(=^»—  ^x   ,,,143,178,81,    -    27    -^    9*'43.'78|S2;' 

NotCi 
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Note,  thefc  values  of  the  co-efficieats  B,  C,  D,  E,  F,  G,  H,  I,  K,  L,  M,  N, 
O,  P,  Qj  R.  S,  and  T,  arc  exprefled  in  the  fmallett  poflible  numbers. 

28.  It  follows  firon  an.  25  and  27  that  the  root  y  of  the  equation  y^  ■--  qy  ■=r 

is  equal  to  the  expreiEoa  z  t/^^e  x  the  infinite  feries  t  —  ~  —  -^^-j-  — 

M4J*     _     93i<'      _     <S.9'3^"'       _^       i.i79.«i6«"       8^17.640  j"         ___ 

6561  <•  59^49^  4»78»f9^9<"'  ia^i40,j6j<"  i,i&2,26i,467('*     "^ 

31,381,059.609*"  3,S4'»86s.8a8,3J9»" 

29.  It  has  been  obfcrved  in  art.  26  that  the  feries  i—  —  —  ^  —  ^   — 

ij-  —  -TT  —  — n It TTT  "~  "jT  —  tec  ad  infinitum  will  always  con- 

vei^e ;  from  whence  it  follows  Am  the  expreffion  2  •*  (f^  X  the  faid  feries  1  — 
ew        Bi*        g/        1/*        hi"*        vi"        vt'*        «j'»        Tj"         ,         J  ■  £  -. 
—  --7-  --jr— -?--  —  —  "TT— -77  -7s-—  Ti ice  ad iftfimtum 

wiU  always  truly  exhibit  the  value  of  the  root  y  of  the  cubick  equation  y*  —  qy 
=  r  in  the  afore£ud  fitft  cafe  of  it,  or  when  —  is  greater  than  — ■  And,  when  ss 
is  confiderably  lefs  than  ecy  or  —  —  —  is  confiderably  lefs  than  — ,  or  —  is 
very  little  greater  than  ■£,  the  convergency  of  the  terms  of  this  feries  will  be  fuf- 
ficient  to  make  it  ufeful.  But  in  other  cafes,  or  when  —  is  much  greater  than 
■i-  (as,  for  example,  when  —  is  triple,  or  quadruple,  or  quintuple,  of  ^,  or  <rf 
fome  ftill  greater  magnitude),  the  terms  of  this  feries  will  decreafe  fo  llowly  as 
to  render  it  very  unfit  for  praftice.  And,  indeed,  in  the  moft  fevourable  cafes, 
this  expreffion  of  the  value  of  the  root  y  of  the  equation  y*  ~qy^r  will  be 
lefs  convenient  in  praftice  than  the  expreffion  y"  (7+T  +  ^*[e  —  t',  from 
which  it  is  derived.  But,  though  its  merit  in  a  pradical  view  be  but  fmall,  yet, 
as  it  is  the  foundation  of  the  method,  which  is  here  intended  to  be  explained,  of 
extending  Cardan's  rule  to  the  fccond  cafe  of  the  equation  ji'  —  yjr  =  r,  I  (haU 
now  proceed  to  illuftrate  the  truth  of  it  by  applying  it  to  the  refolution  of  a  fingle 
numeral  equation  of  the  foregoing  form  y*  —qy  =  r,\a  the  firft  c^e  of  the  iaid 
equation,  or  when  —  is  greater  than  — ,  in  which  I  have  taken  care  to  choofe 
fuch  numbers  for  q  and  r  as  Oiall  make  —  be  but  little  greater  than  — ,  and 
confequently  fhall  give  us  only  a  fmall  quantity  for  the  value  of  the  fraAion 
— ,  by  the  contiaual  multiplication  of  which  the  vaaa  of  the  above  feries  are 
generated. 
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A  «<«i«y&  0/  l!"  rtfilutim  tf  a  aiiiik  tfualiim  of  lit 
fortgoini  form  y  —q}  =  r,  in  Ihlfrft  fji  afil,  (or 
whm  r  is  griattr  Ibm  2^,  or  j  it  piatir  than  f!) 

h   mms   of  Iht  txtrtpm    2  v"F  X    '*«  >»>'" 
C«        E4*         OJ*         1^         fj^        wj^* 

/«•!«  I  -  -^r  ~  "?■  "  "? —  "?■"<■•      <■• 

_Li^_i^_Ii|!—  &c«i  infnilim,  or  l  •  ■  f 

'"         ''         ''         I  »         ">    V   •* 

X  /i"f  infinite  Jeriei  I  —  T^TT  —  aii         '*^ 

■!+    „    ^         _21i_   V  i  —     "'^'^      X   —  - 
bSbi'^    f^  i9.049  <^    ,    4.;8'.9'9  J" 

;,.7*iii  V  ii  -  -'■^"■'«s-  X  -^^  - 

n5ri40.''j              '■'  i,i6i,.6i,46j              <" 

io4,,i^,7i.        „      ."  H.4!i.t7»°i°       V     i, 

3i,3»,.0S9,(^     X     TT  —     .,;4,.86s,8!8,3.9           ?> 
—  Wc  ad  injimlum. 


30.  Let  it  be  required  to  refolve  the  equation  ;■•  —  3oo;r  =  2108  by  meanj 

ofthisexprcflion.  ,       ,  .  ,  •«  ■ 

Here  ,  is  =  300,  and  r  is  =  M08.    Therefore  X  .s  =  .00,  and  ^  is 

(=  •1^=  /  1°°)  =  "o.  ""1  confequently  |^  is  (=  100  X  10)  =  1000, 
and  Hii  is  (=  2  X  1000)  =  2000,  which  is  lefs  than  2108,  or  r.    Therefore 
this  lo^'uation  comes  under  the  Brft  cafe  of  the  general  equation  j^'-  ,}  =  r, 
a^rSquentlf^ayberefolved  either  by  one  of  the  tlree  expreffions  ob- 
Snedty  Cardan's  fecond  rule  above  explained,  or_  by  the  feeg^ngjranfen- 
dental  expreffion  2  v"  P  X  the  feries  i— ^-  —  -7"        .>         <"~ 
HJ^  —  kcad  infnilim,  which  was  derived  from  the  third,  or  laft,  of  them. 
''  31.  Now,  Cnce  r  is  =  2108,  we  Ihall  have  i,  or  t,  =   1054,  and  ^,  or 
«,  (=  7^')  =  1,110,916.     And,  fmce  }  is  =  300,  we  ftall  have  i-  = 
,lo,  and  f ,  or  the  cube  of  |,  (=  7^")  =  1000.000,  and  confequently  „, 
„,:L-i.  (-  1,110,916  —  1000,060)  =:   110,916.     Therefore  the  frac- 
ti„n*.|i-  will  be  (=  j^,)   =   0.099,841,93^.-; 
and  4'  will  be  (=  o.099,84i.93-,M")  =  0-009,968,411,+  i 
and4wmbe(=-$-  X   f   =   0.009,968,411,4   X    o.099,84i.93-,0  = 
0.000,995,265,4;  ^^ 
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and -^  will  be  (= -jr  x  ■—  =   0.000,995,265,4  x  0.099,841,932,4)   = 

0.000)090,369,2 ; 
and  -n-will  be  (=  -T  X  -r  =  0.000,099,369,2  x  0.099,841,932,2)  = 

0.000.009,921,2; 
and -TT  will  be  (=  -^  x -^   =   0.000,009,921,2    x   0.099,841,932,2)    = 

0.000,000,990,5 ; 
and  —  will  be  (=  —  x  -j-   =   0.000,000,990,5    X   0.099,841,932,2)  = 

0.000,000,098,8 ; 
and -j;- will  be  (=  -^  x -^   =   0.000,000,098,8    X   0.099,841,932,2)    = 

0.000,000,009,8 ; 
and  ^  will  be  (=  -^  x  -y  =  0.000,000,009,8    x   c.099,841,932,2)   = 

0.000,000,000,0 ; 
And  confequently  ^will  be  (=  C  X  0.099,841,932,2  =:  —  X  0.099,841, 

93t^2  =  °-°99Mh9i','^  _  0.011,093,548,0: 
and  —  will  be  (=  E  x   0.009,968,411,4  =   —   x   0.009,968,411,4  = 

10  X  o.ooq,Q6S,4it,4        0.000,684,114,0^  , 

vj  'j_''»  —  _:22__2i_r_)  —  0.000,410,222,6; 

and  ^  will  be  (=  G   X  0.000,995,265,4  =  -^  x  0.000,995,265,4  = 

■  S4XO.ooo.yy^,.6;.4^°..S3.»7°.87-.6  (_  0.000,023,360,9; 
6j6i  6561  '^  '      ■"■'      '^' 

and  V  wi^l  be  (=  I  X  0.000,099,369,2  =   -— r  X  0.000,099,369,2  = 

9?;  X  0.000,099.369.2  ^  o.o9«.9-o-'o^'>3  -  0.000,001,573,4: 

and^^  will  be  (z:  L  X  0.000,009,921,2  =  '    a^^  ^  0.000,009,921,2  =r 

yS.9.3X  0000^^9,..,  ^  o^SS^T^o^'^  0.000,000,115,9; 


and  - 


_     i,i79.»S^ 


-  will  be  (=  N  X  0.000,000,990,5  =  -  ' .  ^  ';-   X  0.000,000,090,6 
\  i?7  jj       119,140,163  "    -' 

_  i,i79,js6x  0.000,000,990,^  _  1.168,053,068,0. 

=  — -^-^ — -T — —  = -'"  , — )  :=  0.000,000,009,0; 

139,140,163  139,140,163    '  >        >      y<    » 

and  ^T^  will  be  (=  P  X  0.000,000,098,8  =  — '  '■^'  ^.  ■  x  0.000,000,098,8 
*'♦  ^  '       '   '  '  1,162,161,467  '       '  ^  ' 

8,6r7,640  X  0.000,000,008,8        o.8ci,4iz,8ii,o. 

= —  V,  ,a;  a —  —  =  — .     .  ■■  %■— )  =  0.000,000,000,7; 

1,162,261,467  1,162,361,467    ^  I  J  tl  w 

and  ^  wiUbe(:=  R  x  0.000,000,009,8  =  .iy'3'7.78»_  ^  0.000,000,009,8 
194^327,782  X  0.000.000,009,8  _  1.904,413,363,6. 

S  '  o ; • — 21-  —      ■  '  Z.    —     .'     \  —  0.000*000.000.0. 

3'»38i.0S9.609  3'.3«>»o59.fto9'        "•y"">wu,uuu,^* 

Therefore 
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Therefore  l^  +  ^+^  +  f^+~+^  +  ^+^+  &C  wilt  be 
■=.  0.011,093,548,0  +  0.000,410,122,6  +  0.000,023,360,9  +  o.ooo,ooi> 
573,4  +  0.000,000,115,9  +  0.000,000,009,0  +  0.000,000,000,7  +  0.000, 
000,000,0  =  0.011,528,830,5  4-  &c;  aad  confequently  the  feries  1  —  ii- 

— -^i -6 -^ "To ~ ^^-^r  —  «c  wiDbe  =  1.000,000, 

000,0  —  0.011,528,830,5  &c  =  0.988,471,169,5  —  &c. 

Further,  fince  /  is  =  1054,  we  fhaU  have  ^/'  (r(=  y"  (1054)  =  10.176, 
853,833,7,  and  confequendy  2  $/^  (*  (=  2  X  10.176,853,833,7)  =  20.353, 
707,667,4.     Therefore  2  /'  (7x  the  feries  i_^_^_^_^  _ 

^15 —  ^^ -^  ~  ~s ^c  ad  hfinitttm  wUl  be  =r  20.353,707,667,4  x 

0.988,471,169,5  =  20.119,053,221,6,  Thepeforc  the  root  of  the  propofed 
equation  J"'  —  300J'  =r  2108  is  =  20.119,053,221,6,  Qj  e.  i. 

32.  This  value  ofy  is  true  to  nine  places  of  figures.  For  its  true  value  is 
fomewhat  greater  tlum  20.ii9/>53,z,  as  will  appear  by  fubftituting  20.119, 
053,2  inftead  of  j  in  the  compound  quantity  jf'  —  300J'.  For,  if  we  fuppofe^ 
to  be  =  20.119,053,2,  we  fliall  have  y*  =  404.776,301,664,430,24,  wd  jr* 
=r  8143.715,947,285,920,546,248,768,  and  3ooj»  (=  300  X  20.119,053,2) 
—  6035.715,960,0,  and  confequcntly  j»' — Sooj"  (=8143.715,947,285,930, 
546,248,768  —  6035.715,960,0)  =  2107.999,987,285,920,546,248,768, 
which  is  fomewhat  lels  than  the  abfolute  term, .  zio8,  of  the  propofed  equation 
yi  _  300/=  2108;  and  confcquentiy  20.119,053,2  muft  be  fomewhat  Icfs 
than  the  true  value  o£y  in  the  faid  equation.  And,  if  we  were  to  profecute  the 
value  of  jf  fomewhat  further  by  means  of  Mr.  Rapbfon's  method  of  approxima- 
tion, by  fuppofing^  to  be  =  20,1 19,053,2  ^  z,  and  fubftituting  this  quantity 
inftead  of  _y  in  the  equation _y*  —  300/  =s  2"To8,  and  refolving  the  new  equa- 
tion that  would  refult  from  fuch  fubftitudon,  as  if  it  was  a  limple  equation,  (to 
wit,  by  otnitiing  all  the  terms  that  involve  ehher  the  fquare,  or  cube,  of  z)  we 
fliould  find  a  to  be  equal  to  the  fraftion  '>-'x».p^'.7'4»o79.4S3.7P.'?«  ^  ^^  ^ 

000,013.  And  coofequentlf  the  firft  eleven  figures  of  20.119,053,2  -f*  2,  or 
of  the  trui  value  of  jf  in  the  propofed  equation  j*^  —  3ooy  =  2108,  would  be 
20.119,053,2  +  0.000,000,013,  or  20.1^9,053,213. 

33.  It  appears  therefore  from  the  foregoing  example,  that  this  expreOioa 
iv'  [e  X  the  infinite  feries  i -; 3-"^  -r  "-  —15-  ~~  "«-  """S" 

—  — ^  —  -^ &c  does  truly  exhibit  the  root  y  of  the  cubick  equation  y* 

—  ^jr  =  r  in  that  cafe  of  it  which  falls  un4er  Cardan's  fecond  rule  above  ex- 
plained, or  in  which  r  is  greater  Aan  ^^^,  or  ~  is  greater  than  p. 
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Of  the  Jtcond  cafe  ef  the  cubick  equation  y*  —  ?  J'  =  '"> '» 
which  the  abfolute  term  r  is  lefs  than  --y,  or  —  is 
Ufi  than  -2i. 


34..  We  mud  now  proceed  to  confider  the  other  cafe  of  the  cubick  equation 
_jr>  —  ff  y  =  r,  in  which  r  is  lefs  than  ^^,  or  —  is  lets  than  — .  This  cafe  (as 
■we  have  already  feen)  cannot  be  refolved  by  the  aforefaid  rule  of  Cardan,  be- 
caufe  it  b  impoflible  in  this  cafe  to  divide  the  line,  or  root,  y  into  two  fuch  parts 

V  and  z,  that  the  product,  or  reftanglc,  under  the  faid  parts,  to  wit,  the  produft 
f  z,  (hall  be  equal  to  — ,  and  confequently  that  3  v%  fhall  be  =  y,  and  3  uz  X 

V  +  »  fliall  be  =:  J  X  v  +  z,  which  is  a  fundamental  ftep  in  the  folution  of 
Problem  1  given  above  in  arc  5;  And  on  this  account  this  cafe  of  the  equation 
yi  ^qyi=r  has  obtained  amongft  Algebraifts  the  name  of  the  irreducible  ca/e; ' 
and  particularly  it  is  often  fo  denominated  by  the  French  writers  of  Algebra. 
Monfieur  Montucla  in  his  Hiftoire  des  Matbimatiques,  Tom.  I.  page  482,  fpeaks 
of  it  in  thefe  words  :  On  doit  &  Cardan  fa  remarque  de  la  limitation  d'un  cas  des 
equations  cubiquei,  oii  il  arrive  que  VextraSIion  de  la  racine  quarree  qui  entre  dans  la 
formule,  n^eji  fas  fo_ffible.  C'efi  ce  que  nous  appeUons  le  cas  irr^duftible ;,  dont  la 
difficulte  a  donne  et  donne  encore  la  torture  aux  Analyjies.  It  may,  however,  be  re- 
folved by  means  of  a  certain  tranfcendental  expreflion  (or  expreffion  containing 
an  infinite  feries  of  terms)  which  bears  a  great  refemblance  to  the  foregoing 
tranfcendental  expreflion  which  we  have  fhewn  to  be  equal  to  the  value  of  j"  in 
the  firft  cafe  of  the  equation  _y'  —  oy^r,  to  wit,  the  expreffion  2  \/'  iTx  the 

'     fi     >      fr    '  ^^  '**  "  ^'*  '"'"'  M<"  PJ'*  in"  TJ'* 

—  &c,  and  which  was  derived  from  the  finite  expreffion  v'^[7+j+  i/'^\e—  s 
by  the  help  of  Sir  Ifaac  Newton's  binomial  and  refidual  dieorems.  To  affign  fuch 
a  tranfcendental  expreffion,  and  to  demonftrate  that  it  will  be  equal  to  the  root  y 
c^che  cubick  equation  j*'  —  ;^  =:  r  in  the  fecond  cafe  of  ic,  or  when  r  is'  lefs 
than  ■  ^s  OT  —  is  lefs  than  ■^,  with  a  certain  limitation  which  we  (hall  men- 
tion  prefently,  is  the  chief  objeA  of  the  remaining  part  of  this  difcourfe. 

35.  In  order  to  preferve  the  two  cafes  of  the  cubick  equation^'  — JJ'  = '" 
(in  the  firft  of  which  the  abfolute  term  r  is  fuppofed  to  be  greater  than  -~-t 

and  in  the  fecond  of  which  it  is  fuppofed  to  be  lefs  than  the  fald  quantity), 
diftinft  from  each  other,  it  will  be  convenient  to  denote  the  root  of  it  in  thefe 
two  cafes,  and  Hkewife  the  abfolute  term  of  the  equation,  by  different  letters. 
I  Ihall  therefore  henceforward  denote  the  root  of  this  equation  in  the  firft  cafe 
of  it  (or  when  the  abfolute  term  is  greater  than  ^^^),  by  the  letter  y^  and  in 
Vol.  II.  30^^  the 
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the  fecond  cafe  by  the  letter  a',  and  ihall  denote  the  abfolute  term  of  the  equa- 
tion in  the  firft  cafe  by  the  letter  r  (as  in  the  foregoing  articles)  and  in  the 
fecond  cafe  by  the  letter  / ;  fo  that  the  two  cafes  of  the  equation  y''  —  qy  ^r 
will  now  be  exprefled  by  the  two  feparate  equations  j"*  —  qy  ^.r  and  **  —  j* 
=  /,  in  the  former  of  which  r  Is  greater  than  ^^~,  and  in  the  latter  of  which 

t  is  lefs  than  ~-^,  the  letter  y  being  fuppofed  to  denote  the  fame  quantity  in 
both  equations.  And  I  fliail  denote  —  (as  before)  by  the  letter  e^  and  —  —  ^ 
(as  before)  by  the  letters  ss,  but  (hall  put  the  letter  g  for  — ,  and  the  letters  xz 
for  1.  —  — ,  or  -^  —  gg.  With  this  notation  the  propofition  which  I  (hall  now 
endeavour  to  demonftrate,  will  be  as  follows. 


PKOP.     J.         A     THEOREM. 

36.  If  in  the  foregoing  tranfcendental  expreffion,  to  wit,  1  v^'  (Tx  the  infi- 

.  '.  CJJ  El*  8J*  11'  LJ"*  Ni"  Fl"  rJ"  Ti" 

&c  ad  infinitum  (which  has  been  Ihewn  to  be  equal  to  the  root^  of  the  cubick 
equation^  ^  —  jji  =  r),  we  make  the  following  changes,  to  wit,  firft,  infert  the 
letter  g  every  where  inftead  of  the  letter  e,  and,  fecondly,  infert  the  letter  2 
every  where  inftead  of  the  letter  /,  and,  3dly,  change  the  fign  —  into  the  fign 
+  in  the  fecond,  and  fourth,  and  fixth,  and  eighth,  and  every  following  even 
term  of  the  infinite  feries  contained  in  the  faid  expreffion,  the  new  tranfcenden- 
tal  expreffion  that  will  be  thereby  obtained,  to  wit,  the  expreffion  2  \/'  ^X 
the  infinite  lerics  i  + -r-  H — 5-  —  — r  +  — rr rr  +  -71 nr 

^^  ss  ,     t       &         r       s  s         i*       ^ 

+  -^^  —  &c  ad  infinitum  will  be  equal  to  the  root  x  of  the  cubick  equatioa  x*' 
—  qx  =  t;  provided  that  the  abfolute  term  /  o(  this  equation  (though  it  be  tef> 
than  .^^)  be  greater  than  \/2  X  i^,  or  that  — ,  or  gg,  (though  it  be  lefs 

than  ^)  be  greater  than  —  X  ^,  or  than  ■^. 

37.  This  limitation  is  neceflary  to  the  end  that  the  feries  i  +  —  —  ^  +" 

—5-  ■ r  -\ — TT  ~-  -:^r  H — ;r  —  -;*-  H — n «c  (which  lornw  a  part  of 

the  expreffion  of  the  value  of  the  root  *)  may  dc  a  conTcrging  feries.  For  if  /  is 
lefs  than  1/2  X  ^^,  or  —  is  lefs  than  i-,  the  compound  quantity  21  __  —  wHl 

be  greater  than  2-  — -^^  or  than  ~-  —~,  or  than  ^,  and,  ifortiortt  greater 
6  than 
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than  — ;  that  is,  zz  will  be  greater  than  gg ;  and  confcquently  the  terms  of  the 
fenes  i  H ::r  H — r  "*  ":t  +  'tis Tn — r  "t; ir  t — rr  ~" 

gg  s  S  s  S  S  S  S  S 

&c  will  diverge,   inftead  of  converging,   and  the  faid  expreffion   z  v^'  g 

X   the  faid  fenes   i    + -;i~  +  Ti ~^  ^  -^ rir   +  -ir 

_^  i?         i  «  g         g.  e  g* 

—  1^  +  I^ &c,  will  confcquently  become  ufelefs.    But,  when  /  is  lefs 


than 


^3 


and  yet  ercatcr  than  \/2   x  ^^.  or  —  is  lefs  than  ^,  and  yet 
■'      °  3v3         4  37 

greater  than  ^,  the  terms  of  the  afiDrefaid  feries  will  converge,  or  decreafc,  and 

the  aforefaid  iranfcendental  expreffion  will  be  equal  to  the  root  x  of  the  equation 

x^  —qx  =  t. 

38.  Now,  in  order  to  demonftrate  this  propofiiicm,  it  will  be  necelTary  to  make " 
fome  further  obfervations  on  the  former  tranfcendenHal  expreffion  2  t/^  (Tx 

the  infinite  feries  i  —  —  —  -^ 3 4-—  ^  —  —: rr  —  ^4 

^ &c  ad  iitfinitam,  whjch  has  beca  fhewn  to  be  equal  Id  the  root  of  the 

equation  J"' —j>  = /". 


Objervalimt  on  the  expregm  2  \/ '  (7  x  tbe  infinite  feries 
'         „—  —  —  -?•  —  •?•—  lir  —  —  —  c?tf 

ad  infinitum,  which  it  equal  to  the  root  of  the  equa- 
tion y*  —  qy  z^  r. 


39.  Since  the  expreffion  2  v^'  F X  the  feries  i  ——  —-^  — ^3 t- 

—  ^ ^ &c  ad  infimfim,  is  equal  to  the  root  of  the  cuhick  equation 

J-'  ~qy  —  rt  it  follows  that,  if  we  were,  firft,  to  raife  the  faid  expreffion  to  its 
cube  by  multiplying  it  twice  into  itfelf,  and  then  were  to  multiply  it  into  the 
co-efficient  q,  th'e  faid  cube  would  be  greater  than  the  faid  produ^,  and  their 
difference  would  be  equal  to  r,  to  whatever  number  of  terms  the  faid  feries 

C«  %l*  Oj"  I<*  l.*'"  «J"  a  i_  ■  J         r'  •!- 

1 —  _j._-j -J — j^ &c  may  be  continued.    For,  if 

this  difference  were  not  equal  to  r,  it  wottkl  not  be  true  that  the  feid  expreffion 

2  \/  M<  X  the  ferKs  i 7r'~"3 "3"  — jT  ~*  "?: —  "^  "''  '"' 

finitum  was  equal  10  the  root  of  (be  «quati«n  y^  —  ^  :=  r.  Tbcfe  multiplica- 
tions may  be  performed  in  themanoer  following. 

3  O  2  40.  The 
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40.  The  cube  of  the  expreffion  a  v''  (?"  X  the  fcries  i  —  —  —  ii.  —  5_. 

—  ^1 ^ ~ Stc  ad  infinitum  is  equal  to  the  produft  of  the  muhipli- 

cation  of  the  cube  of  2  v'*  Iff" into  the  cube  of  the  faid  fcries,  that  is,  to  the  pro- 
duft of  the  muUiplication  of  8^  into  the  cube  of  the  faid  ferics.  We  muft 
therefore  raife  the  faid  feries  to  its  cube  by  muhiplying  it  twice  into  itfelf ;  which 
may  be  done  as  follows. 


Tbf  muUiplication  of  the /tries  i —  — -; 

i^ -^  —  ^^j fc?^  ad  infinitum  twice  into  it- 

Jelf  in  order  to  obtain  its  cube. 


- 

1.'                  l." 

,. 

,. 

—  &C 

—  &c 

'  --^- 

Ei* 

+ 

CEi* 

-  8(c 

+  &C 

— 

+ 

+  -^+-^ 

+  ■■•■• 

+  &C 

If 

-  --ro 

+  T 

■f    ^ 

+  &C 

+  &C 
+  &C 

SCSI 

+ 

+ 

.0^ 

3  I  J*               3  L  j" 

+  --?-+     ,» 

-&c 

+  8IC 

+  &C 
+  &C 

n 

- 

-7- 

I  J*                  Lj'o 

*" 

—  &c 

1  —  *""  ., 

iti* 

_ 

2  0,« 

—  &c 
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-  +  ^^  +  &C 


<* 

«• 

acKGi" 

—  Sc 

—  &C 

+ 

-  + 

aEV 

+ 

aEGj" 

+ 

2BH" 

+  &C 

— 

,1  - 

— 

a  CE«i" 

— 

»CKGi» 

—  &c 

—  &c 

— 

~7*~ 

■  + 

+ 

aHGi"" 

+ 

2G»J" 

+  &C 

_ 

<:»G  j'*> 

_ 

ZCEGJ" 

—  &c 

— 

"*• 

+ 

,» 

+ 

2  EI  J" 

+  &C 

—  &c 

— 

+ 

ZCLJ" 

+  &C 
+  &C 

3*=" 3«J* got*  3IJ*  3I.J"  jHi"    


•  +  4^  +  ^  +  &c 
6cagi" . 


This  laft  compound  fcries  (which,  for  the  fake  of  brevity,  we  will  dcnoie  by 
the  Greek  capital  letter  T)  is  the  cube  of  the  fcries  i  —  Sif_5i!_^_ii 

^  -^  —  -^  —  &c  aJ  iitfiHttmi,   Therefore  8  *  x  the  cube  of  the  fcries  i  — 
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^— ^  —  ^5 ■^-—  i^  —  ^4r  ~"  Sec  a./  in^itum,  will  be  equal  to  8  /  X 

the  faid  laft  compound  feries,  or  to  8  #  X  the  compound  feries  F ;  and  confe- 
quentlyj',  or  the  cube  of  the  rootj"  of  the  equation^'  —  yjf  =:  r,  will  be  equal 
to  8  tf  X  the  compound  feries  T. 

41.  If  the  foregoing  compound  feries  r  be  adually  muhiplied  into  8*,  the 
product  thence  arifing  will  be  the  following  compound  feries,  to  wit, 
„  ncss        nEt*         a^cj*  ^4"'  = 


-+■    . 


—  &c 

+  ^^ 

+  «tc 

+^^ 

+  &c 

.     =4'=''" 

+  &C 

Z4c'ij" 

-&c 

«" 

48  CEG»" 

—  &c 

8«V 

—  &c. 

which,  for  the  fake  of  brevity,  we  will  denote  by  the  capital  letter  A.    Then 
willj'^  be  =  to  the  compound  feries  A. 

42.  We  muft  now  multiply  the  expreffion  ay" (7  X  the  infinite  feries  i  — 

— -^ T^ ^5 ^ &c  ad  infinitum  (which  is  equal  to  the 

root  jf  of  the  cubick  equation  j*  —  qyzzr)  into  the  co-efficient  j. 

Now,  fince  «  is  =  —  —  -2-,  we  Ihall  have  ;/  4-  ^  =  — ,  and  1-  =;  —  — 
4        37  *7        4  27       4 


is  =  ee  —  sSf  and  confequently  j*  =:  27  X  «  — jj  =  27  X  ee  x  [i  —  • 


and  j  =  3  X^l«xv"i— — =:3X«3  xli  —  —  3=  (by  the  refidual 

theorem  in  the  cafe  of  roots)  3  x  '  3  X  the  infinite  feries  '  —  — -  —  -r  ""' 

-T ; — ~ ;t-  —  —75 &c  ad  mjinttuvh    Therefore 

J  X  the  expreffion  2  *''  IT  X  the  infinite  feries  1  —  —  —  *         ®  "- 


r*  *»  #• 

-j; —  -j^ &c  will  be  equal  to  3  x  *  3  X  the  infiniw  feries  i  ^  —  — 

^  —  ^-l^  —  l^—^—^—l^—^  —  itcadh^itum  x  the 
expreffion  2  v"!*  X  the  infinite  feries  i  —  —  —  % % ^  —  ■^  — 
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~ See  aJ  itifintfum  :s  6ex  the  infinite  feries  i iif-.5i!_  £i! 5i! 

,  «        «*         (*         <» 

—  -^  -  ^  -  &C  adinjmtum  x  the  feries  i— ^•-ii!_£^_li!_ 

^ ^n &c  orf  itdinitttm.    We  muft  therefore  multiply  thefe  two  feriefes 

together;  which  may  be  done  as  follows. 


The  multiplication  of  the  infinite /erits  i  —  —  _  ^  _ 

Dl*  EJ*  Fi"  GJ™  f-      .  .       .     , 

■7 -jt "pr  —  -7; <^c  into  tbe  infinite  Jmes 


■  -  ^c. 


«        «*         ^         ,•         <4« ^n        «c 

B«  CI*  Pi*"  Ej'  Fj'°  Qj"  ^,    '~ 

'  ""  «         **  »•        "7  ?3  ;:: &c 

C«  BC^     ,       C*J«      ,      cot*     ,      CEJ"     ,     CFi" 

?-  +  -7-  +  -?-  H-  -7^  +  -75-  +  &c 

Qj"  BCJ'  CCJ'"  DGJ"      ,      , 


e* 


-  +  ^  +  ^  +  &c 

—  4?"  +  &c. 


Therefore  the  produft  of  the  multiplication  of  q  into  the  exprefllon  2  \/*  (7  x 

,       r    -  '^**  ^'*         O**  >**  I<^'*         »»'• 

theleries  i  —  — -— — —  -; _—  — __ Sic  ad  infinitum  (yiKith. 

is  equal  to  the  root  of  the  equation  y  —  qy^  r)  will  be  equal  to  6 «  X  Um 
conipound  feries  juft  now  obtaiaed,  to  wit»  tbe  fbries 
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_  ^  +  i5^  +  -1  +  £££  +  Sill"  +  fllL- +  &c 


+ 

-?- 

+ 

-?=- 

+ 

-^ 

+  &C 

+ 

-?- 

+ 

"*^»~ 

+ 

DGJ" 

+  &C 

- 

I,' 

+ 

BIJ" 

+ 

CI  J" 

+  &C 

- 

Ljlo 

+ 

BLj'* 

+  &C 
+  &C. 

Or  if,  for  the  fake  of  brevity,  we  denote  this  compouod  feries  by  the  Greek  ca- 
pital letter  A,  the  faid  produft  will  be  equal  to  6  «  x  into  the  compound  fe- 
ries A.  And  confequently  the  produft  qy  (which  is  equal  to  the  faid  produft) 
will  alfo  be  equal  to  6  «  X  the  faid  compound  feries  A. 

43.  If  the  foregoing  compound  feries  A  be  aftually  multiplied  into  6  ;,  the 
produft  thence  ariling  will  be  the  following  compound  feries,  to  wit, 

,  6bw         6cj*  6dj*  6ej|  '"  '"  ^  _ ... 


which  for  the  fake  of  brevity,  we  will  denote  by  the  Greek  capital  letter  11. 
Then  will  jjf  be  equal  to  the  compound  feries  11. 

44.  Since  the  compound  feries  A,  obtained  in  art.  41,  is  equal  tojrS,  and  the 
compound  feries  IT,  obtained  in  the  laft  foregoing  article,  43,  is  equal  to  the 
prodiift  qy  (which  is  lefs  than  j**  by  the  difference  r,  which  is  the  ablolute  term 
of  the  equation  y^  —  qy  =  r)  it  follows  that  the  compound  feries  11  will  be  lefs 
than  the  compound  feries  A,  and  that  their  difference  will  be  equal  to  the  diffe- 
rence of  J"'  and  qy^  or  to  the  abfolute  term  r  of  the  equation  j"'  —  j>  =  r ;  that 
is  A  —  n  will  be  =  r.  But  the  exccfs  of  the  firft  term  of  the  compound  feries 
A  above  the  firft  term  of  the  compound  feries  IT  is  alfo  equal  to  r ;  the  firft 
term  of  the  compound  feries  A  being  8  *,  and  the  firft  term  of  the  compound 

feries 
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feries  n  being  6 e^  and  tbdr  difference  confequently  being  equal  toZe  —  6e, 
or  2  r,  or  a  X  — ,  or  r.  Therefore  the  exccfs  of  the  firft  term  of  the  com- 
pound  feries  A  above  the  firft  term  of  the  compound  feries  IT  is  equal  to  the 
excefs  of  the  whole  compound  feries  A  above  the  whole  compound  feries  IT. 
Therefore  the  difference  between  the  whole  compound  feries  A  and  its  firft 
term  8  e  will  be  equal  to  the  difference  between  the  whole  compound  feries  11 
and  its  firft  term  be;  that  is  (becaufe  each  of  thefe  compound  feriefes  A  and 
n  is  lefs  than  its  own  firft  term,  the  fecond  terms  in  both  feriefes,  to  wit,  the 

term  —  ^^^  and  the  term  -: —,  being  marked  with  the  fign  — ,  or 

fubtrafted  from  the  firft  terms  8^  and  f>e)  the  exccfs  of  the  firft  term,  8tf,  of 
the  compound  feries  A  above  the  whole  of  the  faid  compound  feries  will  be 
equal  to  the  excefs  of  the  firft  term,  6  e,  of  the  compound  feries  11  above  the 
whole  of  the  faid  compound  feries.  But  the  excefs  of  the  firft  term,  8/,  of  the 
compound  feries  A  above  the  whole  of  the  faid  feries  is  equal  to  a  compound 
feries  confifting  of  all  the  terms  of  the  faid  compound  feries  A,  except  its  firft 
term  8  «,  with  the  figns  of  the  terms  every  where  changed  into  their  contraries, 
that  is,  to  the  following  compound  feries,  to  wit. 


a4Ei» 

+ 

.4C/ 

■  + 

+ 

24  Li" 

+ 

J4<:V 

4BcE,« 

48  c.,' 

48  CI  »"• 

8cij» 

»4eM 

48  EG  *•<• 

+ 

I4C»E»« 

ii 

+ 

a4C'ai" 

— 

-  +  &c 

-— &c 

-  — &c 
&c 

-  &c 

•  +  &C 

-  +  &c; 


and  the  excefs  of  the  firft  term,  6  e,  of  the  compound  feries  IT  above  the  whole 
of  the  faid  feries  is  equal  to  a  compound  feries  confifting  of  all  the  terms  of  the 
faid  compound  feries  IT,  except  its  firft  term  6^,  with  the  figns  of  the  terms 
every  where  changed  into  their  contraries,  that  is,  to  the  following  compound 
feries,  to  wit. 


jp 


igitizcd  by  VjOOQ IC 
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6b» 

-f- 

6ei* 

+ 

6d.* 

+ 

6a, » 

+ 

6Fi" 

+  '°- 

+  &C 

fiCJ 

6BCi* 

fir*j* 

f,CT>S 

6cE." 

ecFi" 

-&c 

— 

— 

^ 

■^ 

ftB,.« 

6nR. 

6rii. 

6dbj> 

6e».'» 

-&c 

■«» 



~ 

t» 

ftc," 

6egj 

ecej' 

6  DG  j" 

—  &c 

fi 

"" 

— 

«» 

+ 

6ij' 

+ 

6bi,>» 
61.  J" 

6  CI," 

6bi,i" 

1     6"'" 

—  &c 
-&c. 

Therefore,  if,  for  the  fake  of  brevity,  we  call  the  former  of  thefe  two  laft-mco- 
tioned  compound  feriefes  8  f  — -  A,  and  the  latter  6  <  —  IT,  we  fljall  have  the 
compound  feries  8  *  —  A  =  the  coi^pound  feries  6  «  —  II. 


Of  the  equality  between  eacb/eparate  term  of  the  confound 
feries  %e  —  A,  and  the  cerre/pemiiiig  term  of  the  etm- 
fmndjeries  6  *  — 11. 


45.  In  the  foregoing  article  it  has  been  Ihewn  that  the  whole  compound  feries 
%e  —  A  is  equal  10  the  whole  compound  feries  6  r  —  11.  But  It  is  alfo  true 
that  each  feparate  term  of  the  former  compound  feries  (reckoning  all  the  quan- 
tities in  it  that  involve  the  fame  power  of^  ss  as  one  term)  will  be  equal  to  the 
correfpondiog  term  of  the  latter  compound  feries.  Of  this  equahty  we  will  firil 
give  fome  examples  in  fome  of  the  firft  terms  of  thefe  two  compound  feriefes, 
and  then  will  give  a  general  proof  that  the  fame  equality  muft  alio  take  place  in 
all  the  following  terms  of  the  faid  feriefes,  to  whatever  number  of  terms  they 
may  be  continued. 


Examples  of  the  faid  equality  «  the  firft  fix  terms  of  the 
faidferiejes. 


.  46.  In  the  firft  place,  then,  the  firft  term  of  the  compound  feries  8  « -^  A  is 
2^,  or  (becaufe  Cis  =  -i-),  24X^X7=8x3X^X-^  =  ^. 
And  the  firft  term  of  the  compound  feries  6  «  —  11  is  -^  H — —  rz  6  X  —  X 
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•£.  +  6x|x7  =  ^+|^  =  j7.    Thmfore  SiL'  +  1^'  are  cqral  to 

'A  °." 
«      *  (t.  E.   D. 

47.  Secondly,  the  next  term  of  the  compound  feries  Se  —  A  is  £15i!  ^ 
'■i^,  which  i!  =  J4X^jX-J— a4X-jX^X^=8x3X 

10  J*  I  I  J*  80J*         aij*         561*  ,     , 

fj^  X -JT  -  24  X  -  X  -  X -3- =  it;!  -  jj;;  =  V  *"""•■<="«<  "™ 

of  the  compound  feries  6i  —  n  is  — j j—  +  — ;-,  which  is  =  6   x  ^ 

xi-.6x-v:-x.!l  +  6x  —  xil-iiSi>cJl_i£3vi-l- 
iii?  V  i— iii_'ii!  J.!?  y  i '-ai_ii;!-ilf      Therefore  ^H: 

—  — ^ —  -J J-,  or  the  fecond  term  of  the  compound  feries  6  *  —  IT,  is  equal 

to  ^~^  —  "^— >  or  the  fecond  term  of  the  compound  feries  S  r  —  A, 

Q^  i.  D. 

48.  The  third  term  of  the  compound  feries  8  <  —  A  is  211L  —  *'"'*  + 
•-|i,  which  i.  =  «4xJ^xi-48x-ix^xj'+8xjx| 
V  J.  V  Jl  —  '«"*  vil_i?2.vi-i--5i.vit-Iiii»i!.-     ■•'» 

**  o    **  <s   —    »l87     ■^  <■         118;  '^    .1    ^  J18;    "    ,'  —   !i8J   '^    ,"         Hl^ 

X I + ;^ '^  ^  =  jlf>  ^  -  f^  X  ^ = ^' "■<"k=  *"<i  «*>  rf 

me  compound  feries  6  e  -^  II  is  ~t^  -^  — ^  —  — p-  +  — j-,  which  is  i:   6 

x±xi-6xixi-6xjx^x^  +  6x^xi  = 

f>XiX>l    ^  j1    _  6xa7  ««      .  6X10X?         £    .    axi?4  ^    •'    -ill   *,  ji 

ii8;        '^    ,i  ii8?    '^    <»  2187       '^    *»    ^    ai87     '^    «s    "  2187   '^  "^ 

2187  ^  .•  3187  '^  *'  ^  ni?  ^  **  —  aiB7  '^  (»  1187  ^  «»  ~~;r-' 

Therefore  -^  —  -^  —  ■  "-  +  -^,  or  the  third  term  of  the  compound 
feries  6  f  —  n,  is  equal  to  '*^"  —  i-^ — (-  -^,  or  the  third  term  of  the 
compound  feties  8  f  "^  A,  H.  e.  d. 

49.  The  fourth  term  of  the  compound  feries  8  ^  —  A  is  ^^  —  ---^-^  --- 

'■^  +  '-^.  «hichis=  .4  X  5^,  X  i  -  48  X  j'x  ^  X  i- 

^4X^X^xi+.4X^X^xi  =  l^X^^i^Jx 
3  P  J  j^ 
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^  _  8XIOXCO        Ji     ,      '4X'0     V    —  —    '480     ^   il  ^464     „   i  800 

*'  81x243      ■^   ,1    "^   81x143  '»   ~   19683    '^    t*  1968)    ^    f»  19683 

"^  +T^  X  7  =^,  X  ^-^  X  7  =;^.=  and  the  fourth 

c     \  J     r     ■         /:  TT  •     6ej*  6  CD  j'  6CEi*  6  BG(* 

term  of  the  compound  ienes  6*  —  n  is  — ^ ; j —  + 

,.  ,  which  is  =  6x^x^-6xjxix4-6xjx^x 

i_6x^xiiix—  +  6x     ^"     X  -  -  ^'"""°  V  il  _ 

^X'?"!    „   ''  6x9x10  ■'  «xii<    „  i    ,    'xwi   ^    I*    _  4860 

9X!;x8i   '^   ,'  81XZ4)    '^    <'  3x6561    '^    >'    ^    1968J    '^    ,'    —  196SJ  ^ 

i_    ''°    V  —         »°    V  ^_    ^"^    V  il  4-    '^'°   V  —  —    ^"°    V  iL 
/'         1968]  ''  <'        10683  '■    •'         19683  •^   t'   ^   19683  ■^   ,>  —   1968J  '^  <■ 

_2^x4=^x'4.    Therefore  ii;!_^_^_liSi  + 

19683  /'  19683     '^     »^  «'  «'  «'  «»  ^ 

6u'    ■       J4IJ'  48cOj'  *4E*j*      ,     34C'Eif 

,»      IS   _  -Tj  ~  ^  +        ^j       .  <t,   E.    D. 

50.  The  fifth  tenn  of  the  compound  feries  Ze  —  A  is  '"^j^--  —  *  "^"'  — 
48^.  ^  >i^  ^  ,i^.^  whlchU=.4X  Jia.   X  f -48x1 

X^xf_48xJ^X^xf  +  .4XiXj^xf  +  .4X 

J.x-^x-!^x-^  =  liiiaii  x^-48xix-25i-x;J- 

9  ^43         HJ  *•  i.S94i3'3  <*  ^7         S9»049  <• 

■'""°'""  x-;^  +  24X-i-xia.x^  +  24xJ-xilxi2.x-?- 

■.S94.3'3  <•     ^     *        i43        6s6i  <•     ^     ''       .7         245         243  '-   f 

_    447,3°4    „  ^  134.64°     ^  ^  73.9">     x  —  +     "•°''      X  —  + 

•.594.3^3         <"  •.S94.3»3         «'  ■.S94.3>3  ''  i.S94,!'3  <" 

j££^  x^^j65^  x^-i2iS5Lx  ^  =  .121211.  x^;  and 

'.S»4.J'3  <•  ■.!94.3'3  <"  ■.S94.3"3         ""^^       i>i94.3>3  •* 

the  fifth  term  of  the  compound  feries  de  —  n  is  — ^ ~ Eli 

6^  _  6«i-        6^    which  is  =  6xii.xi^-6xlx-;2.X.S- 

_6  xixllx-;^_6  x-!-x^x-^-6xi-x-2iS-x4 

81         243         *•                      9         6561          «■                     3  S9>049         <• 

6xioX7»9    V   £1 6x5x10x81 


X  -r  — 


4,781,969    ^    f»  719x1187  **  9x143x729  '*    «•  81x81x143 


'88,684  ^  43.740      J.  i!l  _      '4.3°° 

i.S94.3'3  <"  i.S94'323  «"  •»S94.3*3 

50.49°  X   —  +    '"'^'^     X  —  =    '*°°'^'°     X  —  —    '^^"^^^     X  —   — 
».S94»3'3  '*  iiS94i3^3  ^  1.194.3*3  «*  i.S94.3^3    ^    «•     ~ 

-iiiS^  X  i^.    Therefore^'  -  ^^  -  ^Jil°-  ^,^^t^  ^ 
»tS94>3'3         *•  **  *•  <•  (•/•^ 
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•  ■   '  ,  or  the  fifth  term  of  the  compound  feries  6e  —  U,  is  equal  to  ^^^ 

48CI1"'  48EG1"     ,     JJC'C)'"     ,      JiCt'i"  ,        -,^,  -.    ,  , 

— _ —  —  3__ —  4.  — _ — .  +  -i__ — ,  or  the  fifth  term  of  the  compound 
feries  Se  —  A.  Qt  E.  d. 

51.  Laftly,  the  fixth  term  of  the  compound  feries  8*  —  A  is  ^^^ 

48CL1"         48ei^"         a4G»j'*     ,    24C»ij"     ,    48cegj"     ,    8e*j'*         l-   1      ■      

- — n —  —  ^— li '^x —  +  -^-n f n —  'I'  — n~>   which  is  =   24 

1. 179.' 56         .,     ill    _    ,0     y     1     V         S5.91?  y     ™    _        - 

^-  -4  X  ^  X  ,^  X  ^+  24  X  J^  X  ^^  X  1;  -h  48 

JIX^X—  +8X-i?Lxi2.X^xil=  8)o^J?^  ; 
343    '^    6s6l     '^     r"    ^  243  HJ  ^43  '"  +3.046.7*1 

48x5^.913  v-  ■*"         48x'OX3X93S  w  iH  _  J4Xii4X'U  . 


t  J.,  ^ *"•'  '"^  j^vta  j(  J ^  '■>''  ■!'>"  'TT  j^   _^_    , 


43,046,721  ("         243x3x59.049         '"  43.0+6-7*1  '"         81x9x59,049 

-u     48x3x10x1^4    X    —  +  8x3x1000  X  —  =    »434.04g     X   — 

9x3x243x6561  t"  3x343x243x243  e"  43,046,721  «" 


^_   2,683,8»4    X   i!!.  _     '>346.400    x   j!!  _     SH'84      x   —  +      '°'''^^     x    — 
43»046,7»»  '"  43.046.7^'  <"  43.046.7*'  '"  43.046.1*1  <" 

"*"  43,046,721  #"    ■**  43,046,721  «'■  43,046,711  «"  43.046,7*1  «" 

—  i'*..i!'.3 —  X  -^ ;  and  the  lixth  term  of  the  compound  feriea  6e  —  n  is 
43,046,711        «■■ 

6gj"         6cp>"  6e*j'*         6D0i'»  6cij"  6bij'*     ,     onj'»         i_-  ■    -     ^ 

—7;-  —  — jr—  —  — rr"  "~  — n n ir—  +  — n— »  which  is  =  6 

x^x4r  —  6x  -X—   x4r— 6  x  —  x—  x  ^  —  6  x  f 

6561  «"  9         729  t"  243         *43         *  8t 

xi^x4;--6x^x-«i-    X    4-6   X    I.  X   -i^Slf    X   -^    + 

6561  ."  ,      9  59.049  e"  3  4.782.969  '" 

6x1.179,256     j^     ill    _     6x154x6)61      ^      £1     _     6X22X6561       j(     ill     _ 
129,140,163  «"  6561x6561  «"  9x729x6561  e" 

6x10x10x729  i"     __    6X5X  t54X8i     ^      ^    6x81X935  i"_ 

343  X  243  X  719  e"  81  X  81  X  6561  e"  9X  81  X  59.049  ^' 

6x3x55,913       jj    ill,     .    2X1.179,2^6    X    Jill  „     6.ofi*>364      j;    ill   _       866.052 

3x3x4,782,969"         <"    '*'    43,046,721  *"  43,046,721  t"  43,046,721 

X    —  437.40Q      j(  ill  374.**°      ^    J"   _        454.4'0       j^     i"  1,006.434 

e"  43,046,721  <"  43,046,711  1"  43,046,721  #"  43,046,721 

J"  2.358.512     j^  ill_   8,420,876     ^    £*_ 3.'38,5'6     j(   ill  _    S.*S'.36o 

#""'"43,046,721          *"          43,046,721          <"  43,046,721  «"  43,046.721 

i"       _,        -         6oj'*  6cf  j" 6eV 6  Dpi"         6cij»         6bi.j'* 

— ~,  or  the  filth  term  of  the  compound  feries  be  —  IT,  is  equal  to  '^ ^^  -  — 

48  CL  j"  48  El »"  24  G*j"     ,     24  C»I  j"      ,      48  CEG »"      ,      8  e'j"  ,        _       , 

2— J 2-~ 2___  +  .2__ 1-  2_-_ —  +  -JJJ-,  or  the  fixth  term 

of  the  compound  feries  8  «  —  A.  ti^  e.  o. 
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A  general  demitt^ratim  of  tht  equality  between  the  ar- 
re/pottding  terms  of  the  two  compound Jeriejes  8  *  —  A 
and  6e  —  11. 


52.  We  have  feen  in  the  fix  preceeding  articles  that  each  of  the  firft  fix  com- 
pound terms  (or  vertical  columns  of  fimplc  terms  involving  the  fame  powers  of 
s  and  #)  in  the  compound  feries  6  *  —  11  is  equal  to  the  correfponding  com- 
pound term,  or  vertical  column  of  fimple  terms,  in  the  compound  feries  8  *  — 
A.  We  now  proceed  to  ftiew  that  the  fame  equality  muft  of  neceffity  take  place 
between  all  the  correfpondent  terms  of  the  faid  two  fcricfes,  as  well  as  between 
the  firft  fix  tenns  of  them,  to  whatever  niunber  <^  terms  the  foid  fences  may  be 
continued. 


53.  Now  this  equality  of  the  correfpondent  terms  of  thefe  two  feriefes  will  ap- 
pear from  this  consideration,  to  wit,  that  the  compound  feries  6  *  —  n  is  con- 
ftantly  equal  to  the  compound  feries  8  e  —  A  in  all  the  different  values  of  st 
and  ee  that  are  poflible,  that  is,  when  «,  or  — ,  is  of  any  magnitude  greater 
than  ^  (which  is  its  leaft  poffible  magnitude)  and  confequeotly  when  «,  or  — 
—  ^,  is  of  any  magnitude  greater  than  2-  —  i-,  or  o,  or,  in  other  words,  of 
any  magnitude,  how  fmall  foever.  For  from  hence  it  may  be  fliewn  of  each  of 
the  compound  terms  of  the  compound  feries  6  *  —  n  fucceffively,  beginning 
with  the  firft  term,  that  it  is  equal  to  the  correfponding  term  oi  the  compouod 
feries  8  ^  —  A.     This  may  be  done  in  the  manner  following. 

54.  In  the  firll  place,  fince  the  whole  compound  feries  6  ^  —  n  is  equal  to 
the  whole  compound  feries  8  ;  —  A  (as  has  been  (hewn  in  art.  44)  it  ibUows 
that,  if  we  divide  all  the  terms  of  both  feriefes  by  the  fraftion  — ,  the  quorienti 
of  thefe  divifioos  will  be  equal  to  each  other,  that  is,  the  compound  feries 

6c 


«> 

+ 

ocss 
te 

+ 

0  at* 

+ 

+  6(1: 

6e 

6tc» 

6cV 

6CD^ 

+ 

— 

a 

** 

^ 

—  &C 

+ 

6eu 

6bh^ 

tctfi 

—  &C 

'  '^^ 

— 

«* 

"*■ 

f 

6Gi« 

iMIf 

—  &c 

+ 

«• 

_ 

e* 

+ 

-3- 

—  &c 

will  be  equal  to  the  compound  feries 


14  c  + 
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+  !i4ii*  +  &c. 


And  this  will  be  true,  of  how  fmall  a  magnitude  foever  we  may  fuppofe  ss  to  be 
taken.  And  confequeatly  it  wilt  be  true  likewife,  when  st  is  equal  to  o»  or 
when  —  —  1-  is  equal  to  o,  or  when  —  is  equal  to  — .  But,  when  ir  is  1=  o, 
all  the  terms  of  thefe  two  compound  feriefes  that  involve  any  power  of  ss,  that 
is,  alt  the  terms,  except  the  firft  terms,  of  the  faid  feriefes,  will  littewife  be  equal 
to  o,  and  the  faid  two  feriefes  will  become  equal  to  their  firft  terms  6  B  +  6  C 
and  24  C  refpeftively.  Therefore  the  faid  firft  terms  muft  be  equal  to  each 
other,  that  is,  6  B  +  6  C,  the  firft  term  of  the  compound  feries    '~",  will  be 

equal  to  14  C,  the  firft  term  of  the  compound  feries  - -"  -.    Therefore,  if  we 

multiply  both  thefe  firft  terms  into  — ,  it  will  follow  that  ^^  +  ^^,  or  the 
firft  term  of  the  compound  feries  6  #  —  11,  will  be  equal  to  ^^""j  or  the  firft 
term  of  the  compound  feries  8  «  —  A* 


^^.  Secondly,  fince  it  has  been  (hewn  in  the  taft  article  that  -^  +  -^,  oc 
the  firft  tenn  of  the  compound  feries  6e  —  n,  is  equal  to  -^^  or  the  firft  term, 
of  tlie  compound  feries  8  *  —  A,  it  follows  that,  if  we  fubtraft  tliefe  firft  terms  of 
dwfe  two  feriefes  from  the  whole  feriefes,  the  remainden  will  be  equal  to  each 
other,  that  is,  the  compound  feries    . 


6  BE  J*        6chj*        »^ 


will  be  equal  to  the  compound  feries 
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84  c*** 48  CE  t*  46  CG_^  - 

(J  ,»  iJ 

Now  1«  all  die  terms  of  thefe  two  laft  compound  fericfes  be  divided  by  the 
fraftion  — ;  and  it  is  evident  that  the  quotients  thence  arifing  muft  be  equal  to 
each  ocber,  that  is,  the  compound  feries 

6  c  +  -— -  +  — r-  +  &c 


-6bc 

(IC»« 

OCDr* 

&c 

+  6e 

6be« 

6CEJ* 

r* 

6BGft 

■  &c 
-&c 

wiUbe 

equal 

to  the 

compound 

34  E 

feries 

+  -^ 

+  &C 

—  24  c* 

+8tE« 

+  'T 

48  CGI* 

—  &c 

—  &c 

And  this  will  be  true,  of  how  fquU  a  magnitude  foever  we  may  fuppofe  //  to 
be  taken.    And  confequentty  it  will  likewile  be  true,  when  //  is  =z  o,  or  when 

—  —  ^  is  =  o,  or  when  —  is  =:  — .    But  in  this  cafe  all  the  terms  of  thefe 

.4  a?  4  »7 

two  compound  feriefes  that  involve  any  power  of  //,  that  is,  all  the  terms  ex- 
cept the  firft,  muft  likewife  be  equal  to  o.  Confequently  thofe  firft  terms  of  the 
faid  two  feriefes  (being  equal  to  the  faid  whole  feriefes  refoeftively)  muft  be 
equal  to  each  other,  that  is,  6  C  —  6  BC  +  6  E,  or  the  firft  term  of  the  com- 
pound feries  derived  from  the  compound  feries  te  —  11,  will  be  equal  to  24  E 

—  24  C,  or  the  firft  term  of  the  compound  fenes  derived  from  the  compound 
feries  8  *  —  A.    Therefore,  if  we  multiply  both  thefe  firft  terms  into  the  frac- 

^  n      II  t  6CJ*  6bCI*      .      6e1*  ,  34EJ*  24C*J*         , 

tion  -7,  we  mall  have  -— ■ (-  —r-  equal  to  — —  —  ■    .     :  that  is, 

the  fecond  term  of  the  compound  feries  6^  -^  11  will  be  equal  to  the  fecond 
term  of  the  compound  feries  8  «  —  A.  q^  e.  c. 

56.  Thirdly,  fince  it  has  been  fliewn  in  art.  54,  that  — ^  -|-  -^,  or  the 
firft  term  of  the  compound  feries  6  #  —  11,  is  equal  to  — ,  or  the  firft  term  of 
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the  compound  feries  Se  ^  A;  and  it  has  been  fhewn  in  art,  55,  that  -^ ^ 

— J —  +  — ^,  or  the  fecond  term  of  the  compound  feries  6e  —-TI,  is  equal  to 

^~ — j-',  or  the  fecond  term  of  the  compound  feries  Ze  —  A;  it  follows 

that,  if  we  fubtraft  thefe  two  firft  terras  of  thefe  two  feriefes  from  the  whole  fe- 
ricfes,  the  remainders  will  be  equal  to  each  other,  that  is,  the  compound  feries 

i^  +  iii  +  &c 

6c*j*         6  CD**         . 
~ &C 


6bej'        6cej' 


—  &c 


will  be  equal  to  the  compound  feries 


■  —  tec 

Now  let  all  the  terms  of  thefe  two  lad  compound  feriefes  be  divided  by  the  frac- 
tion — ;  and  it  is  evident  that  the  quotienu  thence  ariling  muft  be  equal  to  each 
other;  that  is,  the  compound  feries 


6r 

+  ^ 

+  &C 

—  6  c' 

6  CD  ss 

—  &c 

—  6  BE 

6CE« 

—  &c 

+  60 

6  b"  « 

—  &c 

will  be 

equal  to 

the 

compound  feries 

—  &c 

240 

+  ,=♦"» 

•+&C 

—  48  CE 

48  Tg.. 

-«ct 

+    8c> 

B4E*M 
34  C»E  II 

■  -Sec 

:+Si:c. 

Vol, 

,11. 

jcC 

And 
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And  this  will  be  true,  of  how  fmall  a  magnimde  fbever  we  may  fuppofc  st  to  be 
taken ;  and  confeqviently  it  will  likewife  be  true,  when  ss  is  =;  o,  or  when 

— ^  is  ~  o,  or  when  —  is  =  ■^.     But  In  this  ca(e  all  the  terms  of  thcfe 

two  compound  feriefes  that  involve  any  pcmcr  of  jj,  that  is,  all  the  terms 
except  the  firft,  muft  Ukewife  be  equal  to  o.  Confequently  ihofe  firft  terms  of 
the  iaid  two  fericfcs  (being  equal  to  the  faid  whole  feriefes  refpeflively) 
muft  be  equal  to  each  other ;  thai  is,  6  D  —  6  C*  —  6  BE  +  6  G,  the  firft 
term  of  the  compound  feries  derived  from  the  compound  feries  6  f  —  IT, 
muft  be  equal  to  24  G  —  48  CE  +  8  C,  the  firft  term  of  the  compound 
feries  derived  from  the  compound  feries  8e  ■ —  A,  Therefore,  if  we  mul- 
tiply both  thefe  firft  terms  into  the  fraction  ^,  we  Ihall  have  -^ ^ 

-_  -f.  — ^  equal  to  -tj ~ 1-  — - ;  that  is,  the  third  term  of 

the  compound  feries  6e  —  11  will  be  equal  to  the  third  term  of  the  compound 
feries  8  tf  —  A.  <Ij.e.  d. 

57.  And  io  the  fame  manner  we  may  ftiew  that  the  fourth  term  of  the  com- 
pound feries  6e  —  11  is  equal  to  the  fourth  term  of  the  compound  feries  8  e 
—  A,  and  the  fifth  to  the  fifih,  and  the  fixth  to  the  fixth,  and  the  feventh  to 
the  feventh,  and  every  following  term  of  the  one  feries  to  the  correfponding- 
term  of  the  latter  feries,  to  whatever  number  of  terms  the  faid  feriefes  may  be 
continued. 


The  reduiiion  af  the  compound /eries  8  f  —  A  /o  ajtmple 
ad  infinitum. 


58.  Now  let  the  feveral  numeral  co-efficients  of  the  fi^ftions  — ,  ~,  -^,  ^, 
~,  ^y  &c  in  the  terms  of  the  compound  feries  8  *  —  A  (which  is  ftt  down 
above  in  art.  44)  be  reduced  (by  performmg  the  neceffary  arithmetical  opera- 
tions of  muhiplication,  addition,  and  fubtradUon)  to  Cngle  numbers,  fo  as  to 
convert  the  (aid  compound  feries  into  a  fimple  feries,  or  feries  of  (impic,  or 
fingle,  terms.  This  reduftion  has  been  alr^dy  made  for  the  firft  fix  terms  of 
this  feries  in  art.  46,  47,  48,  49,  50,  and  51 ;  in  which  it  has  been  (hewn  that 

the  firft  terra  of  the  faid  compound  feries,  to  wit,  ii^,  is  =  — ;  and  that  its 

*  y 

fecondterm,  ^^^  —  ^^^*,  is  =:  |^;   and  that  its  third  term,  ^If^  — 
^  -■-  ^■.  i=  =  tIp-  ""  "^^  '»  f°"«h  «™.  ^'  -  4^  - 
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■^  +  -^T— '  's  =  --gsp :  and  that  its  fifth  term.  -^ 2__ 

ii^  +  'A^  +  ii^°,  is  =  iiZ:£2iil ;  and  that  its  fixth  term,  ii^ 
48  CL 1'*  46EIJ"  i4C*i'*  a4c'u'*  48CECJ'*  8e'>'*  __ 

^''  ^p- — '-r;;  fo  that  the  firft  fix  terms  of  the  faid  compound  feries  8  tf  —  A  are 
43,046,711*"  ^  ^ 

equal  to  the  fix  following  fimplc  quantities,  to  wit,  —  +  |-^  +   '  g  -\  + 

44g^  't7.o3^»'°  ^  S.'3^36o."  ^^^j  j^^  ^^^^  co-cffidents  of  the  fraftions 
i9683<'     ^  i,s^4,3i3(»    ^^  43,046,711  ^" 

iL  i_,  i-,  i-,  i—,  i— ,  &c,  in  the  faid  fimple  feries  be  (for  the  fake  of  bre- 
vity)  denoted  by  the  capital  letters  P,  Q^,  R,  S,  T,  V,  &c.  Then  will  the 
compound  feries  8  *  —  A  be  equal  to  the  fimple  feries  —•  +  %-  +  -j-  +  -"t 
+  ^  +  ^^  +  &c  ad  infinitum. 


The  redu^ion  of  the  compound  feriti  6e  —  U  in  like  man- 
ner Id  ajeries  offtmfle  terms. 


59.  And,  in  like  manner,  let  the  feveral  numeral  co-efficients  of  the  fame 
fradtions  — ,  — ,  —r.  -V,  -rr-i  -rr  &c  in  the  terms  of  the  other  compound  feries 
6  e  —  n  (which  is  alfo  fet  down  above  in  art.  44)  be  reduced  (by  performing  the 
neceflary  operations  of  multiplication,  addition,  and  fubtraflion)  to  fingle  num- 
bers, fo  as  to  convert  the  faid  compound  feries  into  a  fimple  feries,  or  feries  of 
fimple,  or  fingle,  terms.  This  reduction  has  been  already  made  for  the  firft  fix 
terms  of  the  feries  in  art.  46,  47,  48,  49,  50,  and  51 ;  in  which  it  has  been 
Oiewn  that  the  firil  term  of  the  faid  compound  feries,  to  wit,  -^*  +  -^*,  is 
=  — ,  as  well  as  the  firil  term  of  the  former  compound  feries  8  *  —  A ; 
and  that  the  fecond  term  of  this  compound  feries,  to  wit,  — ^  —  ■  .  +  — —^ 
is  =  |— J,  as  well  as  the  fecond  term  of  the  faid  former  compound  feries ;  and 

that  the  third  term  of  this  compound  feries,  to  wit,  -^  —  -^ ^  -f- 

— P,  is  =  -^T~~i»  ^  ^^  ^^  '^^  "^"ox^  term  of  the  faid  former  compound  tries; 

and  that  the  fourth  term  of  this  compound  feries,  to  wit,  — -^ 5 j— 

—  "'J-  +  ~-i  is  =  ■^— j»  as  well  as  the  fourth  term  of  the  faid  former 
3  0^2  compound 
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compound  feries ;  and  that  the  fifth  term  of  this  compound  feriesi  to  wit,  -~- 


_ „  „  T—  +  — T— ,  IS  =  — -— — ::,  as  well  as  the 

fifth  term  of  the  faid  former  compound  feries ;  and  that  the  lixth  term  of  this 

.      6gj"        6cfj"        6eV*        6DGi"        6cij'*        6blj'* 

compound  feries,  to  wit,  —ji j; ~ j^-i-  . jj— 

H — ^,  is  =  ^'^  V^  °' ,-:,  as  well  as  the  fixth  term  of  the  faid  former  com- 
pound  feries ;  fo  that  the  firft.  fix  terms  of  the  compound  feries  6  *  —  IT  are 
equal  to  tlie  fix  following  fimple  quantities,  to  wit,  —  +  |— ^  +  — -■  ■  + 
44^  _-  ^  57.03'^'''  ^  s.^Byfio^    ^^  ^^jj  ^^  ^^^  j.^^  ^^^  ^^^^^  ^^  ^j^^  ^^^^^^ 

compound  feries  8  f  —  A.  And  it  is  evident,  from  art.  1^7,  that  if  the  feventh, 
and  eighth,  and  ninth,  and  other  following  terms  of  the  compound  feries  6t 

—  n  were  in  the  fame  manner  to  be  reduced  to  fimple  terms,  the  faid  fimple 
terms  would  be  equal  to  the  fimple  terms  to  which  the  feventh,  eighth,  ninth, 
and  other  following  terms  of  the  faid  former  compound  feries  8  *  —  A  would  be 
reduced.     And.  confequently  the  fame  fimple  feries  — +5^4.ii_+i_.f. 

^~-  +  ^^  +  &c  ad  vtfinitum,  will  be  equal  to  both  the  compound  feriefes  8  * 

—  A  and  6e  —  H. 


The  values  o/y  an  J  qy  etfprejjid  hy  mians  of  ibe  fimfU 
ad  infinitum. 


60.  We  have  feen,  in  art.  41 ,  that  the  compound  feries  A  13  at  ^*  i  and  we 
have  feen,  in  art.  43,  that  the  compound  feries  n  is  =  qy.  Therefore  8* 
—  A  is  =  8  ff  —  J-*,  and  6  e  —  n  is  =  de  —  qy.  We  (hall  therefore  have 
Ze  -  y'  (=  8^  —  A)  =  the  fimple  feries  ^  +  ^  +  ^  +  ^'  +  ^ 
+  -n-  +  &c  ad  infinitum,  and  confequently  (adding  A  to  both  fides)  8  *  =  jf" 
+  the  feries  !!'  +  ^  +  ii!  +  ^'  +  3^  +  IJ^'  +  ^^  ad  iitfimtum,  and  / 

=  Of— -p -^ — -y  —  —  —  &c  arf  tnfiniium  ;   and  we 

ihaU  alfo  have  6fqy(~6<—n)  =  the  fame  feries  l^  +^  +  ^  + 

TT  +  V"  +  ^  +  &c  «</  infatitum,  and  confequently  (adding  qy  to  both 

fides) 
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fides)  6tf  =  jjf  +  ^'  +  ^+—  +  ^  +  ^  +  ^  +  &c  ad  infinitum^ 
andj7  =  6f ~ — —  —  -^j &c  ad tnfimtum. 


Examination  of  the  expreffion  z  v/'f  ><  f^'  infinite /tries 
ad  infinitum. 


61.  We  miift  now  turn  our  attention  to  the  other  tranfcendental  expreffion 

2  */  If  X  the  infinite  fenes  i  H —  — ;-  H s r  H — ir rr  + 

&c  aj/  infinitum,  in  which  if  is  put  for  — ,  or  half  the  abfolute  term  of  the  equa- 

,tion  *'  —  y*  =  /,  as  e  was  before  put  for  — ,  or  half  the  abfolute  term  of  the  * 
equation  J-'  —jjr  =  r,  and  in  which  zz  is  put  for  —  —  — ^  or  the  difference 
between  2-  and  the  fquarc  of  half  the  abfolute  term  /,  as  ss  was  before  put  for 

—  —  — ,  or  the  difference  between  i-  and  the  fquare  of  half  the  abfolute  term  ■ 
r.  This  exprefDon  we  have  alTcrted  above,  in  art.  36,  to  be  equal  to  the  root  of 
the  equation  k'  —  j«  =  /,  in  which  the  abfolute  term  /  is  lefs  than  '-^— ,  but 

greater  than  ^z  X  ^^,  or  in  which  —  is  lefs  than  ^,  but  greater  than  —  X  ■ 
*  \  3a/3  4  37'         &         .  a 

^,  or  than  ^_    This  aflertion  we  rauft  now  endeavour  to  prove. . 

62.  Now  "  that  this  cxpreffion  2  v'*  (J  X  the  infinite  feriei  i  +  ^S  ^  __. 
+  ^  —  ^  +  ^-  —  ^^  +  &c  is  equal  to  the  root  k  of  the  equation  *•  — 
qx  =  t,  when  t  is  of  the  magnitude  here  fuppofed,"  will  be  evident,  if  we  can 
ftiew  that  this  cxprelBon,  being  fubflituted  inftead  of  *  in  the  compound  quan-  - 
tity  **  —  qx,  will  make  that  quantity  be  equal  to  the  abfolute  term  /  of  the  faid 
equation ;  or  that,  if  the  faid  exprdBon  be  cubed,  or  raifed  to  the  third  power 
by  multiplying  it  twice  into  itfelf,  and  alfo  be  multiplied  into  the  co-efficient  y, 
the  faid  cube  of  the  faid  expreffion  will  be  greater  than  the  faid  produd  of  its 
multiplication  into  q,  and  that  the  ezcefs,  or  difference,  will  be  equal  to  th& 
abfolute  term  /.  This  therefore  is  what  I  fluU  now  endeavour  to  dcmon- 
ftrate. 

»  63.  The 
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6i.  The  cube  of  the  expreffion  2  ^/'fjx  the  feries  t  +^  —  ^  i-tt 
■*  "3"  +  "4s"  "~  "^  +  ^^  ^^  infinitum  is  =  8  j  X  the  cube  of  the  faid  feries. 
We  mufl:  therefore  raife  the  cube  of  this  feries  by  multiplying  it  twice  into  itfelf; 
which  may  be  done  as  follows. 


^e  muUiflicatim  of  tht  infinite Jeriti  i  +  —  —  -;r  + 

— r  —-7-  +  — ;t rr-  +  c?f  ad  infimtum  into 

^         g*         g"         g" 
iijelfi  in  order  to  ohtain  itsfiquare. 


I  + 

jCKX 

. 

+ 

0^ 

N*" 

+  &C 

1  + 

gM 

- 

g* 

+ 

«• 

-^+^ 

f" 

+  &C 

I  + 

ClEX 

- 

EX* 

+ 

0^ 

-^+-^ 

+  &C 

+ 

M 

+ 

r. 

~ 

CKSi" 

*    f.           '". 

:,c 

—  &C 

*" 

If 

— 

*•. 

+  -.'.          ." 

+  ^• 

—  &c 

+ 

r- 

^A-.:. 

^  ,/:% 
^  ^'' 

—  &c 

—  &c 
-&c 

—  &c 

n — H  *=c 


2EG11'°  aEI»'*  . 


■— &C 


This  U  the  fquare  of  the  feries  i  +  —  —  ^+^_ii'+ii:!_ii: 
J-  &c. 
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^  comparifott  hetwept  the  foregoing  eompoundJerieSt  vobicb 
is  equal  to  the /quart  of  the  /tries  l  +  —  —  ^  + 

'  — s rr  +  -Ts ^ — •"  ^^  ^'^  infinitum,  and 

the  compound /cries  which  is  equal  to  the/quare  of  the 
former feries  1  — — ^—  ™  —  it-  —  i^; 

— jj-  —  fc?c  ad  infinitum,  and  which  isfet  down  above 
in  art.  40. 


64.  Now,  if  we  compare  this  fquare  of  the  feries  1  t —  -r  "•"  75"  " 

Ij-  +  &c  with  the  compound  feries  which  is  equal  to  the  fquare  of  the  former. 

feries  i -^ -j ^+  &c,  and  which  is  fet  dowrr  above  in  art.' 

40,  we  (hall  find  that  there  are  the  following  refemblances  and  differences  be* 
tween  them. 

In  the  firft  place,  the  firft  terms  of  both  thefe  compound  ferlefes  arc  equal'to  ■ 
the  fame  quantity,  to  wit,  i.. 

Secondly,  the  fecond,  and  third,  and  fourth,  and  other  following  terms  of  the 
latter  compound  feries  obtained  in  the  foregoing  article  63,  involve  in  them  the 

firaiftions  — ,  --r,  -r,  — r.  -T^.  — ;r»  &c,  or  the  feveral  powers  of  the  fraftioa 
ig    £*    g      i      g       X  ^ 

— ,  juft  as  the  fecond,  and  third,  and  fourth',  and  other  following  terms  of  the 
former  compound  feries,  obtained  in  art.  40,  involve  in  them  the  fradions 
— ,  -J-,  -^i  "T",  ^,  --17,  &c,  or  the  feveral  powers  of  the  fradion  — .  And  it 
is  evident  that  this  obfervation  will  be  true  of  all  the  following  terms  of  thefe 

two  compound  feriefes,  becaufe  the  fimple  feries  i  -j ■  —  tt  +  "• •" 

+  &c  contains  in  its  terms  the  very  fame  powers  of  the  fraAion  —  as  the  for- 
mer fimple  feries  t  —  —  —  -^  """?*  —  ~t~  ~Tr  ^—rr  ~~  ^^  contains  of 
the  fraftion  —  in  its  feveral  correfponding  terms. 

Thirdly,  the  figns  of  the  feveral  members  of  the  third,  fifth,  and  feventh 
terms  of  the  latter  compound  feries  obtained  in  the  preceeding  art.  63,  are  the 
fame  with  the  figns  of  the  correfponding  members  of  the  third,  fifth,  and  fe- 
venth terms  of  the  former  compound  feries  obtained  in  art.  40.  For  the  third 
term  of  the  former  compound  feries  is  —  2— — \.  __,  the  two  members  of 

whicb  are  marked  with  the  figns  -^  and  +  ;  and  the  third  term  of  the  latter 

compound : 
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compound  fcrics  is — 

marked  with  the  figns  —  and  +,  And  the  fifth  term  of  the  former  compound 
feries  is  —  ^^  +  1^^  +  iJ.,  the  three  members  of  which  are  marked  with 
the  figns  — ,  + ,  and  +  ;  and  the  fifth  term  of  the  latter  compound  feries  is  — 
ti^L  +  .— ".L  +  L^^  the  three  members  of  which  arc  likewife  marked  with 
the  figns  — ,  + ,  and  + .  And  the  feventh  term  of  the  former  compound  feries 
is  —  ^-~  +  ^-^n~  "1"  —  »-  +  -17-j  '^he  four  members  of  which  arc  marked 
with  the  figns  — ,  + ,  +,  and  +  ;  and  the  feventh  term  of  the  latter  compound 

feries  is  —  — .%  +  --"-  H ~  +  — ^,  the  four  members  of  which  are 

i"-  g"  g"  g" 

likewife  marked  with  the  figns  — ,  +,  +,  and  +.  And  the  fame  analogy 
will  take  place  between  the  figns  of  the  fevetal  members  of  the  ninth,  eleventh, 
thirteenth,  and  other  following  odd  terms  of  the  former  compound  feries  ob- 
tained in  art.  40,  and  the  figns  of  the  correfponding  members  of  the  nbth, 
eleventh,  thirteenth,  and  other  following  odd  terms  of  the  latter  compound  fe- 
ries obtained  in  art.  63 1  as  we  (hall  prrfcntly  endeavour  to  make  appear. 
Fourthly,  the  fign  of  the  fecond  term,  +  — —,  of  the  latter  compound  feries, 

and  thofe  of  the  feveral  members  of  its  fourth  term,  +  ^^ ^^r— »  and 

thofc  of  the  feveral  members  of  its  fixth  term,  +  — ~ -^  —  2 — — -,  are 

g""  g^"  g" 

refpeftively  contrary  to  the  fign  of  the  fecond  tenn,  —  -^,  of  the  former 

compound  feries,  and  to  thofe  of  the  feveral  members  of  its  fourth  term,  — 

~-  +  2-^^,  and  to  thofe  of  the  feveral  members  of  its  fixth  term,  —  ^^- 

+  ""/—  +  — fo— •  And  the  fame  contrariety  will  take  place  between  the  figns 
of  the  feveral  members  of  the  eighth,  tenth,  twelfth,  and  other  following  even 
terms  of  the  latter  compound  feries  obtained  in  art.  63,  and  thofe  of  the  feveral 
COTrefponding  members  of  the  eighth,  tenth,  twelfth,  and  other  following  even 
terms  of  the  former  compound  feries  obtained  in  art.  40 ;  as  we  Iball  now  en- 
deavour to  make  appear. 

65.  It  is  evident,  from  the  rules  of  multiplication  in  algebra,  that,  wbeoever 
a  feries  of  algebra'ick  quantities  is  multiplied  by  either  the  fame,  or  another, 
feries  of  algebrakk  quantities,  all  thofe  horizontal  lines  of  terms  in  the  produft, 
which  arife  from  the  multiplication  of  the  firft  feries,  or  multiplicand,  into  thofe 
terms  of  the  multiplicator  which  are  marked  with  the  fign  +,  will  have  the 
fame  figns  +  and  —  prefixed  to  their  fe^-eral  terms  as  are  prefixed  to  the  COT- 
refponding terms  in  the  muhiplicand ;  and  that  all  th(^e  horizonul  lines  of 
terms  in  the  produdl  which  arife  fi-om  the  multiplication  of  the  firft  feries,  or 
multiplicand,  into  thofe  terms  of  the  multiplicator  which  are  matted  with  the 
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fign  — ,  will  have  contrary  figns  prefixed  to  their  fevcral  terms  .to  thofe  which 
are  prefixed  to  the  correfponding  terms  of  the  mukiplicand.  It  follows  there- 
fore that  in  the  gcDcral  produft  of  the  multiplication  of  the  feries  i — 

^  —  SJT  _  I^  -  ii^  -  !1^  _  &c  (of  which  all  the  terms  after  the  firft 
term  are  marked  with  the  fign  — )  into  itfelf,  which  is  fet  down  above  in  art. 
40  (I  mean  by  the  general  produft  the  firft  produft,-  before  the  fimilar  terms 
an  each  vertical  column  of  terms  are  added  up  together  at  the  botcom,  To  as  to 
make  but  one  term),  the  firft  horizontal  line  of  terms  (which  arifes  from  the 
multiplication  of  tht  (aid  multiplicand,  or  feries  i  —  —  —  ^  —  ^— -t  — 
i— -  —  ^^  —  &c,  into  its  firft  term  i,  or,  in  other  words,  which  is  the  faid 
feries  itfelf)  muft  have  the  fign  +  prefixed  to  its  firft  term  (or  rather,  no  fign 
at  all ;  becaufe,  being  the  firft  term  of  the  whole  produft,  it  is  that  to  which  all 
the  other  terms  are  to  be  referred,  and  to  be  added  to  ic  when  they  are  marked 
with  the  fign  +,  and  to  be  fubtrafted  from  it  when  they  are  marked  with  the 
fign  — )  and  muft  have  the  fign  —  prefixed  to  all  the  following  terms ;  and  the 
fecond,  and  third,  and  fourth,  and  fifth,  and  fixth,  and  feventh,  and  every  fol- 
lowing horizontal  line  of  terms  in  the  faid  product  (which  arife  from  the  multi- 
plication of  the  faid  multiplicand,  or  feries  i  —  — _£__^__ii._»  iiL. 

—  ^'  —  &C,  into  the  feveral  terms  ^,  ~,  ^,  ^,  ^,  ^,  &c,  which 
are  alt  marked  with  die  fign  — )  muft  have  the  fign  —  prefixed  to  their  feveral 
firft  terms,  and  the  fign  +  prefixed  to  all  their  following  terms,  to  whatever 
number  of  terms  the  fiiid  horizontal  lines  may  be  continued.  And  it  follows 
likewife,  that  in  the  general  pty>dua  of  the  multiplication  of  the  feries  i  +  — 

—  -^-  H — I r  +  -^ TT  +  &c  (of  which  the  fecond,  and  fourth, 

and  fixth,  and  all  the  following  even  terms,  are  marked  with  the  fign  +,  and 
the  third,  and  fifdi,  and  feventh,  and  all  the  following  odd  terms,  are  marked 
with  the  fign  — )  into  itfelf,  which  is  fet  down  in  art.  63,  the  fitft  horizontal 
line  of  terms  (which  arifes  by  the  multiplication  of  the  faid  multiplicand,  or 

feries  I  -I-  —  —  ~  H — =-  —  — r  -I — ir  —  — ^  +  8cc,  into  its  firft  term  r, 

gg       g*    .  i*,       g^ .      X.     .   g 
ot,  in  other  words,  which  is  the  faid  feries  itfelf)  muft  have  the  fign  -|-  pre- 
fixed to  its  fecond,  fourth,  fixth,  and  other  following  even  terms,  and  the  fign 

—  prefixed  to  its  third,  fifth,  feventh,  and  other  following  odd  terms  (to  what- 
ever nurtiber  of  terms  the  faid  horizontal  line  may  be  continued),  being  the  fame 
figns  as  thofe  of  the  fevcral  correfponding  terms  of  the  faid  multiplicand  itfelf; 
and,  in  like  manner,  the  fecond  horizontal  row  of  terms  in  the  faid  produft,  and 
the  fourth,  and  fixth,  and  eighth,  and  tenth,  and  every  following  even  horizontal 
TOW  of  terms  in  it  (which  arife  fix>m  the  multiplication  of  the  faid  multiplicand, 
or  feries  i  +  —  —  ~r  •¥  ^  —^A-  +  ~-  —  ~-  +  &c,  into  the  fecond. 
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fourth,  and  fixth  terms,  — ,  — ^,  -^,  and  the  other  following  even  teniw, 
of  the  faid  feries,  to  all  which  the  fign  +  is  prefixed)  will  have  the  fame  figns 
+  and  —  prefixed  to  their  feveral  terms  as  are  prefixed  to  the  correfpondmg 
terms  of  the  faid  multiplicand,  or  feries  itfelf,  to  wit,  the  fign  +  prefixed  to  their 
firft,  and  fecond,  and  fourth,  and  fixth,  and  eighth,  and  tenth,  and  other  fol- 
lowing even  terms,  and  the  fign  —  prefixed  to  their  third,  and  fifth,  and  fe- 
venth,  and  ninth,  and  eleventh,  and  other  following  odd  terms ;  and  the  third 
horizontal  row  of  terms  in  the  faid  produft,  and  the  fifthj  and  feventh,  and 
ninth,  and  elevemh,  and  every  following^odd  horizontal  row  of  terms  in  it 
(which  arife  from  the  multipUt^ation  of  the  faid  miiltipficand,  or  feries  i  +  ^ 
_  i^  +  1^  —  ^.'  H-  i^— i^  +  &c,  into  the  thinJ,-  and -fifth,  and  fe- 

venth,, terms  ~-,  — j-,  ^^,  and  the  other  fallowing  odd  tfrms  of  the , faid  fe- 
ries, to  all  which  the  fign  ■—  is  prefiixed),  will  ha v«. contrary. figns  prefixed  to 
their  feveral  terms  tothofe  which  are- prefixed  to  .the  correfpondiog  terms  of  the 
faidmultipliauid,  or  feries  itfelf,  and  therefore  will  have  the  fign  —  prefixed 
to  their  fiKl,  and  fecond,  and  fourth,  and  fixth,  and  eighth,  and  teixth,  and 
other  fiallowing  even  terms,  afid  the  fign  .+  prefixed  to. dheir.thirdi  and  fifii, 
and  feventl^  and  ninth,  and_  deyend),  ai\d.  oi^icf ,  following  txld  teri^s. 

66,  It  has  been  Ihewn,^  in  tjie  1^  artic]e>  that  in  the>  general  prodiift  of  the 
multiphcanon  of  the  feries  t  -*m  -^--^  -~.  -^  -^  —  -p-.rrz.  -^  -n  -^  —  otic. 
into  itfelf,  fet  down  above  in  art.  40,  all  the  terms  in,  the  firftj  or  faigheft,  hori- 
zontal row  of  terms,  except  the  firit  term  i,  wilt  have  the  fign  —  jwefix'ed'to 
them,  and  that  in  the  fecond,  and  third,  aad  fourth,  and  other  following  hori- 
zontal rows  of  terms  in  the  faid  produf):,  the  fixft  terms  of  the  laid  rows  wiil 
have  the  fign  —  prefixed  to  them,  but  alt  the  folbwing  terms  in  them  will  be 
marked  with  ihe  fign  + .  Now  the  fiiit  ^erms.  of  the.  feveral  horizontal,  rows, 
of  terms  in  the  faid  general  prodgft  *rp  ^he  ioweft  terms  of  the  feveral  yetr 
tical  columns  of  terms  in  the  faid  product,  whict^  inv9lve  the  fame  powers  of 
the  fi'a£tion  — ;  and  the  fecond,  and  third,  and  fourth,  and  odier  following 
terms  of  the  firft,  or  higheft,  horizontal  row  of  terms  in  the  faid  produft,  are 
the  higheft  terms  of  the  fecond,  and  third,  and  fpurtt),  and  other  following 
vertical  columns  of  terms  in  the  faid  product.  T|ierefore  the  bigh^  t^rpi  and 
the  lowefl  tenn  of  the  fecond,  and  the  thir^,  and  fhe  fo^r^h;  and  evfry  fol- 
lowing vertical  column  of  terms  ip  the  faid  produi^,  will  have  the  fign '—  pre- 
fixed to  them,  and  all  the  other  terms  of  the  faid  veitical  colijmp?  .will  b^ 
marked  with  the  fign  + .  Now  this  'yill  Jikewife  ifc  f^c  cafe  ,with  the  ihir<J,  j^d  the 


fi6:h,  and  the  feventh,  and  the  other  follp;iiriAg  odd  v,errical|Coluipns,  o.f  th?  s^ne^ 
ral  produA  of  the  multiplication  of  the  other  feries  i  +  —  ■ —  ^  +  ^  — 
,z»    ,    x«>»        Nrf«    ,    fi„ :_..  :.r.if  f..  J : *.     ,7„.l-£^    irhighcfV, 
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terms  oT  the  faid  odd  vertical  cohimns  arc  the  third,  fifth,  feventh,  and  other 
fbilQwmg  odd  terms  of  the  firft,  or  highaft,  horizoMalrow  of  terms,  to  wit,  the 

terms  ^,'^•,  ^^,  &c,  which  are  all  marked  with  the  fien  —  :  and  the  lowed 

£*  -i  s'- 
terms  of  the  fame  odd  vertical  columns  are  equal  to  their  higheft  terms,  and  are 
marked  alfo  with  the  fign  — >  becaufe  they  are  the  firft  terms  of  the  feveral  odd 
horizontal  rows  of  terms,  which  have  been  fliewn  to  be  marked  with  the  faid 
fign  — .  And  the  intermediate  terms  of  the  faid  odd  vertical  columns  between 
'  the  higheft  term  and  the  loweft  muft  all  be  marked  with  the  fign  +,  becaufe  they 
are,  all  of  them,  the  produfts  of  the  mukiplicatioa  of  fadors,  which  are  boih 
marked  either  with  the  fame  fign  +  or  withthe  fame  fign — .  Thus,  for  example, 
in  the  feventh  vertical,  column  of  the  faid  produft,  of  which  the  higheft  term  is  — 
.  ^~i  the  next  term  ^^^  is  the  product  of  the  multiplication  of  the  factors 
i^  and,  — ,  wlijch  are  both  marked  with  the  figh  +,  and  therefore  it  muft 
be  likewife  marked  with  the  fign  +  ;  and  the  third  term  ^^  is  the  produifl: 

of  the  multiplication  of  the  feftors  -^  antJ  — ,  which  are  both  marked  with 
the  fign — ,  atad  therefore  it  muft  be  marked  withthe  fign  +  ;  and  the  ftnirth 
terv--—  is  the  produft  of  the  multiplicatioii  of  ~^  by  — j-,  which  are  both 
marked  with  the  fign  +,  and  therefore  k  muft  be  marked  alfo, with,  the  fign 
4- ;  and  the  fifth  terpi  ^~-  li  the  produd  of  the  mt^iplicadOft  of  the  &Aors 

'  55!  and  iS-;  which  are  both  marked  *ith  the  ffgiv  — »  and  therefore  it  muft  be 
•      "     *  -I. 

mal-k^  with  6ke  fignr  -f  ;  and  the  fixth  teroiv,  ^^~i  «r  the  loweft  tenn  but  one, 

or  the  laft  of  the  intermediate  terms  between  the  higheft  dnd  loweft  terms  of  the 
iiiid  vertical  column,  istheproduAof  the  faAors  — 'and  —^,  which  are  both 
iharked'whh  the  fign  %,  and  therefore  it  muft  lOLewife  be  marked  with  the 
figii  +  ;  and  confe4uently  all  the  five  intermediate  terms' of  the  (aid  feventh 
Tcrtical  column  between  its  higheft  and -loweft  terms  muft  be  marked  with  the 
iign  +,  And  it  is  eafy  to  perceive  that,'  ferthfrfame  reafons,  all  the  intermedi- 
ate terms  between  the  higheft  and'  loweft  terms  of  any  other  vertical  column  of 
which  the  higheft  term  was  marked  with  the  fign  — ,  that  is,  of  any  other  odd 
vertical  column,  muft  be  marked'widi  the  fign  +.  We  may  therefore  con- 
clude that  in  all  the  odd  vertical'  columns  of  terms  in  the  general  produdt  fet 
down  in  art.  6j,  the  fighs  *)-  ^d  -r—)  which  are  to  be  fHxfixed  to, the  feveral 
terms  of  the  faid  CDluimn,  will  be  the  fame  as  thofe  which  are  to  be  prefixed  to 
the  correfponding  terms  of  the  fame  odd  vertical  columns  of  tetms  in  tbegene- 
ral  produA  fet  down  above  io  art.  40.  0^  e.  d. 

67.  Since  the  figns  of '  the  terins  in  the  feveral  odd  vertical  columns  of  thQ 

gencnd^pcodudfa  down  in  art.  63,  are  the  fame  as  thofe  of  thccorrefponding 
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terms  of  the  like  odd  vertical  columns  of  the  general  produA  fet  down  in  an. 
40,  it  is  evident  that,  when  the  fimilar  terms  contained  in  the  faid  odd  vertical 
columns  are  added  up  together  at  the  bottoms  of  the  faid  general  produdb,  fo 
as  to  make  but  fingle  terms,  the  fame  analogy  between  the  figns  of  the  terms  of 
thcfe  vertical  columns  will  continue ;  that  is,  in  the  feveral  odd  vertical  columns 
of  the  reduced  compound  feries,  which  is  equal  to  the  fquare  of  the  feries  i  + 
S^  _  i^  +  ^'  —  i-"-  +  i^  -  ^  +  &c,  the  figns  of  the  feveral  terms, 
or  members  of  the  faid  columns,  will  be  the  fame  with  the  figns  of  the  feveral 
correfponding  terms,  or  members  of  the  like  odd  vertical  columns  in  the  re- 
duced compound  feries,  which  is  equal  to  the  fquare  of  the  former  feries  i  — 

—  —  ii  —  ^^ -r  —  ^ —  ^  —  &c,  to  whatever  number  of  terms  the 

faid  feriefes  may  be  continued.  Therefore  the  third  obfervation  made  above  in 
art.  64,  concerning  the  figns  of  the  members  of  the  odd  vertical  columns  of  thefe 
two  compound  feriefes,  is  unlverfally  true.  ij.  b,  d, 

68.  But  in  the  fecond,  and  fourth,  and  fixth,  and  other  following  evfn  ver- 
tical columns  of  terms  in  the  general  produft  fet  down  in  art.  63,  the  figns  + 
and  — ,  that  are  to  be  prefixed  to  the  feveral  terms  or  members  of  the  faid  co- 
lumns, will  be  contrary  to  thofe  which  are  to  be  prefixed  to  the  feveral  cor- 
refponding terms  of  the  fecond,  and  fourth,  and  fixth,  and  other  following  tvat 
vertical  columns  in  the  general  produA  fet  down  in  art.  40.  For,  ia  the  firil 
place,  the  iirft,  or  highcft,  term  in  every  even  vertical  column  in  the  general 
produd  fet  down  in  art.  63,  is  marked  with  the  fign  +  ;  whereas  the  fim,  oc 
higKeft,  term  of  every  even  vertical  column  of  terms  in  the  geoeral  produS:  fet 
down  in  art.  40  (as  well  as  the  firA,  or  highell:,  term  of  the  third  and  every  fol- 
lowing odd  vertical  column  of  terms  in  the  fame  general  produd),  is  marked  with 
the  fign  •— .  And,  in  the  fecond  place,  the  laft,  or  loweft,  term  in  every  even  ver- 
tical column  of  terms  in  the  general produft  fet  down  in  art.  63,  is  marked  with 
the  fign  +  ;  becaufe  the  faid  loweft  term  of  fuch  even  vertical  column  is  the 
firft  term  of  the  even  horizontal  line  of  terms  in  which  it  lies  :  and  it  has  been 
Ihewn  in  art.  6^  that  the  firft  terms  of  the  (econd,  and  founh,  and  fixth,  and 
every  following  even  horizontal  row  of  terms,  are  marked  with  the  fign  -|- .  But 
the  loweft  terms  of  the  fecond,  and  fourth; 'and  fixth,  and  every  following  evea 
vertical  column  of  terms,  io  the  general  produA  fet  down  in  art.  40  (as  well  as 
of  every  odd  vertical  column  in  the  faid  produd),  are  all  marked  with  the  fign 
— ,  as  has  been  /hewn  in  art.  66.  And,  thirdly,  the  feveral  intermediate  terms 
between  the  higheft  and  the  loweft  terms  in  every  even  vertical  column  of  t^ms, 
in  the  general  produd  fet  down  in  art.  63,  muft  all  be  marked  with  the  fign  — , 
becaufe  they  are  the  produds  of  fadors  which  are  marked  with  different  £gns. 
Thus,  for  example,  in  the  fixth  vertical  colunm  of  the  general  produd,  fet 
down  in  art.  63,  of  which  the  higheft  term  is  +  —-,  the  next  term  ^^-  is 
the  produd  of  the  multiplication  of  the  fedors  ^  and  ~,  of  which  the  for- 
mer ia  marked  with  the  fign  — ,  and  the  lalfer  is  marked  with  the  fign  +,  in 
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confequence  of  which  their  produft  muft  be  nurked  with  the  fign  — ;  and  the 
third  term  —^  is  the  produft  of  the  multiplication  of  the  fedors  ^  and  ^, 
of  which  the  former  is  marked  with  the  lien  •{•,  and  the  latter  is  marked  with 
the  fign  — ,  and  confequently  their  produft  muA  be  marked  with  the  lign  — ; 
and  the  fourth  term  — ^^  is  the  product  of  the  multiplication  of  the  faAors  — ^ 
and  ~g-,  of  which  the  former  is  marked  with  the  fign  — ,  and  the  latter  is 
marked  with  the  fign  + ,  and  confequently  their  produft  muft  be  marked  with 
the  fign  —  ;  and  the  fifth  term  ^^,  or  the  loweft  term  but  one,  or  the  laft  of 
the  faid  intermediate  terms  between  the  higheft  and  the  loweft  terms  of  the  faid 
vertical  column,  is  the  produi^  of  the  multiplication  of  the  fiuftors  —  and  ^, 
of  which  the  former  is  marked  with  the  fign  +,  and  the  latter  is  marked  with 
the  fign  — ,  and  confequently  their  produft  muft  be  marked  with  the  fign  — . 
And  it  is  eafy  to  perceive  that,  for  the  fame  reafons,  all  the  intermediate  terms 
between  the  higheft  and  the  loweft  terms  of  any  other  vertical  column,  of  which 
the  higheft  term  was  marked  with  the  fign  + ,  that  is,  of  any  other  even  venical 
column,  muft  be  marked  with  the  fign  — .  But  in  the  general  product  fet  down 
in  art.  4a,  all  the  intermediate  terms  between  the  higheft  and  loweft  terms  of  all 
-the  vertical  columns,  both  odd  and  even,  are  marked  with  the  fign  +.  There- 
fore all  the  intermediate  terms  between  the  higheft  and  the  loweft  terms  of  all  the 
even  vertical  columns,  in  the  general  prodivf);  fet  down  in  art.  63,  are  marked 
with  contrary  figns  to  thofe  of  the  correfponding  intermediate  terms  of  the  even 
vertical  columns  of  the  general  produtft  fet  down  in  art.  40.  And  the  fame  thing 
has  been  Ihewn  concerning  the  higheft  and  loweft  terms  of  the  faid  even  vertical 
columns  of  the  faid  two  general  produ^.  .  We  may  therefore  conclude  that  in 
all  the  even  vertical  columns  of  terms  in  the  general  product  fet  down  in  art.  63^ 
the  figns  +  and  — ,  which  are  to  be  prefixed  to  the  feveral  terms  of  the  faid  co- 
lumns, will  be  every  where  contrary  to  thofe  which  are  to  be  prefixed  to  the 
correfponding  terms  of  the  like  even  vertical  columns  of  terms  in  tlie  general 
produft  fa  down  above  in  art.  40.  0^  e.  d. 

69.  Since  the  figns  of  the  terms  in  the  feveral  even  vertical  columns  of  the 
general  produift  fet  down  in  art.  63,  are  refpeftively  contrary  to  thofe  of  the 
correfponding  terms  of  the  like  even  vertical  columns  of  the  general  produft  fet 
down  m  arc  40,  it  is  evident  that,  when  the  fimtlar  terms  contained  in  the  faid 
even  vertical  columns  are  added  up  together  at  the  bottoms  of  both  the  faid  ge- 
neral produfts,  foas  to  make  but  nngle  terms,  the  fame  analogy,  or  rather  con- 
trariety, between  the  figns  of  the  terms  of  thefe  venical  columns  will  continue; 
that  is,  in  the  feveral  even  vertical  columns  of  the  reduced  compound  feries, 
which  is  equal  to  the  fquare  of  the  feries  i  +  —  — i-.  +  ^  —  ^-  +  — - 

^      ^  ^  £i  g*    ^    g*  X'    ^   £" 

—  -^  +  &C,  the  figns  of  the  feveral  terms,  or  members  of  the  faid  columns, 

will  be  every  where  contrary  to  the  figns  of  the  feveral  correfponding  terms,  or 

7  members 
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members  of  ihc  like  even  vertical  columns,  of  the  reduced  compound- ferics, 

which  is  equal  to  the  fquare  of  the  feries  i  —  — — Ij-— ^Ij V~  "^  ~" 

iLi.  —  &c,  to  whatever  number  of  terms  the  faid  ferjefes  may  be  continued. 
Therefore  the  fourth  obfervaiion  made  above  in  art.  64,  concerning  the  figng  of 
the  members  of  the  even  venical  columns  of  thefe  two  compound  feriefes,  is  uni- 
verfally  true.  Oi  e.  d. 

70.  In  the  fifth  place  we  may  obferve  concerning  thefe  two  compound  feri- 
efes,  which  are  equal  to  the  fquares  of  the  two  infinite  feriefes  1^  —  —  —  — 

—  ^^  4-  &c,  that  the  co-efficients  of  the  feveral  terms,  or  members  of  the  fe- 
vcral  vertical  columns,  of  the  compound  feries  which  is  equal  to  the  fquare  of  .the 
latter  fimple  feries,  and  which  is  fee  down  in  art.  63,  will  be  equal  to  the  co-elfi- 
cienrs  of  the  correiponding  terms,  or  members  of  the  feveral  vertical  columns  of 
the  fornier  compound  fenes,  which  is  equal  to  the  fquare  of  the  former  fimple 
feries,  and  which  is  fet  down  above  in  arc  40;  though  the  figns  +  and  —  that  are 
to  be  prefixed  to  them  will  not  every  where  be  alike.  For,  fince  the  two  Cmple  fc- 
nefes-i  -  —  _— —  -j--  -^  —  -j^  _  -^^  _  &c,  and  i  +  —  -  -p- 

+  -T ~-r  +  —TT  —  — TT-  +  &c,  contain  the  very  fame  co-efficients  C,  E,  G, 

I,  L,  N,  &c,  combined  with  the  fame  powers  of  the  two  fraftions  -^  and  — , 

though  with  differait  figns  -f  and  —  prefixed  to  the  even  tentts  — ,  ^,  ^, 

&c,  and  — ,  ^,  ^,  &c,  of  the  two  feriefes  j  and  fince  it  has  been  fliewa 

K     ^      «■  ■ 

that,  in  the  third,  and  fifth,  and  fcventh,  and  other  following  odd  venical  cotunms 
of  terms,  in  the  two  compound  feriefes  which  are  equal  to  Sie  fquares  of  the  faid 
fimple  feriefes,  the  figns  +  and  — ,  that  are  to  be  prefixed  to  the  correfpond- 
ing  terms  of  the  faid  odd  vertical  columns,  are.  the  ume  in  both  feriefes;  and 
that  iii  the  fecond,  and  fourth,  and  fixth,  and  other  following  even  vertical  co- 
lumns of  terms  in  the  faid  compound  feriefes,  the  figns  +  and  — ,  that  are  ,to  be 
prefixed  to  the  correfponding  terms  of  the  faid  even,  vertical  columns,  are  .uni- 
formly contrary  to  each  other  in  the  two  feriefes ;  it  follows  that  the  co-effi- 
cients of  the  feveral  terms,  or  members  of  the  vertical  cdumns,  of  one  feries, 
muft  arife  from  the  iame  combinations  of  the  original  co-efficients  C,  E,  G,  I, 
!_,,  N,  &c,  by  multiplication  and  addition,  by  which  the  co-efficients  of  the 
correfponding  terms,  or  members  of  the  feveral  vertical  columns,  of  the  other 
feries  are  produced  :  and  coofequently  the  faid  co-efficients  muft  be  the  fame  in 
both  feriefes,  though  the  figns  +  and  —  that  are  to  be  prefixed  to  them  will, 
in  all  the  terms  of  the  fcveraJ  even  vertical  columns,  be  diflerent.     q^  e.  d. 

7J.  We 


y  Google 


FOR   KESOLVING    THE   CVBICK   E<;j>ATIOH   &C.  495 

7 1 .  We  now  proceed  to  mukiply  the  compound  feries  obtained  above,  in  art. 
63,  for  the  fquarc  of  the  fimple  feries  i  +  ^_^*+^_^  +  ^_ 

— -  +  &c,  into  the  faid  fimple  feries  itfelf,  in  order  to  obtain  the  cube  of  the 
iaid  fimple  feries.     This  multiplication  is  as  follows. 


The  muUipHcation  of  the  coi^miT/eries  (ohtained  above 
in  art.  63  J  wbicb  is  iqual  to  the  /quart  e/thiJmpU 

.     .  .      caw  EZ*     .      O**  "r»:*      ,       LJi'°  N*" 

jertes  i  H -7-+— r  — "tH"  — s-  —  — s- 

SS         t        ^         i*         X  £ 

+  iScf  into  the  /aid  Jimple  /tries t  in  oraer  to  obtain 
the  cube  of  the  /aid /sm$U /tries* 


*         ~a~  ^  *•  ,  *'  «"■       ~      /"  > 

c*»(*  2CE*r  2CGg'  a  cm"  a  cl  k"  .        ,r^'' 

t  t  **.  /"  ^'  - 

X*IE*  3E0»"  ZII^* 

+  ■  """."^  -  *«: 


»«»« 

aa^ 

.     I.i'             .I.-        ,      II.K"             li.!' 

+  8tc 
—  &o 

+  -7r 

A 

acE»»     ,    aco-ai*           aci*"       - -sclk" 

+ 

.:«*. 

.*•+..<,.       ^."    +    ,',-, 

,        E*«»               2EO»'"     ,      JEIk" 

-&c 

e       -i"  ■       /v  . 

.;■»■> 

-&c 

^^ 

+ 

2C*«^ 

SCE*»     ,      »CO»^             4C»«">       ,      »CL»"- 

-&i 

«* 

<     '     »*  .        *■.•      '    .^- 

.       C'z*               aC»ES»     -.     2C»G«"            2C*I*" 

+  &C 

r          ■  i-             g" .         ■-  X'* 

,     ceV°        -acEoe" 

+  &C 

Bx« 

a«««    ,     aE»««          aEG«"       -   2ei«» 

-  lie 

*"" 

T- 

_      *•  ■"'    V^        .^e"'     '     s"- 

C*EK*       ,     acE*!'"           2CEGE" 

r.  +  *■•        *» 

+  &C 

g" 

.       cai'            2CG»»          2  BO*'*    ,      30*a" 

+  &C 

H T"  H i js—  +  — 7: — 

—  &c 

i'                i'                 !•'                  g" 

+       ... 

+  &C 
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~-&C 

-  +  &C 


.-&c 
- 5 , 1^^^ 

3cV         6cE»*     ,    fccoai'    _  6 CI »'°     ,     6cLg"  g^^ 

"*"  i*  ~  I*.        <.     <'",.      ^'",. 


This  laft  compound  ferics  (which,  for  the  fake  of  brevity,  we  will  denote  by 
the  fmall  Greek  letter  y)  is  the  cube  of  the  feries  I  +^— TT  +  jr— 7 
^  ii!!  _  i^  +  &c  .J^;  hifnUum.  Therefore  8  ^  x  the  cube  of  the  (iid  feries 
,  4.'^'«_;;!j.ii_!^+t£!  — !!^  +  tccadinUlum  will  be  =  «r 
X  the  compound  feries  y;  and  confequently  the  cube  of  the  expreffionl2V"g' 
X  the  infinite  feries  ,  +  :^-'^+^-^  +  ^-^^  +  &<:  "iU 
be  =  8  J  X  the  compound  feries  y. 

72.  If  the  foregoing  compound  feries  y  be  aftially  multiplied  into  8f,  die 
produift  will  be  the  following  compound  feries,  to  wit, 

8f +— zr- 
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which,  for  the  fake  of  brevity,  we  (hall  denote  by  the  fmall  Greek  letter  5.  And 

then  the  cube  of  the  expreflion  2  v'^  f7  X  the  infinite  feries  i  H — — r — ^■ 

»         -i  .0  ..  £g         £* 

•-r  ' — J-  -\ — 7; n~  +  ^'^  ad  infinitum  will  be  equal  to  the  faid  compound 

leries  3. 


yi  compaTtfon  between  the  compound  Jeries  S,  obtained  in 
the  foregoing  art.  72,  and  the  compound Jeries  A  ob- 
tained above  in  art.  41. 

73,  If  we  compare  the  lafl:- mentioned  compound  feries  5  wfth  the  compound 
feries  A  obtained  above  in  art.  41,  we  (hall  find  that  the  co-efficients  of  the  cor- 
refponding  terms  arc  the  fame  in  both  fcriefes,  and  likewife  that  the  figns  pre- 
fixed to  the  correfponding  terms,  or  members,  of  the  third,  and  fifth,  and  fe- 
venth,  vertical  columns  of  terms  in  both  feriefes  are  the  fame,  but  that  the  figns 
prefixed  to  the  fecond  terms  of  the  faid  two  feriefes,  to  wit,  the  terms  Hllt 
and  ii£if^  and  to  the  correfponding  terms,  or  members,  of  their  fourth  and 
fixth  vertical  columns  of  terms,  are  contrary  to  each  other.  And  the  fame 
agreement  of  the  figns  of  the  terms  of  thefe  two  feriefes  will  take  place  in  all  the 
following  odd  vertical  columns  of  terms  after  the  feventh ;  and  the  fame  con- 
trariety between  the  figns  of  the  terms  of  the  faid  feriefes  will  take  place  in  all 
the  following  even  vertical  columns  of  terms  in  them  after  the  fixth  terms,  to  ■ 
whatever  number  of  terms  the  faid  feriefes  may  be  continued;  as  might  be 
fliewn  by  reafonings  fimilar  to  thofe  contained  in  art.  65,  66,  67,  68,  and  69. 

74.  Since  the  co-efficients  of  the  feveral  terms  of  the  compound  feries  J  are 
equal  to  the  co- efficients  of  the  correfpondent  terms  of  the  compound  feries  A; 
and  the  figns  prefixed  to  the  correfponding  terms  of  the  faid  two  feriefes  arc 
exaftly  the  fame  in  the  third,  and  fifth,  and  feventh,  and  other  following  odd 
vertical  columns  of  terms  in  the  faid  feriefes,  but  arc  contrary  to  each  other  in 
the  fecond  terms  of  the  faid  feriefes,  and  in  the  correfponding  terms  of  the 
founh,  and  fixth,  and  other  following  even  vertical  columns  of  the  faid  feriefes  j 
it  follows  that,  if  we  reduce  the  feveral  columns  of  terms  in  the  compound  feries 
A  into  fingle  terms  by  making  the  neceffary  multiplications,  additions,  and  fub- 
traftions  (as  is  done  above  in  art.  46,  47,  48,  49,  50,  and  51),  and  denote  the 
co-efficients  of -the  fingle  terms  thereby  obtained  by  the  capita!  letters  P,  Q^  R, 
S,  T,  V,  &c,  and,  if  we  likewife  reduce  the  feveral  columns  of  terms  in  the 
compound  feries  5  into  fingie  terms  by  making  the  neceiTary  multiplications, 
additions,  and  fubtradtions,  fo  as  to  convert  the  faid  compound  feries  S  into  a 
fimple  feries;  the  co-efficients  of  the  terms  of  this  latter  iimple  feries,  which 
will  be  equal  to  the  compound  feries  S,  will  be  equal  to  the  co-efficients  of  the 
correfponding  terms  of  the  former  fimple  feries  which  is  equal  to  the  compound 
Vol,.  II.  3  S  feries 
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feries  A ;  and  the  figns  4-  and  —  that  are  to  be  prefixed  to  the  third,  and  fifth, 
and  feventh,  and  other  following  odd  terms  of  the  Utter  fimple  feries,  will  be  the 
fame  as  thofe  which  are  to  be  pre6xed  to  the  third,  and  fifth,  and  feventh,  and 
other  following  odd  terms  of  the  former  fimple  feries,  which  is  equal  to  the 
compound  feries  A;  but  the  figns  to  be  prefixed  to  the  fecond,  and  foiinh, 
and  fixth,  and  other  following  even  terms  of  this  fecond  fimple  feries  will  be 
contrary  to  thofe  which  are  to  be  prefixed  to  the  fecond,  and  fourth,  and  fixth, 
and  other  following  even  terms  of  the  former  fimple  feries,  which  is  equal  to 
the  compound  feries  A. 

75.  Now  it  has  been  Ihewn  in  art.  60  that_>''  is  equal  to  the  fimple  feries  8  ( 

—  —  —  ^7 ; { ^^  —  ^, &c  aJ  infinitum.     Therefore  the 

compound  feries  A  (which  is  equal  to  j>')  mnft  likewife  be  equal  to  the  fimple 
feries  Bf~~~2^~l^  —  l^^l^^~~  8cc  ad  infinitum.  It  fol- 
lows therefore,  from  the  foregoing  article  74,  that  the  compound  feries  S  will  be 
equal  to  the  fimple  feries  8^  +  ^— ^  +  y-*  —  ^  +  l^  —l^  ^ 
8cc  ad  infinitum.     Therefore  the  cube  of  the  expreflion  z^^Cg  X  the  infinittr 

feries  i  +  —  "~-rr  +  7! T""*"  ~" »"  ''"  ^^  (which  is  equal  to 

the  cornpound  feries  3)  will  alfo  be  equal  to  the  fimple  feries  8^  +  —  —  ^ 


Tbe  value  of  the  cO'cfficient  q  of  the  fimple  power  of  x  in 
the  cuhick  equation  x*  —  qx  ^=  t  expreffed  by  an  infi' 
nitejeries  involving  the  powers  of  %  and  g. 


76.  In  the  next  place  we  will  find  a  tranfcendental  expreflion,  involving  the 
powers  of  z  and  g,  for  y,  the  co-efficient  of  *  in  the  propofed  cubick  equation 
*'  —  }«=:/;  after  which  we  (hall  multiply  the  faid  value  of  q  into  the  expref* 

„  ,—  1        ■     e    •        I-     ■  .      Cial  E«*      ,     GS*  1  a*      .     L  sV  N  l" 

fion  2  t/'  ff  X  the  infinite  feries  i  +  —  —  -r  H — r r  +  ~^ iT 

£X  £  g  £  g  £ 

4-  &c,  which  we  have  afl"erted  to  be  equal  to  the  value  of  x  in  the  equation 
X*  -~  qx  =  t.  And,  if  it  can  be  fliewn  that  the  faid  produft  of  the  multiplica- 
tion of  the  expreflion  which  is  equal  to  q  into  the  faid  expreflion  2  ^'  (7  X  the 

-,-■       r    ■  cza  E«*.G«*  iss'.iz"  he'*,-,       •■/•i 

infinite  fenes  i  H —  +  —r r  +  -rs tt  +  «c  is  lefs  than 

gx  g^  g  g  g  g 

the  cube  of  the  faid Tift-mentioned  expreflion,  or  than  the  fimple  feries  8^  + 

—  —  Ss_  +  1| ^-  +  -^  —  ^r  +  &c  (which  has  been  ftiewn  in  the 

£  g  g  g  6  £ 

laft  article  75  to.  be  equal  to  the  faid  cube),  and  that  the  difference  by  which  it 
3  falls 
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falls  (hort  of  the  (aid  cube,  or  of  the  faid  fcries  8  r  +  —  —  ^  H r  —  — r 

+  i^ ^^^  +  &c,  is  equal  to  /  (which  is  the  abfolute  term  of  the  equation 

#•  —  ^;e  =  /)  or  to  z  X  —>  or  to  2  J,  or  that  the  faid  produ<3:  is  equaj  to  the 

fimple  feries  6|:+-^^ ■^+  -^ 7"+"? 1^ '^  ^^'  which  is 

lefs  than  the  feries  8^  +  —  —  ^*  +  ^  —  -^  +  ^  —  ^  +  &c  by 
the  difference  2|f,  or  t,  we  (hall  be  able  jultly  toconcUide  that  the  faid  cxpref- 
fion  2  \/'  fF  X  the  infinite  feries  i  +  —  —  '-—  +  ^ ^  +  ^ -^ 

£?  ^  ^  f        -    i  £ 

+  &c  is  equal  to  the  root  *  of  the  propofed  equation  «'  —  5*  =  t.  This  there- 
fore is  what  we  muft  now  endeavour  to  prove  :  and,  for  this  purpofe,  we  miift, 
in  the  firft  place,  find  a  tranfcendental  exprellion  for  the  corefficient  q,  which 
fliall  involve  in  it  only  the  powers  of  g  and  2.  Now  this  may  be  done  in  the 
manner  following. 

Since  az  is  =  —  —  — ,  and  gg  is  =  — ,  we  fliall  Jtaye  zz  =  ^ gg,  and 

confequently  ^^  +  zz  =  S-,  and  f'  =  27  X  ^|:  +  zz  =  27  X  gg  X  |i  +  —» 


and  q  =  3  X  <s/i  {^  X  k/^  \i  +  ^  =  S  X'i\  i  ><^+3^'  ^"'»  ^^  ^^ 
binomial  theorem  in  the  cafe  of  roots,  i  +  ^  j  is  =  the  infinite  feries  i  +  — 
XAX^'— iB  x$-  +  4CxJ-^Dx4  +  iiEx';S-M 
F  X  ^  +  Uc  ad  injimtum,  ori+— —  ^+^^^  +  ^— ^ 

+  8rc  ai/  infatinm.    Therefore  q  will  be  =  3  X  ^  3   x  the  infinite  feries  i  + 

lEZ  CZ*      ,      DZ*  El'       ,      Fas'"  GSl"  ~  !■(•■. 

;^  -  p- +  7- -jr  +  ^r—jTr +  8^0  .<?«>,*»«.  ^  ,.  ,. 

77.  Therefore  the  produft  of  the  multiplication  of  q  into  the  expreflion 

a  V"  fl  X  the  infinite  feries  i  +S^  —  ^  +^-= ^+  ^  —  ^*  + 

ff  f*  r  r  «  r 

2 

&c  will  be  =  3  X  fIT  X  the  infinite  feries  i  +^^~-^  +  ~  —  ^-*  + 

,0  u  ig         g*        r         g 

l^  —  ^4r  4-  -&c  X  2  V^*  i?  X  the  infinite  feries  -i  +  ^^  _!—  +  "_ 
f  s  gg         &*         g^ 

~T  +  "TT  —  ^^  +  &c=s3x7l3    X2X^YXthe  infinite  feries  i  + 


Bcv  C«*     ,    De"  Ei'  F »"*  a  z"     .      „  ,        .    _    .        ^    .  csa 

zr  '^  ~i T  H — 3- ir  +  &c   X  the  infinite  fcnes  14--^- 

gg         t      ^  g      ,   g         g  g  gg 

szx 
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il«  _  ^  +  ii!_—  +  —  -  2i!!  +  &c  X  the  infinite  ferles  i  +  — 
^  A.H. —  +  ^ ^-^  +  &c.    We  tnuft  therefore  now  proceed 

to  multiply  the  feries  ■+^— ^r+T"— ^  +  p'~'^  +  '"^  ""° 
the  feries  ,  +  ^  -^  +  ^'  -^  +  ^°  -  ^  +  &c;  which  may  be 
done  in  the  manner  following. 


•The  multiplication  of  the  infinite  feries  i    +  —  —  -p- 

£^_il'    .   L£!_iil'    +    Of f  ad  infinitum 
^  «*        «■        ^"'        i  .         .         , 

.  c»a;         ESS*  •      oa*         !»■ 

tnto  the  tnfintte Jenes  i  +'^~7r+"p"  — -^ 
jf.  iif!!  —  21^  -f.  ad  infinitum. 


I  + 

Base 

_ 

+ 



+ 



+  &C 

1  + 



Ea* 

+ 

T 



+ 

La" 



+  &C 

JW 

i* 

I  + 

- 

+ 

- 

11«" 
V 

+ 

FJ!" 

;" 

- 

t" 

+  &C 

C?»" 

—  &c 

+ 

+ 

«* 

~ 

-r^ 

"?" 

^ 

;r" 

I" 

- 

«* 

- 

x' 

+ 

«* 

- 

*" 

+ 

t" 

—  &c 

+ 

If 

+ 

BGS!* 

- 

<" 

+ 

x'* 

—  &c 

s* 

+ 

Bia" 

+ 
+ 

ELX" 
i" 

I" 

—  &c 

—  &c 

—  &c. 

Therefore  the  produft  of-the  multiplication  of  the  expreflion  2  >/'  (J  x  the 
infinite  feries  i  +— — ^  +  ^  —  p-  +  ^  —  ^+&c  into  the  co- 
efficient J  will  be  equal  to  6^  x  the  compound  feries  juft  now  obtained,  to  wit, 
the  feries 

t  + 
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+  'JS-^  +  ^ 

"' 

+  T      °'"  +  &C 

^  if      r^      {• 

j'. 

*                 «  .. 

,    <tz         Bca*         c'a" 

+ h^3 r- 

+  — i- 

—  H = ^': 

xf        i*         r 

r. 

g"          s" 

E««               BEZ« 

.      CE=' 

DEz"      .       E^t" 

H r- 

IS-  +  — n &c 

~     «*               *• 

*  . 

8'"             J" 

+   ^ 

^ 

"".f  +  ".f       &c 

i 

s' 

f"         g' 

.....           c...            j^^ 

\ 

« 

i'°        i" 

or,  if,  for  the  fake  of  brevity,  we  denote  this  compound  feries  by  the  fnull 
Greek  letter  A,  the  faid  produft  will  be  equal  to  6^  x  the  faid  compound, 
feries  K  o.  e.  i. 


ji  cemparifen  between  the  foregoing  compound  feries  h.  and 
the  tempound  feries  A  obtained  above  in  art.  42, 


78.  If  we  compare  this  compound  feries  X  with  the  compound  feries  A  ob- 
tained above  in  art.  42,  we  fliaU  find  that  there  are  the  following  refemblancea 
and  differences  between  them. 

In  the  firft  place,  the  firft  terms  of  both  ihefe  compound  feriefes  are  equal  to 
the  fame  quantity,,  to  wit,  i.  ' 

Secondly,  the  fecond,  and  third,  and  £3urth,  and  fifth,  and  all  the  following 
vertical  columns  of  tei'ms  of  the  latter  compound  feries  A,  obtained  in  the  fore- 
coine  art.  77,  involve  in  them  the  feveral  fraftions  — ,  ~,  -^j  ~,  — ,  .2— 

&c,  or  the  feveral  fucceffive  powers  of  the  fradion  — ,  jull  as  the  fecond,  and 

third,  and  founh,  and  fifth,  and  other  following  vertical  columns  of  terms  of 
the  former  compound  (cries  A,  obtained  in  art.  42,  involve  in  them  the  feveral 

fradions  — ,  — ,  -^,  -j-,  -^,  —,  or  the  feveral  fucceffive  powers  of  the  frac- 
tion — .     And  it  is  evident  that  this  obfervation  will  be  true  of  all  the  following 

terms  of  thefe  two.  compound  feriefes,  to  whatever  number  of  terms  the  faid 
feriefes  may  be  continued,  as  well  as  of  the  terms  fet  down  in  art.  42  and  7  7, 

becaufe  the  two  fimple  ferieles  i  + ~  -i — 7 r  H — -^ rr  + 

^       .  '    ^         ^*         **         ^         &"•         £"■ 

&c  and  I  H r  +  —5 c  +  —is rr  +  &c  (by  the  multipli- 

gg         g*         6        .   g    ,     ^         &  .     .      '  ^ 

cation  of  which  the  compound  feries  X  is  produced)  contain  in  their  terms  the 

very  fame  powers  of  the  fraAion  —  as  the  two  former  fimple  feriefes  i  —  — 
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CJ*  J>i*  Ej'  Fi"  Cj'»  fir  a  '^"  ^'*  °'*  ^'* 

^^ ^-^ &c  (by  the  multiplication  of  which-thc  fonner  compound  feiie* 

A  was  produced)  contain  in  their  terms  of  the  fraftion  — . 

Thirdly,  the  co-efficients  of  the  feveral  terms  in  the  compound  feries  \  will 
be  equal  to  the  co-£fficients  of  the  correfponding  terms,  or  terms  placed  in  the 
fame  fiiuations  in  the  feveral  horizontal  lines,  of  the  compound  feries  A,  though  " 
they  will  not  every  where  have  the  fame  figns  +  and  -^  prefixed  to  them. 
For  thefe  co-efficients  are  the  produfts  of  the  co-efficients  of  the  terms  of  the  fim- 

f)le  feriefes,  by  the  multiplication  of  which  into  each  other  the  faid  compound 
eriefes  A  and  \  are  produced  :  and  therefore,  as  the  co-efficients  of  the  powers  of 
the  fraiftion  —  in  the  terms  of  the  two  fimple  feriefes  i  +  ~  —  ^  +  ~r- 

ES*  Fst">  •'*'*    j_    Jir  H  J.    S^  E"*     ■     CJi''  iz'  La"*  Na'* 

^  g'"  £'*  Si  i*  8^  i*  s'°  g}* 

-1-  &c  (by  the  multiplication  of  whkh  the  compound  feries  h  is  prcwuced)  are 
the  very  fame  wilii  theco-efficieius  of  the  powers  of  the  fradion  —  in  the  terms 

-    ,  -  ,       r     •    I-  B«  f^f*  C*  ***  ""■  Gj"  a  1 

of  the  two  fimple  feriefes  i  —  —  —  -^ ^""7 ~^  ""  "^ °^^  *"" 

I   _ilf  —  -_ 1 i.  — ~ L &c  (by  the  multiplication  of 

which  the  compound  feries  A  is  produced)  it  follows  that  the  feveral  co-efficients 
of  the  terms  of  the  compound  feries  ^  muft  be  the  fame  combinations  of  the  fe- 
■  veral  origioal  co-efficicnts  B,  C,  D,  E,  F,  G,  1,  L,  N,  &c,  as  tlie  co-efficients 
of  the  correfponding  terms  of  the  compound  feries  A  are  of  the  fame  original 
co-efficients,  and  confcquently  that  they  raiift  be  equal  to  the  laid  co-efficients 
of  the  correfponding  terms  of  the  compound  feries  A.  ^  e.  d. 

Fourthly,  the  £gns  +  and  —  that  are  prefixed  to  the  terms  contained  in  the 
third,  and  fifth,  and  feventh,  venical  columns  of  the  compound  fer/ts  K,  are  the 
fame  as  thofe  which  are  prefixed  to  the  correfponding  terms  contained  in  the 
third,  and  fifth,  and  feventh  vertical  columns  of  the  compound  feries  A,  as  will 
be  evident  upon  the  infpeftion  of  the  faid'  two  com;;ound  feriefes.  And  the 
fame  fimilitude  will  take  place  between  the  figns  pre6xed  to  the  terms  contained 
in  the  following  odd  vertical  columns,  after  the  feventh,  of  the  compoimd  feries 
K  and  thofe  prefixed  to  the  correfponding  terms  of  the  following  odd  vertical 
columns,  after  the  feventh,  cif  the  compound  feries  A  j  as  we  fliall  prefently  en- 
deavour to  make  appear. 

And,  fifthly,  the  iigns  -f  and —  that  are  prefixed  to  the  terms  contained  in  the 
fecond,  and  fourth,  and  fixth  vertical  colirmns  of  the  compound  feries  >.  are  every 
where  contrary  to  thofe  which  are  prefixed  to  the  correfponding  terms  of  the 
fecond,  and  fourth,  and  fixth  vertical  columns  of  the  compound  feries  A;  as 
will  be  evident  upon  the  infpeftion  of  the  faid  two  compound  feriefes.  And 
the  fame  contrariety  will  take  place  bttween  ,the  figns  to  be  prefixed  to  the 
terms  contained  in  the  following  even  vertical  columns,  after  the  fixth,  of  the 

con)*pound 
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compound  fcnes  X  and  the  figns  to  be  prefixed  to  the  correfponding  terms  of 
the  following  even  vertical  columns,  after  the  fixth,  of  the  compound  ferjes  A; 
as  we  ftiall  now  endeavour  to  make  appear. 

79.  In  the  compound  feries  A,  or  the  produft  of  the  multiplication  of  the 

_     .  til  C  t*  DJ*  E  t*  T  1'"  C  1"  g        ^    (-      !_■    L      11.1. 

fenes  i -; 5 i ^ n &c  (of  which  all  the  terms* 

after  the  firft  term  i,  are  marked  with  the  (Ign  — )  into  the  feries  i -' — 

i^  —  ^  -  ^  —  ^'  —  !^  -  &c  (of  which  all  the  terms,  after  the  firil 
term  i,  are  likewife  marked  with  the  fign  — )  fet  down  above  in  art.  42,  it  is 
evident  that  all  the  terms,  after  the  firft  term  1,  of  the  firft,  or  higheft,  hori- 
zontal row  of  terms  muft  be  marked  with  the  fign  — ,  to  whatever  number  of 
terms  the  fald  horizontal  row  of  terms  may  be  continued  ;  and  it  is  evident  like- 
wife,  that  in  all  the  following  horizontal  rows  of  terms  in  the  faid  produ<5l  the 
firft  terms  of  the  faid  horizontal  rows  (being  the  produtfls  of  the  multiplication  of 

I  by  —  — , -j-» J-,  —  -T,  —  -itj Tr>  ^^)  '""'^  ^  marked  with  the 

fign  — ,  but  that  all  the  following  terms  of  the  faid  horizontal  rows,  to  what- 
ever number  of  terms  the  faid  rows  may  be  continued,  will  be  marked  with  the 
fign  +,  becaufe  they  are  the  produdts  of  the  multiplication  of  the  feveral  terms 
—  — , ~, -^, i", j;-, j^,  &c,  as  multiplicands,  mto  the 

.  ,  CIJ  EJ*  GJ*  11*  I.*"  Nj"       .  1  -     !• 

feveral  terms  —  — , —, ^, ;-, -jj-, j^,  ore,  as  multipuca- 

tors,  and,  wherever  the  fign  —  is  prefixed  to  both  the  faftors  of  any  multipli- 
cation, the  fign  +  is  to  be  prefixed  to  the  produft.  But  the  fecond,  and  third,  ■ 
and  other  following  terms  of  the  firft,  or  higheft,  horizontal  row  of  terms  in  the 
faid  produft,  are  the  higheft  terms  of  the  {econd,  and  third,  and  other  follow- 
ing vertical  columns  of  terms  in  it ;  and  tiie  firft  terms  of  the  fecond,  and  third, 
and  other  following  horizontal  rows  of  terms  of  the  faid  produft  are  the  loweft 
terms  of  the  fecvind,  and  third,  and  other  following  vertical  columns  of  terms 
in  the  fame.  Therefore,  the  higheft  and  the  loweft  terms  in  the  fecond,  and 
the  third,  and  every  following  vertical  column  of  the  faid  produft  will  be 
marked  with  the  fign  — ,  and  all  the  intermediate  terms  in  the  faid  vertical 
columns  between  the  higheft  and  the  loweft  terms  will  be  marked  with  the 
fign  -»-. 

Thefe  will  be  the  figns  to  be  prefixed  to  the  feveral  terms  of  the  compound 
feries  A,  or  the  produft,  fet  down  above  in  art.  42,  of  the  multiplication  of  the 
fenes  i —  — ^g- -f —  —  -j;-  —  &c  ad  tnfimium  into  the  fe- 
ries I  —  -j^ g ; ~ &c  ad  infinitum.     We  muft 

now  enquire  what  figns  arc  to  be  prefixed  to  the  feveral  correfponding  terms  of 
the  compound  feries  X,  or  the  produd,  fet  down  in  art.  7  7,  of  the  mukiplication 
of  the  feries  I  +i^_^  +  Ef'-i^+l£:_^+   &cW/^wV«» 

into 
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,        ^    .  csai  EK*  OE*  la'      ,      La'"  V  %"     to  »   • 

into  the  feries  iH tt  +  -% r    H E3 ir*  +  &c  ad  tit- 

gg  g*  g  g  g  g* 

finitum, 

80.  Now  the  firft,  or  higheft,  horizontal  row  of  terms  in  this  produfl,  to  wit, 

I    +  i5S L.  ^ — ^ ^  J — _.  _- — _-  ^  &c,  confifts  of  the  very  fame 

£P         t    ,     g^         g  g'  g"  '        ...  . 

terms  as  the  multiplicand,  being  the  prodiift  of  the  miihi plication  of  the  faid 
multiplicand  into  i ,  which  will  make  no  change  either  in  the  terms  of  the  mul- 
tiplicand themfelves,  or  in  the  figns  to  be  prefixed  to  them.  Therefore  in  this 
firft,  or  higheft,  horizontal  row  of  terms,  the  fecond,  and  fourth,  and  fixth,  and 
eighth,  and  tenth,  terms,  and  all  the  following  even  terms  (10  whatever  number 
of  terms  the  laid  horizontal  row  of  terms  may  be  continued)  will  be  marked  with 
the  fign  +,  and  the  third,  and  fifth,  and  fevenlh,  and  ninth,  and  eleventh, 
terms,  and  all  the  following  odd  terms  (whatever  be  their  number)  will  be 
marked  with  the  fign  — .  But  the  fecond,  and  fourth,  and  fixth,  and  other  fol- 
lowing even  terms  of  the  firft,  or  higheft,  horizontal  row  of  terms  in  the  fiid 
produft,  are  the  firft,  or  higheft,  terms  of  the  fecond,  and  fourth,  and  fixtb,  and 
other  following  even  vertical  columns  of  terms  in  the  faid  produA;  and  the 
thiid,  and  fifth,  and  feventh,  and  other  following  odd  terms  of  the  faid  firft,  or 
higheft,  horizontal  row  of  terms  in  the  faid  produft  are  the  firft,  or  higheft, 
terms  of  the  third,  and  fifth,  and  feventh,  and  other  following  odd  vertical  co- 
lumns of  terms  in  the  faid  produft.  Therefore  the  firft,  or  higheft,  terms  of 
the  fecond,  and  fourth,  and  fixth,  and  other  following  even  vertical  columns  of 
the  faid  produft  will  be  marked  with  the  lign  -|-  ;  and  the  firft,  or  higheft, 
terms  of  the  third,  and  fifth,  and  feventh,  and  other  following  odd  venical  co- 
Jumns  of  terms  in  the  faid  produft  will  be  marked  with  the  fign  — . 

8r.  We  will  next  entjuire  what  figns  muft  be  prefixed  to  the  laft,  or  loweft, 
terms  of  the  feveral  vertical  columns  of  the  faid  produft. 

Now,  becaufe  the  firft  term  of  the  feries  which  is  the  multiplicand  in  the 
multiplication  fet  down  above  in  art.  77,  is  r,  and  the  fecond,  and  fourth,  and 
fixth,  and  other  following  even  terms  of  the  feries  which  is  the  muUiplicalor  in 
that  multiplication,  are  marked  with  the  fign  -|-,  and  the  third,  and  fifth,  and 
feventh,  and  other  following  odd  terms  of  the  faid  multiplicator  are  marked  with 
the  fign  — ,  it  follows  that  in  the  fecond,  and  fourth,  and  itxth,  and  other  follow- 
ing even  horizontal  rows  of  the  laid  produ<5t,  the  figns  4-  3tid  —  that  are  to  be 
prefixed  to  the  feveral  terms  in  the  faid  rows  will  be  the  fame  as  thofe  of  ihc 
correfponding  terms  of  the  multiplicand,  and  confequently  the  two  firft  terms 
of  each  of  the  faid  even  horizontal  rows  will  be  marked  with  the  fign  -f,  and 
the  third,  and  fourth,  and  fifth,  and  fixth,  and  other  following  terms  of  the  faid 
even  horizontal  rows  will  be  marked  with  the  fign  —  and  the  fign  4-  alter- 
nately ;  and  it  follows  alfo,  that  in  the  third,  and  fifth,  and  feventh,  andother 
following  odd  horizontal  rows  of  terms,  the  figns  of  the  terms  will  be  contrary  to 
thofe  of  the  correfponding  terms  of  the  mukiplicand,  and  confequently  the  two 
firft  terms  of  each  of  the  laid  odd  horizontal  rows  of  terms  will  be  marked  with 

the 
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the  fign  —J  and  the  third,  and  founh,  and  fifth,  and  fixth,  and  other  following 
terms  of  the  (aid  odd  horizontal  rows  of  terms  will  be  marked  with  the  ftgn  + 
and  the  ftgn  —  alternately.  But  the  firfl  terms  of  the  fecond,  and  third,  and 
founh,  and  other  following  horizontal  rows  of  terms  are  the  loweft  terms  of  the 
fecond,  and  third,  and  fourth,  and  other  following  vertical  columns  of  terms. 
Therefore  the  loweft  terms  of  the  fecond,  and  fourth,  and  fixth,  and  other  fol- 
lowing even  vertical  columns  of  terms  in  the  faid  produft  will  be  marked  with 
the  fign  +  ;  and  the  loweft  terms  of  the  third,  and  fifth,  and  feventh,  and  other 
following  odd  vertical  columns  of  terms  in  the  faid  produd  will  be  marked  with 
the  fign  — . 

8z.  Tt  appears  therefore  that  in  the  third,  and  6fth,  and  feventh,  and  other 
following  odd  vertical  columns  of  the  faid  compound  feries  X,  or  produft,  fet 
down  in  art.  77,  both  the  higheft  and  the  loweft  terms  will  have  the  ftgn  — 

Srefixed  to  them,  as  is  the  cafe  in  the  compound  feries  A,  or  the  produd  fet 
own  above  in  art.  41 ;  and  that  in  the  fecond,  and  fourth,  and  fixth,  and  other 
following  even  vertical  columns  of  the  faid  compound  feries  A,  or  produd  fet 
down  in  art.  77,  both  the  higheft  and  loweft  terms  will  be  marked  with  the 
fign  +,  which  is  contrary  to  the  fign  which  is  prefixed  to  the  higheft  and 
loweft  terms  of  the  fecond,  and  fourth,  and  fixth,  and  other  following  even  ver- 
tical columns  of  terms  in  the  compound  feries  A,  or  produd  fet  down  above  in 
art.  42.  It  remains  that  we  enquire  into  the  figns  that  are  to  be  prefixed  to  the 
fererai  inteiroediate  terms  between  the  higheft  and  the  loweft  terms  of  the  feve- 
ral  vertical  coliunns  of  terms  in  the  faid  compound  feries  X,  or  produd  fet  down 
in  art.  77. 

8a.  Now,  wherever  the  higheft  term  of  one  of  the  vertical  columns  of  the 
produd  fet  down  in  art.  77  is  marked  with  the  fign  —  (which  has  been  fhewn 
to  be  the  cafe  in  the  third,  and  fifth,  and  feventh,  and  all  the  following  odd 
vertical  ct^lumns),  all  the  intermediate  terms  of  the  faid  column  between  the 
higheft  term  and  the  loweft  will  be  marked  with  the  fign  + ,  becaufe  they  will 
be  the  produd  of  two  fadors  which  are  both  marked  with  the  fame  fign,  to  wit, 
firft  with  the  fign  +,  then  with  the  fign  — ,  then  with  the  fign  +,  and  dicn 
with  the  fign  —  again,  and  fo  on  alternately.  Thus,  for  example,  m  die  fe- 
venth vertical  column  of  the  faid  produd,  the  higheft  term  is  —  S^,  which  h 
the  produd  of  the  multiplication  of —  ^^,  the  feventh  term  of  the  multipli- 
cand, by  I,  the  firft  term  of  the  multiplicator ;  and  the  fecond  term  of  the  faid 
vertical  column  is  +  ^~-,  which  is  marked  with  the  fign  -f-,  becaufe  it  is  the 
produd  of  the  multiplicadon  of  -^,  the  fixth  term  of  the  multiplicand,  by 
— ,  the  fecond  term  of  the  multiplicator,  which  terms  are  both  marked  with  the 

fign  +  ;  and  the  third  term  of  the  faid  vertical  column  is  +  ^-jj-,  which  is 
Vol.  II.  3  T  marked 
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marked  witli  the  figa  +,  becaufe  it  is  the  produft  of  the  multiplication  of  -p-, 
the  fifth  term  of  the  multiph'cand,  by  ^,  the  third  term  of  the  multiplicator^ 
which  terms  are  both  marked  with  the  lign  — ;  and  the  fotirth  term  of  the  faH 
vertical  cchimn  is  +  — ^,  which  is  marked  with  the  fign  +,  becaufe  it  is  the 
produft  of  the  multiphcation  of  — y,  the  fourth  term  of  the  multiplicand,, 
by  ^,  the  fourth  term  of  the  multiplicator,  which  terms  are  both  marked  wkh 

the  fign  +  ;  and  the  fifth  term  of  the  faid  vertical  column  is  -1;^  — —,  which,  is 
in  like  manner  marked  with  the  fign  +,  becaufe  it  is  the  prodin^  of  the 
multiplication  of  ^,  the  third  term  of  the  multiplicand,  by  ^,  the  fifth, 
term  of  the  multiplicator,  which  terms  are  both  marked  with  the  £gn  — ;.  and 
the  fixth  term  of  the  faid  vertical  column,  or  the  loweft  term  but  one,  of  the  faid 
column,  or  the  lafl  of  the  intermediate  terms  of  the  faid  column  between  ii$ 
higheft  and  its  loweft  terras,  is  +  ^^^,  which  is  alfo  marked  with  the  6gn  +» 
becaufe  it  is  the  produft  of  the  multiplication  of  — ,  the  fccond  term  erf"  the 

multiplicand,  by  ^,  the  fixth  term  of  the  multiplicator,  which  terms  are  both 
marked  with  the  lame  fign  + .  And  thus  it  appears,  that  all  the  intermediate 
terms  between  the  higheft  and  loweft  terms  of  the  faid  feventh  vertical  column 
muft  be  marked  with  the  figo  +>  becaufe  the  two  faftors,  by  the  multiplication 
of  which  they  are  produced,  are  always  marked  with  the  fame  fign,  whether  + 
or  — ,  And  it  is  eafy  to  fee,  from  the  alternate  fuccefTion  of  the  figos  -f-  and 
—  to  each  other,  in  both  the  multiplicand  and  multiplicator,  that  the  fame  thing 
muft  take  place  with  refpeft  to  the  intermediate  terms  of  any  other  verticd  co- 
lumn of  terms  of  which  the  higheft  term  is  marked  with  the  fign  — ,  that  is,  of 
any  other  odd  vertical  column.  We  may  therefore  conclude  that  in  all  the  odd 
vertical  columns  of  the  compound  feries  >.,  or  the  produdb  fet  down  in  art.  77  (to 
whatever  number  of  terms  the  faid  produft  may  be  conrimicd),  the  higheft  and 
loweft  terms  of  the  faid  vertical  columns  will  be  marked  with  the  fign  — >  and  all 
the  intermediate  terms  will  be  marked  with  the  fign  + ,  and  conlequently  (by 
what  is  ftiewn  in  art.  79)  that  the  figns  of  the  feveral  terms  of  alt  the  faid  odd 
vertical  columns  of  this  produd,  or  of  the  compound  feries  K,  will  be  the  iiuDe 
with  thofe  of  the  correfponding  terms  of  the  like  odd-vertical  columns  of  terms 
in  the  produft  fet  down  above  in  art  42,  or  in  the  compound  feries  A ;  or  thacdie 
fourth  obfervation  tnade  above  in  art.  78  is  univerfally  true  of  the  terms  con- 
tained in  all  the  odd  vertical  columns  of  the  faid  two  products,  or  compound  fe- 
riefes  A  and  \  fet  down  in  art.  42  and  77  after  the  feventh  vertical  columns  (to 
whatever  number  of  columns  the  faid  feriefes  may  be  continued),  as  well  as  of 
the  terms  contained  in  their  third,  and  ftfth,  and  feventh  vertical  columns. 

Qt,  E.   D. 
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"84.  In  the  fevcral  even  vertical  columns  of  the  compound  feries  X,  fet  down 
in  art.  77,  the  figns  +  and  — ,  that  are  to  be  prefixed  to  the  terms  of  the  f^d 
columns,  will  be  every  where  contrary  to  thofe  which  are  to  be  prefixed  to  the 
correfponding  terms  of  the  like  even  vertical  columns  of  the  compound  feries  A, 
fet  down  above  in  art.  42.  For  it  has  been  already  (hewn  in  art.  80  and  81, 
that  the  higheft  and  loweft  terms  of  the  fecond,  and  fourth,  and  fixth,  and  all 
the  following  even  vertical  columns  of  terms  in  the  faiU  compound  feries  \  (to 
whatever  number  they  may  be  continued)  will  be  marked  with  the  fign  + , 
which  is  contrary  to  that  with  which  the  higheft  and  loweft  terms  of  the  ftcond, 
and  fourth,  and  (ixrh,  and  other  following  even  vertical  columns  of  terms, 
in  the  compound  feries  A,  are  marked.  And  all  the  intermediate  terms  of  the 
fecond,  and  fourth,  and  fixth,  and  other  following  even  vertical  columns  of  the 
compound  feries  X,  between  tlie  higheft  and  the  loweft  terras  of  the  faid  co- 
lumns, muft  be  marked  with  the  fign  — ,  becaufc  tbey  will  be  the  produfts  of 
two  factors  which  are  marked  with  different  figns  ■+■  and  — .  Thus,  for  ex- 
ample, in  the  fixth  vertical  column  of  the  faid  produft,  the  higheft  term  is  + 
— ^,  which  is  the  produift  of  the  multiplication  of  H — ^,  the  fixth  term  of  the 
multiplicand,  by  1,  the  firft  term  of  the  multiplicator ;  and  the  fecond  term  of 
the  faid  venica!  column  is  —  — rr-.  which  is  nmtked  with  the  fien  — ,  becaufe 
it  is  the  produ(l  of  the  multiplication  of  —3-,  the  fifth  term  of  the  multiplicand, 
which  is  marked  with  the  fign  — ,  by  -r— ,  the  fecond  term  of  the  multiplica- 
tor,  which  is  marked  with  the  fign  +  ;  and  the  third  term  of  the  faid  vertical 
column  is  —  — ^j  which  is  alfo  marked  with  the  fign  — ,  becaufe  it  Is  the  pro- 
Au&  oPthe  multij^cation  of —^i  litt  fourth  term  of  the  multiplicand,  which  is 

marked  with  the  fign  +,  by  — ^  the  third  term  of  the  roultiplicator,  which  is 
marked  with  the  fign  — ;  and  the  fourth  term  of  the  faid  vertical  column  is  — 
— ^,  which  is  alfo  marked  with  the  fign  o^,  becaufe  it  is  the  product  of  the 

multiplication  of  ^,  the  third  term  of  the  multiplicand,  which  is  marked  with 
the  fign  — ,  by  --y-,  the  ftmrth  term  of  the  multiplicaa>r,  which  is  marked  with 
the  fign  +  ;  and  the  fifth  term  of  the  faid  vertical  column,  or  the  loweft  term 
but  one  of  the  faid  column,  or  the  laft  of  the  intermediate  terms  of  the  faid  co- 
lumn between  the  higheft  term  and  the  loweft,  is  •—  <-^,  which  is  alfo  marked 
with  the  fign  — ,  becaufe  it  is  the  produA  of  the  multiplication  of  — ,  the  fe- 
cond term  of  the  multiplicand,  which  is  marked  with  the  fign  +,  by  — ,  the 
fifth  term  of  the  multiplicator,  which  is  mtrkdd  with  the  fign  •— .  And  thus  it 
appears  that  aU  the  intermediate  terms  between  the  higheft  aod  the  lowdl  lorms 
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of  the  fixth  vertical  column  mull  be  maiked  with  the  fign  — ,  becaufe  the  two 
faiftors,  by  the  multiplication  of  which  they  arc  produced,  are  always  marked 
with  contrary  ligns.  And  it  is  eafy  to  (ee,  from  the  alternate  fucceflion  of  the 
figns  +  and  —  to  each  other  in  both  the  multiplicand  and  the  mukiplicatoc, 
that  the  fame  thing  muft  take  place  with  refpedt  to  the  intermediate  terms  of 
every  other  vertical  column  of  which  the  higheft  term  is  marked  with  the  fign 
-}-,  thai  is,  of  every  other  even  vertical  column.  We  may  therefore  conclude, 
that  in  all  the  even  vertical  columns  of  the  compound  feries  ^,  or  the  produft 
fet  down  in  art.  77  (to  whatever  number  of  terms  ihe  faid  produft  may  be  con- 
tinued) the  higheft  and  loweft  terms  will  be  marked  with  the  fign  +»  and  all 
the  intermediate  terms  will  be  marked  with  the  fign  — ,  and  confequendy  (by 
what  is  fhewn  in  art.  79)  that  the  figns  of  the  feveral  terms  of  all  the  faid  even 
vertical  columns  of  terms  in  this  produft,  or  compound  feries  A,  will  be  every 
where  contrary  to  the  figns  of  the  correfponding  terms  of  the  like  even  vertical 
columns  of  terras  in  the  compound  feries  A,  or  the  product  iet  down  above  in 
art.  42  ;  or  that  the  fifth  obfervation  made  above  in  art.  78  is  univerfally  true  of 
the  terms  contained  in  all  the  even  vertical  columns  of  terms  of  the  faid  two 
produfts,  or  compound  feriefes  A  and  A,  fet  down  above  in  art.  42  and  77  (to 
whatever  number  of  columns  of  terms  the  &id  feriefes  may  be  continued),  as 
well  as  of  the  terms  contained  in  their  fecond,  and  fourth,  and  fixth  vertical 
columns.  q^  e.  d. 

85.  If  the  foregoing  compound  feries  A,  fet  down  iaart.  77,  be  aduaJly  mul- 
tiplied into  6^,  the  produft  thence  arifing.will  be  the  following  compound  ft- 
rics,  to  wit. 


6b»: 

6  ex* 

6d«' 

6 IX* 

6f«» 

6(!«'» 

+  &C 

6g 

+ 

g 

— 

j' 

+ 

£' 

— 

i" 

+ 

«• 

e" 

+ 

bczx 

+ 

6bc»* 

6c»s* 

6CD«' 

6CE«" 

+ 

6ep>i" 

-&c 

+ 

.  «• 

s 

f* 

i* 

g^ 

g" 

6e^ 

6be«» 

+ 

6CRK* 

6o,»» 

+ 

6tV' 

—  8tc 

** 

— 

f* 

*' 

«• 

«" 

6g>« 

6bg)^ 

6co»~ 

6  i>o  x" 

+ 

-?- 

+ 

ef.. 

~" 

..?.. 

+ 

6ci!t" 

—  &c 

—  &c 

+ 

/' 

.■^ 

.«"   . 

+ 

+ 

6blx» 

—  &c 

—  arc 

which,  for  the  fake  of  brevity,  we  wili  deaote  by  the  fmatl  Greek  letter  w.  Then 
will  the  produft  of  the  multiplication  of  the  eipreffion  2  \/*  |f  x  the  feries 
I  -I ""  "TT  +  "5 "^  "i — i5"  ~"  'pr  +  «*^  <"•  wfnitum  mta  the  co- 
efficient q  be  equal  to  the  compound  feries  ?r. 

We  mull  now  compare  this  compound  feries  n-  with  the  compound  feiies  n 
obtained  above  in  art.  43. 

A  Cm- 
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ACoti^Mifon  ietvoetH  the  foregoing  (ompound/eriet  w  and 
the  compound Jeries  II  obtained  above  in  art.  43. 


86.  The  compound  feries  n  is  equal  to  6  *  x  the  compound  feries  A ;  and 
the  compound  feries  v  is  equal  to  6^  x  the  compound  feries  X.  Therefore 
the  figns  +  and  —  which  are  to  be  prefixed  Co  the  terms  of  the  compoimd 
feries  n  will  be  the  fame  with  the  figns  which  are  prefixed  to  the  correfponding 
terms  of  the  compound  feries  A ;  and  the  figns  +  and  — ,  which  are  to  be  pre- 
fixed to  the  terms  of  the  compound  feries  jr  will  be  the  fame  with  the  figns  which 
are  to  be  prefixed  to  the  corrcfpondent  terms  of  the  compound  feries  X ;  becaufe 
the  multiplications  of  the  terms  of  the  two  compound  feriefcs  A  and  >.  into  de 
and  61*  cannot  make  any  change  in  the  figns  of  the  terms  which  are  multiplied. 
It  follows  therefore  that  there  will  be  the  fame  fimilitude  and  the  fame  differences 
between  the  figns  +  and  —  that  are  to  be  prefixed  to  the  fevcral  terms  of  the 
two  compound  feriefes  11  and  ir  (which  are  equal  to  6  *  x  A  and  6^  x  ?>■)  Jw 
there  arc  between  the  figns  which  are  to  be  prefixed  to  the  terms  of  the  two  for- 
mer compound  feriefes  Aand  K,  But  it  has  been  fhewn  in  art.  78,  79,  80,  81, 
82,  83,  84,  that  the  figns  +  and  —  that  are  to  be  prefixed  to  the  feveral  terms 
cf  the  third,  fifth,  feventh,  and  other  following  odd  vertical  columns  of  terms  in 
the  compound  feries  ^  are  the  fame  with  thole  which  are  to  be  prefixed  to  the 
correfponding  terms  of  the  third,  and  fifth,  and  feventh,  and  other  fcrfiowing 
odd  vertical  columns  of  terms  in  the  compound  feries  A  ;  and  that  the  figns  -i- 
and  —  which  arc  to  be  prefixed  to  the  fevcral  terms  of  the  fccond,  and  fourth, 
and  fixth,  and  other  following  even  vertical  columns  of  terms  in  the  compound 
feries  "K  are  uniformly  contrary  to  thofe  which  are  to  be  prefixed  to  the  corre- 
fponding terms  of  the  fccond,  and  fourth,  and  fixth>  and  other  following  even 
vertical  columns  of  terms  in  the  compound  feries  A.  It  therefore  follows  that 
the  figns  +  and  —  which  arc  to  be  prefixed  lo  the  feveral  terms  of  the  third, 
and  fifth,  and  feventh,  and  other  following  odd  vertical  columns  of  terms  in 
the  compound  feries  ir  will  be  the  feme  with  thofe  which  arc  to  be  prefixed  to 
the  corroponding  terms  of  the  third,  and  fifth,  and  feventh,  and  other  following 
odd  vertical  columns  of  terms  in  the  conipound  feries  II ;  and  that  the  figns  + 
and  — ,  which  arc  to  be  prefixed  to  the  feveral  terms  of  the  fccond,  and  fourth, 
and  fixth,  and  other  following  even  vcrucal  columns  of  the  compound  feries  x 
will  be  uniformly  contrary  to  thofe  which  are  to  be  prefixed  to  the  correfpond- 
ing terms  of  the  fecond,  and  fourth,  and  fixth,  and  other  following  even  vertical 
columns  of  the  compound  feries  n. 

87.  It  has  been  (hewo  in  the  third  obfervation  of  art.  78,  that  the  co-efE- 
eients  of  the  feveral  terms  of  the  compound  feries  K  are  equal  to  the  co-cfiicients 
of  the  correfponding  terms  of  the  compound  feries  A.  Therefore,  if  the  co- 
efficients of  all  the  terms  of  both  thefe  feriefes  A  and  X  be  multiplied  by  the 
fame  number,  the  new  numbers,  or  co-efilcienis,  thereby  producai  in  the  one 
feries  will  be  equal  to  the  correfponding  new  numbers,  or  co-efiicients,  there- 
by- produced  in  the  other  feries.  But  the  co-efficients  of  the  terms  of  the  com- 
pound feries  n  are  produced  by  the  multiplication  of  the  co-efficients  of  the 

terms 
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terms  of  the  compound  ferlc3  A  by  6,  hecaufe  the  ferics  11  is  =r  6  *  X  the  fe- 
ties  A ;  and  the  co-efficients  of  the  terms  of  the  compound  feries  tr  are  produced 
by  the  multiplication  oi  the  co-efficients  erf"  tUe  tenns  of  the  compound  feries  A 
by  the  fame  number  6,  becaufe  the  feries  tt  is  :=  i6f  x  the  feries  K.  Tbcrefore 
the  co-efficients  of  the  terms  of  the  compound  feries  v  will  be  equal  to  the  co- 
efficients of  the  corrcfponding  terms  of  the  compound  fcries  II. 

88.  It  appears  therefore  from  the  two-Jaft  articles,  that  the  co-efficients  of  the 
feveral  terms  of  the  compound  feries  ■tt  are  equal  to  the  co-efficients  of  the  cor- 
refponding  terms  of  the  compound  leries  11;  and  that  in  the  third  and  fifth, 
and  feventh,  and  other  following  odd  vertical  columns  of  terms  in  the  com- 
pound feries  -jt,  the  figns  +  and  —  that  are  to  be  prefixed  to  the  feveral  terms 
of  the  faid  columns  will  be  the  fame  with  thofe  which  ^e  to  be  prefixed  to  the 
correTponding  terms  of  the  third,  and  fiith,  and  feveiu^,  and'other  following 
odd  vertical  columns  of  terms  in  the  compound  feriiB  11 ;  and,  laftly,  that  b 
the  fecond,  and  fourth,  and  fiith,  and  odicr  following  even  vertical  oolumns  of 
tenns  in  the  faid  compound  feries  tt,  the  figns  -|-  and — ,  that  are  to  be  prefixed 
to  the  feveral  terms  of  the  faid  columns,  will  be  icfpedively  contrary  to  thofe 
which  are  to  be  prefixed  to  the  correfponding  terms  of  the  fecond  and  fourth, 
and  fixth,  and  other  following  even  vertical  columns  of  terme  in  tlie  compound 
feries  n.  Now  from  hence  it  follows  that,  if  all  the  vertical  columns  of  terms  in 
rbe  compound  feries  II  be  reduced  to  Angle  terms,  by  the  addition,  or  fubtrac- 
tion,  of  their  feveral  members  according  to  the  marks  -i~  or  —  which  are  pre* 
fixed  to  them,  and  the  compound  feries  n  be  thereby  converted  into  a  fimple 
feries,  or  feries  confifting  of  fingle  terms ;  and,  if  all  the  vertical  columns  of 
terms  in  the  compound  ferjes  n*  be  in  hke  manner  reduced  to  fingle  terms,  by  the 
addition  and  fubtraftion  of  their  feveral  members  according  to  the  figns  +  and 
—  that  are  j^efixed  to  them,  and  the  faid  compound  feries  s-  be  thereby  con- 
verted into  a  fimple  feries,  or  feries  confiding  of  fingle  terms ; — I  fay,  it  follows 
that,  if  thefe  two  compound  feriefes  n  and  w  be  fo  converted  into  fimple  fericfes, 
the  co-efficients  of  the  fecond,  and  third,  and  fourth,  and  all  the  following  terms 
of  the  fimple  feries  which  is  equal  to  the  compound  feries  «■>  will  be  refpeftivcly 
equal  to  the  co-efficients  of  the  fecond,  and  third,  and  fourth,  and  other  follow- 
ing  correfponding  terms  of  the  fimple  feries  which  is  equal  to  the  CMnpound  ferics 
n ;  and  the  figns  +  and  —  that  are  to  be  prefixed  to  the  third,  and  fifth,  and 
feventh,  and  ^er  following  odd  terms  of  the  fimple  feries  which  is  equal  to  the 
compound  feries  ir  will  be  the  fame  with  thofe  which  are  to  be  prefixed  to  the 
third,  and  fifth,  and  feventh,  and  other  following  odd  terms  of  the  fimple  ferics 
which  is  equal  to  the  compound  feries  II ;  but  the  figns  -f-  and  —  that  are  to  be 
prefixed  to  the  fecond,  and  fouith,  and  fixth,  and  other  following  even  terms  rf 
the  fimple  feries  which  is  equal  to  the  compound  feries  tt  will  be  refpe^vely  con- 
trary to  thofe  which  are  to  be  prefixed  to  the  correfponding  terms  of  the  fimple 
feries  which  is  equal  to  the  compound  feries  IT. 

89.  It  has  been  fhewn  above  in  art.  60,  that  the  compound  feries  11  (which  is 
equal  to  j*  in  the  equation  j**  — j^  —  t)  is  equal  to  the  fimple  feries  6*  — 
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^— ^*-i^— ~-^--^-&c  odiiffiHiUM.    k  follows  therefore 

from  the  foregoing  art,  88,  that  the  compound  feries  w  will  be  equal  to  the  fim- 

pie  fenes  6e  H r  +  — r t  -^ — s ir  +  &c  <m  tfifimtum. 

'  "        g         g*         g^        f        g*         g" 

90.  But  it  has  been  fhewn  in  art.  85,  that  the  produt^  of  the  multiplication 
of  the  tranfcendental  cxprefSbn  2  \/^  (g  x  the  infinite  feries  1  +  ^^  —  — 

6  !  to  ..  ■  gg  g* 

+  -T-  —  ^  +  ~-^  ~  -7T-  +  6iciad injmitum  into  a  (the  co-efficient  of  «  in 

s         s         g  g  . 

the  equation  x'  ~  qx  —  t)  is  equal  to  the  compound  feries  v.    Therefore  the 

product  arifing  from  the  faid  multiplication  of  the  exprelBon  '2.^'(g  x  the  in- 
finite  feries  i  4- -r  +  T  "  ~r  -\ — a »   +  etc  04  vamtum  m- 

gg  £*  g  g*  **  f" 

to  the  co-ellicient  ;  will  be  equal  to  the  faid  Ample  feries  6^^  4-  <^  —  3£.  ^ 

i^_l^  +  l^  —  V^  +  &c  adinfinitwn. 
g*        g^         ^         g" 

91.  Wehavejuftnowfeen  that,  if  thetraiifcendentalexpreffion  2 /'(f'x  the 

mnnite  fenes  i  +  —  -~-^.  +.  — r. s-  A — s-  —  -«-  +  «c  a*  tfiSnaum. 

gg         gr         i  g  g  & 

be  multiplied  into  j  (the  co-efficient  of  *  in  the  equation  «*  —  yjf  =  /)  the  pro- 
duct ariling  from  the  faid-  multiplication' wilt  be  equal  ta  the  fimple  feries  6^  -(- 
lS_:^^_i!:^_^!+I^_I£!  +  &ctf^«yf«,■/w».    And  it  was  Ihewn 

g  a    ■  g  g  a  S 

above  in  art.  75,  that  the  cum  of  the  fame  tranfcendental  expreffion  2  \/'|J'x 
the  mfinite  feries  i  H X+";i ■^"•"  ~^ ^  +  "^  *"*  tnfint- 

gC  a  6  *_4°«^i 

turn  is  equal  to- the:  fim[de  feriei  8^  +  —  —  —  +  ^  —  ^-  +  ^-  —  ^^ 
+  &c  W  iwjSw/jflWr  But  the  fimpic  feries  8f  +  ^^  —  ^  +  ^  —  *-i  + 
"3"  — -^  +  ^^  ^^  infiMtum  is  greater  than  the  iimple  feries  6g  +  ^  ■^'^ 
+  ^  —  1^  -f  ^I^ ^^  +  8ec,  and  the  difference  is  8  £-^6^,  or  2^,  or 

2  X  -*)  or/'.  Therefore  die  cube  of  the  fud  tranfoendentaL  expreffion  will  be 
greater  than  the  product  of  its  multiplication  into  the  cb-efficienc  q,  and  the  ex- 
cefs  or  difference  will  be  equal  to  /,  or  the  abfolute  term  of  the  equation  **  — ■ 
qx  =  /.  Therefore  the  faid  tranfcendental  expreffion  a  v''  (i"x  the  infinite  fe- 
ries i  +  ^  —^  +  ^'  -  ^  +  ^— ^  +  &c  ad  infinitum  muft  be 
equal  to  the  root  x  of  the  laid  equation,  agreeably  to  the  aflertion  made  above  in 

Vi.  56*  Q^   E.    D. 

Sttdoftbk  Dmrnfii-'ttion  ef  the  Propefiiiony  w  "Tbeormt 
laid  dtwn  in  art,  a6* 

JRt- 


y  Google 


512  A  METHOD  OF  EXTENDING  CARDAN  S  RULE 

A  Recapitulation  of  the  Contents  of  the  foregoing  Demon- 
;    ^ration  of  the  Proportion  laid  down  above  in  art.  36. 


92..  The  foregoing  demonftration  of  the  propofition  laid  down  above  in  art. 
36  is  in  itfelf  very  fubrle  and  intricate,  and  therefore  has  been  fet  forth  in  the 
foregoing  articles  at  very  great  lengdi.  But  now,  after  it  has,  I  hope,  been  ren- 
dered intelligible,  and  fatisfaftory  to  the  attentive  reader,  by  the  full  eipofi- 
tion  that  has  been  given  of  it,  he  will  probably  be  glad  to  fee  the  matter  of  it 
comprefled  into  afmaller  compafs,  by  which  the  connexion  of  the  feveral  ftcps 
of  which  it  is  compofed  will  be  more  clearly  and  eafily  perceived.  This  there- 
fore I  ftiall  now  proceed  to  do  in  the  following  articles. 

93.  It  has  been  fhewn  in  art.  25  that  j^,  the  root  of  the  cubick  equation^  ^ 
qy  :sir  (in  which  the  abfolute  term  r  is  greater  than  ^^y^,  or  —  is  greater  than 
~)  is  equal  to  the  tranfcendental  expreflion  2  y'*  jTx  the  infinite  feries  i  — 

—  —  -rr 1 r rr = &c  ad  tnfimtum.  in  which  all  the  terms, 

M  t*  e'  *'  *"  *"  .■'        .     '  ^ 

after  thefirft  term  1,  are  marked  with  the  fign  — .    Let  this  infinite  feries  be  de- 
noted by  iij  and  thenwefeallhavej  =  2-\/*{Tx  the  feries  ^j. 

94.  In  this  cxpreffion  2  y"  [7  X  the  feries  v  the  letter  e  is  put  for  — ,  or  half 
the  abfolute  term  r  of  the  equation  y*  —  qy  z=  r^  and  jj  is  =  —  — .  — ,  or  «  — 

— ;  and  confequcntly  jj  -H  ^  is  =:  «,  and  —  is  =  ee  —  ss  ^  ee  x    i  —  — , 

( ^7  ±        I ^-L 

and  q*  is  =  27  "x  «  X  ji  —  — ,  and  5  is  =  3  x  *  3    X  |i  —  -^  J  =  (by 

the  refidual  theorem  in  the  cafe  of  roots)  3  X  *  3  X  the  infinite  feries  1  — 

—  —  -^  — -g- j- ~  —  -j; Kc  adtnjmtum. 

9j.  Since  J*  is  =  2  \/*  [7  x  the  feries  v,  it  follows  that  y^  will  be  =  8  f  X 
the  ieries  «',  which  will  be  a  compound  feries,  or  feries  conlifting  of  feveral  dif- 
ferent horizontal  lines,  or  rows,  of  terms  placed  one  under  another.  And  the 
firft  term  of  this  feries  v*  muft  evidently  be  i,  becaufe  thefirft  term  of  the  feries  w 
is  1.  Call  this  compound  feries  T.  And  we  (hall  havey,  or  8  #  x  w*,  =:  8  f 
X  the  compound  feries  T. 

96.  Let  all  the  terms  of  the  compound  feries  r  be  aAually  mulriplied  into  S  e; 
and  we  Ihall  thereby  obtain  another  compound  feries,  of  which  the  firft  term  will 
be  8  tf  (becaufe  the  firft  term  of  the  compound  feries  F  is  i),  and  which  will  be 
equal  to  >'.  Let  this  fecond  compound  feries  be  called  ^.  And  we  Ihall  then 
have  y  =  the  compound  feries  A. 

97.  Now 
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97.  Now  let  the  cxpreffioD  a  \/*(ex  the  infinite  feries  i  • 

prcffion  3x^3  X  the  infinite  feries  '-"T^-^'^r   ""V"""? "?3" "~ 

^^—  •~.  ix.cad  injmittttny  which  is  equal  to  the  co-efficient  f .    And  we  Ihall  have 

z 
qy  ■=  z  \/'  |7  X  3  X  '  3  X  the  produft  of  the  faid  two  infinite  feriefes,  which 
product  will  be  a  certain  compound  feries,  of  which  the  firft  term  will  be  1.    Let 

this  compound  feries  be  called  A.    Then  will  qyhe  (=2  \/^  le  X  3  x  ^  3   X 

I  2 

the  compound  feries  A=flx<3  X3  X*3  Xdie  compound  feries  A)  ^ 
6  «  X  the  compound  feries  A. 

98.  Let  all  the  terms  of  the  cotnpound  feries  A  be  aftually  multiplied  into 
6*;  and  we  Ihall  thereby  obtain  another  compound  feries,  of  which  the  firft 
term  will  be  6  f  (becaufe  the  firft  term  of  the  compound  feries  A  is  i),  and  which 
will  be  equal  to  qy.  Let  this  new  compound  feries  be  called  n.  And  we  ftiall 
then  have  qy  =:  the  compound  feries  11. 

99.  Since  jr'  —  qy'nzi  r,  and>'  is  =:  the  cotnpound  feries  A,  and  qy  it  = 
the  cotnpound  feries  11,  it  follows  that  the  excefs  of  the  compound  feries  A  above 
the  compound  feries  n  will  alfo  be  equal  to  r,  that  is,  A  —  n  will  be  =:  r  = 
z  X  —  =  2  ^.  But  the  excefs  of  the  firft  term  of  the  compoimd  feries  A  (which 
is  8 «)  above  the  firft  term  of  the  compound  feries  11  (which  is  6  e)  is  alfo  = 
2  e.  Therefore  the  excefs  of  the  whole  compound  feries  A  above  the  whole  com- 
pound feries  n  is  equal  to  the  excefs  of  the  firft  term  of  the  former  compound 
feries  above  the  firft  term  of  the  latter  compound  feries ;  that  is,  A  —  n  is  =  8  ^ 

—  6  f.  Confequently  (adding  6  ^  to  both  fides)  we  (hall  have  A  -}-  6  f  —  IT  = 
8  e.  But  the  compound  feries  A  is  ^efs  than  its  firft  term  8  e,  becaufe  the  fecond 
term  of  it  is  marked  with  the  fign  — .    Therefore  in  the  laft  equation  A  4*  6  c 

—  n  =  8  « it  is  poffible  to  fubtra£t  A  fi-om  both  fides.  Let  it  be  fo  fubtraded  j 
and  we  Ihall  then  have  6«  —  11  =  8^—  A. 

100.  Now  let  the  compound  feries  Ze  —  A  be  reduced  to  a  fimple  feries,  or 
feries  conCfting  of  fingle  terms,  by  making  the  fcveral  mukiplications,  addidans, 
and  fubtraftions  that  are  neceffary  for  that  purpofe ;  and  let  the  fimple  feries,  to 
which  it  is  thereby  reduced,  be—  +  S^4«^+^^-H^-|-  ^  +  &c  ad 


+  Sec  ad  it0nitum  be  equal  to  the  compound  feries  6e  —  TL    And,  becaufe 
V«L.1I.  3  U  this 


iri/lmlum.    Then  will  the  faid  fimple  feries  ^  +  ^+^+^+^  +  ^ 

lufc 
this 
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this  equality  between  the  fimple  feries  ^  +  ^  +  ~  +  ~+  Z^  +  I^ 
+  &c  ad  injinilumj  and  the  compound  feries  6  ^  —  n  takes  place  in  all  the  dif- 
ferent relative  magnitudes  of  ss  and  ee,  or  of  —  —  —  and  — ,  and  confequently 
whcD  ■^  approaches  as  near  as  we  pleafe  to  an  equality  with  ^,  and  —  —  — 

approaches  as  near  as  we  pleafe  to  ^ i-,  or  to  o,  and  —  approaches  as  near 

as  we  pleafe  to  —  or  to  o>  it  follows  that  every  term  in  the  fimple  feries  —  + 

^+^  +^+^  +  ~^  +  &c  a/  infinitum  will  be  equal  to  the  corref- 
ponding  vertical  column  of  terms,  or  column  of  terms  involving  the  fame 
powers  of  JJ  and  e  in  their  numerators  and  denominators,  in  the  compound  fe- 
ries de  —  n.  And  therefore,  if  the  compound  terms,  or  vertical  columns  of 
terms  of  the  faid  compound  feries  6  ?  —  n  be  reduced  10  fingle  terms  by  making 
the  feveral  mukiplications,  additions,  and  fubtraffcions,  that  are  necelTary  for  that 

purpofe ;  the  fimple  feries  thence  arifing  will  be  the  foregoing  fimple  feries  — 
-I-  ^  -I-  ~  +  -f  -1-  --; — ! — ^  -t-  &c  a/  infinitum,  which  arofe  from  a  fimi- 
lar  reduftion  of  the  terms  of  the  compound  feries  8  f  —  A. 

loi.  Since  8^  —  A  is  equal  to  the  fimple  feries  —  +  %-■! — t"! — r+  ""T 
■+  -^  +  ^'^i  ^^  ^^^  ^^^^  8  *  =  A  -t-  the  faid  feries,  and  A  =  8  ^  —  the  faid 
feries  =  the  feries  8*—  —  — ^  —  ^  ""V  —  ~3~  ~"  "tt  —  ^^'  There- 
fore j)*  (which  is  equal  to  the  compound  feries  A)  will  alfo  be  equal  to  the  feries 

loa.  And,  fince  the  compound  feries  6e  —  11  is  equal  to  the  fad  fimple  feries 
Lif  +  S^  +  ii!+ii*  +  2^  +  liP+  ix.c  ad  infinitum,  we  (hall  have  6e  = 
n  +  the  faid  fimple  feries,  and  II  ==  6  ^  —  the  faid  fimple  feries,  or  n  =  the 
feries  6e~-^ —^ ^~^ —  '--—^ —^  —  Ucad infinitum.  There- 
fore the  produft  qy  (which  is  =  11)  will  alfo  be  equal  to  the  feries  6  /  —  —  — 
-=i 1 =■ 77 «c  ad  infinttum. 

103.  It  appcan  therefore  that y*  is  equal  to  the  feries  Ze  —  —  —  ^ j- 

—  ~  —  ^  —  -^  —~  Sec  ad  infinitumf  and  that  yj»  is  equal  to  the  feries  6  e 
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-«  !^-.^  _li!  _li'  _  !^  _  If  „  &c  adinfmtum,  which  is  lefs  than 
the  former  feries  8*—  — — 5^  —  ^__LL__  I±.  _  li_  _  &c  ai  ifj/fift/- 

/aw,  by  the  quantity,  or  difference,  8  f  —  6  «,  or  2  ^  or  2  X  — ,  or  r,  as  it  ought 
to  be,  agreeably  to  the  original  equation  jr* — qy  =  r. 

104.  We  then  endeavoured  to  prove  that  the  tranfcendental  ezpreffion  2  y"  (J 

X  the  infinite  fenea  1  + -r  + -s -3-+  -iS iir  +  &c  ad  «r- 

gg       r        r       t       t         t 

Jmtum  (in  which  ;  is  equal  to  — ,  or  half  the  abfolute  term  of  the  equation  x* 

—  J  *  =  /,  and  xz  is  equal  to  ^  ""  T*  **''  ^  ""  £?)  ''*'  equal  to  the  root «  of 
the  fame  equation.  And  the  method  we  took  to  prove  the  faid  equality,  was  to 
Ihew  that,  if  the  faid  tranfcendental  eipreffion  was  fuWlituted  inftead  of  *  in  the 
compound  quantity  x*  ~- qx  (which  forms  the  left-hand  fide  of  the  faid  equa- 
tion) it  would  make  the  laid  compound  quantity  equal  to  the  abfolute  term  /, 
or  that,  if  the  faid  expreffion  were  to  be  cubed  by  multiplying  it  twice  into  it- 

.  felf,  and  were  likewife  to  be  multiplied  into  the  co-efficient ;,  the  faid  cube 
would  be  greater  than  the  faid  produd,  and  the  difference  would  be  equal  to 
the  abfolute  term  /.  Thefe  fublUtutions,  and  the  reafoning  grounded  on  them, 
are  as  follows. 

105.  Let  us,  for  the  fake  of  brevity,  denote  the  infinite  feries  i  +  —  —  ^ 

^^ — I J-  H — ^  +  8cc  tui  ii^mtum,  by  the  letter  t»,  and  the  pro* 

du£t  of  the  multiplication  of  z  %/>  l^into  the  faid  feries  by  the  letter  m.  Tfaert 
it  will  be  neceffary  for  us  to  prove  that  the  tranfcendental  quantity  m  will  be 
equal  to  the  root  x  of  the  equation  *•  —  jjf  =  /,  or  that,  if  we  raife  the  traaf- 
cendental  quantity  m  to  its  cube,  fo  as  to  obtain  the  quanuty  m*,  and  alfo  mul- 
tiply m  into  the  co-efficient  q,  or  its  value  expreffed  in  powers  of  g  and  z,  fo 
as  to  obtain  the  value  of  the  product  ;  x  f*,  the  fud  cube  of  m  will  be  greater 
than  the  laid  produft  qm  by  the  quantity,  or  difference,  2^,  or  a  X  -^,  or/, 
the  abfdute  term  of  the  equation  x*—'qx=:Ji  from  which  it  will  follow  that 
the  faid  tranfcendental  quantity  m  is  equal  to  x. 

106.  Now,  fince  w  is  =  2  \/*  (J  x  the  feries  t»,  it  follows  that  m'  will  bo 
zz  Sg  X  the  feries  to*,  which  will  be  a  compound  feries,  or  feries  confiding  of 
feveral  different  horizontal  lines,  or  rows,  of  terms  placed  one  under  another. 
Call  this  compound  feries  y.  And  we  Ihall  have  «'  =  8^  X  the  compound 
fisries  y. 

107.  Since  the  termsof  the  feries  tw,  or  i  +  —  — ~  4.  ^  — _UL  4.  b^ 

.,  UX*tg*£'* 

—  ^~  +  &c  ad  infinitum,  have  the  fame  co-efficieno  C,  %,  G,  I,  L,  N,  &c, 

3  U  2  '     ■        ■  as 


y  Google 


jl6  A   METH»0  6t    EXTEHDIHO   CAKDAH'S    RVLI 

as  the  correfpoiidSng  terms  of  the  feries  w,  or  i  —  —  —  ^  —  ^  —  ^  ^ 
— ^  —  8:c  ad  iftfinitum  (though  differently  conncfted  together  by  the 

figns  +  and  —),  it  follows  that  the  co-cfBcients  of  the  fevcral  terms  of  the 
compound  feries  w',  or  y,  will  be  equal  to  the  co-etHcients  of  the  correfpond- 
ing  terms  of  the  compound  feries  i>',  or  T,  both  fers  of  terms  being  fimilar 
combinations,  or  produi5ts>  of  the  fame  original  favors,  or  co- efficients,  C,  E, 
G,  I,  L,  N,  &c.  And  from  the  continued  repetition  of  the  fign  —  in  the  fe- 
cond  and  other  following  terms  of  the  feries  v,  or  i  —  —  —  — ~  —  -^ 

—  -^  —  -^  —  &c,  and  the  alternate  fucceffion  of  the  fign  +  and  the  fign 

—  in  the  fecond  and  other  following  tenns  of  the  feries  w,  or  i  +  —  —  — 

,  ,  ,^  MS         t" 

+  i|:  _  li  +  ii ^  +  &c,  it  follows  that,  in  the  third,  and  fifUi,  and 

feventh,  and  other  following  odd  vertical  columns  of  terms  of  the  compound 
feries  w',  or  y,  the  figns  +  and  —  that  are  to  be  prefixed  to  the  terms  of  the 
faid  columns  will  be  exaftly  the  fame  with  thofe  which  are  to  be  prefixed  to  the 
correfponding  terms  of  the  third,  and  fifth,  and  fevemh,  and  other  following  odd 
vertical  columns  of  terms  in  the  compound  feries  v',  or  F;  and  that  in  the  fe- 
cond, and  fourth,  and  fixth,  and  other  following  even  vertical  columns  of  terms 
in  the  compound  feries  w',  or  y,  the  figns  +  and  — ,  that  are  to  be  prefixed  to 
the  terms  of  the  faid  columns,  will  be  every  where  contrary  to  thofe  which  arc 
to  be  prefixed  to  the  correfponding  terms  of  the  fecond,  and  fourth,  and  fixth, 
«nd  other  following  even  vertical  columns  of  terms  in  the  compound  feries  v\ 
or  r. 

And,  as  to  the  firft  terms  of  tbefe  two  compound  feriefes  v'  and  w*,  or  T  and 
y,  they  will  be  equal  to  each  odier,  becaufe  each  of  them  will  be  equal  to  i. 

io8.  Let  all  the  terms  of  the  compound  feries  w',  or  y,  be  midtiplied  by  8  g. 
And  we  (hall  thereby  obtain  another  compound  feries  of  which  the  firft  term  will 
be  8^  (becaufe  the  firft  term  of  the  compound  feries  w*,  or  y,  is  i)  and  which 
will  be  equal  to  ffi*.  Let  this  new  compound  feries  be  called  S.  And  we  fliall 
i&en  have  m*  =:  the  compound  feries  S. 

109.  Now  there  will  evidently  be  the  fame  analogies  and  the  fame  differencei 
between  the  compound  feries  A  and  J,  or  8  «  x  T  and  8  ^  x  y,  with  refpeft  to 
the  co-efficients  of  their  feveral  correfponding  terms  and  the  figns  +  and  — , 
which  are  to  be  prefixed  to  them,  as  between  the  compound  {wiefes  F  and  y 
themfelves ;  became  the  faid  multiplications  hy  Ze  and  8  g  can  make  no  diffe- 
rence at  all  in  the  figns  of  the  terms  multiphed,  and  will  increafe  the  co*effi- 
'  cients  of  ^11,  the  faid  'terms  in  the  fame  proportion  of  8  to  i ,  which  will  not  af- 
feft  their  antecedent 'equality.  For  as  to  the  quantities  e  and  g  (which  are  ia- 
.voJvod  in  tlie.tDulxipiifacoirs  8/.'3nd-8£)the  mi^ltiplicfttiQns  of  the  terms  by  them 
fviU  not  afieft  the  numeral  co-efficienu  of  the  terms  arifing  from  the  combina- 

tioos 
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tiona  of  the  original  numeral  co-efficients  C,  E,  G,  I,  L,  N,  &c,  but  will  only 
affeft  the  literal  parts  of  the  faid  terms  by  removing  one  power  of  e  and  g  from 
their  feveral  denominators.  It  therefore  follows  from  art.  107,  and  108,  in  the 
firft  place,  that  the  firft  term  of  the  compound  feries  S,  or  8|;  x  y,  will  be  (8^ 
X  i>  or)  8f ;  and,  fecondly,  that  the  co-efficients  of  the  fecond  term,  and  ail 
the  following  terms  of  the  compound  feries  S,  or  8  ^  x  />  will  be  refpcflivcly 
equal  to  the  co-efficients  of  the  fecond  term,  and  all  the  following  correfpond- 
ing  terms  of  the  compound  feries  Aj  or  8  *  X  T ;  and,  thirdly,  that  the  figns  -f 
and  — ,  which  are  to  be  prefixed  to  the  feveral  terms  of  the  third,  and  fifth,  and 
feventh,  and  other  following  odd  vertical  column?  of  terms  in  the  compound  fe- 
ries S,  or  8^  X  y,  will  be  the  fame  with  thofe  which  are  to  be  prefixed  to  the 
corrrfponding  terms  of  the  third,  and  fifth,  and  feventh,  and  other  following 
odd  vertical  columns  of  terms  in  the  compound  feries  A,  or  8^  x  T\  and, 
fourthly,  that  the  figns  +  and  — ,  which  are  to  be  prefixed  to  the  feveral  terms 
of  the  fecond,  and  fourth,  and  fixth,  and  other  following  even  vertical  columns 
of  terms  in  the  compound  feries  J,  or  8 1"  X  yj  will  be  every  where  contrary 
to  thofe  which  are  to  be  prefixed  to  the  correfponding  terms  of  the  fecond,  and 
fourth,  and  fixth,  and  other  following  even  vertical  columns  of  tcmis  in  the 
compound  feries  A,  or  8  «  X  P. 

no.  It  followsfrom  tbelaftarticle.that,  iftbecompoundferiesJ,  or  8^  X  y, 
be  reduced  into  a  fimple  feries,  or  feries  of  fingle  terms,  by  performing  all  the 
multiplications,  additions,  and,  fubtraftiona  that  are  neceffary  for  that  purpofe, 
the  co-efiicients  of  the  fecond  and  other  following  terms  of  the  fimple  feries 
thereby  obtained  will  be  refpedively  equal  to  the  co-efficieots  of  the  fecond  and 
other  following  terms  of  the  iimple  feries  which  is  equal  to  the  compound  feries 
,A,  or  8  ^  X  r,  that  is  (by  art.  101)  to  the  co-pffidents  P,  Q^  R,  S,  T,  V,  &c; 
and  the  figns  to  be  prefixed  to  the  third,  and'fifth,  and  feventh,  and  other  fol- 
lowing odd  terms  of  the  faid  fimple  feries,  which  is  equal  to  the  compound  fe- 
ries J,  or  Zg  X  7,  will  be  the  fame  with  thofe  which  are  prefixed  to  the  third, 
and  fifth,  and  feventh,  and  other  following  odd  terms  of  the  fimple  feries  which 
is  equal  to  the  compound  feries  A,  or  8  *  X  T,  or  to  the  odd  terms  of  the  fimple 

feries  8*  —  ~ — ^^ —^ ij.  —  ~  —  li!!  —  &c;  and  the  figns  to  be 

prefixed  to  the  fecond,  and  fourth,  and  fixth,  and  other  following  even  terms  of 
the  fimple  feries  which  is  equal  to  the  faid  compound  feries  S,  or  8^  x  y,  will  be 
refpedively  contrary  to  thofe  which  are  to  be  prefixed  to  the  fecond,  and  fourth, 
and  fixth,  and  other  following  even  terms  «f  the  fimple  feries  which  is  equal  to 
the  compound  feries  A,  or  8  ^  x  T,  or  to  the  even  terms  of  the  fimple  feries  8  e 

P«  QJ*  Rl*  ij'  Tj'"  Vl"  -  ,       ,  f  I        L       <•         . 

—  —  —  —J J ; -; --JJ-  : —  «c.    And  confequently  the  fimple 


•feries  that  will  be  equal  to  the  compound  feries  5,  or  8^  X  y,  will  be  8;  -f- 

—  — -J-  +  -3-  *~*  ~r  +  ";» ~  +  ^^  ^'*  "y^i/sar.     Therefore  «%  or 

tne  cube  of  the  tranfcendental  expreffion  w,  or  2  •'f  X  the  feries  w  (which, 
by  art.  108,  is  equal  to  the  compound  feries  S)  will  be  equal  to  the  fimple  feries 

„        ,     Tx%         ax*    ,    »«*         ax*    .    T*"        .vk'*    .     fl  .  ■ 
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HI.  In  the  expreOJon  a  v''  (7  X  the  feries  w,  ori  +—  —  ^+£| 

^-  +  ^ ^^  +  &c  «</  infiuitum,  the  letter  ^  is  put  for  — ,  or  half  the  ab- 

folure  term  /  of  the  equation  **  —  j*  =  /,  and  zz  ib  =  ^  —  — ,  or  ^ gg. 


,  and  J*  is  =  47  X  £ff  X  ji  +  — , 
and  jis=:3  Xg3  X  i+'^S  =  (by  the  binomial  theorem  in  the  cafe  of 
roots)  3  X  f  7  X  the  infinite  feries  1+^— ^  +  ^  —  ^  +  ^  — 


none  icrics  i   f ~r  "t- 

gg  t 

^^  +  &c  a/  ittfimtttm. 
g" 

H2.  Now  let  the  expreffion  a  y"  fj  x  the  infinite  feries  i  +  —  — ^  + 
£|!  —  ^+  i^ — ^  +  &c  be  multiplied  into  the  eipreffion  3  x^T  X 
the  infinite  fenes  i  +  —  """3"  +  "3"  ^^  "^  TS"  ~~~n"  +  ^c»  which  is 
equal  to  y ;  and  the  produft  willbe(=av^(Jx  3  X^Txthe  produft  flf 

the  faid  two  infinite  feriefes  ^  x  x  g  i  X3  X  g  3  xthe  product  of  the  laid 
two  infinite  feriefes)  =  6;  x  the  produd  of  the  faid  two  infinite  feriefes. 
Therefore  y  x  the  expreffion  i  ^*{gx  the  infinite  feries  i  +  —  —  ^  4- 
^_i^  +  i^_^  +  &C,  ory  X  2^'(ix  w,  or  J  x  «.  wiU  be  = 
6g  X  the  produd  of  the  faid  two  infinite  feriefes,  which  produft  will  be  a  cer- 
tam  compound  feries,  or  feries  cooHfting  of  feveral  different  horizontal  rows  of 
terms,  placed  one  under  another.  Let  this  compound  feries  be  denoted  by  the 
fmall  Greek,  letter  X.  And  then  g  X  2  V"  (J  X  the  fimple  feries  w,  or  ;  x  «, 
will  be  =  6^  X  the  compound  feries  A. 

113.  Now  let  the  feveral  terms  of  the  compound  feries  \  be  multiplied  into 
€g,  and  lee  the  new  compound  feries  thence  ariling  be  denoted  by  the  fmall 
Greek  letter  x.  Then  will  j  x  2  \/*  f^  X  the  fimple  feries  w,  or  f  x  »,  be 
=  the  new  compound  feries  -tt. 

And  in  this  compound  feries  w  it  is  evident  that  the  firft  term  muft  be  6^, 
becaufe  the  firft  term  of  the  compound  feries  K  (which  is  the  produft  of  tb& 

multipllcadon  of  the  feries  i  +—  — 1_:+£_.-_24--}.  &c  into  the  feries 

6         ^    sx       r       X        g 
I  +E^_— _+*  — ^  +  &c)  muft  be  i.     And  the  following  terms  of 
xhe  faicT compound  feries  v  will  involve  the  fuccefiiTC  even  powers  of  x,  to  wit. 
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Z2,  2*,  z',  2*,  2",  a",  &c,  in  their  numerators,  and  the  fucceffive  odd  powers  of 
gt  to  wit,  g,  g'y  £*,  g'f  g*,  g",  &c,  in  rheir  denominators. 

114.  Since  the  co-efficients  of  the  terms  of  the  two  infinite  feriefes  i  +  ^^ 

_EJ+  £^*_1^+Lg!_  £^  +  &candi  +— -^*+^*-£ 

^10      ^  I.      '  *  '  ^        ^  *  * 

H — ^ ~  +'&c  (by  the  multiplication  of  which  the  compound  ferics  X-is 

produced)  are  the  fame  with  thofe  of  the  correfponding  terms  of  the  two  infinite 

fenefes  i — -^ 2 t — rr &c,  and  i — 

-^ , 1- ~  —  ~ &c  (by  the  multiplication  of  which  the  compound 

feries  A  is  produced  in  art.  97),  though  the  terms  of  the  two  former  feriefes  are 
not  connedled  with  each  other  by  the  figns  +  and  —  in  the  fame  manner  as  the 
terms  of  the  two  latter  feriefes;  it  follows  that  the  co-efficients  of  the  fcvcral 
terms  contained  in  the  compound  feries  X  will  be  equal  to  the  coefficients  of  the 
correfponding  terms  contained  in  the  compound  feries  A ;  becaufe  the  co-effi- 
cients of  the  terms  of  both  the  faid  compound  feriefes  are  fimilar  combinations,  or 
produfts,  of  the  fame  original  faftors  or  co-efficients,  B,  C,  D,  E,  F,  G',  H,  I,  K, 
L,  M,  N,  &c,ofthe  terms  ofthefimple  feriefes  by  the  multiplication  of  which  into 
each  other  the  faid  compound  feriefes  are  produced.  And  from  the  continued 
repetition  of  the  fign  —  in  the  fecond  and  other  following  terms  of  the  two  fe- 
.   .  B«         cj*  dj*         Sj'         n'"         Gi'*        o  J  c*r         ej* 

nefes  i  —  ■;;"—■? "7" ? 7^ 7^» —       '         ^  — 77  —  ~  ~~ 

~ ^r  ~~  ~Tr  —  ~k ^'^  CW  ^^  multiplication  of  which  the  compound 

feries  A  is  produced),  and  the  alternate  fucceflion  of  the  fign  +  and  the  fign  — 
in  the  fecond  and  other  following  terms  of  the  two  feriefes  i  -4 —  + 

**         f        g^        g"  ig         g*        B  s  & 

^|—  +  &c  (by  the  multiplication  of  which  into  each  other  the  compound  feries 

A  is  produced),  it  follows  that  in  the  third,  and  fifth,  and  feventh,  and  other  fol- 
lowing odd  vertical  columns  of  terms  in  the  compound  feries  X  the  figns  +  and 
—  that  are  to  be  prefixed  to  the  fevcral  terms  of  the  faid  columns,  will  be  the 
fame  with  thofe  which  arc  to  be  prefixed  to  the  correfponding  terms  of  the 
third,  and  fifth,  ajid  feventh,  and  other  following  odd  vertical  columns  of  terms 
in  the  compound  feries  A.;  and  that,  in  the  fecond,  and  fourth,  and  fixth,  and 
other  following  even  vertical  columns  of  terms  in  the  faid  compound  feries  \  the 
fiens  +  and  — ,  that  are  to  be  prefixed  to  the  feveral  terms  of  the  faid  columns, 
will  be  rcfpeftively  contrary  to  thofe  which  are  to  be  prefixed  to  the  correfpond- 
ing. terms  of  the  fecond  and  fourth,  and  fixth,  and  other  following  even  vertical 
columns  ofierms  in-the  faid  compound  feries  A. 

115.  Since  the  compound  feries  11  is  =  6f  x  the  compound  feries  A,  and 
the  compound  feries  ir  is  =  6f  X  the  compound  feries  A,  it  is  evident  that  there 
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will  be  the  fame  analogies  and  the  fame  differences  between  the  two  compound 
feriefes  IT  and  tt,  with  refpcd  to  the  co-efficients  of  their  feveral  correfponding 
terms,  and  the  iigns  4-  and  —  which  are  to  be  prefixed  to  them,  as  between  the 
two  compound  Icriefes  A  and  \  themfelves ;  becaufe  the  faid  multiplications  by 
6  e  and  6g  can  make  no  difference  at  all  in  the  itgns  of  the  terms  multiplied,  and 
will  increafe  the  co-efficients  of  all  the  faid  terms  in  the  fame  proportion  of  6 
to  I ,  which  will  not  change  their  antecedent  equality.  For,  as  to  the  quantities 
e  and  g  (which  are  involved  in  the  multiplicators  6  e  and  6g)  the  multiplications 
of  the  terms  by  them  will  not  afFeifi:  the  numeral  co-efficients  of  the  terms  arifing 
from  the  combinations  of  the  original  numeral  co-efficients  B,  C,  D,  E,  F,  G,  H, 
I,  K,  L,  M,  Ni  Sec,  but  will  only  affeft  the  literal  parts  of  the  faid  terms  by  re- 
moving one  power  of  e  and  g  out  of  their  feveral  denominators.  It  therefore  fol- 
lows from  the  two  lad  articles  1 13  and  1 14,  in  the  firft  place,  that  the  Brft  term 
of  the  compound  feries  w,  or  6  ^  X  A,  will  be  (6  ^  X  i ,  or)  6  ; ;  and,  fecondljr, 
that  the  co-efficiems  of  all  the  terms  of  the  compound  feries  w,  or  6^  x  \  will 
be,  refpeftively,  equal  to  the  co-efficients  ofthe  correfponding  tenns  of  the  com- 
pound feries  11,  or  6  ^  X  A ;  and,  thirdly,  that  the  iigns  +  and  — ,  which  are  to 
be  prefixed  to  the  feveral  terms  ofthe  third,  and  fifth,  and  feventb,  and  other  fol- 
lowing odd  vertical  columns  of  terms  in  the  compound  feries  w,  or  6|;  X  >.,  will 
be  the  fame  with  thofe  which  are  to  be  prefixed  to  the  correfponding  terms  of 
the  third,  and  fifth,  and  feventh,  and  other  following  odd  vertical  coliumu  of 
terms  in  the  compound  feries  n,  or  6  «  x  A ;  and,  4uily,  that  the  figns  +  and 
— ,  which  are  to  be  prefixed  to  the  feveral  terms  ofthe  (econd,  and  fourth,  and 
fixth,  and  other  following  even  vertical  columns  of  terms  in  the  compound  fe- 
ries ff,  or  6^  X  ^.  will  be,  refpeiftively,  contrary  to  thofe  which  are  to  be  pre- 
fixed to  the  correfponding  terms  of  the  fecond,  and  fourth,  and  lixth,  and  other 
following  even  vertical  columns  of  terms  in  the  compound  feries  n,  or  6  «  X  A. 

116.  It  follows,  from  the  laft  article,  that,  if  the  compound  feries  ir,  or  6  ; 
X  ^»  be  reduced  into  a  fimple  feries,  or  feries  confifling  of  fmgle  terms,  by 
making  all  the  multiplications,  additions,  and  fubtra£tions,  that  are  neceflary  for 
that  purpofe,  the  co-efficients  ofthe  fecond  and  other  Ibllowing  terms  ofthe  fim- 
ple feries  thereby  obtained  will  be  refpeAively  equal  to  the  co-efficients  of  the 
fecond  and  other  following  terms  of  the  fimple  feries  which  is  equal  to  the  com- 
pound feries  11,  or  6  «  X  A ;  and  it  follows  in  the  fecond  place,  that  the  figns 
4-  or  — ,  that  are  to  be  prefixed  to  the  third,  and  fifth,  and  feventh,  and  other 
following  odd  terms  of  the  fimple  feries  which  is  equal  to  the  compound  feries  «■, 
oi6g  X  \,  will  be  the  fame  with  thofe  which  are  to  be  prefixed  to  the  third,  and 
fifth,  and  feventh,  and  other  following  odd  terms  of  the  fimple  feries  which  is 
equal  to  the  compound  feries  IT,  or  6  *  X  A ;  and  it  follmvs,  in  the  third  place, 
that  the  figns  -^-  or  — ,  that  are  to  be  prefixed  to  the  fecond,  and  fourth,  and 
fixih,  and  other  following  even  terms  of  the  fimple  feries  which  is  equal  to  the 
compound  feries  tt,  or  6^  x  ^>  will  be  contrary  to  thofe  which  are  to  be  pre- 
fixed to  the  fecon<i,  and  fourth,  and  fixth,  and  other  following  even  terms  of 
the  fimple  feries  that  is  equal  to  the  compound  feries  II,  or  6;  x  A.  But  it  has 
been  Oiewn  in  art.  100,  loi,  ioz>  that  the  Ample  feries  that  is  equal  to  the  com- 
1  pound 
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poundferiesn,or6*  x  A,  is  6*-^— — ^  — ^— ij^  — 3^  -  ^ -1 

&c  ad  iitfinitum.  Therefore  the  fimple  feries  that  is  equal  to  the  compound  fe- 
rics^,or6f  XX,willbe6f +  ^-^  +  if  -  '^  +  If  -  ^^  + 
&c  a4  infinitum.  But  by  art.  1 1 2,  j*  X  m,  or  ^  X  the  tranfcendental  expreflion 
2  v^*  (J  X  the  feries  w,  or  j  x  the  tranfcendental  expreffion  a  y"  fj  X  the  in- 

_    .      -    .  ,    csai        E«*     .    GS*         n^     ,    L«">         Ma"    .     .        .  ,  , 

finite  fenes  i  H -r-  +  — s 3-  H — s* s-  +  «c,  is  equal  to  the 

ii       r        sr       r       g        .  s 
compound  feries  tt,  or  6^  x  ^.     Therefore  ^  x  ffi  is  equal  to  the  fimple  feries 

117.  But  it  wasfhewn  in  art.  no,  thatm%  or  the  cube  of  the  tranfcendental 
expreffion  «,  or  2  y"  (7  X  *«  Series  «,  or  2  y''  [J  x  the  feries  i  +  —  —  —• 
+  ^  —  Lj.  +  ^-  _  Ili-  ^  8cc  is  equal  tonhe  iimple  feries  8^  +  —  — 
^  ^t^  —  t^  +  ~~^  +  iccad infinitum,  which  is  greatet'  than  the 

fimple  feries  6;  +  —  — ^  +  ^ V  +  ^1 ^  +  &c  ad  infinitum, 

by  the  difference  (84^  —  6^,  or)  ig.  Therefore  «*  b  greater  than  y  x  «  by 
the  fame  difference  zg^  or  the  refidual  quantity  m'  —  ;  X  n  is  =  z^^  or  2  x 

— ,  or  /,  the  abfolute  term  of  the  equation  x^  —  qx  —  ti  and  confequently  m,  or 
cbe  tranfcendental  expreffion  2  \/'  (Fx  die  infinite  feries  i  +  —  — ~-  + 

•^  £g  g* 

S_  —  15.  +  'i^JL.  ^  !1^  4-  &c ««/  infiititumy  muft  be  equal  to  the  root  x  of  the 

^        i         i  g 

uid  equation.  q.  b.  d. 

End  of  the  RecapitiiJatm  of  the  foregoing  Dmonfiratim  of  the  Prc^ofitim  iaid  down 
abtrve  in  art.  36. 


Mother  'RecapitttiatioM  of  the  Std^fiauce  of  the  foregmg 
Jitm>n^»timyfomemhatfi>orter  than  the  former, 

1 18.  The  fubftance  of  the  foregoing  demoaftration  may  be  cxprefled  in  a 
more  coadle  manner  as  follows. 

Having  fliewn  in  art.  aj,  that,  if  —  be  greater  than  ^,  or  r  be  greater  than 

^^,  the  root  ^  of  the  cubick  equation  ;-•  —  £7  =:  r  will  be  equal  to  the  tranf- 

CMidcMal  expreffion  %  ^*  ^  x  ^  iafinitc  feriei  i— — — 7r""^'~ir 
Vol.  ii.  3  X  "  ..  ii!! 

Digitized  by  vjOOQIC 


5t2  A   METHOD    OF   EXTBHPING   CASDAH^I   ItULE 

—  ~ ^l^ &c,  ad  i/jfinitum,  in  wliich  the  letter  e  deaotes  — ,  or  half  the 

abfolute  term  r  of  the  equation  y^  —  qy  zz  r,  and  jj  is  =  —  —  ~>  we  raifed 
the  faid  value  of  ^  to  its  cube,  or  third  power,  by  multiplying  it  twice  into  itfelf, 
whereby  we  obtained  a  certain  compound  feries,  of  which  the  firftterm  was  8^, 
and  the  following  terms  involved  the  feveral  fradions  — ,  ^,  — ,  — ,  -ij-,  -^, 
&c,  or  the  feveral  fucceffive  powers  of  ss  divided  by  the  fucceffivc  odd  powers 
of  e.  This  compound  feries  we  called  A,  and  fo  we  had  j>'  =  the  compound 
feries  A. 

119.  We  then  found  an  expreflion  of  the  value  of  q  (the  co-efficient  ofy  \a 
the  equation  _>'  —  JJ'  =  *")  in  terms  involving  the  quantities  e  and  s,  to  the  end 
that  we  might  multiply  the  faid  value  of  q  into  the  foregoing  trajifcendental  ei- 
preffion  which  is  equal  to  y,  and  thereby  obtain  a  quan[it)r  cxpreffed  in  powers 
of  e  and  s^  that  fliould  be  equal  to  the  produft  qy,  which  13  fubtraAed  from  f 

in  the  equation  y^  —  qyz=  r.    This  value  of  y  we  found  to  be  3  x  ^  y  x  the 

...        -     .  B«  CJ*  DJ*  Ej'  FJ'°  GS'*  a  .  •    i       i      ■ 

mfinite  feries  i ■^~~"'? ? '^  "  ~^ *^»  which,  bemg 

multiplied  into  the  foregoing  traofcendental  expreffion  of  the  value  of  ^,  pro- 
duced a  certain  compound  feries,  of  which  the  firft  term  was  6  e,  and  the  fol- 
lowing terms  involved  the  feveral  fradions  — ,  — ,  — ,  -i-,  i^,  ^,  &c,  or 

the  feveral  fucceffive  even  powers  of  s  divided  by  the  fucceffive  odd  powers  of  f. 
This  compound  feries  we  called  It,  and  fo-  had  the  produdt  qy  equal  to  th« 
compound  feries  IT. 

120.  We  then  obferved  that,  fince  the  compound  feries  A  was  equal  toj"'; 
and  the  compound  feries  11  was  equal  to  qy,  the  excefs  of  A  above  11  would  be 
equal  to  y*  —  qy,  and  confequently  to  the  abfolute  term  r,  or  2  x  — ,  or  z  #. 
But  this,  we  obferved,  was  the  excefs  of  8  f,  the  firft  term  of  the  compound  fe- 
ries A  above  6  e,  the  firft  term  trf"  the  cwnpound  feries  11.  And  hence  it  fol- 
lowed that  8e  —  A,  or  the  excefs  of  the  firft  term  of  the  feries  A  above  the 
whole  of  the  faid  feries,  would  be  equal  to  6  *  —  n,  or  the  excefs  of  the  firft  term 
of  the  feries  11  above  the  whole  of  the  faid  feries.  And  thus  we  obtained  two 
compound  feriefes.  Be  —  A  and  6e  —  11,  which  were  equal  to  each  other. 

121.  We  then  obferved  that,  fmct.  this  equality  between  the  compound  feri- 
efes 8  ^  —  A  and  6  ;  —  IT  took  place  in  all  the  pollible  magnitudes  of  sj  and  ee^ 
it  followed  that  each  feparate  compound  term,  or  vertical  column  of  iingle  Eerms^ 
involving  any  powers  oi  ss  and  e,  in  the  compound  feries  n,  muft  be  equal  to 
the  correfponding  compound  term,  or  vertical  column  of  fingle  terms,  involvtng 
the  fame  powers  of  ss  and  f.  In  the  compound  feries  A ;  and  confequently  tbai^ 
if  thefe  two  compound  feriefes  A  aiul  11  wece  to  be:  reduced  to  fimp le  fericTes* 
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or  ferides  conGfling  of  iingle  terms,  by  making  all  the  multiplications,  additions, 
and  fubtradions,  that  were  neceffary  for  that  purpofe,  the  terms  of  the  two  fim- 
ple  feriefes  that  would  be  thereby  obtained,  would  be  exaftly  equal  to  eac 
other,  and  marked  with  the  fame  figns  +  or  — ;  and  confequently  that,  if  the 
limple  feries  that  was  equal  to  the  compound  feries  8  *  —  A  was  —  +  2i-  + 
—J-  +  -^  +  -^ — h  ~-  +  &CC  ad  infinitum,  the  compound  feries  6  £  —  n  would 
likewife  be  equal  to  the  fame  fimple  feries  — -  +  %-+-f  +  'T  +  ~7~  "'' 
2^  +  iicad  infimtum, 

1 2Z.  And  frMn  the  equality  of  the  compound  feries  8  f  —  A  to  the  fimple 
feries  — +^+-r+V  +  -4-  +  ^rr  +  ^^  ^^  infinitum^  we  inferred  that 
the  compound,  feries  A  would  be  equal  to  the  fimple  feries  8e  —  —  —  S=_  _ 
^— ^ — ~-  —  ^^j-  — &c  ad  ixfim'tumi  and,  in  like  manner,  from  the 
equality  of  the  compound  feries  6  «  —  11  to  the  fame  fimple  feries  —  +  ^  + 
^  +  ^  +  ^  +  ^  +  Sicad  infinitumy  we  inferred  that  the  compound  fe- 
ries n  would  be  equal  to  the  fimple  feries  6*  —  — —  — _^_  li IL, 

—  ^^  ^itcad  infimtum* 

123.  And  then  we  concluded  that  j>'  (which  is  equal  to  the  compound  feries 

A)  muft  be  equal  to  the  fimple  feries  8*  —  —  —  ^ ^^ ^j "^'~' 

^ See  ad  infinitum,  and  that  qy  (which  is  equal  to  the  compound  feries  11) 

muft  be  equal  to  the  fimple  feries  6/  —-y  —  ^  —  ^ ^—  -^  —  -^r 

—  ice  ad  ijffinitum,  which  is  lefs  than  the  former  fimple  feries  (which  is  equal  to 
jf*)  by  the  difference  8  *  —  6  *,  or  a*,  or  2  x  — ,  or  r,  as  it  ought  to  be. 

124.  We  then  turned  our  attention  to  the  other  tranfcendental  expreffion, 
which  had  been  declared  above  in  art.  36  to  be  equal  to  the  root  x  of  the  cubick 
equation  x*  —qx^s  /,  in  which  /  is  lefs  than  ^^~^,  or  —  is  lefs  than  ^,  to  wit, 
the  expreflion  2  v/*  fj  X  the  infinite  feries  i+  —  —  l^^.ll  —  i^  + 
^-  —  ^~r  +  8tc,  in  which  expreflion  ;  is  =  ^,  or  half  the  abfolute  term  /  of 
the  equation  «*  —  ?»  =  /,  and  zza=z  ^  —  — ,  or  ^  —  gg. 

3X2  1 2-.  This 
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125.  This  expreflion  we  multiplied  twice  into  itfelf,  £3  as  to  obcain  its  cube, 
which  was  a  compound  feries,  or  feiies  conftfting  of  feveral  horizontal  lines,  or 
rows,  of  terms,  placed  one  under  another.  This  compound  feries  we  called  S, 
and  made  the  four  following  obfervations  concerning  it ;  to  wit,  ift.  That  its 
fitft  term  would  be  Bg,  and  all  the  following  terms  of  it  would  involve  the  fe- 
veral quantities  23,  z*,  z*,  2*,  2'°,  z",  &c,  or  the  feveral  fucceffive  even  powers 
of  z,  in  their  numerators,  and  the  feveral  quantities  g,  g',  g*,  g',  g*,  g",  &c,  or 
the  feveral  fuccelTive  odd  powers  of  ^,  in'  their  denominators;  and,  fecondly. 
That,  from  the  equality  of  the  co-efficients  of  the  feveral  terms  of  the  infinite  fe- 
ries 1  + -7-  -\ — r r  +  —IS r: — H  8cc  to  the  co-efficients  of 

gi        g*        £         M         £  i 

the  correfponding  terms  of  the  infinite  feries  i  — — -j-  — .  -f  ^ 

^^  —  ^^  —  &c,  it  followed  that  the  co-efficients  of  the  feaond  and  other 
following  terms  of  the  compound  feries  $  would  be  equal  to  the  co-efficients  of 
the  fecond  and  other  following  terms  of  the  compound  feries  A;  and,  thirdly, 
that  from  the  alternate  fucceffion  of  the  fign  +  and  the  lign  —  in  the  terms  of 

the  feries  i  +  12^  _  i^  +  ^'  —  '-^  +  i^  _  IL^*  +  &c,  it  followed  that, 

a  g^  i  s  s  £ 
in  the  third,  and  iifth,  and  ieventh,  and  other  fofiowing  odd  vertical  columns 
cf  terms  in  the  compound  feries  I,  the  ligns  +  and  •—  that  were  to  be  prefixed  Co 
the  feveral  terras  of  the  faid  columns,  would  be  the  fame  with  thofe  which  were 
to  be  prefixed  to  the  correfponding  terms  of  the  third,  and  fifth,  and  feventh, 
and  other  following  odd  vertical  columns  in  the  compound  feries  A;  and 
fourthly,  that  in  the  fecond,  and  fourth,  and  fixth,  and  other  following  even 
vertical  columns  of  terms  in  the  faid  compound  feries  S,  the  figns  +  and  — , 
that  are  to  be  prefixed  to  the  feveral  terms  of  the  faid  c<rfumns,  would  be,  re- 
fpeflively,  contrary  to  thofe  of  the  correfponding  terms  of  the  fecond,  and 
fourth,  and  fixth,  and  other  following  even  vertical  columns  of  terms  in  the 
compound  feries  A. 

1 26.  And,  from  the  foregoing  obfervations  we  concluded,  that,  fince  the  fim- 
ple  feries  to  which  the  compound  feries  A  was  reduced  by  making  all  the  mul- 
tiplications, additions,  and  fubtradtions  that  were  nece0wy  for  that  purpofe, 

was  8e— . ~ ; 'TT'^  "S"  ~"  ~^  —  "^»  "^  fimple  tenes  to 

which  the  tiximpound  feries  S  would  be  reduced  in  like  manner  by  making  all 
the  multiplications,  addidons,  and  fubtraftions  neceflary  for  that  purpofe,  would 

beSg-f  ^-^^-^-'J^+lJ^-:^*  -^  &c  */«>,■/««.    And 

s         r      ■  &         r         s  r 

hence  it  followed  that  the  cube  of  the  iranfcendental  expreffion  ^V^^  X.  the 

mnmtc  ienes  1  ^ —  — r  +  — r r  -\ — ;r rr  +   «c  ad  mfimttam 

Si        t         r         i  i"         *" 

was  equal  to  the  fimple  feries  8f  +  — —  Sf'+^-ii  j.I^_1£!. 

•\-  GCQttd  mjoitfum. 

6  127.  We 
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1 27.  We  theo  fought  the  value  of  q  in  terms  that  involved  the  powers  of  g 
and  2,  and  found  that,  Gncc  zz  was  n:  ^  —  — >  or  -^  —  n",  we  fliould  have 

^  =  12  +  az  =  S  X  (I  +  ^,  and  j'  =  27  X  £f  X  |i  +  ^,  and  j  = 

S^jf^^''  +-^3  =  (by  the  binomial  theorem  in  the  cafe  of  roots)  3  X 

f  5  X  the  mamte  ferics  i  +—.  —  —  +-p — -+  pr  —  -pr  +  «c 

128.  Having  thus  found  this  value  of  j,  we  multiplied  it  into  the  expreflion 

2  v/*  U^  X  the  infinite  fenes  i+___  +  __~-^___  + 
&c  ad  infinitumy  and  found  the  produft  to  be  a  certain  compound  ferles  which 
we  called  -jr,  of  which  the  firft  term  was  6  gt  and  the  fecond  and  other  following 
terms  involved  the  feveral  quantities  zz,  z*,  2*,  2*,  z'*,  2",  &c,  or  the  feveral 
fucccffive  even  powers  of  z,  in  their  numerators,  and  the  feveral  quantities  g, 
^>  g*,  g^t  ^,  g",  &c,  or  the  feveral  fucceflive  odd  powers  of  g,  in  their  deno- 
minators. 

129.  We  then  compared  this  compound  feries  jr  with  the  compound  feries  11, 
which   was  produced  by  the  multiplication  of  the  tranfcendental  expreffioa 

—      .     ,       -    c    ■        r     ■  "«  C**  DJ*  EJ*  Fj"*  01'*  o 

3  X  f  3  X  the  infinite  fenes  i  — 7*'~~7"~'7'  ~  ~>» ~  ~  "*^ 

(which  was  the  value  of  q  in  the  former  equation  y'  -^  qy  —  r)  into  the  tranf- 
cendental expreffion  2  a/*  f?  x  the  infinite  feries  i  —  —  —  ^ ^  —  ~r 

—  -j^  —  — ^  —  &c  ad  infinitum,  and  we  obferved  that,  from  the  equality  of 
the  co-efficients  of  the  terms  of  the  two  (imple  feriefes,  by  the  multiplication  of 

which  into  each  other  and  into  jX^Txa^ythe  compound  feries  x  is  pro- 
duced, to  the  co-efficients  of  the  corrcfponding  terms  of  the  two  fimple  feriefes, 

by  the  multiplication  of  which  into  each  other  and  into  3x^3"^*  x^ythe 
compound  icries  TI  was  produced,  it  followed  that  the  numeral  co-efficients  of 
the  feveral  terms  of  the  compound  feries  w  would  be  equal  to  the  numeral  co- 


efficients of  the  correfponding  terms  of  the  compound  feries  11;  and  we  likewife 
obferved  that,  from  the  continued  repetition  of  the  fign  —  before  the  fecond  and 

,,,,.„•  r   J        !•     •  ""  C'*  ^^  S**  Fj"'  0/»* 

all  the  following  terms  of  the  feries  i — —  —  -y  —  -j — ^ — 

—  &c,  and  likewife  before  the  fecond  and  all  the  following  terms  of  the  feries 

t  — Sif— .^  —  ^ !i 1^  —  ^  —  &c,  and  the  alternate  fucceffion  of 

the  fign  +  and  tlic  fign  —  before  the  fecond  and  all  the  following  terms  of  the  feries 
*  I  + 
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,   +5^—5^*  +  ^_if!  +IfI!_£^  +  &c,  and  likewife  before  the 

Si  £*  S  g  g  g  4  «  t 

fecond  and  all  the  followine  terms  of  the  feries  i  +  —  —  ^  +  -7-  —  ■^  + 

^       ^       ^       r 
—^ ^ — h  &c,  it  followed  that  in  the  compound  feries  ir  (which  was  pro- 
duced by  the  multiplicatioD  of  the  two  latter  feriefes  into  each  other,  and  into 

Z  I 

3i  3  ^  * J'T)  ^^^  ^'S"^  +  ^"^^  — >  ^^*'  would  be  to  be  prefixed  to  the  feveral 
terms  of  the  third,  and  fifth,  and  feventh,  and  other  following  odd  vertical  co- 
lumns of  terms  in  the  faid  compound  fenes  would  be  the  fame  with  thofe  which 
were  to  be  prefixed  to  the  correfponding  terms  of  the  third,  and  fifth,  and  fe- 
venth, and  other  following  odd  vertical  columns  of  terms  in  the  compound  fe- 
rics  n,  which  was  produced  by  the  multiplication  of  the  two  former  fimple  feri- 

2  I 

efes  into  each  other  and  into  3  *  "5"  X  2  '  Tl  ^"'^  '^^^ '"  ^^*  fecond,  and  fourth, 
and  fixth,  and  other  following  evcp  vertical  columns  of  the  faid  two  compound 
feriefes  II  and  ir  the  figns  prefixed  to  the  terms  of  the  one  feries  would  be  every 
where  contrary  to  the  figns  prefixed  Co  the  correfponding  terms  of  the  other 
feries. 

130.  And  from  the  foregoing  obfervations  we  concluded,  that,  if  the  fwd  two 
compound  feriefes  n  and  tt  were  to  be  reduced  to  fimple  feriefes,  by  making  the 
feveral  multiplications,  additions,  and  fubtraAions  diat  were  necefiary  for  that 
purpofe,  the  co-efficients  of  the  fecond,  and  other  following  terms  of  the  fimple 
feries  that  was  equal  to  the  compound  feries  tt,  would  be  equal  to  the  co-efficients 
of  the  fecond  and  other  followmg  terms  of  the  fimple  feries  that  was  equal  to 
the  compound  feries  11,  and  the  figns  that  would  be  prefixed  to  the  third,  and 
fifth,  and  feventh,  and  other  following  odd  terms  of  both  thefe  fimple  feriefes 
would  be  the  fame,  but  thofe  which  would  be  prefixed  to  the  fecond,  and 
fourth,  and  fixth,  and  other  following  even  terms  of  thefe  fimple  feriefes  would 
be  different  in  the  two  feriefes. 

131.  And  hence  it  followed  that,  fince  the  compound  feries  11  was  found  be- 
fore to  be  equal  to  the  fimple  feries  6e  —  —  —  ^  —  ^  —  ^—  ^  — 
— ^ — h  &c  ad  iMfiniium,  the  compound  feries  v  mull  be  equal  to  the  fimple  fe- 
ries 6^ -H——S^  +  i^_iJl*  +^!_I^*  +  SccadinJbiUm. 

132.  But  the  compound  feries  v  was  equal  to  the  product  of  the  multiplica- 
tion of  the  tranfcendental  expreffion  2  v'*  fi  X  the  infinite  feries  i  +  ~  — 

~Y  +  —3 r  H — Ts TT  +  &c  «(/  h^mtum  into  the  expreffion  3  x  f  T 

g*  g'  g*  *"  '  »4  d;(«  •  >o  »  ■*  *    * 

X  the  infinite  feries  i  +  — +  -3 7-  +  ^-^  —  ^4r-  +  ix.c  ad  in- 

gg        g*         t        g  t°        «" 

fnitumj  which  is  equal  to  j.    Therefore  the  produft  of  the  multiplication  of  q 

into 
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into  the  tranfcendental  expreflSon  z »/'  Ij  x  the  infinite  feries  i  ■+  —  —  —r 

H ^  — .  -^-  +  ^j5 ~  +  &c  fli/  ifffinitum,  is  equal  to  the  Cmple  feric* 

eg  +  liJ-SS:  +  ^1'4  +  ^"  -  ^'  +  &c  ad  infinitum. 
^        g         g*         ^        g'         t         g^ 

133.  It  appears,  therefore,  that  the  cube  of  the  tranfcendental  expreffion 

2  V    li'  X  the  infinite  feries  1  H —  ";r  +  7« •"  +  — T7 ir  + 

&c  ad  infinitum  is  equal  to  the  fimple  feries  8^  +  -^  — .  2^  +  ^ ^  -f. 

— ^  — -TT  +  ^^  ad  tttfinitttm,  and  that  the  produA  of  the  multiplication  of; 

into  the  faid  tranfcendental  expreffion  is  equal  to  the  fimple  feries  6g  +  —  — 

^  +  i-T —  +  ^^  —  ^4!-  +  &c  ad  infinitum,  which  is  lefs  than  the  for- 

£'         g'        g'         t         g"  ^  •' 

mer  fimple  feries  by  8|:  —  6^,  or  by  2^,  or  2  x  — ,  or  t.    Therefore  the  cube 

of  the  tranfcendental  expreffion  2  ^/*  f^  x  the  infinite  feries  i  +  —  —  ~ 

+  ^5 -T-  +  -^  —  -TT  +  fi^c  ^^  infinitum  is  greater  than  the  produft  of 

the  multiplication  of  the  faid  tranfcendental  expreffion  into  ;,  and  their  difife- 
rencfe  is  equal  to  /,  the  abfolute  term  of  the  equation  x'  —  ^x  zz  t.  Therefore 
the  {aid  tranfcendental  expreffion  muft  be  equal  to  the  root  x  of  the  faid  equa- 
tion, Q^  E.  D. 

End  of  tbefeeond  andjberter  Recapitulation  of  the  Suhfiance  of  the  foregoing 
Demonfiration  of  the  Propofition  laid  down  above  in  art*  36. 


154.  I  havenowcompleatedthedemonftrationof  the  propofition,  or  theorem, 
laid  down  above  in  art.  36,  and  which  is  the  principal  fubjeft  of  this  difcourfe, 
to  wit,  "  That,  if  the  abfolute  term,  /,  of  the  cubick  equation  *'  —  y*  =  /  be 
lefs  than  ^^,  but  greater  than  \/z  X  ^^  (or  tt  be  lefs  than  ^,  but  greater 
than  -^),  or  —  be  lefs  than  ^,  but  greater  than  —  x  -^j  or  than  — ,.  and  g 
be  put  =  -^  or  half  the  abfolute  term  /  of  the  faid  equation,  and  zz  be  =  — 
—  — ,  or  ^  —  1^,  tlie  root  x  of  the  faid  equation  will  be  equal  to  the  following 
tranfcendental  quantity,  to  wit,  2  ^'  (g  X  the  infinite  feries  i  H ^  "*" 

—r r  +  -i^' TT  +  &CC  ad  infinitum,  in  which  feries  the  numeral  co- 

g         g         g^  g 

efficients  C,-^  G,  I,  L,  N,  &c  of  the  fecond  and  other  following  terms,  are  the 

co-efiicicnti 
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co>ef£cients  of  the  third,  and  fifth,  and  feventh,  and  ninth,  and  eleventh,  and 
thirteenth,  and  other  following  odd  terms  of  the  infinite  ferics  which  is  equal  to 
the  cube-root  of  a  binomial  quantity,  as  i  +  x,  and  the  fecond  and  third,  and 
fourth,  and  fifth,  and  fixth,  and  feventh,  and  other  following  terms  are  marked 
with  the  fign  +  and  with  the  fign  ~  alternately."  This  demonftration  has  beai, 
I  confefs,  exceedingly  long  and  intricate  i  but  I  did  not  know  how  to  make  it 
Ihorter  or  eafier,  without  lefTening  the  evidence  of  the  reafonings  contained  in  it. 
And  I  hope  that  the  reader  will  have  found  it  convincing  and  fatisfa&ory,  fo  as 
to  have  no  doubt  remaining  on  his  mind  of  the  truth  of  the  propofition  it  is  in- 
tended to  demonftrate.  But  it  may  poffibly  be  aflted,  "  How  could  fuch  an  ei- 
preflion  be  difcovered  to  be  equal  to  the  root  of  the  cubick  equation  **  —  qx 
==:  r,  if  we  did  not  already  know  that  it  is  fo  ?  feeing  that,  when  we  have  found 
out  that  it  is  equal  to  the  faid  root,  it  requires  fuch  a  long  train  of  fubtle  and' 
abltrufe  reafoning  to  prove  that  it  is  fo."  In  anfwer  to  this  queftion  I  wilt  now 
proceed  to  ftate  a  method  of  inveftigating  the  value  of  x  in  tlus  equation  x'  — 
qx  zz  thy  which  we  might  have  been  led  to  this  difcovery. 


ji  method  of  mvtfiigat'mg  the  value  of  the  root  x  of  the 
cubick  equation  x*  —  qx  ^=-  /,  in  wbicb  the  ahjobut 
term  t  is  lefs  than  2££2  ar—  is  left  than  i-,  h 
means  of  the  tranfcendmtal  expreffim  z  \/*(e   x  the 

tnfimtejertej  i—  —  "-"j 3 "3 k"  "~ 

^-~  -^Sjfc  ad  infinitam,  v/bicb  has  hemfiievan  aheve 
in  art.  1^  to  he  equal  to  the  root  y  of  the  cuhick  equa- 
tion y  —  ^J*  =  ''>  '»  which  the  abfolute  term  r  is 
greater  than  2^^,  or  —  is  greater  than  ■^. 


135.  Since  the  tranfcendental  expreffion  2  \/*(7  x  the  infimte  ferics  i  — 

—  — ^-— ^— V—  -rr  —  ^-i &c  is  equal  to  the  root  r  of  the  cubick 

equation;"*  —  yjf  =  r,  it  follows  that,  if  the  faid  expreffion  were  to  be  railed  » 
its  cube,  or  third  power,  by  multiplying  it  twice  into  itfclf,  and  if  it  were  alfo 
to  be  multiplied  into  the  co-efficient  y,  or  into  the  value  of  the  fud  co-effidct* 
expreffed  in  powers  of  e  and  j,  the  faid  cube  would  be  greater  than  liie  fud  pro- 
duft,  and  their  difference  would  be  equal  to  r.    Now,  becaufe  ;  is  =  — ,  and  st 

is  —  H  __  i_  or  «  —  — ,  we  fliall  have  w  +  ^  =:  w,  and  —  =:  «  —  w  =  « 
4         37  »7  a?  '  37 

=  3  X  #T 

X 
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X   I  —  -^3  =  (by  the  refidiial  theorem  in  the  cafe  of  roots)  3  x  « "3"  X  the 

infinite  fcries  r  — ^  — -j ^ ^  —  &c.     It  loUows 

therefore  that  the  produd  of  the  multiplication  of  this  laft  expreflion  into  the  - 

expreffion  i^^fex  the  infinite  ferics  i  —  ^  —  ~^  ~~  ~i "T—  -ir  ^ 

}LL 8tc  will  be  lefs  than  the  cube  of  the  faid  expreflion  2  y"  F  X  the  infinite 

fcnes  I ~i 5-— -r r; s **'^>  *"'i  "\^^  their  diffe- 
rence will  be  equal  to  r,  or  to  2  X  —j  or  2  X  e,  or  2  e, 

136,  Now  from  hence  it  fcems  natural  to  conjefture  that  the  root  *  of  the 
fecond  equation  x'  —  qx  =  t,  in  which  the  abfolute  term  /  is  lefs  than  5£^^  or 

—  is  lefs  than  — ,  will  be  equal  to  a  tranfcendental  expreffion  that  fhall  bear  a 
great  refemblancc  to  the  expreffion  2  ^/'iTx  the  infinite  feries  i L  —  _. 

—  ^  —  ^  —  ^^  —  ^^ See  (which  is  equal  to  the  root  y  of  the  former 

equation  y*  ~  qy  =  r),  and  fhall  differ  from  it  only  in  fuch  circumllances  as 

(hall  be  the  confequences  of  the  abfolute  term's  being  lefs  than  ^~^,  inflead  of 

being  greater  than  that  quantity,  as  Jc  was  in  the  foregoing  equation  j*  —  gy  =  r. 

Therefore,  if  in  the  equation  «*  —  j*  =:  /  we  were  to  put  g  for  — ,  or  half  the 

abfolute  term  /  (as  we  before  put  *  for  — ,  or  half  the  abfolute  term  r)  and  were 

to  put  22  for  the  excefs  of  —  above  — ,  or  gg  (as  we  before  piit  «  for  the  ex- 

cefs  of—,  or  «.  above  — )  it  feems  reafonable  to  conjefture  that  the  root  *  of 

4  »7 

the  equation  *'  —  qx^t  will  be  equal  to  a  tranfcendental  exprefBon  of  this 

kmd,  to  wit,  a  v  f  X  the  infinite  feries  i,  — ,  -— -,  — r-,  -j-,  -— -,  -— -,  &c, 
in  which  I  have  not  prefixed  any  figns  +  or  —  to  the  lecond  and  other  follow- 
ing terms,  becaufe  it  does  not  hitherto  appear  whether  they  ought  all  to  have 
the  fign  —  prefixed  to  them  (as  is  the  cafe  with  the  fecond  and  other  following 
terms  of  the  former  feries  i  —  —  —  ^ ^__^—  tL !1^ g^c), 

or  whether  fome  of  them  are  to  be  marked  with  the  fign  — ,  and  others  of  them 
to  be  marked  with  the  fign  +.  And  we  (hall  have  reafon  to  fuppofe  that  thefe 
(erms  are  not,  all  of  them,  to  be  marked  with  the  fign  —  (as  the  correfpondmg 
terms  of  the  former  feries  were)  becaufe  the  figns  prefixed  to  the  terms  of  the  in- 
finite feries  which  enters  into  the  expreffion  of  the  value  of  q  in  this  cafe,  will 
not  be  the  fame  as  thofe  which  are  prefixed  to  the  terms  of  the  infinite  feries 
Vol.  II.  3  Y  which 
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which  enters  into  the  expreffion  of  the  value  of  j  in  the  former  cafe.     For  we 
have  feen  in  art.  135,  that  the  value  of  q  in  the  former  cafe  is  3  X  ^  3    X  the 

.     e    .        ,.     ■  B«  CJ*  DJ*  E^  T^"  G  J**  o  -  i  ■    i         ii 

infinite  feries  i  — r'~*~i — "  "TT  ~"  "nr  —  **^>  ^^  which  all 

the  terms  after  the  firft  term  i  are  marked  with  the  fign  — .    But  in  the  prefent 
cafe  we  have  zz  =  ^ =  ^  —  py,  and  confequently  —  =  £f  +  zz  = 


^«  X  |i  +  J,  and  ?'  =  47  X  ly  X  li  +  — ,  and  f  =  3  X  f  3  X  |i  + 

=  (by  the  binomial  theorem  in  the  cafe  of  .roots)  3  X  iT  T  X  the  infinite  feries 

1  + :r  +-:«-—  -3-  H — is -^r  +  '"C,  m  which  the  fecond  and 

other  loUowing  terms  are  marked  with  the  fign  +  and  the  fign  —  alternately. 
Therefore,  if  this  value  of  q  were  to  be  multiplied  into  the  expreflkm  z  \/'  (g 

X  the  mfinite  feries  i  — ^  —  rr 1* in-  —  -si «c,  me 

figns  +  and  — ,  that  would  be  prefixed  to  the  feveral  terms  of  the  product,  or 
compound  feries,  thence  arifing,  would  in  many  inftances  be  different  from  tfaofe 
which  would  be  prefixed  to  the  correfponding  terms  of  the  compound  feries  or 

product,  arifing  from  the  multiplication  of  the  former  value  of  f ,  t&  wit,  3  X  ^  "J 
X  the  infinite  feries  i  —  ~— -^ ~ J.  —  ~L.  __  _i.  _  &c,  into  the 

expreffion  2  v/*  f^  X  the  infinite  feries  t  —  ——t^  —  ^  —.  I—  ~  ii-  — 

-^j —  &c.    Thwefore,  Cnce  the  expreffion  a  y'*  [7  x  the  infinite  feries  i  — 

-2 r  —  ~TS-  —  —TT  "—  &c»  being  fubftituted  inftead  of  r  in 

compound  quantity  >>'  —  f_y  makes  the  faid  quantity  equal  to  r,  or  2  c,  it  follows 

that  the  expreffion  a  */*  (F  X  *«  infinite  feries  i—  —  —  ^— 2^_I^_ 
10         n  s        r       r       f 

-^ —  -n &c,  being  fubftituted  inftead  of  *  in  the  compound  quantity 

a*  —  J*,  cannot  (on  account  of  the  different  figns  prefixed  to  the  terms  of  the 
value  of  the  produft  a*  from  thofe  which  are  prefixed  to  the  correfpoDdiog 
terms  of  the  value  of  the  produft  qy)  make  the  &id  quantity  equal  to  2;,  or  r, 
and  confeqUently  the  faid  expreffion  2  /'  (J  x  the  infinite  feries  i  —  ^— . 

-7-  —  -2 J  —  -ir-  —  — n «t:  cannot  be  equal  to  the  root  x  of  the 

r     ,   t         r        V  s: 

equation  «*  —  j*  =  /. 

137.  Having  thus  found  that  the  expreffion  2  »/*(J"  x  the  infinite  feries  i  — 

— ; Y  —  ■p-  —  -p, &c  IS  not  equal  to  the  root  a:  of  the 

equation  x'  —  j*  =  / ; — and  having  obferved  that  the  figns  of  the  lecond  and 
6  other 
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Other  following  terms  of  the  infinite  feries  that  enters  into  the  expreffion  of  the 
value  of  y  in  this  cafe  are  alternately  +  and  — ,  whereas  in  the  former  cafe  the 
fecond  and  all  the  following  terms  of  the  infinite  feries  which  entered  into  the 
expreffion  of  the  value  of  j,  were  marked  with  the  fign  —  ;— ^t  feems  reafon- 
able  to  conjefture,  in  the  next  place»  that  the  root  *  of  the  equation  *'  —  y*  =  / 

may  be  equal  to  the  expreffion  2.^'(g  X  the  infinite  feries  i  +  — x  + 

^  —  ^  +  ^ ^-^  +  &c,  in  which  the  fecond  and  all  the  following 

terms  are  marked  with  the  fign  +  and  the  fign  —  alternately.  And  to  this  ex- 
preffion we  (hould  find  that  the  faid  root  was  really  equal,  if,  when  wc  had  made 
^is  conjefture,  we  had  tried  it  in  a  few  numerical  examples,  by  computing  the 
values  of  2  v^'  U  and  of  a  few  of  the  firft  terms  of  the  feries  i  +  ^-^  —  1^  + 

~S ^  +  ^^  —  ^^  +  &c,  and  multiplying  2  y^  jj  into  the  refuk  of  the 

laid  terms,  and  then  hibftituting  the  produd  thence  arifing  inflead  of  x  in  the 
compound  quantity  x*  —  qx.  For  it  would  always  appear,  upon  fiuh  fubflitu- 
tions,  that  the  values  c^  x*  —  qx  thence  arifing  would  be  equal  to  the  abfolute 
terms,  /,  of  the  faid  equations.  And  thus  we  might  have  difcovered  that  the 
faid  expreffion  2  y"  (J  X  the  infinite  feries  i  +  ^^  _  1-  -j.  ^  —  IL  +  iJL. 

—  ^-  +  &c  is  equal  to  the  root  *  of  the  equation  **  —  qx~t;  after  which  ic 
would  have  become  neceflary  to  our  further  fatisfaAion  on  the  fubjed,  to  endea- 
vour to  demonllrate  tlte  truth  of  this  propofition  fynthetically ;  which  we  have 
done  at  great  length,  and  with  as  much  exa^tnefs  as  poffible,  in  the  foregoing 
articles  of  this  difcouife. 

138-  But  there  is  alfo  another  method  of  difcovering  that  the  faid  tranfcenden- 
tal  expreffiott  2  \/'l7  x  the  infinite  feries  i  +  —  ~~.~+^— l^  + 

^ ^^  +  &c  is  equal  to  the  root  x  of  the  equation  **  —  qx  =z  t.    And  this 

method  is  more  direft  than  the  former,  and  carries  with"  it  a  proof  that  the  faid 
expreffion  muft  be  equal  to  the  faid  root,  inilead  of  affording  us  only  a  probable 
conjcfturc  that  it  is  fo,  which  is  afterwards  to  be  confirmed  by  trials,  in  particular 
Bumerical  examples,  and  by  a  fynthetical  degionftration.  This  method  1  fhall 
BOW  «ndeavour  to  explain. 
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Another  method  of  difcovering  that  the  tranfcendenial  ex- 
frejjion  2  y"  |J  x    the  infinite  Jeriej  i    +  —  — 1~. 

+  -4- r  +  -^ ir   +  ^f  "  'J""'  '0  '** 

root  X  of  she  cubtek  equation  x^  ■"  qxzz  t,  ht  which  t  is 
lets  than  ^^,  hut  greater  than  v/i  x  ~^. 


139.  We  have  feen,  that  in  the  equation  _?'  —  ?>  =  ''  C'"  which  r  is  greater 
than  ^^^  or  —  is  greater  than  ^)  the  tranfcendental  expreffion  2  v"  ('"x  the 

infinite  feries  i— — ; { ^ ;; &c  is  equal  to  the 

root  J".     Now  there  are  two  different  ways  of  computing  the  infinite  feries  i  — 

^ ;- 13 &c  contained  in  this  expreffion,  which 

(though  not  equally  ftiort  and  convenient  in  practice)  are,  neverthelefs,  equally 
juft  and  true  :  and  therefore  they  muft  both  produce  the  fame  refult  for  the  va- 
lue of  the  faid  feries.  Thefe  different  methods  of  computing  the  iaid  feries  are 
as  follows. 

140.  The  firft  way  of  computing  it  is  the  common  one,  which  conflfts  of 
the  following  proceffes ;  to  wit,  firft,  to  compute  the  quantities  —  and  — ;  as  was 
done  in  the  foregoing  example  in  art.  30,  31,  where  —  was  found  to  be  = 
i,iio,q!6,  and  ^  was  found  to  be  =  1000,000  ;  and,  fecondty,  tofubtraft  — 
from  — ,  in  order  to  obtain  the  quantity  ss,  which  is  equal  to  their  difference  — 
—  — ,  and  which  in  the  foregoing  example  was  1 10,916  ;  and,  thirdly,  to  di- 
vide js  by  ee,  fo  as  to  obtain  the  value  of  the  fraftion  — ;  as  in  the  foregoing  ex- 
ample we  found  the  fraftion  ^''°'^'     to  be  ^  0.099,841,932,2 ;  and>  fourthly, 

to  compute  the  powers  of  the  value  found  for  the  fraftion  — ;  as  in  the  foregomg 
example  we  computed  the  powers  of  the  decimal  fraAion  0.099,841,932,1,  and 
found  its  fquare  to  be  :=■  0.009,968,41 1,4,  and  its  cube  to  be  —  0.000,995, 
265,4,  and  its  fourth  power  to  be  =  0.000,099,369,2,  and  its  fifth,  fixth,  fc- 
venth,  and  eighth  powers  to  be  equal  to  0.000,009,92 1,2,  and  0.000,000,990,5, 
and  0.000,000,098,8,  and  0.000,000,009,8,  refpeftively  ;  and,  fifthly,  to  mul- 
tiply — ,  and  its  powers  ■^,  ~,  -^,  -i^,  —^  -^,  ^,  ^,  &c,  into  the  co-ef- 
ficients C,  E,  G,  I,  L,  N,  P,  R,  T,  &c,  refpeftively;  as  in  the  foregoing  ex- 
ample we  multiplied  0.099,841,932,2  into  the  fraction  —  (which  is  =^  C),  and 

0.009, 
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0.009,968,411,4  into  the  fraiftion — (which  is  zz  E),  and  0.000,995,265,4 

into  the  fraftion  ~~-  (which  is  =  G),  and  0.000,099,369,2  into  the  fraftion 

-2H_  (which  is  =  I),  and  0.000,0001921,2  into  the  fra^ion    %'^'^  ■  (which  is 

59,049  ^  ^  '  4)781.969 

=  L),  and  0.000,000,990,5  into  the  fraiftiop  -'-'^''^     (which  is  ^  N),  and 

0.000,000,098,8  into  the  fraifUon  — '  '■  ,  (which  is  =  P),  and  0.000,000, 
009,8  into  the  fradion  '^M'Ti?  '  (which  is  ==  R),  and  found  the  produds 
to  be  0.011,093,548,0,  0.000,410,222,6,  0.000,043,360,9,  0.000,001,573,4, 
0.000,000,115,9,  0.000,000,009,0,  0.000,000,000,7,  and  0.000,000,000,0; 
and,  fixthly,  to  fubtraft  the  fum  of  all  the  produfts  fo  obtained  from  i ,  the  firft 
term  of  the  feries.     This  is  the  common,  and  the  proper,  way  of  computing  the 

feries  i  — ___--^_-j-_  -js"  -  "?: '^  —  -^—^—  &c, 

when  we  want  to  make  ufe  of  it  in  pradice.  But  it  may  alfo  be  computed  ia 
another  manner,  which  may  be  defcribed  as  follows. 

141.  Inftcad  of  a  let  us  infert  the  compound  quantity  —  —  -^  itfelf,  to 
which  JJ  is  equal,  in  all  the  terms  of  the  faid  feries.  And  it  will  thereby  be 
converted  into  the  following  feries,  to  wit,  i  —  —  X—  —  ^ -^    X 

(Fi"  -  ^  -  Rl"  -  ^  ><  (Fl*-*  ^  f?^'- ^ 

X  —  —  M  —  &c,  or  (if,  for  the  fake  of  brevity,  we  fubftitute  ea  for  — ,  and 
U        a;!  »       ^  '  4' 

/for  i^)  into  tlie  feries  i  —  -^  X  !«-#-  -^  X  \ti—ff\  -  >  X  I«-/1' 
—  7  X  ^t—ll\' ^  X  f«-/i'  -  ^  X  f?^>  -  &c  ai infinilm,  or 


(fubftituting  inftead  of  «—#)',  «— /l',  «—/)*,  it  —ff\,  a  —f]',  &c 
their  expanded  values)  into  the  feries  t  —  -^  X  f«  —ff — -^  x  (<*—  aty*  +/* 

-■7  xK-j'*/*  +  i^r-r 

—  7  X («■  —  4«T  +  <■  '7*  -  4«V  +  /• 

— -i-  X  K  —  i 'T  +  .lo.y  —  lo*-/"  +  5 <•/■  — /" 

— -i-  x|e"  — 6<-°/-  +  ij^V—  2o«V  +  ijjy— 6«y" +/'■ 

—  &c  !&/  iitfiftitttmy  or  (multiplying  the  fratftions  -^,  ^,  4"*  "T>  "^>  -^,  &c 
into  the  feparate  terms  of  the  compound  quantities,  or  powers  of  m  —  j^  with 
which  they  are  conneded,  refpedively)  into  the  fetics 
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-E  +  4^— i^ 

_  1  I  *'^      ^'-^    i  .*'f.   „■    ■'^. 

_N+  lill'—  '.^. "/*  +  zoN./*      i^w/*  ,  few/"-  _££! 

—  &c  ai/  infinitum ;  which  fcries  confifts  of  a  much  greater  number  of  terms 
than  the  correfponding  part  of  the  feries  i  —  —  —  -j-  —  — -  -,  —  ...—  -_-  —. 

~~  —  &c,  from  which  it  is  derived,  and  many  of  its  terms  are  more  compli- 
cated, and  more  difficult  to  compute,  than  the  terms  of  the  faid  former  feries. 
Neverthelefs,  fmce  the  compound  quantity  —  —  — ,  or  «  ~ff>  is  equal  to  w, 
the  infertion  of  it  inftead  of  ss  in  the  terms  of  the  (aid  former  feries  cannot  alter 
its  value,  or  magnitude,  though  it  will  make  it  much  more  difficult  to  compute. 
It  muft  therefore  be  true  of  the  new  and  complicated  feries  juft  now  obtained,  as 
well  as  of  the  former  feries  i  —  — 2_ ■^  —  ^  —  ^4i &c 

(from  which  it  was  derived),  that,  if  it  be  multiplied  into  2  y"  (?^  or  a  y"  i^,  the 

quantity  thereby  produced  will  be  equal  to  the  value  of  v  in  the  equation  jt'  — 
qy  =  r,  or  that,  if  the  faid  laft-mentioned  quantity  be  railed  to  its  cube,  or  third 
power,  by  multiplying  it  twice  into  itfelf,  and  alfo  be  multiplied  into  the  co-effi* 
cient?,  theproduft  of  the  faid  multiplication  will  be  lefsthan  the  faid  cube,  and 
their  difference  will  be  equal  to  the  abfolute  term  r. 

142.  Having  (hewn  that  the  produft  of  the  multiplication  of  2  ^*^ot 
%  \/*|— ,  into  the  new  and  complicated  feries  feft  obtained  in  the  foregoing  ar- 
ticle (which  feries  we  will,  for  the  iake  of  brevity,  denote  by  the  Greek  capital 
letter  F)  is  equal  to  the  root  y  of  the  cubick  equation  jf*  -^  57  =:  r  in  the  iirft 
cafe  of  that  equation,  or  when  —  is  greater  than  ^,  or  «  is  greater  tJian  ff,  as 
well  as  the  produi^  of  the  mukiplicatipn  of  2  \/'  iTinto  the  feries  i -j- 

—  -ji -ji 7S"  *~  "^s"  ~  ^c,  from  which  the  fcries  r  was  derived  j-^-we 

may,  by  means  of  this  equality  between  thefe  two  produfts  and  the  root  of  the 
equation  y  —  jy  =;  r  in  the  faid  ficft  cafe  of  that  equation,  deduce  from  ib«  fe- 

C«  B»*  01'  Ij'  LJ'"  Mj'*  •,  ,  -.     .  f      r 

ries  I  — _-^—  —  --J-— -J.—  _-. -J—  -^  &c  another  fenes  (r»lein- 

bling  it  in  the  powers  of  the  literal  quantity  involved  in  its  fecond  and  other  fol- 
lowing 
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lovJBg  termSf  and  fikewife  in  the  numeral  co-efficients  C,  E,  G,  I,  L,  N>  6cc, 
by  which  the  faid  powers  «%  to  be  multiplied*  but  differing  from  it  in  the  figns 
wtuch  are  to  be  prefixed  to  fotne  of  its  terms)  which  will  be  of  fuch  a  magnitude 

that,  if  it  be  multiplied  into  2  v^ '  U>  or  2  \/  ^  U-,  the  produA  of  the  faid  mul- 
tiplication (hall  be  equal  to  the  root j*  of  the  faid  cubick  equation  >'  —  j^  =  r 
in  the  fecond  cafe  of  the  faid  equation,  in  which  —  is  lefs  than  ^,  and  which 
cannot  be  rdblved  by  Cardan's  fecond  rule  above  explained.  This  may  be 
done  in  the  manner  following. 

143.  If  in  this  fecond  cafe  of  the  equation _y'  —  y j'  =  r,  in  which  —  is  lefs 
rfian  ^,  or  (if  we  ftill  denote  —  by  ef,  and  ^  by/")  «  is  lefs  than^  we  fi*- 
traft  —  from  2_,  or  a  from^  and  call  the  difference,  or  remainder,  zz,  and 
then  raife  the  feveral  powers  of  zz,  to  wit,  zzl*,  ^^,  ^l*,  zzl*,  zz[*,  «z|*,  z3f, 
zzl',  &c,  or  z*,  2*,  z',  z*%  2",  z",  z'*,  z",  &c,  and  alfo  the  correfponding 

powers  of  its  value,  the  refidual  quantity  ^ — ,  or  jf  ^  ee,  to  wit,  £"—  «l*, 

/■—  «]%  f—  «")*,  /■—  «!',  jf  —  «!*,  ff—e^\  ff—  ei^,  /•—  ift^".  Sic,  the  even 
powers  of  the  difference  jf  —  «,  to  wit,  ff—~ee^,  ff—  e^,  ff—  ee{^,  J?"—  «]*, 
&c>  will  confift  of  the  very  fame  tcrnis,  oi*  the  lame  powers,  produifts,  and  mul- 
tiples of  the  two  original  quantities  —  and  ^,  or  «  andj^  and  with  the  fame 
figns  +  and  —  prefixed  to  them  refpeitively,  as  were  before  contained  in  the 
fame  even  powers  of  the  oppofite  difference  —  —  — ,  or  ee  ~ff,  when  —  was 

greater  than  -^j  or  «  was  greater  than  f. 

Thus,  for  example,  the  fquare  of  ee  —  jf  in  the  former  cafe  was  **  —  a  e*f* 
+/*;  and  in  the  prefcnc  cafe,  the  fquare  ofjf—  ee  is/*  —  2/**'  +  e*,  which 
confifla  of  the  fame  terms  (or  the  fame  powers  and  produds  of  ee  and  ^  as 
were  contained  in  the  fquare  of  the  difference  ee  —ff,  to  wit,  e*  ~  1  e*f*  +  /*, 
and  agrees  with  the  faid  former  fquare  in  the  figns  which  are  prefixed  to  its  fe- 
veral terms,  and  differs  irom  it  only  in  the  order  in  whicii  the  extreme  terms  t* 
sod/*,  and  the  letters  e  and  /  in  the  middle  terms  2  c*/*  and  2/*;*,  are 
placed.  And  the  fame  obfervation  is  true  of  the  fourth  power  of  the  difference 
te  —ff,  to  wit,  e*  — 4*'/*  +  (>e*f*  —  4**/°  +/*>  and  the  fourth  power  of 
the  oppofite  difference  ff—  ee,  to  wit,  /'  —  4/*«'  +  6f*e*  — 4/*^*  —e*, 
and  of  all  the  following  even  powers  of  the  faid  oppofite  differences  ee  — jf  and 
ff—ee. 

144-  Alfi)  the  odd  powers  of  the  difference/" —  te,  to  wit,/"—  « itfelf,  and 
ff—  «l',  /■— «V»/— «!'»  /-M'j  &c,  will  confift  of  the  fame  terms  (or 

of 
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of  the  fame  powers,  products,  and  multiples  of  the  two  origin&l  quantities  ee  and 
ff)  as  were  contained  in  the  fame  odd  powers  of  the  oppofite  difference  te  -^ff, 
when  «,  or  — ,  was  greater  than  fft  or  2_.  But  the  figns  prefixed  to  the  faid 
terms  will  be  contrary  to  thofe  which  were  prefixed  to  them  in  the  former 
cafe. 

Thus,  for  example,  the  cube  of  the  difference  ee  — ^in  the  former  cafe  was 
^*  —  3  ?*/*  +  3  **/*  — /*  i  and  the  cube  of  the  difference  jf —  ee  in  the  prc- 
fent  cafe  is/' — 3/*'*  +  3/*'* — ''' j  which  coofifts  of  the  fame  terms  (or 
the  fame  powers,  and  produds  of  ee  and  j^)  as  are  contained  in  the  cube  of 
ee  —ff,  to  wit,  *'  —  3  #*/*  +  3  ^'Z*  — f" ;  but  they  are  placed  in  a  contrary 
order  to  that  in  which  they  flood  in  the  former  cafe,  and  the  figns,  which  are 
prefixed  to  them,  are  contrary  in  every  term  to  what  they  were  before.  And 
the  fame  thing  is  true  of  the  fifth  power  of  the  difference  ee  -rff>  to  wit,  t"*  — 
^e*f*  +  lotf*/*  —  lo**/*  +  5i?y"'  — /'°,  and  the  fifth  power  of  the  oppofite 
difference  J?" —  ee,  to  wit,  /'°  —  S/V*  +  lo/'f*  —  iof*e*  4-  5/'**  —  e"*, 
and  of  all  the  following  odd  powers  of  the  faid  oppofite  differences  ee  —  ff  and 
ff-  ee. 

145.  It  follows,  therefore,  that,  if  %z  be  put  for  ^ — ,  or/"— ef,  in  the 

fecond  cafe  of  the  equation  y*  —  qy  ^  r,  in  which  —  is  lefs  than  ^,  or  ee  is 

lefs  thanj^  the  even  powers  of  zz,  to  wit,  azl*,  ^^,  22!*,  22I',  &c,  or  z*, 
2',  2",  2",  &c,  will  reprefent,  or  be  equal  lb,  the  fame  terms  (or  the  fame 
powers,  produfts,  and  multiples  of  the  two  original  quantities  —  and  ^,  or  ee 
znAff)  in  the  prefent  cafe,  as  were  reprefented  by  the  fame  even  powers  of  w, 
to  wit.  Til*,  ~Si[*,  TjIS  7j]",  &c,  or  s*,  t* ,  1",  j'%  &c,  in  the  former  cafe, 
when  — ,  or  ee,  was  greater  than  — ,  or  ff,  and  ss  was  put  for  the  difference  — 
—  — ,  or  ee — ff;  and  the  feveral  terms  (or  powers,  produfls,  and  multiples,  of 
the  original  quantities  ee  and  ff^  reprefented  by  the  faid  even  powers  of  zz  in  the 
fecond  cafe  of  the  equation  y'  — qy  =.r,  when  —  is  lefs  than  ^,  or  ee  is  lefs 
than^  will  have  the  fame  figns  +  and  —  prefixed  to  them  as  they  had  in  the 
former  cafe  of  the  fatd  equation,  when  —  was  greater  than  ^,  or  ee  was  greater 
thanjfi  and  the  faid  terms  were  reprefented  by  the  even  powers  of  ss;  and 
the  only  difference  between  the  terms  reprefented  by  the  even  powers  of  zz  in 
the  latter  cafe  of  the  faid  equation  and  the  terms  reprefented  by  the  even  powers 
of  ss  in  the  former  cafe  of  the  faid  equation  will  be  in  the  order  in  which  the 
faid  terms  will  be  placed  in  the  two  cafes,  and  in  which  the  letters  f  and/" in 
the  feveral  middle  terms  of  the  values  of  the  faid  even  powers  of  22  and  st 
(which  will  involve  both  the  quantities  ee  and/)  will  follow  each  other. 

146.  And 
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146.  And  it  likewife  follows,  in  the  fccond  place,  that  the  odd  powers  of  zz, 
to  wit,  2Z  itfelf  and  zzlS  zz]',  ^',  2^',  &c,  or  z",  z'%  z'*,  2",  &c,  will 
alfo  reprefent,  or  be  equal  to,  the  fame  terms  (or  the  fame  powers,  products,  and 
multiples  of  the  two  original  quantities  —  and  |-,  or  ee  and  J^  'i*  the  prefent 
cafe  as  were  reprefented  by  the  fame  odd  powers  of  ss,  to  wit,  st  itfelf,  and  jj)  ' , 
jn',"jj^',"«l')  &c,  or  J*,  j'"*,  j'*,  /",  &c,  in  the  former  cafe,  or  when —,  or 
#f,  was  greater  than  — ,  or  J^  and  ss  was  put  for  the  difference  —  —  i-^  or 
te—ff.  But  the  figns  +  and  — ,  that  will  be  prefixed  to  the  terms  that  are  re- 
prefented by  the  faid  odd  powers  of  22,  to  wit,  zz,  2',  z"*,  z'*,  z",  &c,  will 
be  refpeftively  contrary  to  thofc  which  were  prefixed  to  the  fame  terras  in  the 
former  cafe,  when  they  were  reprefented  by  the  fame  odd  powers  of  w,  to  wit, 
Jj,  J*,  j'°,  j'*,  j",  &c:  and  the  terms  reprefented  by  the  faid  odd  powers  of 
zz  will  likewife  differ  from  the  terms  reprefented  by  the  fame  odd  powers  of  « 
in  the  order  in  which  they  will  be  placed,  and  in  which  the  letters  e  and  /  in 
the  fcveral  middle  terms  of  each  of  the  faid  powers  of  ee  -~ff  and  jf  —  ee 
(which  middle  terms  will  involve  both  the  quantities  ee  2i.n6ff)  will  follow  each 
other. 

147.  If  therefore,  in  the  fccond  cafe  of  the  equation  >'  —  qy  =  r,  in  which 
—  is  lefs  than  2-  or  ee  is  lefs  than^  we  put  zz  for  ^  —  — ,  or  ff—  ee,  the  fe- 

lies  I  — ?"~""7 ? 13" ^  —  ^''»  tnfinttum,  will  re- 
prefent, or  be  equal  to,  a  fyftem  of  terms  derived  from  the  two  original  quan- 
tities —  and  — ,  or  ee  and  j^  that  will  be  the  very  fame  in  point  of  comp(rftion, 
that  is,  will  be  the  very  fame  powers,  produfts,  and  multiples  of  «  and^  as  the 
terms  of  the  complicated  feries  r,  which  was  derived  above,  in  art.  141,  from 

the  feries  i -  —  -i 3 -r—  -rr  —  -s-  —  Sec,  aJ  infinitum,  by  fub- 

flituting  ee  —  jf  in  its  terms  inftead  of  ss  in  the  former  cafe  of  the  equation  y  *  — 
gy  =  r,  or  when  — ,  or  ee,  was  greater  than  — ,  or  j^  But  the  terms  of  the  faid 
two  complicated  fcriefes,  or  fyftems  <rf"  terms,  fo  reprefented  by  the  two  feriefes 

I ~  —TT  — X"~  ~J3"  •"  "IT  ~  "*^>  **  *#«/«»,  and  I — 

-T-  —  -i -3 —  -^  —  -n-  —  &c,  ai  infitdiim,  will  not  all  have  the  fame 

figns  -H  and  —  prefixed  to  them ;  but  thofe  terms  only  of  the  latter  complicated 
feries,  or  fyftem  of  terms,  which  is  reprefented  by  the  feries  i  —  -^  —  IT  "~ 

"7 "jr  —  "^ -^  —  &c  (which  latter  fyftem  of  terms  we  will,  for  the 

fake  of  brevity,  denote  by  the  Greek  capital  letter  A),  which  correfpond  to,  or 

are  reprefented  by,  the  terms  which  involve  the  even  powers  pf  zx,  to  wit,  the 

Vol.  II.  3  Z  terms 
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terms  ^,  —-,  ~,  &c,  will  have  the  fame  ligns  +  and  —  prefixed  to  them 
as  were  prefixed  to  them  in  the  former  fyftem  of  terms,  or  complicated  feries, 
called  r  (which  was  derived  above  in  art.  141  from  the  feries  1  —  —  —  — 

~i ^  —  ^^ 7s &:c),  when  thejr  corrcfponded  to,  or  were  repre- 

fented  by,  the  terms  which  involved  the  even  powfirs  of  ss,  to  wit,  the  terras  ^» 
-p,  — ^,  &c  I  and  thofc  terms  of  the  compiicaced  feries  A  wliich  correfpoad  to,, 
or  are  reprefented  by,  the  terms  which  involve  the  odd  powers  of  kz,  to  wit,  the 
terms  — ,  ^,  ^^,  &c,  will  have  contrary  figns  prefaed  to  them  to  thofe 
which  were  prefixed  to  them  in  the  former  complicated  feries  F,  when  they 
corrcfponded  to,  or  were  reprefented  by,  thofe  terms  of  the  feries  1  —  — 
—  ^  —  -3-  —  -T  "•  -^  "~  "^5"  •—  ^^f  which  involved  the  odd  powers- 
of  w,  to  wit,  the  terms  — ,  -^,  -^,  8ec.  And,  laftJy,  the  ofder  in, 
which  the  feveral  terms,  or  powers,  produfts  and  multiples  of  the  two  originat 
quantities  «  and  jf  are  placed  in  the  complicated  feries  A,  will  be  contrary  to  that 
in  which  the  fame  terms  are  placed  in  the  complicated  feries  T.  But  this  kft 
circumftance  will  make  no  change  in  the  magnitude  of  the  terms,  nor  in  that  o£ 
the  whole  feries  that  is  compofed  of  tbem,  and  therefore  nee4  not  be  aUended  to 
any  further. 

148.  It  follows  from  the  lall  article  that,  if  the  terms  of  the  complicated  feriea 
A  be  placed  in  the  fame  order  as  the  terms  o(  the  complicated  feries  T,  the: 
laid  complicated  feries  A  will  be  as  follows ;  to  wit» 

M     I    »"/       H»y*^    .    ^*J*        ijM/*        6m/^»        n/w 
+  &c,  ad  trffinitum. 

140.  Therefore,  if  m  the  feries  i  —  —  —  -—  —  -—  —  — .^  — — .  »  _^ 
'—  &c,  we  change  the  figns  of  thofe  terms  which  involve  the  odd  powers  of  zz, 
to  wit,  the  cerau  ^,  ^  —« &C)  aad  ia  the  terms  of  the  oev  Ibiics  thereby 

pioducedy. 
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i         ,  .       f      I-    •  .     e  s«e         E  X*     ,     c  »*  I  »■    ,     I.  *^  H  «'*    , 

produced,  to  wit,  the  fcnes  *+~"~";r   +"7 ?""*"  "7»"  ~"  "?*'  "** 

&c,  we  fubftitute  jf  —  ee  inftead  ofzz,  and  thereby  produce  a  third  complicated 
feries  (whichi  for  the  fake  of  brevity,  we  will  denote  by  thcGreek  capital  letter  A), 
this  third  complicated  feries  A  will  confift  of  the  fame  terms  in  point  of  compofi- 
tion  (or  the  fame  powers,  produfts,  and  multiples,  of  the  two  original  quantities 
«  and  jf)  as  each  of  the  two  former  complicated  feriefes  denoted  by  the  Greek 
capital  letters  r  and  A,  and  its  terms  will  have  the  fame  figns  +  and  —  prefixed 
to  them  as  are  prefixed  to  the  fame  terms  in  the  complicated  feries  F,  which  is 
fet  down  above,  in  art.  141  j  and  the  only  difference  between  the  faid  two  com- 
plicated feriefes  T  and  A  will  be  in  the  order  in  which  their  terms  are  ranged, 
thofe  of  the  feries  T  proceeding  according  to  the  powers  of  the  letter  e,  and 
thofe  of  the  feries  A  proceeding  according  to  the  powers  of  the  letter/, 

J  50.  Now,  fince  this  laft  complicated  feries  A  confifts  of  the  fame  terms  in 
point  of  CompofTtion  (or  of  the  lame  powers,  products,  and  multiples  of  the  ori- 
ginal quantities  es  andff)  as  the  firft  complicated  feries  F,  which  is  fet  down  in 
^rt.  141,  and  has  every  where  the  fame  ngns  +  and  —  prefixed  to  its  terms ; 
and  it  has  been  Qiewn  above,  in  the  fame  art.  141,  that  if  the  faid  leries  F  be 

miiltiplicd  into  2  >/*  fr]  or  2  v"  r^,  and  the  feries  thereby  produced,  to  wit,  the 
•omplicated  feries  a  s/'  p^  x  F,  be  cubed,  or  raifed  to  its  third  power,  by  mul- 
tiplying it  twice  into  itfelf,  and  alfo  be  multiplied  into  the  co-efficient  j,  the  faid 
prodii^,  to  wii,  f  >i  2  <y  f7  X  F,  will  be  lefs  than  the  faid  cube,  to  wit,  8  e 
X  F',  and  their  difference,  to  wit,  ie  x  F*  —  q  x  av"f7xr,  will  be  equal 
to  the  abfolute  term  r ; — it  will  follow  that,  if  the  third  complicated  feries  A 
(which  agrees  fo  entirely  in  all  its  terms,  and  the  figns  which  are  prefixed  to 

them,  with  the  complicated  feries  F)  be  multiplied  into  2  \/'  (7,  or  2  \/'  — , 
and  the  complicated  feries  thereby  produced,  to  wit,  the  complicated  feries 
a  V'"  ff  X  A,  be  cubed,  or  raifed  to  its  third  power  by  multiplying  it  twice  in- 
to itfelf,  and  alfb  be  multiplied  into  the  co*eflScienc  ?,  the  faid  product,  to  wit, 
?•  X  4  \/'  IV  X  A,  will  be  lefs  liiaii  the  faid  cube,  or  8  f  X  A*,  and  their  dif- 
crence,  to  wit,  8^  X  A*  — yXa/'px  A  wiU  be  equal  to  the  abfolute 
tcftnf. 


2^  _  1—  4.  I^L 1L_  -J.  &c,  aJ  inptitum,  from  which  it  was  derived  by  fub- 

iUtutingy  —  et  in  its  terms,  inftead  of  az.    Therefore  2  $/»  (7  x  the  laid  feries 

I  H p-  -t--^  — -T  +-7r-' jr  +  &c  will  be  equal  to  2y'*(7x 

the  complicated  feries  A,  or  to  the  complicated  feries  2  >p  |Tx  A.  And  confe- 
quently,  if  the  quantity  »  t/^  (7  x  the  infinite  feries  i  +^  —  ^4.^  — 
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1^  +  ^ ^^  +  &c  (which  is  equal  to  the  complicated  feries  2  v/'/Tx 

A)  be  raifed  to  its  cube,  or  third  power,  by  multiplying  it  twice  into  itfelf,  and 
hkewife  be  muhiplied  into  the  co-efiicient  q,  the  faid  product  wUl  be  lefs  than 
the  faid  cube,  and  their  diflFerence  will  be  equal  to  the  abfolute  term  r.  There-" 
fore  the  faid  quantity  2  \/*  fT  x  the  infinite  feries  i  +  —  _  L_  +  2—  — 

'-4-  +  -*^ ^^  +  &c,  ad  mfinitumj  is  equal  to  the  rootj"  of  the  cubLck  equa«- 

tion  j'  —  o-y  =  r  in  the  fecond  cafe  of  it,  or  when  —  is  lefs  than  2-'  or  «  is  lefs. 

than  jf,  and  2z  is  put  for  the  difference-^ ,  orjf — eei  or,  if  in  this  fe-- 

cond  cafe  of  the  equation  j'  —  JJ"  =  *">  we  fubftilute  /  inftcad  of  r  for  the  ab-» 
folute  termcf  the  equation;  and  pui^,  infteadof  f,  for  half  the  abfolute  tenn  /  ;- 
and  denote  the  root  of  the  equation  by  the  letter  *  inftead  of  the  letter  y^  the 
tranfcendcntal  quantity  2  v^*  {g  x  the  infinite  feries  1  +  ^^  —  ^  4..  i|_  _ 

14-  +  ^  —  ^^  +  &c,  ad  infinitum,  wiH  be  equaFto  die  root  x  of  the  cubict 
equation  * '  —  qx  ~  t.  Qi  e.  -i. . 

End  of  the  Inveftigation  of  the  Tranjeendental  Expnffion  2  ^^^  fgl  x.tbe  hrfiMitc: 

Jtrtes  I  +— ■p"+"p ■?■'*'  "P""  —  "pT"  "^  ""^^  wfect  tt  eqirai  t» 

tie  root  x  of  the  cuhick  equaiioa  «'—£*  =  /,  in  xtibtcb  t  tj  U/s  than  ^^y^,  butt 
ireater  than  /i  X  £^. 


A  Remark  on  the  foresting  hvefligation.- 


154^  The  foregoing  inveftigation  is  very  abftrufe  and  difficult,. and  therefore: 
has  been  fet  forth  at  great  length,,  in  order  to  make  the  reafonings  ufed  in  it.a»^ 
clear  as  poffible:  and!  hope  the.  attentive  reader  will  have  found  thsm,  in  ge- 
neral, intelligible  and  fatisfaftory.  There  is,  however,  one  part  of  the  deduc-- 
tion  which  is  more  fubtle  than  the  reft,  and  may  therefore  require  fome  further 
elucidation;  I  mean  that  part  of  it  which,  is  contained  in  art.  ijc.  In. that  ar- 
ticle the  rrafoniig-  is  ar follows:  "  Since  the  complicated  feries  A  coiififts  of 
the  very  tame  terms  in-  point  of  compofition  (or  the  very  fame  powers,  proclufts, 
and  multiples  of  the  two  original  quantities  ee&ztAff)  as  the  complicated  feries 
r,  and  with  the.  (ame  ligns  +  and  —  prefixed  to  them ;  and  tince  it  has  been 
Ihewn  in  art.  141,  that,  if  the  expreffion  a  •'  ftf  x  the  complicated  feries  V  he 
cubed,  or  raifed  to  its  third  power  by  multiplying  it  twice  into  itfelf,  and  alfo  be 
multiplied  into  the  co-efficient  j,  the  faid  produft  ;  X  1 V*'  |^X  T  will  be  lefs 
than  the  faid.  cube,  or  8  «  X  F',  and  their  difference  will  be  equal  to  the  abfo- 
lute 
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Ritc  term  r,t>t  %e ; — it  will  follow  that,  if  the  exprcffion  a  y  f^  X  the  compli- 
eated  feries-A  be  cubed,  or  raifed  to  ilsthird  power  by  multiplying  it  twice  into 
itfclf,  and  alfo  be  multiplied  into  the  co-efficient  q,  the  faid  product  j  X  2  \/ '  f* 
X  A  muft  in  like  manner  be  lefs  than  the  faid  cube,  or  8*  x  A',  and  their 
difference  muft  be  equal  to  the  abfolute  term  r,  or  ze." 


An  Objeliien  to  the  Conelaftonftated  in  the  lafi  ArtitU, 


153.  Now  to  this  conclufion  it  may  be  objeded,  •*  That  the  letters  r  and  $ 
do  not  denote  the  fame  quantities  in  the  two  expreffions  2  ^Z*  f*  X  T  and 
a  \/'  (7"  X  A,  and  in  the  two  cafes  of  the  equation  _)>*  — ?J'  =  ''  which  corre- 
fpond  to  thofe  exprelGons  ;  but  that  in  the  firft  cafe  of  the  equation  y^  ■^qy^ir 
th.t  letter  r  fignifies  a  quantity  greater  than  ^^^,  and  in  the  correfponding  ex- 
preflion  2  /^ /Tx  T  the  letter  e  fignifies  a  quantity  greater  than/,  and  that  in 
the  fecond  cafe  of  the  equation  j*^  — V^^  ^^^  letter  r  fignifies  a  quantity  lefs 
than  ^^^j  and  in  the  correfponding  exprcffion  a  v/ '  (7  X  A  the  letter  e  figni- 
fies a  quantity  lefs  than/;  and  that  confequently  the  fuppofed  refemblance  be'^ 
tween  the  expreffion  2  ^'{e  x  F  and  z^*  (e  %  A  is  only  apparent,  and  not 
leal,  and  therefore  will  not  warrant  the  conclufion  drawn  from  it." 


An  Anfwer  to  tbejaid  OhjtSien.. 


1 54.  In  anfwer  to  this  objcftioh  we  muft  obferve  that  it  never  Has  been  af- 
ferted,  that  the  expreffion  2  y"  f«"  X  the  feries  A  was  equal  to  the  expreffion 
2  v^ '  |T  X  the  feries  V.  For  that  would  not  be  true ;  becaufe  2  v/*  (''  X  A  is- 
always  lefs  than  2  y  (7  x  T.  But  it  was  only  faid  that  thefe  two  expreffioni. 
confifted  of  terms  compofed  in  the  fame  manner  of  the  two  original  quantities  ee 
sndff,  and  that  therefore,  fince  the  cube  of  2  v''  (*  X  T  was  greater  than  the 
produft  of  the  multiplication  of  2  y"  (T  x  P  into  the  co-efficient  q,  and  their 
difference  was  equal  to  r,  or  2  e,  that  is,  to  the  greater  value  of  r  or  2  e,  which 
belongs  to  the  firft  cafe  of  the  equation^'  — qy  ^  r,  it  followed  that  the  cube 
of  1  v'' '  f7  X  A  muft  be  greater  than  the  produft  of  the  multiplication  of, 
a  v^^  fT  X  A  into  the  co-efficient  q,  and  that  their  diffijrence  muft  be  equal  to 
die  correfponding,  or  leffer,  value  of  r,  or  2  *,  which  belongs  to  the  fecond 
cafe  of  the  faid  equation  y'  —'qy  zzr.  And  this  conclufion  is  moft  certainly 
juft  and  true,  notwithftanding  the  inequality  of  the  two  values  of  r  in  the  two 
different  cafes  of  the  equation  j"'  —0  =  r,  and  of  the  two  values  of  em  the- 
two  expreffions  2  \/ '  («  X  T  and  a  v^ » f7  X  A. 
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J  further  Proo/oftbe  Condufim  ftated  in  Art.  15a* 

155.  But  that  the  truth  of  this  concluGon  may  be  made  as  pUin  as  pollible, 
let  us  fubftitute  the  letter  ^  inftead  of  <  in  the  expreffion  2  y"  /^x  the  feries  A. 
Then  will  this  expreffion  become  ^  \/*{g  X  the  feries  A,  or  2  \/*  /J  X  the 
following  complicated  feries>  to  wit, 

.-c  +  4 

gg  g* 

'^   gg  ^  ^* 

_,  .41^^     6./-^  .  4'/'      ly 

~gg              S"                t                f 
-^  +  — p-  +  — i p-  +^J^ 

—  &c,  <w  infinitum. 
We  muft  therefore  endeavour  to  prove  that,  fince  the  cube  of  the  expreffion 
1 V*  ff"  X  the  complicated  feries  r  (which  is  fet  down  above  in  art.  141)  is 
/greater  than  the  produft  of  the  multiplication  of  the  faid  expreffion  3  y' '  (Tx  r 
^to  the  co-efficient  q,  and  their  difierence  is  equal  to  r,  07  2  »,  it  muft  follow 
that  the  cube  of  the  other  expreffion  2  y*^  (F^  ^^^  complicated  feries  A  (which 
has  been  juft  now  fet  down)  will  be  greater  than  the  produft  of  the  multiplica- 
tion of  the  faid  expreffion  2  ^/  *  (J  x  A  into  the  co-efficient  q,  and  that  their 
difference  will  be  equal  to  /,  or  2g. 

156.  Since jfis  ^  ^,  we  fti^  have  y  =  27  X^  and  y  =  3  x/~.  There- 
fore  the  produft  of  the  multiplication  of  the  expreffion  i^^  (Tx  F  into  the 

co-efficient  q  will  be  equal  to  2  \/'le  X  T  x  3/~3,  or  to  6e~^/  ^  x  the 
complicated  feries  r ;  and  the  produft  of  the  multifdication  of  the  expreffion 

a  »^'  fj  X  A  into  the  co-efficient  q  will  be  equal  to  2  v^»  (J  x  A  x  3/T*  <^ 

I        s 

to  6^  3  /  3  X  the  complicated  feries  A.    And  confequcntly  we  muft  now  en- 
deavour to  prove  that,  fmce  the  cube  of  the  expreffion  2  ^>  IT  x  the  compli- 

ctf ed  feries  r,  or  of  2  ^  y  X  the  complicated  feries  T,  is  greater  than  4e  pto- 

I      t 
duft  of  the  multiplication  of'6e'J]fJ  into  the  complicated  feries  A,  and  dieir 
difference  is  equal  to  2  e,  or  r,  it  muft  follow  due  the  cube  of  the  other  expref- 
fion 1  \/'^  (f"x  the  complicated  feries  A,  orof  a^  j  X  the  oomplicated  ferks 

A,  will  be  greater  than  the  produft  of  the  multiplication  of  6^  T /T  "**<*  "'^ 
4  com- 
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complicated  feries  A,  and  that  their  difference  will  be  equal  to  a.^,  or  /.  Now 
this  may  be  Ibewn  in  the  manner  following. 

157.  The  complicated  feries  r  (which  is  fet  down  above  in  art.  141)  con- 
fifts  of  I  togciUer  with  the  feveral  numeral  co-efficients  C,  E,  G,  1,  L,  N,  &c, 
ad  injmitutn  (which  are  all  fubtraded  from  i),  and  of  feveral  following  vertical 

columns  of  terms  involving  the  fraftion  —  and  its  powers  —-,  ^j  j^-,  ^, 
^^,  &c,  ad  infinitum.    Therefore,  if  we  multiply  this  complicated  feries  V  into 

2  v^ '  1*^  or  2  *  "J ,  the  produift  of  the  faid  multiplication  will  be  another  com- 
plicated feries  which  will  involve  either  the  quantity  t  cy  the  quantity/,  or  fome 
of  their  powers,  products,  or  multiples,  in  aU  its  terms,  and  confequently  8  ^  X 
rs  or  the  cube  of  the  laid  produfb  will  be  another  and  ftill  more  complicated 
fieries,  which  will  alio  involve  the  quantities  e  and  /,  or  fome  of  their  powers, 
products,  or  multiples,  in  all  its  terms.     And,  for  the  fame  reafon,  the  quan- 

1      »  I       » 

tity  6  tf  3/3  X  r,  or  the  produA  of  the  multiplication  of  6  *  3/3  into  the 
complicated  feries  T,  will  be  a  complicated  feries  which  will  involve  the  quan- 
tities e  and  /,  or  fome  of  their  powers,  produds,  and  multiples,  in  all  its  terms. 

And  in  like  manner  the  complicated  feries  A  (which  is  fet  down  in  ait.  155) 
confifts  of  I,  together  with  the  feveral  numeral  co-efficients  C,  E,  G,  I,  L,  N, 
&c,  ad  infinitum  (which  are  all  fubtrafted  from  i ,  as  in  the  feries  P),  and  of  feve- 
ral following  vertical  columns  of  terms  involving  the  frai5tion  — ,  and  its  powers 

^»  4r»  ^*  ^>  «»  &c>  ad  infinitum.  Therefore,  if  we  muluply  this  comi- 
r    r    r     i      g 

t 
plicated  feries  A  into  2  ^'  (J,  or  2|^y,  the  produft  of  the  faid  multiplicatioa 
will  be  another  complicated  feries  which  will  involve  either  the  quantity  g  or  the 
quantity/,  or  fome  of  their  powers,  produfts,  or  multiples,  in  all  its  terms;  and 
confequently  8^  x  A*,  or  the  cube  of  the  faid  produft,  will  be  another  and  ftill 
more  complicated  feries,  which  will  alfo  involve  the  quantities  g  and/,  or  fome 
of  their  powers,  produds,  or  mukiplw,  ia  ^l  itt  teims.  And,  for  the  fame  reafon, 

I        a  t         » 

the  quantity  6^  3  /~  X  A,  or  (he  produft  of  the  mukiplication  of  6^  ^  /  3 
into  the  complicated  feries  A,  will  be  another  complicated  feries  which  wilt  in- 
volve the  quantities  If  and/,  or  fome  of  their  powers,  produAs,  or  multiples,  in 
all  its  terms. 

Further,  fince  the  terms  of  the  complicated  feries  A  agree  exaftly  with  thofe 
of  the  complicated  feries  F  in  their  co-efficients,  and  in  the  (igns  -I-  and  —  that 
are  prefixed  to  them,  and  in  every  thing  except  the  quantities  which  form  die 
denominators  of  the  literal  parts  of  them,  which  in  the  feries  T  confift  of  the 
powers  of  «,  and  in  the  fwies  A  confift  of  the  powers  of  ggy  it  is  evident  thac 
the  fame  analogy,  or  refemblance,  mull  take  place  between  all  the  complicated 
fcriefcs  derived  in  any  manner  from  the  feries  r  and  the  complicated  feriefes  de- 
rived in  the  lame  maimer  from  the  feries  A  j  aod  coafe^uuitly  the  coinpUcaced 

feries 
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ferJcs  8^  X  A'  will  confift  of  terms  that  will  be  cxaftly  fimilar  to  tliofe  rf  the 
complicated  feries  8  ^  x  T',  in  their  co-efficients,  and  in  the  figns  +  and  — 
that  are  prefixed  to  them,  and  in  every  paniciilar  whaifocver,  except  that, 
wherever  the  letter  e  occurs  in  the  terms  of  the  feries  8  if  X  T',  the  letter  g  will 
occur  in  the  correfponding  terms  of  the  feries  8^  X  A' ;'  and,  in  like  manner, 

the  complicated  feries  Sg'J/'^  X  A  will  confift  of  terms  that  will  be  exadly 

I        z 

fimilar  to  thofe  of  the  complicated  feries  6  f  y/J  X  T,  in  their  co-efficients, 
and  in  ihe  figns  +  and  —  which  are  prefixed  to  them,  and  in  every  particular 
whatfoever,  except  that  wherever  the  letter  e  occurs  in  the  terms  of  the  feries 

6  e  "Jfi  X  r,  the  letter  g  will  occur  in  the  correfponding  terms  of  the  feries 
I       a 

6gY/l     ^    ^^ 

And  hence  it  follows,  that,  fince,  when  we  fubtraft  the  complicated  feries 

6  e  7/3"  X  r  from  the  complicated  feries  %e  x  T*,  the  feverat  terms  of  the 
one  feries  fo  balance  and  deftroy  the  correfponding  terms  of  the  other  feries,  as 
to  leave  a  remainder  that  is  equal  to  ze  or  r,  the  like  effedt  muft  refult  from 

the  fubtra^ion  of  the  complicated  feries  hg~%  f^  X  A  from  the  complicated 
feries  8  ^  X  A*,  or  that  the  fevcral  terms  of  the  one  feries  will  fo  balance  and 
deftroy  the  correfponding  terms  of  the  other  feries  as  to  leave  a  remainder  that 
fhall  be  equal  to  2  ^,  or  X.  q^  e.  d. 

158.  This  demonftration  will,  I  hope,  be  thought  fufficient  to  refute  the  ob- 
jeftion  ftated  in  art.  1 53  to  the  reafoning  ufed  in  art.  1 50,  and  confequendy  to 

render  the  whole  of  the  inveftigation  given  above  in  art.  139,  140,  141 

151,  of  the  tranfcendental  expreffion  2  v^*  /J"  x  the  infinite  feries  i  +  —  — 

^  +  ^  — V"  "*■  W  ""  ^"  "*"  ^^'  ""^  infinitum  J  for  the  value  of  *  in  the 
equation  **  —  j*  =  /,  perfeftly  fatisfedory- 


■Of  the  Mitbod  0/  refolving  tbt  Cubick  Equation  x*  -~  qx 
=  /,  when  t  is  lefi  than  >/%  X  ^,  or  —  is  left 

S4 


150.  The  foregoing  infinite  feries  i  +— — 12-  +  £| 14-+  i£!_ 

„                                                    u       t        r        r        g^ 
■pj-  +  &c  will  converge  only  when  aa  is  lefs  than  ^,  that  is,  when  ^ —  is 

lefi  than  ■^,  or  f-  is  lefs  than  — ,  or  -^  is  lefs  than  —^qx^\%  lefs  than  — 
♦         37  4         *XJ7  4'       54  4. 

Therefore  it  is  only  when  ~  (though  lefs  than  ^)  is  greater  than  —  x  — i  or 

thut 
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than  1^,  that  the  foregoing  eipreffion  2  y/^  (^  x  the  feries  i  +  —  —  77-  + 

-3 "P"  +  ~io"  ■"  ~^  +  ^^  *•''  ***  equal  to  the  root  of  the  equation  *•  — 

qx'=  t.    But,  when  —  is  lefs  than  i~,  we  may  find  the  Icffer  root  of  the  oppoGte 

equation  qx  —  *'  =:  /  by  the  method  fet  forth  in  the  preceeding  traft  contained 

in  pages  379,  380,  381,  jSa 440  of  the  prefcnt  volume  of  trafts;  and, 

calling  this  leffer  root  w,  we  fhall  have  qv  —  ©'(=:/)  =  **  —  qx,  and  qv  =  x* 
+  V*  —  qXf  and  5*  +  yu  =  *"  +  v',  and  q  =  — -t~"  —**  —  «'  +  vv,  and 
nx  —  vx  z=  q-^w,  and  **  — 1»*  +  —  (  =  j  — -  vu  h =  q  —  i — )  — 


ll^liS,  and  confequemly  »  -  ^  =  i^l£f22,  and  «  =  '  + v^«  -  ;'■»".  go 
that,  of  whatever  magnitude  lefs  than  ^  the  quantity  —  may  happen  to  be,  or 
of  whatever  magnitude  lefs  than  ^^—^  the  abfolute  term  /  of  the  equation  x*  — 
qx  =  t  may  be  fuppofed  to  be  taken,  the  value  of  the  root  *  may  always  be 
found  either  by  the  method  explained  in  the  |»^eiit  difcoutfe,  or  by  the  me- 
thod explained  in  the  preceeding  tra£t. 

160.  The  laft  inveftigation  of  this  tranfcendental  expreUion  2  \^*Q  X  the 

infinite  fenes  i  4--^ 1*""''  'F"'  'F       "?» "p^  "^  Uc,  ad  tnfinttum 

(which  has  been  explained  in  art.  139,  140,  141,  &c '57)*  w^  that  by 

which  I  difcovered  this  expreflion  to  be  equal  to  the  root  x  of  the  equation  x* 
—■qxss  t,  after  having  feeh  it  aflerted  to  be  fo  by  Monfieur  CJairaut  in  his  Eie- 
mens  ^Algebre*  But,  as  the  propofition  appeared  to  me  a  very  curious  one,  and 
worthy  to  be  eftabliflied  by  more  than  one  method  of  proof,  I  afterwards  fought 
for,  and  difcovered,  the  long  fynthetical  demonftration  of  it  which  has  taken  up 
fo  great  a  part  of  this  difcourfe,  and  which,  I  apprehend,  will  have  confirmed 
the  truth  <s  ic  beyond  any  polBbiiity  c^  doubt. 

i€i.  I  will  now  proceed  to  give  a  few  examples  of  the  refolution  of  cubicle 
equations  of  the  aforc(aid  fornur*  — qx  :z  t,  in  which  /  is  fuppofed  to  be  lefs 
than  ^^,  but  greater  than  \/i  x  ^^.  or  //  is  fuppofed  to  be  lefs  than  ^. 
but  greater  than  -^,  or  —  is  fuppofed  to  be  lefs  than  — ,  but  greater  than  -22—. 
or  -  *  ,  or  ^i  by  means  of  the  ft>regoiag  tranfcendental  exprelSon  3  v^'  (^  x 
the  mfinite  fenes  i  4-  —  — -—  +  -2.  — -<-  4 — —  —  — —  4-  &c,  adtnfim- 
turn,  in  order  to  confirm  the  truth  of  the  realaning»  by  wtuch  ttut  faid  feries  hw 
been  obtained* 

Vol.  II.  4  A  ExmfUt. 
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Examples  of  the  refoluticn  ef  eubick  equations  oftbeforeg»~ 
ing  form,  «'  —  qx est,  v/ben  the  ahJoUite  term  t  is 
Ufi  than  ^,  but  greater  than  ^/^  x  1^,  »■  -  m 
Ufs  than  ^,  but  greater  than  —2 — ,  w  £■,  by  means  ef 
the  tranjcendental  expre_0m  %  \/'\g  X  the  infinite  ft- 

,       CS«EX*  '  '  ""  ~ 

rses  I  +  —  —  — T-   ■ 
-t-  isc,  ad  infimcum. 


-— .  EX*  Ol^  .*.  !,» 

>•'"■  + --IT  +  -r-T-^r 


EXAMPLE       I. 

j62.  Let  k  be  required  to  refolvc  the  equation  **  —  50*  =  I'ao  by  means 
of  the  faid  tranfcendental  exprcffion. 

Here  j  is  =  ^50  i  /  is  ^  120;  — ,  or;,  is  =  60;  — ,  or^,  is  =  3600;  q^  is 
=  135,000;  and  ^  is  =  -^ —  ^  4629.629,629,629,629,  &c,  which  is 
greater  than  3600,  or  — .  Therefore  this  equation  cannot  be  refolved  by  Car- 
dan's rule,  but  may  by  the  expreffion  %\/'  Q  X  the  infinite  feries  i  +  ^  — 
^*  +  ^  —  ^  +  ^  -  ^  +  &c,  provided  that  the  Ikid  feries  con. 
verges. 

Now,  iince  ^  is  =  4629.629,629,629^629,  fcc,  and  —  is  3600,  we  Ihall 
have  2Z  (=  £.  —  —  =  4629.629,629,629,629,  &c  —  3600)  =   1029.629, 

629,629,629,  &c,  which  is  much  leTs  than  3600,  or  ggi  and  cohfequently  the 

feries  will  converge. 

163.  Wc  IhaU  therefore  bave^  =  "'^•'^'»^9'^'?''^  =  0.286,008,230^, 

and  confequendy  -pj  (rr  0.286,008,230,41')  tr  0.081,800,707,8 ; 

and-^  (=  ^  X  —  =  0.081,800,707,8  X  0.286,008,230^1.)  =  0.023,395^ 

675,6 1 
and  -J-  (=  -^  X  —  =  0.023,395,675,6  X  0.286,008,230,4)  =  0.006,691, 

and  j5^  (=  T-  X  ^  =  0.006,691,355,7  X  0^86,008,230,4)  =  0.001,913, 
782,8; 
X  and 
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and  —^  (=  -^  X  —  =  0.001,913,782,8  X  0.286,008,230,4)  =  0.000,547, 

and  -^  (=  -^  X  —  =  0.000,547,357,6  X  0.286,008,230,4)  r:  0.000,156, 

and  — ■  (=  ~  X  —  =  0.000,156,548,7  X  0.286,008,230,4)  =  0.006,044, 

774.2; 

and  — rr  (=  -,t  X  —  =  0.000,044,774,2  x  0.286,008,230,4)  =  0.000,012, 

805,7. 

And  confequently  ^^  will  be  (=  C  x  0.286,008,230,4  zi  —  x  0.286, 

„                 0.186,008,110,4.  „  , 

008,230,4  =: '■   '  ^J  =  0.031,778,692,2  J 

and^will  be  {=  E   X  0.081,800,707,8   =  il    x    0.081,800,707,8  = 
,oyo.o8..feo,707.8  _  o.8.8^,.o76.o.        0.003,366,284.2; 

^d^will  be  (=  G  X  0.023^395,675,6  =  ^  x  0.023,395,675,6  =: 

iS4Xo.073,aQS>67(,6  3.601,934,041,4.   

— STcr  ^      6^V   '     >  =  <='0°!>.J49.i+4.o  i 

and  yr  "'"  be  (=  I  x  0.006,691,355,7  =  ^^  x  0.006,691,355,7  = 

^iXo^tCiS;.,  _  6.„U>MrM^  _  o.ooo,l0!.o?2,o  : 
S».o«  i9,««        '  ^'"   "■ 

and  ^  will  be  (=  L  x  0.001,913,782,8  E:  J^^i^  X  0.001,913,782,8  = 
4,781,969  4.7e>.96»  '3/   >    • 

and  ^mU  be  <=  N  X  0.000,547,357,*  =  ,|'^i^„|{^^  X  aoo<!.,tf47,}S7,« 

.,.y^.j6«o.ooo.,«7,,^,,6  _^  64I.4>4.?33,94!;.K  _  0.000,004,998,! i 
119,140,r63  119.140,163      '  '      '^'^ 

and  ^  will  be  (=  P  X  o.ooo,j  56,548,7  =  , ';t]J;'|^,  X  0.000,156,548,7 

_«.6.7^40XO<«..lS6.wS.7  _i;349:;«oj32!iM!?)  =  o.ooo,cibI,l6o,7; 
1,161,161,467  1,161,161,467     •'  ,       ,         , 

""^  ^  "'!'  be  (=  R  X  0.000,044,774,2  =  ,^'^^f^^l^  X  0.000,044,774,2 

_  ■94.a-7,;8'>'°.°oo.044.»4.-  _  8,70°.«7°.976.«i4.4-  _  0.000,000,277,2 ; 
31,381.059,609  3i,3&i,OJ9,6o9     •'  >        »    Ml 

Uld  IJ-'  wiU  be  (=  T  X  a.000,0121^05,7  =:  ,'lf^\l^l^°,^  X  0.000,^11, 

067,6; 
4  A  1  And 
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And  confequently  the  feries  i  +  ^-^ —  l^ -l  2^  ^1^  +  b^  „Z^   . 

.4  M  ..  ^  t      ^     f  *•  *'°  f"       ^ 

-4: ;r  •^ — Ti ^^  will  be 

^'*         f"         i'* 

=  1.000,000,000,0 

+  0.031,778,692,2  —  0.003,366,284,2 

+  0.000,549,144,0  —  0.000,105,952,9 

+  0.000,022,372,1  —  0.000,004,998,2 

+  0.000,001,160,7  —  0.000,000,277,2 

+  0,000,008,067,6  —  &c  . 


=  1.032,351,436,6  —  0.003,477,512,5 
=  1.028,873,924,1. 

Further,  fince^  is  =:  60,  we  ftiall  have  v"|J=  yf6o  =  3.914,867,641,1* 
and  confequently  2  v/*(J(=;  2  X  3.914,867,641,1)  =  7.829,735,282,2. 
Therefore  the  tranfcendental  expreiEon  2  v^'  (^X  the  infinite  feric*  1  +  —  — 

•}r+-p---p-+-pr-yr  -^ -^ —^  + -^  -  &c  is  =  7.829,735. 
282,2  X  1.028,873,924,1  =  8.055,810,464,4.  Therefore  the  root  x  of  the 
propofed  equation  a;'—  50*  =  120  is  =  8.055,810,464,4.  <t.  e.  i. 

164.  This  value  of  the  root  *  in  the  equation  *'^5o*  =  120  is  exaft  in 
the  firll  fevcn  figures  8.055,810,  its  more  accurate  value  being  8.055,810,345, 
702,  as  may  eafily  be  found  by  Mr.  Raphfon's  method  of  approximatioD. 

N.  B.  This  equation  **  —  50*=  120  cxpreffes  the  relation  between  the 
diameter  of  a  circle  and  three  chords  in  it  that  lie  contiguous  to  each  other,  and 
together  cake  up  the  arch  of  a  femictrcle,  and  form  a  trapezium  of  which  the 
diameter  of  the  circle  is  the  fourth  (ide.  For,  if  the  three  chords  are  called  ^,  ky 
and  U  and  the  diameter  of  the  circle  is  called  »,  the  relation  between  them  wiU 
be  exprefied  by  the  cubicle  equation  ;^  —  bb^ 

.  X  *  =  zikti   which,  if  the 


r'-bb^ 


number!  3,  4,  and  5  are  fubftituted  inftead  of  the  letters  b,  k,  and  /,  will  be* 
come  x*  •-  50  X  =  1 20.  See  Sir  Ifaac  Newton's  Jritbmttica  UMnm/aiit^  edit. 
id,  A.  D.  1722,  page  loi. 
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165.  Let  it  be  required  to  find  by  means  of  the  fame  tranfcendental  expref- 
£00  av/'fFx  the  infinite  feries  i+^-iJ+^_^  +  ^_^ 


+  &c,  the  root  of  the  equation  **  —  «=—. 
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In  this  equation  ;  is  =  i ,  and  /  is  =  — ;  and  confequently  — ,  or  ^ ,  is  =  — 

X  —  =  4-,  and  — ,  or  gg,  is  =:  -^;  and  -^  is  =  — ,  and  —  is  =  — ,   which  is 
3         6'  4         **  36  3  3  2;  J7» 

greater  than  -r,  or  — .  Therefore  this  equatimi  cannot  be  refolved  by  Cardan's 
rule,  but  may  by  the  tranfcendental  expreffion  2  \^'  fj  x  the  feries  i  +  —  — 
^  +  -^  _  i^  +  &c,  in  cafe  that  feries  is  a  converging  one. 

Now,  fince  ^  is  =  — ,  and  —  is  =  4|,  we  (hall  have  zz>  or  -^  —  —  =  — 


56* 


and  -^  (z:  ■ 


—  -4  =:  — ~ — r -^  =  — ^— z  = z  —  — s»  which  is  lefs  than  -^,  or  — , 

36       27x30       a7X36        37x30       3x36       108  36'        4 ' 

or  Igi  '1  tlic  proportion  of  I  to  3 .     Confcquendy  the  feries  i  +  -^ ;r  + 

— y ^  +  &c  will  be  a  converging  feries,  and  the  expreffion  2  \/'  (^  x  the 

iaid  feries  will  be  equal  to  the  root  of  the  equation  x'  ■—  x  =  — . 

166.  Since  zz  is  =  — ^,  and  — ,  or  ?f,  is  ^  — ,  we  ftiall  have  —  =  —  = 
3Xj6*  4         **  36'  £j  3 

o-333»333»333»3J 

and  confequently  ^  (=  J  x  ^  =  0.333,333,333,3  X  -j-  =  "''"'^^^'^"'^ 

=  0.111,111,111,1 ; 

P  =  0.111,111,111,1  X  J  =°'"'''3''"'''=  0.037,037, 

•"^7^=7^5=  o.o37.o37!ol7!o'  X  |  =  S:23Z^°ii?)  :=  0.012. 

345*679.0 ; 
and  —  (=  p.  X   —  =  0.012,345,679,0  X  -  =  '■^■^-^^)  -  0.004. 

115,226,3; 

1   k"   ,        «"  xs   ,1  0.0044IIC, 316,1. 

"d  js-  (=  p?  X  —  =  o.oo4,tij,a26,j  X  J  =  — *  ^'     '^)  =  o.ooi, 

371,7+2,11 
"d  p  (=  jS  X  ^  =  o.oo.,37.,74».<  X  f  =  '•""■?;"»-)  =  0.C00, 

4i7.»47.3 ! 
«.d  il  (=  ^  X  f  =  0.000,457,^47,3  X  |  =  SfS^^ipM)  =  „.,„„, 

152,415,7; 

-Kip(=  1^  x.=  =  0.000,, jM.5.7  X  i.=:f2i;ii.4iM)  =  0.00,, 
050,805,2. 

Therefore  ^»iU  be  (=  C  X  0.333,333,333,3  = -^  X  0.333,333,333,3 
:fiSf2a3)  =  o.O37.037.o37.oi 
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and  ^  will  be  (=  E   X   o.tii,iii,iii,i    —  —    x   o.iii.iii.iii.t  — 

I0XO.IIt|III.III,I  t.lll.III.III.I.    

— m — = — ^] — )  -  0.004,572,473,7  i 

»nd  ii  will  be  (=  G  X  0.037,037,037,0  =  ^    X  0.037,037,037,0  = 

_     ■'^'"?;,T'-°"-°  =  '•'°';y-°)  .=  o.ooo,86s,344,i  i 
snd  ^- will  be  (=  I   X   0.014,345,679,0  =  -2ii_  x  0.012, 94j:,6tq,o — 
„;xo.o...w.6,»o  _  ■..,4,,.o,.«6i,o     _  „.  .     g 

S9,049  S9,i>49         '  '  "'"  '•    ' 

4nd  ^  will  be  (=:  L  X  0.004,115,226,3  i    iii'aiQ  ^  0.004,115,226,3  = 

5i,,.,'<°.o°^i."M  _  .3^.64V..,9*^  _  „.„„o,04S,.07.o i 
4,781,969  41732.969  t  t  >     n    ' 

»nd  ^  wiU  be  (=  N  X  0.001,371,742,1  =  .^'J^^  X  0.001,371,742,1 
,,„».;6>,o.»..,37'.?4-  _  .«.7.6ij..°.,8;>.6'    _   „^  ,  j 

139,140,163  119,140,163    ^  >    »5   »  » 

Md^*  will  be  (=  P  X  0.000,457.447.3  =  T^^r,  ^  o-ooo,4S7.M7.J 

_  8,617,640  xo.ooo,4i;,247,i  _  3940.39'.6"i37'.°>  _„„•„„,.„„.. 
=  ,,,6.,.6,.467  -      .,^^.61,46;     '  -  ''•°M.003.390,1! 

»nd  ^'will  be  (=  R  X  0.000,152,415,7  =  ,\^''J^^^  "x  0.000,152,415,7 

194,3.7.7a.  »o.oo^Mi;.7  _^.8.fe4.9-g77>t)  ^  0.000,000,943,8: 

51,381,059,609  31,381,059,609    •*  *  'y^-'*  ' 

and  ^  will  be  (=  T  X  0.000,050,805,2  =  J/^'St^-^'^  "  "■""".OSO. 

„  _    13.41  ■.479.0;o X o.oooj><o.8qfc«  68.,388.979,43i,o6orf)^  „  ,™,  „. 

*°-S''  -  ,.541,865,8,8,3.9'    ""'    =*      .,541,865,8.8,3.9 -J  =  °-<«o,ooo. 

268,4; 

and  confequently  die  feries  ■+^—  J^+ir— p-  +  >r  —  ^   + 

l£:_ig.'+:^_&cwm.be 

=  1.000,000,000,0 

+  0.037,037,037,0  —  0.004,571,473,7 
+  0.000,869,334,5  —  0.000,195,485,2 
+  0.000,048,107,0  —  0.000,012,526,1 
+  0.000,003,390,2  — -  O.ooo,ooo,943i8 
+  0.000,000,268,4  —  &c 

=:  1.037,958,137,1  —0.004,781,428,8 
=  1.033,176,706,3. 

Funher,  lince  r  is  t=  4.  ^t  HaHimc  y-fr  m  •'ji  S-^  =  __! — : 
'  ^  o  '"  1 0        4/1(6       1.817,1.1'- 

4ad 
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and  confequeotly  a  v"  IF=  7T~ •   Therefore  the  tranfcendental  eiprefllon 

a  /  (^  X  the  infinite  fencs  i  + nr  +  "3 r  ■! — is r   + 

r    It,         ^  ^^  «         i*         r         *  £  g 

^  —  ^  +  ^  -  &c  >^>"  be  =  j-j^  X  1.033,176,708,3  = 
''°i8?"iM^'^  =  1.137,1  J7,8J3,8»  &c.  Therefore  the  root* of  the  propofed 
equation  *•  — «  =  —  will  be  equal  to  1.137,157,853,8,  &c.  <t.  E.  i. 

167.  This  value  of  the  root  *  of  the  equation  «'  —  *  =  —  is  exaft  in  the  firft 
fix  figures  of  it,  to  wit,  1.137,15,  the  more  accurate  value  of  the  faid  root  being 
1.137,158,164,  as  may  eafily  be  found  by  Mr.  Raphfon's  method  of  approxi- 


Z    A    M    P    X.    E 


168.  Let  it  be  required  to  find  the  root  of  the  equation  3f'^5*  =  4bf 
pieans  of  the  fame  tranfcendental  expreffion  a  \/*  (J  x  the  infinite  feries  i  + 

:5— F  +  T- -  F  +  7=;  -  7^  +  *'"■  „ 

Here  g  is  =:  5  ;  /  is  =  4;  — ,  or^,  is  =  2 ;  —,  or  gg,  is  =  4;  ;>  u  =  125, 

and  ^  is  =  ^  ^  4.629,639,629,629,  &c,  which  is  greater  than  4,  or  — . 
Therefore  this  equaticHi  cannot  be  refolved  by  Cardan's  rule,  but  may  by  means 
of  the  tranfcendcntil  expreflion  2  y'*  fj  x  the  infinite  feries  i  +  iS  — Ij. 
+  ^  —  ^  +  ^^  —  i^  +  &c,  in  cafe  the  faid  feries  is  a  conTCrging 
one. 

Now,  Gnce  ^  is  =  4.629(629,629,629,  &c,  and  — ,  ot  ggt  is  =  4,  we  (hall 
have  ^ ,  or  zz,  =  0.629,629,629,629,  &c,  which  is  lefs  than  4,  or  £g'>  in 

the  proportion  of  about  6  to  40,  which  is  a  pretty  large  proportion  of  minority, 
and  much  larger  than  the  proportion  of  zz  to  gg-  in  either  of  the  former  ex- 
amples ;  and  confequently  the  faid  feries  i  4- ^  +  ~jt 3"  +  ^*^ 

will  converge  with  a  greater  degree  of  fwiftnefs  than  in  either  of  thofe  examples. 
Therefore  the  fad  tranfcendental  expreflion  2  v'  ^  (J  X  the  infinite  feries  j  + 

—  ~-"ir+7r T  +  ^c  will  be  equal  to  the  root  x  of  the  equation  *»  — 

5  X  =4.     This  expr^on  may  be  computed  as  follows. 

169-  Since 
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iSj.  Since  K  is  =  4,  and  |1  -  j,  or  zz,  is  =  0.629,629,619,625,  &f,  we 

(hall  have  2.  =2:if2fe^2:l!2  =  o.. 57,407,407,4; 
gg  4 

and  confequently  i  (=  ^   X  -^=0.157,407,407,4   X  o.iS7,4o7,407,4> 

—  0.024,777,091,9: 
and  4  (=  4  X  —  =  0.024,777,091,9  X  0.157,407,407,4)  =  0.003,900, 

*  '  =97.7! 

and  4  (=  4  X  —  =  0.003,900,097,7  X  0.157,407,407,4)  =  0.000,613, 

904,2  J 
and  ^  (=  4  X  —  =  0.000,613,904,2  X  0.157,407,407,4)  =  0.000,096, 

633,0: 
and  —  f=  —  X  —  =  0.000,096,633,0    X   0.157^07,407,4)  =  °-°°°' 

015,210,7: 
and  4^  (=  i||-  X  —  =  0.000,015,210,7    X    o.i57,407,407'4)  =  0.000, 

002,394,2; 
and4-(=  TT  ^  ~  —  0.000,002,394,2    X   0.157,407,407^)  =  0.000, 

*"         '"        "  ooo,37£.S! 

Md  i  f  =  —  X  —  =  0.000,000,376,8    X   0.157,407,407^)  =  o-°oo. 

000,059,3. 

■    Therefore  —  wiU  be  {=  C  x  0.157,407,407,4  =  -j-  X  o.c57,407,407,4 

=  Sdiil^Sffid)  =  o.o.7,489.7",9( 

and  ^  will  be  (=  E  X  0.024,777,091,9  =  ^5  **  f-t«4,777.09i.9  = 

ii»<o.o.t.;;;,091.9  _  0.i47.7;°.9'9.»j   _  0.001,019,633,4; 

343  M3 

and  ^  will  be  (=  G   X  0.003,900,097,7   =  ^  X  0.003,900,097,7  = 

i<>x».o<v;.9°°.°97.7  _  ■>.6<Ki.6iS,oti,8.  _  0.000,001, !43,2  ; 
"  5j6i  6S*' 

and '-^  will  be  (=  I   X  0.000,613,904,2  =  5^   X   0.000,613,904,2   = 

g;sxo-oo6.6i3,904.a  _ P.t74,«»°>4'7.°j  _  0.000,009,720,7  ; 
i9,049  i1i°V) 

and  ^°  will  be  (=:  L  X  0.000,096,633.0  =  jig^  X  0.000,096,633,0  = 


_;.,»;.o4o.9.9.;-      o.ooo,ooi,iJ9,6; 

4,7«a,969     ' 


ind 
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and  ^  will  be  (=  N  x  0.000,015,210,7  =    '''^^'^^    X  0.000^15,210,7 

£'*  ■*  -^  119,140,163  •        ^'  '' 

_  ,■■»., s6xo.oooo.i...o.7        ■7-917.!°9..39-)  =  o.OOO.OOO.1 38,8 , 
1^9,140,163  139,140,163     '  J        »  J   J    » 

and  ^4r  "'^  be  (=  P  X  0.000,002,394,2  =  ,_,'a,'''t  *°^    X  0.000,002,394,1 
—  8,61 7,640 X i>.ooo,oo»,394,i  _  »c63»,3S3,688,o^  —  „  „n„  ™„  „,,  ,  . 
=  ..■6.,.6.rf6,  -     .,.62,.6,,467   '  "  "-OOO.OOO.OI?,?! 

and  ^^  will  be  (=  R  X  0.000,000,376,8  =:  -^M^i.  x  o.ooo,ooa,376,ir 

194>3i7i78z  X  0.000,000,376,8        73.i33,7o8,ic7,6. 
=    ^*^  '  '    - — ^        -*^        =  ~ — o  I      )  =  0.000,000,002,9  J 

31,381,059,609  31,381,059,609^  '        *        *^' 

.nd:^iviU  be  (=  T  X  0.000,000,059,3  =  ,'J^^^^i^^^°,;^  X  0.000,000, 

I3»41'.4-7*05o>fo.ooo,ooo,oeo,3  596.486,707,661,0,  

059.3  =  "f4.:86s,8n^.9  =  M4.,86;.8.8,i.9^  =  0.000,000,000,31 

and  confequcntly  the  feries  i  +  _-  —  +  -;---;-  +  ___   + 

n  1.000,000,000,0 

+  0.017,489,711,9  —  0,001,019,633,4 
+  0.000,091,543,2  —  0.000,009,720,7 
+  p.000,001,129,6  —  0.000,000,138,8 
+  0.000,000,017,7  —  0.000,000,002,3 
+  0.000,000,000,3  —  0.000,000,000,0 

=  1.017,582,402,7  — o.ooi,o29,495,x 
=  1-016,552,907,5. 

Further,  fince  gis  :=  z,  we  (hall  have  v'*  (F  =  V^'  f^  =  '•*59»9ii»049,J** 
and  confequcntly  2  ^/^  (J=  2  x  1.259,921,049,8  =  2.519,842,099,6.  There- 
fore the  tranfcendental  expreffion  2  /*  (J  X  the  in&uce  feries  i  +  —  —  tS*  ^• 

7-7^+^-^+'^-"^*+^-&c'«'iUb.e,falt0  2.j,9. 
842,099,6  X  1.016,552,907,5  =2.561,552,812,7.  Therefore  the  root  of  the 
propofed equation #1 — 5x^415  =  2.561,552,812,7.  q^  B.  i. 

170.  This  number  2.561,552,812,7  is  true  to  ten  places  of  figures,  and  errs 
only  in  the  laft  figure,  which  ought  to  be  an  8  inftead  of  a  7.  For  the  accurate 
value  of  *  in  this  equauon  is  —  "— ,  or  -^ — i_2i— ii_,  or  5 — ^'         .V  ,  or 

2.561,552,812,8.   For,  if  we  fubftitute  '  ^.^'2  inftead  of  x  in  the  compound 

quantity  *'  —  5*,  we  fliall  find  that  the  faid  quantity  will  be  equal  to  4,  which  is 

the  abfolute  term  of  the  equauon  «'  —  5  «  =  4.    For,  if  *  is  =  -  ^'-,  we 
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ftan  have  »■  (=  ■  +  »">■<  V^+^3>"X->  +  '7^-?  =  ■+3>/.7+y  .7  +  .7^.» 
—  8  r        -  JX2         •• : ,  anaj« 


(=   J  X  pfiF)   =  i±i!^,   and   conftquendy  «■  -  5»;   (=   iitil^ 


-i-S»^'7  —  '3- 


r)  = 


171.  Thefe  examples  fufficiemly  prove  that  the  expreflion  2  \/'  fjx  ihein- 

finite  feries  1+  ■ tt  +  ~-r  ——r  -^ — is- tt  H ^  —  -n-  H s- 

—  &c  (which  we  derived  from  the  former  expreffion  2\^'  (J  X  the  infinite  fe- 
ci* tl*  G  i*  I  J*  L  j"  vi'*  r  j'*  R  j"  T  »'*  o 

by  the  pecuHar  train  of  reafoning  ufed  in  the  inveftigation  fct  forth  in  art.  139, 

140,  141,  &c 158)  ^ves  the  true  root  of  the  equation  *'  —  j«  =  /, 

when  i  is  lefs  than  £1^,  or  —  is  lefs  than  ^,  or  when  the  faid  equation  cannot 
be  refolvcd  by  Cardan's  rule ;  provided  that  /  (though  lefs  than  ^^^J  is  greater 
than  \/2  X  ^^,  or  that  —  (thou^  lefs  than  i.)  is  greater  than  ^. 

I  will,  however,  fubjojn  one  more  example  to  the  fame  purpole ;  which  (hall 
be  that  of  the  equation  x'  —  63  *  1=  163,  which  both  Dr.  Wallis  and  Mr.  De 
Moivre  have  refoh/ed  by  extrafting  what  they  call  the  impofliblc  cube-roots  of 
the  impoffible  binomial  quantities  81  +  v'  —  2700  and  81  —  \^  —  2700. 
Now  this  equation  may  be  refolyed  by  the  ibregcwng  expreffion  2  \/  ^  Ij  X  the 

infinite  feries  1  H -r-  H — 7-  —  ~r  +  rus tt  +  «c,  in  the  man- 

ner  followmg. 


E    X   A   M   P    L    E        IV. 

172.  Let  it  be  required  to  find  the  root  of  the  equation  x*^6^x  =  i6z 
by  means  of  the  tranfcendental  exprcfiion  2^'  (g  X  the  infinite  feries  i  + 

gg        f*       V        ^        f        g"    ^  g'*        i"  ^  g" 
injmitum. 

Here  y  is  =  63;  /  is  =  162;  — ,  or^,  is  =  81  j  — ,  *>r^,  is  =  6561 ;  — 

is  =  21  ;  and  ^  is  =  9261,  which  is  greater  than  6561,  or  — .    Therefore  this 

equation  "cannot  .be  refolved  by  Cardan's  rule,  but  may  by  the  expreffion 

a  V'  (F  X  the  infinite  feries  i  +  —  —  —r  ^ — r  —  -j-  +  — ;r  —  — ir  + 

gg         g^  g          i^        g           g 
Sec,  in  cafe  that  feries  is  a  converging  one. 

4  Now, 


y  Google 


rOE  KESOLVIMO  THS  CITStOK    BOV^^TIOK  £CC.  jj^ 

Now,  fince  —  is  =  9261,  and  — ,  or^,  is  =a  6561,  we  fliall  have  t.^It 
(s=  9261  —  6561)  :=  2700,  that  is>  zz  will  be  =  Z700,  which  is  lefs  than 
6561,  or  gg,  in  the  proportion  of  100  to  (-2  -^  or)  243.  Therefore  the  feries 
14.  —  _„+-_  _  —  4.  — jj-  —  —— .  ^  gcc  Will  be  a  converging  fenes, 

and  the  expreOion  2  /  ^  Ij  X  the  faid  feries  will  be  equal  to  the  root  of  tne 
equation  «'  —  63*=  162. 

173.  Since  Z2  is  =  2700,  and  £f  is  =  6561,  we  (hall  have  —  (=  ^^  ^ 

37X100  lOD,  , 

~ =  — )  =  0.411,5*2,633,7; 

37x3*3        ny  ^     *-^     '  n'l ' 

and    confcquently    ^     (=    J     x     ^    =    0.411,522,633,7     X     ~    =: 

243  J43  ■'  ="*^    »    /    »    » 

and  f  (=  i  X  ^  =  o..«,,3jo.878,o  x  ig  =  ■°°'<°--^.3"-«7».o  = 
and  s  (=  -T   X  —  =  o.o6q,T5qi, 719,3   x  —  =  r..".7"  sa 

and  ^  (=  -ji   X  -5  =  =.0^8,679,7.9,8  X  i^  =  "<"'°-°;^^79.7.»«  = 

2.867,071,060,0.    on 

— ";^^"    )  =  0.011,802,353,8; 

and  T  C=  TS  X  —  =  o,oii,8oa,353,8   X  —  =  ■ — !*2^  = 

■■■8o,.y;8<.,o^  _  o.^^_^^^,j_o. 

and  p.  (=  1;    X  f  =  0.004,445,413.0    X  i^  =  ■°'"<»°^^44;,4.3.<.  = 

2:lli^a22:)  =  o.oo.,8.9,388,oi 

.     k"     /„_     »•*      .^     9M   o  aa  100  IO0X0.0OI,8lQ,38",O     

and  rrr  (=  -u    X  — =  0.001,8x9,^88,0  X  —  =    "  •  •  *= 

o.i8i,m8,8oo,o.  „ 

^ )  =  0.000,752,834,51 


and  ^   (=   5^    X   -  =  o.«r«..,.a.R,^..    V   2^  -  -<^xo.ooo.7;».834.S    . 
2£7it£83,4So.O\  _  , 


^IT   (=   -«■    X   —  =  0.000,752,814,5    X   —  — 

-)  =  0.000,309,808,4. 


Therefore  -^  will  be  (=  C  x  0.411,522,633,7  =  —  X  o.4n»J2»»633i7 

0.4li,<3Z,6]t,7. 

=    '      g         )  =  o-o45i7*4»737io; 

4  B  z  and 
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and  5^  will  be  (r=  E   X   ^.169,350.878,0  =  ^  X   0.169,350,878,0  = 
,.xo..6,.,m«-8.o_..693.t°a,;8o^   _  0.006,969,171,9; 

and^  win  be  (=  G   X   0.069,691,719,3  =  ^  X   0.069,691,719,3  = 

'°-'?'^;^^"''')  =  0.001,635,806,2 ; 
and^  will  be  (=  I  X  0.028,679,719,8  =  ^^  X  0.028,679,719,8  = 

QHX°.o.«,679.7i9.8  _  »6.Sis,;a«.oi3.°%  _  o.ooo,4t4.,I2J,4; 
59,049  S9.°« 

and  ^  will  be  {=  U  X  0.011,802,353,8  =  3^^  X  0.011,802,353,8  = 
'     »,QHX0.oil.80i,3S>.8  _  6;9.;o;,oo8,oi9,4.  _  0.000,1  •!7,Q6i),7i 
4,78j,969  4,78^,969  ^       •"'"   '" 

and  i^  will  be(=N  X  0.004,445.413.°=  iSs^  ^  0.004,445,413,0 

_   ,.i,ii,.;6xo.°04,44i.4'),°  =  ;,U-.'79.9S'.7'^°)  _  0.000,040,593,7  ; 

~  119,140,163  129,140,163     '  ^  ■"■' ' 

andii'  wiU  be  (=  P  X  0.001,829,388.0  =  ,,4^.';,*°,,^  X  0.001,829,388,0 

1  8.617.640x0.011.8.9,388,0  _   ■i76i.oo7,;o4.3.o.o „.,,<■„■ 

~  '  17162,161,467  1,162,261.467 

and  ^  will  be  (=  R  X  0.000,752,834.5  =  J^f^^^  X  0.000.752,834,5 

■Q4.327,7»2XO.ooo,7i2.834,i  ^  ■46,2i)6.6i8,i98,079,o    _  0.000,004,661,91 
31,381,059,609  31,381.059,609 

and  I^  WiU  be(=T  X  0.000,309.808,4  =  4'4'Si72'873°,  ^  °-°°°>3C9. 
^_   H,43i.479.o;oxo.°oo.i09,8o8.4  =   4,i6i.i8i.034.iU,020,°s   =   0.000,001, 

''°»>4 2,541,865,828,329  2.541,865,828,329 

637.«! 
and  confequentljr  the  feries  '+^  —  ■p"  +  7"~'?'+"p" ?^   * 

i£!  _  i£-'  +  14'  -  &<:  w'U  be 

1 .000.000.000,0 
+  0.045.724,737,0  —  0.006.969,171,9 
4>  0.001,635,806,2  —  0.000.454,123,4 
+  0.000,137,969,7 — 0.000,040,593.7 
+  0.000,013,564,0  —  0.000.004,661.9 
+  0,000,001,637.0  —  &c 

=  1.047,513,713.9  —  0.007,468,550,9 
^  1.040,045,163,0. 

Further,  fince  « is  =  81,  we  IhaU  have  ••£=••  (sT  =  4.32«.749.  "^f 
confequently  2  •'  IF  (=  ^  X  4-3i6,749)  «  8.653,498.    Therefore  ^  ran^ 
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cendental  exprcflion  2  v"  (7"  x  the  infinite  ferie;:  i   -\ ^ r  +  -j j- 

1  Id  .s  gs         i  r         s 

+  ^  —  —TT  +  —TT  — -TT  +  -^ &c  will  be  =:  8.65'I,4q8  X  1.040, 

S  ^  i  s  £ 

04^,163,0  =  9.000,028,7^7,9,  -ind  confeq\ienily  the  root  of  the    propofed 
equations'  —  6^x:^  162  is  equal  to  9.000,028,737,9.  <i.  e.  1. 

174,  This  number  9.000,028,737,9  is  true  to  five  places  of  figures,  the  true 
value  of  a:  in  the  equation  jc'  —  63  .v  =162  being  the  whole  number  9,  as  will 
appeat  by  fublHtming  9  inftcad  ot  *  in  the  compound  quantity  x^  —  63  x.  For, 
if  we  fuppol'e  *  to  be  equal  to  9,  we  (hall  have  xi  ^  729,  and  63  x  (~  63  X  9) 
~  567,  and  conftq'iently  x'  —  63  .v  {=  729  —  567)  ~  162;  and  confe- 
quently  9  is  equal  to  the  value  of  x  in  the  equation  *'  —  63  *  =;  162. 

Qj    E.    D. 


A         SCHOLllTM. 

175.  This  refolution  of  the  equation  **  —  63*=  162  anfwers  to  Dr.  Wallis's 
refolution  of  it  by  extraifting  the  cube-roots  of  the  impoffible  binomiil  quanti- 
ties 81  +  v'  —  2700  and  8r  —  \/  —  2700,  in  as  much  as  both  refoUnions  are 
originally  derived  from  Cardan's  rule.  But  the  difference  between  them  is,  that 
the  method  here  delivered  is  intelligible  in  everj^  ftep  of  it,  whereas  Dr.  Wallis's 
method  treats  of  impoffible  quantities,  or  quantities  of  which  no  clear  idea  can 
be  formed,  in  the  whole  courle  of  the  procefs  by  which  the  value  of  x  is  invefti- 
gated,  though  it  concludes  with  a  rcfuk  that  is  intelligible,  to  wit,  that  x  is 
equal  to  the  fum  of  the  two  irapolTible  quantities  ^  H —  x  V  —  3  and  -2.  — 

i-  X  v'  —  3)  of  which  quantities  the  impoffible  members  +  —  x  y'  —  3  and 
—  —  X  v'  —  3  are  equal  to  each  other,  and  are  marked  with  the  contrary  figns 
+  and  — ,  and  therefore  (when  added  together  in  order  to  obtain  the  fum  of  the 
faid  two  impoffible  quantities  —  +  —  V  —  3  and  -2-  —  —  ^  —  3)  will  deftroy 
each  other,  and  leave  us  only  the  two  poffible  members  of  the  (aid  two  qiianti- 
ties,  to  wit,  —  and  — ,  of  which  the  fum  is  the  whole  number  9.  Dodor  Wallis's 
method  of  finding  .2.  +  —  j^/  —  3  and  —  —  —  1/  —  3  to  be  the  cube-roots  of 

the  impoffible  binomial  quantities  81  -1-  */  —  2700  and  81  —  V  —  2700,  is 
confidered  by  both  Profeflbr  Saunderfon  and  Mr.  De  Moivre  as  only  tentative, 
and  not  likely  to  fucceed  in  equations  of  which  the  roots  are  incommenfurable 
to  unity,  which  is  the  cafe  with  ninety-nine  equations  out  of  a  hundred,  when 
the  equations  are  taken  at  random,  and  not  framed  on  purpofe  with  rational 
numbers  for  their  roots.  But  Mr.  De  Moivre  has  fupplied  this  defcft,  and 
given  a  certain  method  of  finding  the  cube-roots  of  fuch  impoflible  binomial 
quantities :  but  not  without  the  trifedion  of  an  angle^  or  finding  (by  the  help  of 
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a  table  of  fiqes,  or  otherwife)  the  cofine  of  the  third  pwt  of  a  circidar  arc  of 
which  the  cofine  is  given;  by  means  of  which  trifeftion  it  is  well  known  (inde- 
pendently both  of  Cardan's  rule,  and  of  Mr.  De  Moivre's  procefs)  that  the  fe-  - 
cond  cafe  of  the  cubick  eq««ion  y*  -~qy  ^r  (in  which  —  is  lefs  than  — )  may 
be  refolved.  So  that  Mr.  De  Moivre's  method  of  doing  this  bufinefs,  though 
more  perfect  than  Dr.  Wallis's,  does  not  feem  to  be  of  much  ufe  in  the  refolu- 
tion  of  thefe  equations.  And  both  methods  are  equally  liable  to  the  objeftjon 
above-mentioned,  of  exhibiting  to  our  eyes  during  the  whole  coiirfe  of  the  pro- 
cefles,  a  parcel  of  algebraick  quantities,  of  which  our  underftandings  cannot 
form  any  idea  ;  though,  by  means  of  the  ultimate  exdufion  of  thofe  quantities, 
the  refults  become  inteUigible  and  are  true.  It  is  by  the  introduflion  of  fuch 
needlefs  difGcuhies  and  myfterics  into  algebra  (which,  for  the  moft  part,  take 
their  rife  from  the  fuppofition  of  the  exiftence  oi  negative  quantities,  or  quanti- 
ties lefs  than  nothing,  or  of  the  poflibility  of  fubtrafting  a  greater  quantity  from 
a  leffer)  that  the  otherwife  clear  and  elegant  fcience  of  algebra  has  been 
clogded  and  obfcured,  and  rendered  difgufting  to  numbers  of  men  of  learning, 
who  are  poffeiTed  of  a  juft  tafte  for  reafoning,  and  could  therefore,  if  they 
pleafed,  make  great  advances  in  the  mathematical  fciences,  but  who  are  apt  to 
complain  of  thifr  branch  of  them,  and  defpife  it  on  that  account.     And,  doubt- 

.  lefs,  they  have  too  much  reafon  to  do  fo ;  and  to  fay,  in  the  words  of  the  famous 
French  mathematician  and  philofopher,  Monfieur  Des  Cartes,  in  his  diflertation 
De  Methode,  page  1 1 — Jlgebram  vtri,  ut/olet  deceri,  animadverti  eertts  rtguUs  et 
numtrandi  formulis  Ha  effi  eortttntam,  ut  videatur  patius  ars  qu^edam  cmfuja^  cujiu 

■  uju  ifigenium  quodammodo  turbaturet  bbfcuraiur,  qmmjcientia,  qua  extolatur  et  per- 
fpieaciut  reddatur.-  If  this  complaint  was  juft  in  Des  Cartes's  time,  there  is  cer- 
tainly much  more  reafon  for  it  now. 

176.  The  pain^e  above  alluded  to  in  Dr.  WalHs's  Algebra,  is  in  the  48th 
chapter,  pages  179,  180,  of  the  folio  edition  printed  a(  London  in  1685.  And 
Mr.  De  Moivre's  method  of  extrading  the  cube-root  of  an  impoflible  binomial 
quantity,  as  81  -1-  ^  —  2700,  or  a  -|-  ^  —  h,  is  publifhed  in  the  appendix  to 
the  fecond  vcrfume  of  Profeflbr  Saunderfon's  Algebra,  pages  744,  745,  746,  747. 
It  is  very  ingenious,  and  (hews  that  author's  great  ikUl  in  the  ufe  and  manage- 
ment of  algebra'ick  quantities.  See  alfo  on  this  fubjeft  Monfieur  Clairaut's 
Elmens  d'AlgebrCf  and  a  paper  of  Mr.  Nicole  in  the  Memoirs  of  the  French 
Academy  of  Sciences  for  the  year  1738,  pages  99  and  100.  SeeatfoMac 
Laurin's  Algebra,  part  i,  the  fupplement  to  the  14th  chapterj  pages  X27,  laff, 
139,  130 ;  and  the  Fhilofophical  Tranfa^tJons,  No.  451. 
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% 
^fyotier  expre^OH  ef  the  value  ef  tbt  root  of  the  tquattm 
*•  —  qx^t,  when  t  is  Ufs  than  i^^,  ^m  greater 

than  */z  X  ^-^>  or  —  is  Ufs  than  —,  iat  greater /bait 
—  X  — ,  w  than  ^,  derived  from  the  foregoingexpref- 
fion  of  it.  

177.  But  there  is  another  expreflion  for  the  value  of  the  root  x  of  the  equa- 
6on  *'  —  ^-^t  in  the  cafe  here-  fuj^fed,  which,  as-  it  may  be  derived  from 
the  foregoing  expreflion  of  it,  to  wit,  a  a/^  f^  X  the  infinite  feries  i  +  —  — 

-r  +  -I 3-  +  — s- fr  H — iT a-  +  -n —  «c,  ought  not,  I 

think,  to  be  omitted.  This  expreflion  does  not  confift  entirely  of  an  infinite  fe- 
ries (as  the  foregoing  exprefljon  does),  hut  partly  of  a  fimte  atgebraJtck  expref- 
fion,  and  partly  of  an  infinite  fertes ;  and  fewer  terms  of  the  infinite  feries  are  ne- 
ceflaxy  to  be  computed  and  added  together  in  order  lo  obtain  the  value  of  the 
feries  to  any  propofed  degree  of  exaAnefs,  than  of  the  feries  i  +  —  —  ^~  + 

-^r  — -4-  +  "—T  —  — rr-  +■  &c>  contained  in  the  foregoing  expreflion.  It  is  as 
r       s        g         g 

follows,  to  wit,  v' '  (i  +  z"  +  '/ '  {g  —  z  +  4'/^\gX  the  infinite  feries  ^^  + 

-=-  +  ~T-  +  ^r-  +  ^-ry-  +  &c,  <!</  infinitum ;  of  which  expreflSon  the  firft 

part,  to  wit,  */ '  ff  +  z  -(-  V*^  f^  —  z,  is  algebraick  j  and  the  latter  part,  to  wit, 

4  v'   fe  X  the  feries 1 r  +  -rr  +  ^n-  ■  +  "jT  +  &c  *s  uanfcea- 

»  gg         g^     '     t°         g^         e' 

dental. 

The  terms  rf  the  feries  —  +  ^-  +  ^^  +  ^^-  +  ^r  +  &c,  are  taken 
£?         f*         g""         g*         g" 

from  the  feries  that  is  equal  toll  +  -^3,  or  the  cube  root  of  the  binomial  quan- 
tity I  +  *  ,  to  wit,  the  feries  i  +  i!  —  ^  +  ^_ifi!  +  I4!_£|^  + 
J  '  g        ss        g'         g*        g'    .    g" 

—  — ji-  +  &c,  ad  injinitiimy  by  beginning  with  the  tltird  term,  — ,  and  taking 
every  fourth  term  reckpned  from  it.  This  mrjt  expreflion  -y^  fF"4~z  + 
V'b  —  z'  +  +v''({  X  the  infinite  feries  —  +^  +  ^°.+  ^?  +  —  + 
&c»  may  be  derived  from  die  foregoing  tranfcendental  expreflion  2  ^ '  IT  x  the 
infinite  ferie.  I  +  ^  _  li!  +  2£_  y!  +  iiT-- ifL*  +  ii' _  li'   . 

—3 Sec,  in  (he  manner  foUowing. 
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The  derivattm  of  the  mixt  expre$m  of  the  value  ef  the  root 
cf  the  cubUk  equation  x^  —  qx=.  t,  given  in  the  pre- 
ceeding  article  177,  from  the  former  tranfcendental  ex- 
frejfion  of  it. 


178.  By  the  binomial  theorem  in  the  cafe  of  roots  we  have  v*^  [1  +  —  = 

the  infinite  fenes  i  H ■ — -H _.  —  -— j — . 

g         8g         i^        g*        g" 

I*  ""  j'"       g"      7^     "P       g'*      "F^      *? 

&Ci  and,  by  the  refidual  theorem  in  the  cafe  of  roots,  we  have  v"*  (i  ■ 

,.-.,-.  tx  cos  DSS'  1.V*  Pk'  Qxfi  ll>!*  Ijf 

the  infinite  fenes  i  —  —  —  • -r-  —  —r  —  —t- r  —  — i-  - 

g         gg         g*        g*        g'         t         g^        r 


&c   Therefore,  if  we  add  v''  i  — —  to  ^/Mi  +  — »  and  add  the  latter  of  the 

two  foregoing  fericfes  (which  is  equal  to  v"  u  —  — )  to  the  former  feries  (which 

is  equal  to  ^/^  |i  +  — ),  the  fums  thereby  obtained  will  be  equal  to  each  other; 

that  is,  \''  (i  +  —  +  v^Mi  —  —  will  be  equal  to  the  infinite  feries  2  —  i^ 
.  i        .  i  eg 

lEK*         a  CSS*  3i«"         2 1,  a"         2Nas'*  spk"*         zri'"         sts'*  « 

?        ?        F"  ~"?^~  "?=        ?^        ?^        ?=         '^' 

and  confequently  Y  Xv'^li  +  —  +—  X^^*|i  —  —  will  be  equal  tothein- 

r,     .         ,     .  C  XX   ^^  EX*  Ca*  IX'  LX"  Kx"  P»"  » x'* 

Is        <*       7       7  ~  T'        7^^       T^        7'' 

li?  -&c.    Let  the  infinite  feries  iiS  +  l^  +  '-±f.  +  11^  +  12^ 
l"  Si  C  i'°  i"  g" 

+  &c  be  added  to  both  fides  of  the  laft  equation ;  and  we  (hall  have  —  X 

^.  (,  +  i  + 1  X  •>  fi  —  i  +  the  infinite  feriei  i^ +  ijpl  +  ^~  + 
il^  +  i^  +  8tc  =  die  infinite  kns,  i  +  ^ -'4- +  °4--~ +^ 

•—  ^^  +  ~; TT  +  -^  —  &c.    Therefore  (multiplying  both  fides  by 

1  v"  0  we  Diall  have  2v"(Jx— Xv"|i  +  -+a*''(Jx-   X 

•  .|ri:|  +  .v-.g-x  the  feriesi^  +  '-^  +'iii!  +  '-^ +^'-^ 

-  +  tlciKlinfmtim  =  iiV(iX  the  feries  I  +^-ii;+^_^+i£! 
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_!L^  +  I^_£fl.+I^_&cfl*/  injhtitam.  But  z  •'  f|  x  ^  X 
V^'fi  +  iis(=  v^'fjx  */'['+  J  =  V'[?  X  (i  +  j)  =  V'(?  +  z'i 
and  2  v/»(7  X  -i  X  v^'fi  —  J  is  (=  v^^IJ  X  v/'  fi  —  j  = 
■v/'  k  X  (i-  -)  =  •'  &  — 2;  and  2  */'  (F  X   the  feries  ^^  +  — ^   + 

iiif!!  +  11^  +  11^  +  &c  is  equal  to  4  v"  (F  X  the  infinite  feries  —  + 
r  g^  r  gg 

^  +  ^+^+^   +   &C.    Therefore  ^^  jf+T  +  y"  (F^^  + 

4  v/ '  ff  X  the  infinite  feries  ~  +  -r  +  "sr  +  -iir  +  -^  +  &c  will  be 
gg         g^         r  r*         g 


:  2  y'j  (^  X  the  infinite  feries  1  +  —  - 


■  &c,  and  confequently  will  be  equal  to  the  root  of  the 

equation  *"  —  }*  =  /,  when  /  is  lefs  than  ^^y^,  but  greater  than  y'z  X  ~^,  or 

when  —  is  lefs  than  — ,  but  greater  than  —  x  — ,  or  than  i-.  t^  e.  ». 

4  *7  *         *7  S4 


^«  application  of  the  laji  expreffion  of  the  value  of  the  root 
of  the  equation  3f'  —  y*  =  /  to  the  refolution  of  the 
above-mentioned  numeral  equations  x'  —  50  =  120, 
**  —  ar  s=  — ,  *'  —  5*  =  4,  andx*  —  S'^x  =l  162. 


179.  This  new  expreffion  ^'  \g  +  z  +  t/^  f j  —  z  +  4  /*  fg  X  the  infinite 
feries  —  +  —  +  — ^  -| — jj-  +  — j^  +  &c  ad  itifimtum  may  be  applied  to 
the  refolution  of  the  Four  foregoing  cubick  equations  **  —  50  *  =  1 20,  x*  —  * 
=  —,**  —  5  *  =  4,  and  **  —  63  a:  s=  162,  in  the  manner  following. 

In  the  firfl  equation  *'  —  50*  =  120  we  have  feen  above  in  art.  162,  163, 
that^  is  =  60,  and  zz  is  =  1029.629,629,629,629,  &c,  and  —  is  =  0.031, 
778,692,2,  and  -4*  is  =  0.000,549,144,0,  and  -^  is=  0.000,022,372,1,  and 
—j^  is  =  0.000.001,160,7,  and —Y|-  is  =  0.000,000,067,6,  and  ^^(gis  = 

a.014,867,641,1.     Therefore  the  feries —  +  — r  +  -4r  H rr  +  — rr  + 

ay  t       />  t  >  gg  g"  g"^    ^    g'*  &" 

&c  will  be  (=:  0.031,778,692,2  4-  0.000,549,144,0  +  o.c»o,o22,37a,i 
+  0.000,001,160,7  +  0.000,000,067,6  +  &c)  =  0.032,351,436,6  &c,  and 
~  Vol.  II.  4C  A^'Q 
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4 /J  (J will  be  (=  4  X  3.914,867,641,1)  =  i  j.659,470,564,4,  and  4*^'(i 

■       f     •        C  aa     ,      G  a"      ,      L  a"      ,      P  z"      ,       T  »■'      ,      „  'ii    i_        y  ^ 

X  the  icries  —  +  — *-  H rr  +  ~ir  +  —it  +  ""^  will  be  (—  i5oi;q,47o, 

564,4  X  0.032,351,436,6)  =0.506,606,369,1. 

And  2  will  be  (=  >/  1025.6*9,629,629,629,  &c)  =  31.087,842,395,9;  and 
confequently  ^  +  2  will  be  (=  60  +  32.087,842,395,9)  =  91.087,842,395,9, 
and^  —  z  will  be  (=  60.000,000,000,0  —  32.087,842,395,9)  =  27.912,157, 
604,1,  and  ^'  fg  +  2  will  be  (=  v'' 92.087,842,395,9)  =  4-515,793,760,9 
and  '/^  'g  —  z  will  be  (=  v"  27.911,157,604,1)  =  3.033,410,154,2.  There- 
fore v"  fe  +  2  +  v"  (i—  2  +  4  V'^ff  X  the  infinite  feries^^  +  ^  +  ^^ 

,  ,«  £S        r         s 

+  ^  +^  +  &cwill  be  =  4.5i5,793,76o,9  +  3.033,410,154,2  +0.506, 

606,369,1  ~  8.055,810,284,2}  and  confequently  the  root  of  the  equation*'  — 
50*=  120  will  be  =  8.055,810,284,2.  Q^  E.  I. 

This  value  of  *  is  exaft  in  the  firft  feven  figures  8.055,8 10,  its  more  accurate 
Talue  being  8.055,810,345,702. 

180.  In  the  next  equation  at'  —  *  =  —  we  have  fcen  above,  in  art.  165,  166, 

that  f  is  ~  4-)  ^^^  zz  is  = 7,  or  -^,  and  —  is  =  — »  and  ^^  is  =  0.037, 

*  6 '  3  X  56'       108'      ^  gs  3  gg  •* ' 

037,037,0,  and  -^  is  zs  0.000,869,344,5  and  -^  is  —  0.000,048,107,0, 
and  ~^  is  =  0.000,003,390,2,  and  —77-  Is  =  0.000,000,268,4,  and  that  V''  (g 
is  =  — s-^ ,  and  2  \^'  fjis  =  — s-^ — .    Therefore  the  feries  ~   +  ^  + 

1.817.131'         _^  '*  i.8i7,izi  gS  M 

^  +^+^  +  ^^  'S  (=  0.037,037,037,0  +  0.000,869,344,5  + 
0.000,048,107,0  +  0.000,003,390,2  +  0.000,000,268,4  +  &0  =  0.037, 

958,147,1  and  confequently  4  \^'  f^  X  the  feries  —  +  £|.  +  i^  +  ™  + 
^^  +  &c  will  Be  (=  4  V*  (J  X  0.037,958,147,1  =  v''  (7  X  4  X  0.037, 
958,147.1  =  '</'(&   -^   0.151,832,588,4  ~~2—^    X  0.151,832,588,4  = 

And  2:  will  be  (=  v'l-^  =  ■/ 0.009,259,259,2)  s  0.096,225,044,8,  and 
confequently^  +  2  will  be  (=  -r-  +  0.096,225,044,8  =  0.166,666,666,6  + 
0.096,225,044,8)  =z  0.262,891,711,4,  and;  —  z  will  be  (=  o.i 66,666,666,4 
—  0.096,225,044,8)  =  0.070,441,621,8,  and  v''  Ig  +  z  will  be  (=  ^*  0.262, 
891,711,4)  =  0.640,607,911,4,  and  >/*  (g  —  z  will  be  (=  \/' 0.070,441, 
621,8)  ~  0.412,993,403,9.    Therefore  v'*  (gT~z  -f-  i/>  |^  — 2  -f.  4  v''  (j 

X  the 
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X  the  infinite  feries  ^^  +  ^  +  —■  +  ^r-  +  ^^  +  &c  will  be  =  0.640, 
gg         g  g  g '        g 

607.911.4.  +  0.412,993,403,9  +  0.083,556,674,7  =  1.137,157,989,0;  and 
confequenlly  the  root  of  the  equation  x^  —  *  =  —  will  be  =  1.137,157,989,0. 

Q.    E.    I. 

This  value  of*  is  exad  in  the  firft  fix  figures,  1.137,15,  its  more  accurate 
value  being  1.137,158,164. 

181.  In  the  third  equation  **  —  5*  =  4  we  have  feen  above,  iii  art.  168, 
169,  that^  is  =  z,  and  v'^  (J  is  =  1.259,921,049,8,  and  zz  is  =  0.629,629, 
629,629,  &c,  and  —  is  =  0.157,407,407,4,  and  ^^  is  =  0,017,489,711,9, 
and  — ^  is  =  0.000,091,543,2,  and  —^  is  =  0.000,001,129,6,  and  — ^  is  = 
0.000,000,017,7,  and —jj- is  =  0.000,000,000,3;  *"*^  confequently  the  feries 
^^  4-  ^  +  ^^  +  ^^  +  -^  +  &c  will  be  (=  0.017,489,711,9  +  0.000, 

091.543.2  +  0.000,001,129,6  +  0.000,000,017,7   +  0.000,000,000,3    + 
&c)  =  0.017,582,402,7  &c,  and  4  v'^  (i"x  the  feries  ^^  +  Si  +  ii£.°  + 

^^  +  ^TT  +  &c  will  be  (=  4  X  1.259,921,049,8   X  0.017,582,402,7  = 
5.039,684,199,2  X  0.017,582,402,7)  s:  0.088,609,757,0. 

Further  z  will  be  (=  v' 0.629,629,629,629,629,629,629)  =  0.793,492, 
047,6,  and  confequently  ^  +  z  will  be  (=  a  +  0.793,492,047,6)  =  2.793, 
492,047,6,  and  ^  —  z  will  be  (=  2.000,000,000,0  —  0.793,492,047,6)  = 
1.206,507,952,4,  and  v"  f f  +  z  will  be  (=  */^  2.793,492,047,6)  =  1.408, 

366.911.5,  and  */^{g  —  %  will  be  (a=  v"  1.206,507,952,4)  =  1.064,576, 
143,3.   Therefore  -/^  (f  +  2  +  ■/*  [f  —  2  +  4  V'  Ij  X  the  infinite  feries  — 

+  ^+V3*'''lF^^"*'  ^*^  "''^  ''^  ^~  ^08,366,911,5  +   1.064, 

576.143.3  +   0.088,609,757,0)  =  2.561,552,811,8;  and  confequendy  the 
root  ofthe  equation  AT' —5*  =  4  will  be  =  2.561,552,811,8.  q.  e.  i. 

This  value  of  the  root  of  the  equation  x^  —  5  *  =  4>  is  exaft  in  the  firft  nine 
figures  2.561,552,81,  its  more  Mxanu*  Yslue  being  2.561,552,812,8.  See 
above,  art.  1 70. 

182.  In  the  fourth  equation  *'  —  63*  =  162  we  have  feen  above  in  art.  172, 
r73,  that^  is  —  81,  and  ^/'|g  is=  4.326,749,  and  zz  is  =  2700,  and  —  is 

~  Mt*  *"*^  —  "  "^  0'045»724»737»o,  whI  ^-  u  s-  0.001,635,80652,  and  ^j- 
4  C  a  is 
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is  =  0.000,137,969,7,  and  — ^  is  =  0.000,013,564,0,  and  ^^  is  =  0.000, 
S  £ 

001,637,0. 

Therefore  the  feries  ~  +  ^**  -f-  i^  +  ^*  +  1^  +  &c  w  ill  be  (- 

0.045,724,737,0  +  0.001,635,806,2  +  0.000,137,969,7  +0.000,013,564,0 
4-  0.000,001,637,0  +  &c)  =  0.047,513,713,9,  and  4  */'  17  X  the  feries  — 
+  ^+^  +  ^+^+&c  will  be  (=  4  -/'  fx  0.047,513,713,9  = 

4  X  4.326,749  X   0.047,513,713,9    =    17.306,996    X   0.047,513,713,9)  = 

0.822,319,656,4.  

FurEher  2  will  be  (=  1/  2700  =  V"  (900  x  3  =:  V*  900  x  v^3  =  30  x  V'3 
=  30  X  1.732)050,807,5)  =  51.961,524,225,0;  and  confequenily  ^  +  z 
will  be  (=  81  +  51.961,524,225,0)  =  132.961,524,225,0,  and  g  —  z  will 
be  (:=  81.000,000,000,0  —  51.961,524,225,0)  =  29.038,475,775,0,  and 
t/'lg  +  z  will  be  (=  ^/M32. 961,524,225,0)  =  5.103,976,447,9,  and 
v^J  fg  —  z  will  be  (:=  ■/'  29.038,475,775,0)  =  3.073,674,958,2.  Therefore 
>/'ig  +  z-^  a/'  {g~—  z  +  4^/^  (i"x  the  feries^  +  IL  +  i^  4.  ^1!  ^ 
^^  +  &c  ad  injinitum  will  be   =  5.103,976,447,9    +   3.073,674,958,2  + 

0.822,319,656,4  =  8.999,971,062,5  ;  and  confequendy  the  root  of  the  equa- 
tion j:'  —  63*  =:  162  will  be  =  8.999,971,062,5.  q^  e.  i. 

This  number  8.999,971,062,5  is  cxaift  in  the  firft  five  figures,  8.9999,  *'ic 
true  value  of  the  root  x  in  this  equation  being  the  whole  number  9.  See  above, 
art.  174. 

Erd  of  the  rejbktion  of  the  four  equations  x'  —  50  *  =  1 20,  x^  ~~  x  =  —,  x' 
—  5;*  :=4,  dWi^Ar'  —  63*  =  162,  by  tnians  of  the  mixt  txpreffion  -/^  [jf  -f  2  + 
v'M^  —  z  +  4  *^   1^  X  the  infinite  Jerm 1 p  +  —^  H ~  +  — ^ 


■  ^c. 


J  third  expreffion  of  the  value  of  the  root  of  the  equation 
*'  —  j«  =  /,  derived  from  the  expreffion  obtained  for  it 
above  in  art.  139,  140,  141,  &?<■....  157. 


183.  We  may  alfo  derive  another  expreffion  for  the  value  of  the  root  of  the 
equation  **  —  y«  =:  /,  when  /  is  lefs  than  ^^y^,  but  greater  than  */i  x  ^^, 
or  when  —  Is  lefs  than  ^.  but  greater  than  ^,  from  the  former  tranfcendental 
expreffion  of  it,  to  wit,  2  v' '  (J^  X  the  infinite  feries  i  +  -^  ~"  "J*   +  7i 

7" 
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ii!  +  !J^_!L^  +  L^_ifl^  +  l^*_  &c,  whicli  was  obtained  by  the 
inveftigacion  fet  forth  in  art.  139,  mo,    141,  &c  . . .  .  157.     This  expreffion 

,      f —  ,        •     r     •         r     •  E  ^*  I  ^*  K  2."  K «''  W  x,"  -  , 

IS  4  v^ Me  X  t[;e  infinite  (enes  i — ^j- ~ rr  —  — rs &c  ad 

'^  £*         g  g  g  g 

infinitum  —  ■/'  f^  +  2 — ^MS  —  2;  which  (like  the  fecond  exprefi^on  of  the 
value  of  X  given  above  in  art.  177)  is  partly  algebraick,  and  partly  tranfcen- 
denial  -,  bu^  in  this  exprefllon  the  tranfcendental  part,  to  wit,  4  V"'  Ij"  X  the  in- 

-.     .        ^     .  ES*  IB*  Nai"  »«■*  WSS*"  ~  J-   r    ■. 

finite  feries  1 — 1 -^g jj-  —  —^  —  &c  ad  vjimtum,  is  greater 

than  the  algebraick  part,  to  wit,  •/'  Q  •¥  z  +  •/*  {g  —  2,  whereas  in  the  fecond 

expreffion  before-mentioned,  to  wit,  the  expreffion  */'  |^  +  z  +  •/'  [g  —  z  + 

4  V'  f?  X  the  infinite  feries  —  +  ^  +  ^T■  4-  ^r-  +  ^^  +  &c,  the  alce- 
^___         gg r        £  g  g 

braick  part,  v"'  fg  +  ^  +  ■/'  {g  —  z,  was  greater  than  the  tranfcendental  part 
4  *^*(F'*  the  infinite  feries  —  +  ^  +  i^  +  1^  +  1^  +  Sue  ad  infiniium. 
And,  fiinher,  in  the  laft,  or  third,  expreffion,  to  wit,  ^  '/^{g  y^  the  infinite  feries 

^  ~  *?        p"  ~  j"        *'*         «"  '^  •*  ~  ^'  '* 

is  the  diiference  of  the  tranfcendental  pare  and  the  algebraick  part,  or  the  excefs 
of  the  former  above  the  latter,  that  is  equal  to  the  root  of  the  equation  x*  —  qx 
zi  f;  whereas  in  the  former,  or  fecond,  expreffion,  to  wit,  -/^  [g  -i-  z  -f- 
^3  {g—z  +  4  V'  IF  X  the  infinite  feries  S^+~+^+l^  +  l^ 

+  &c  W  infinitum,  it  is  the  fum  of  the  algebraick  and  the  tranfcendental  pans 
of  the  expreffion  that  is  equal  to  the  root  of  the  faid  equation.  In  both  cxpref- 
fions  the  indexes  of  the  powers  of  z  and  g  in  the  numerators  and  denominators 
of  the  terms  of  the  infinite  feriefes  cont^ned  in  the  tranfcendental  parts  of  them, 
increafe  continually  by  4. 


This  third  expreffion  4  /*  fj  X  the  infinite  feries  i  —  ^  ■ 


11^ 


^j ~ &c  ad  infinitum  —  •/'  ^  +  2 —  •/'  \g  —  z>  may  be  derived 

irora  the  foregoing  tranfcendental  expreffion  2  -/'ig  X  the  infinite  feries  i  + 


wft  ■"*  J.  '■'■"'        tfg"        FB'*        h 


gg        g*        g'      ^^ 
mtum  m  the  manner  following. 


-  —  Sec  tf  i/  itffi' 
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The  Derivaliati  if  the  third  expreffim  of  the  value  of  the 
rod  of  the  equation  x^  —  qx  =.  ty  given  in  the  pre- 
ceeding  article  183,/roCT  the  former  tranjcmdental  ex- 
freffion  of  it. 


1 S4.  Since  v'^  |^^  z  is  (=  v'^  (^  X  •f^\\  +  — )  =  (by  the  binomial  the- 
orem in  the  cafe  of  roots)  V**  (f  X  the  infinite  feries  i  +  —  — \-  ^4-  — 

3  z*  HB^  la^  KX»  L8'°  Mz"  N«'*  oa"  tK'* 

?     ./     .f'      ^      C      ^'      «"  Li!L     *^ 


Ea*  FiS*  f^*     I      ""'  la*     ,     KX» 


+  2^_!^  +  i£!_l^  +  X±l!  -  ^°  +  &c,  and  s/^(f^  is  (= 
v^'  fj  X  ^'  ji  —  — )  =r  (by  the  refidual  theorem  in  the  cafe  of  roots)  i/'  fj 

,.-.-..  13  CM!  !>«'  IZ*  FIB*  Gz'  Ha'  !*■ 

X  the  mnnite  fcnes  i ■ —  — ~ -r-  —  — -  —  —g — . 

Ks*         !.»">        Ml"         ng"         ok'*         p»'*         ojs'*         rk'*         sai"         t«" 

,«^        ^  "  '^'  *"  *"  r'*         7^       Z?^        "7^        1^ 

LI iH^  —  &c,  it  follows  that  v''  ^~+z  +  •/'  I^  —  2  will  be  =  V^  fj  X 

the  infinite  fenes  i  — -r-  —  — r-  —  —3 its r; 77- 

iG»*         iiw"  J  La'"         anal'*         jp»'*         a  ax"         ara"         aw»"  o_        . 

— :; — i-  —  — Ts rr-  —  — ti it-  —  — rr-  —  —is Stead 

.   ,  .                   .,       iirt          Li--                  aia*         ai«»         aNB>»         an*" 
tnfimtum  is  evidently  lets  than  the  fcnes  2 ^r—  —  — ^ r--  —  — =7-  — 

— ^  —  &c  d^  infinitum',  and  therefore>  ^fortiori,  is  lefs  than  twice  that  feries, 

or  than  the  feries  4  -  il^  _  ±i^'  —  lii£!  —  ili^'  _  1^  _  &c  «i  iVy?- 

^         g*           ^           g"          g'"    ,      ^     „              „ 
nitum.     Therefore  '/'Tg^X  the  feries  4  -  i^  —  tii-  _  ±iL^*  _  IM 

1^^!^3 &c  ad  itt^itum  will  be  greater  than  */'  (J"  X  the  feries  2  —  ~ — 

3E«*         3Ga*          af»*         a  Lg'*         inb"*          api'*         aBa'*          a  tz^          a  w»" 
~?  ?~  "?"  f"  ~F".  ?^'         F'  ^*    ^ f 

—  &c  ad  infinitum,  and  confequently  will  be  greater  alfo  than  v''  {£  +  ar -f> 

•f*  (j  —  2,  which  is  equal  to  that  quantity.     Let  V'^  f^-j-  2  +  V"  *  (^  —  2, 
and,  its  equal,  the  quantity  v'^  ff"  X  the  infinite  feries  z  —  ^-^^  —  ~^  ~ 

2  O  a*  2  I  a*  2  L  »'"  2  N  a"  a  p  a'*  i  R  a'*  a  T  a"  2  w  a^"  .  , 

f*  r  ^''  ^"  £"•  g^*  i"  g"  ^ 

infinitum,  be  fubtrafted  from  the  quantity  i/'fgX  the  infinite  feries  4  —  ^-^ 

—  ^r —^  —  *'.tt    —  —^ &c  ad  infinitum  j   and  the  remainders 
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wiil  be  equal  to  each  other;  that  is,  v"  fT"  X  the  infinite  feries  4  —  i-j 

ilt  _  liL^-  _  *"'"  _  151^  _  &c  ad  infinitum  -  */*  (f+T  -  */'  (7^^ 

K'  i"  i  i  :.  .  .  » 

Will  be  equal  to  v"  |?  X  the  feries  2  +  -^ —  +  -^ -,-  +  — j^- 

_  iJL—  +  il^  —  iI4^  +  ilil  _  i^^  +    &c  cd  infinilum,  and  confe- 
^"  ^'*  f**  f  ^  ^  ,  ,  ,^  ,^ 

quently  to  2  ^^  (J  X  the  feries  I  +  —  —  ~  +  -^ r  +  -^ ir  + 

T         J  ■=■    ^  ^  «         ^         r  r         f"  i" 

l^  —  i^  +  ^V  —  ■^^  +  &c  tf</  infinitum,  or  to  the  tranfcendental  ex- 
g'*         1**         «'*  i"  . 

preflSon  for  the  root  of  the  equation  x*  —  qx  =  t  difcovered  by  the  invcftiga* 
tion  contained  in  art.  139,  140,  141,  &c  .  .  .  .  157.    Therefore  the  expreffion 

v'  MP  X  the  infinite  feries  4  —  ^—1 -^-f-  —  ^—ri rs rs—  — 

&c  ad  infinitum  — ■  ^/^  t^  +  2  —  v'*  fg" — ^  z,  or  the  expreffion  4  v''  |g"  X  the  in- 
finite feries  \  —  ^ -r  —  -^  —  -4: -^ &c  tf*/  infinitum  — 

^^^ f'  ^"  ^"  f° 

^>  f^  +  2:  —  /» f^ — z,  will  be  equal  to  2  v'*  f^  X  the  infinite  feries  i  + 

a""'"?""'"  "?""'"?'  "^'P'        "?**  "^T*        7^  "'"'?'        "^^  "*"  ^^ 
ad  infimtum^  or  to  the  root  of  the  equation  *>  —  y*  =  /.  q^  e.  d. 


An  application  of  the  laft-,  or  thirds  expreffton  of  the  value 
of  the  root  of  the  equation  «'  —  qx  ^=  i  to  the  refolution 
of  the  above-mentioned  numeral  equations  w »  —  50  «  =r 
120,  *'  —  *  =  — ,  **  —  5*  =  4,  and  *'  —  63  * 
=:  162. 


185.  This  laft  expreffion,  4  ^Z'  |^  X  the  infinite  feries  i  —  ^j ^  "" 

^^ ^-^ ^^ he  ad  infinitum  '~   v"fJ+2—  v'^f^ — ar,  may  be 

applied  to  the  refolution  of  the  forgoing  equations  *> —  50*=:  120,  «'  — * 
—  _j  jfi  —  5*=r4,  and  *'  — 63*  :r  162  in  the  manner  following. 

In  the  firfl  equation  «'  —  50»  =  120  we  have  feen  above,  in  art.  162,  163, 
that^  is  =  60,  and  zz  is  =  1029.629,629,629,629,  &c,  and  —  is  0.003,366, 
284,2,  and— i"  is  =  0.000,105,952,9,  and  —^  is  =  0.000,004,998,2,  and 
— jj-  IS  :=  0.000,000,277,2,  and  that  1/^  f^is  =  3.914,867,641, it    Therefore- 

,       ,-     ■  BS*  Ijb'  N«"  R«'*  fl  -ii    i_        /^ 

the  feries  i  —  —r 3-  "~— ?r  —  —ts"  —  «c  wiU  be  (=   1.000,000,000,0 

rr.il 
2  —  0.003, 
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—  0.003,366,284,2  —  o  000,105,952,9  —  0.000,004,998,2  —  0.000,000, 
277,2  — &c  =  1.000,000,000,0  —  0.003,477,512,5)  =:  0.996,522,487,5, 
and  4  v'^  (J  will  be  (=  4  x  3.914,867,641,1)  =  i5-659)470)564,4,  and 
4  *'''  fF  X  the  infinite  feries  i — 4 rr rr  ""  &c  adinSnitum 

6  6  S  t 

will  be  (=  15.659,470,564,4  X  0.996,522,487,5)  =  15-605,014,559,7. 

And  we  have  feen  above,  in  art.  179,  that  ^  +  z  is  =  92.087,842,395,9, 
and^  —  z  is  =r  27.912,157,604,1,  and  V"'  fi'+^  is  =_4^  15,793,760,9,  and 
•/'{g  —  z  is  =  3.033,410,154,2.  Therefore  •/**g  +  z  +  i/'f^  —  2  will 
be  (=  4.515,793,760,9  +  3.033,410,1^54,2)^=  7'S49>203,9i5,i,  and 
4  v'*  fi  X  the  infinite  feries  i  —  ~ ^  — ^^  —  -^j &c  «/  infa^um 


g"" 


—  ^/'(^^jr^ —  v'M^  — z  will  be  (=  15.605,014,559,7  —  7'549>i03, 
915,1)  =  8.055,810,644,6.  Therefore  the  root  of  the  equauon  **  —  50*  = 
120  will  be  =  8.055,810,644,6.  Qj  E.  I. 

This  value  of*  is  exaft  in  the  firft  feven  figures  8.055,810,  its  more  accurate 
value  being  8.055,810,345,702. 

186.  In  the  next  equation  *'  —  *  sz  —  we  have  feen  above,  in  art.  165, 


7,  ui  —5,  and  —  is  =  — ,  and  ^  is  = 

3x36'        108  a-       _^    3  i* 

0.004,572,473,7,  and  -^  is  =  0.000,195,485,2,  and  — j^  is  =  0.000,012, 
0.000,000,943,8  and  \/^\giszz  — — — -.    Therefore 


166,  that  jf  is  =  -T-,  and  zz  is  =  ■ 

0.004,572,4; 

526,1,  and  - 


..817,. 


the  feries  i 


■  —  —  -5.  —  — —  —  &c  Will  be  (=  1.000,000,000,0 

—  0-004,572,473,7  —  0.000,195,485,2  —  0.000,012,526,1  —  0.000,000, 
943,8  —  &c  =  1.000,000,000,0  —  0.004,781,428,8)  =  0.995,218,571,2, 

and  4  v''  IF  X    the  feries   i  —  — — 4-  —  ^^r-  —  — tt  —  *tc  will  be 

(=  4^'I7  X   0.995,218,571,2  =  4    X  7:57^    X    0.995,218,571,2    = 

4Xo.qgc,3i8,C7i,i  1.080,87^,184,8.   

= ^2: ii-^    =   i.v.  >  /V     ^  )  =  2.190,759,055,0. 

1.817,111  1.817,111     •*  '   '/j;?'   JJ' 

And  we  have  feen  in  art.  181  that  z  is  =  0.096,225,044,8,  and  ^  +  z  is  =: 

0.262,891,711,4,    and  g  —  2  is  —    0.070,441,621,8,    and  \^'  {g  +  z  is  r: 

0.640,607,91 1,4,  and  V^  [^  —  z  is  =  0.412,993,403,9.    Therefore  V  //+ 2 

+  </'  \g  —  z  will  be  (=  0.640,607,91 1,4  +  0.412,993,403,9)  =r  1.053,601, 

3ic,2,  and  4  v^^  (7  X  the  feries  I  —  ^ 'A ^  —  ^-^  — &c  ad  infi- 

^  ^  ■^ .  1  t        S         i  g 

nilum  —  ■*/'  fi+~z —  V*'  (g  —  z  will  be  (^  i*  190, 759 ,055,0  —  1.053,601, 
315,3)  ::::  i-i37)'57i739>i  >  and  confequently  the  root  of  the  equation  x*  ~  * 
=r  —  will  be  =  i't37»i57»739)t>  ***  e.  d. 

'  This 
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This  value  of  x  is  ezaft  in  the  firit  fix  figures,  1.137,151  its  more  accurate 
value  being  1.137,158,164. 

187.  In  the  third  equation  x^  — •  5X  =  4  we  have  feen  above,  in  art.  168, 
169,  that  j;  is  =  2,  and  t/^  (g'ls  ^  1.259,921,049,8  and  zz  is=:  0.629,629, 
629,629,  8cc,  and  —  is  =  0.157,407,407,4,  and  ^  is  =  0.001,019,633,4, 

and  — i-  is  =  0.000,000,720,7,  and  — rr  is  ~  0.000,000,138,8,  and  — ;?■  is  = 

0.000,000,002,3.    Therefore  the  feries  i ^  —  -5 n ^ —  &c 

will  be  (=  1.000,000,000,0  —  0.001,019,633,4  —   0.000,009,720,7  — 

0.000,000,138,8  0.000,000^002,3    —    &C    =     1.000,000,000,0   O.OQI, 

029,495,2)  =  0.998,970,504,8,  and  4  \/*fJ  X  the  faid  feries  will  be  (= 
4v'*f|".  X  0.998,970,504,8  =  4  X  1.259,921,049,8  X  0.998,970,504,8  = 
5.039,684,199,2  X  0.998,970,504,8)  =  5.034,495,868,5. 

And  we  have  feen  in  an.  181  that  v^' fj"+~z  is  =  1.408,366,911,5,  and 
dut  y**  fj— z  is  —  1.064,576, 143,3.     Therefore  4  \/'Q  X  the  feries  i  — 

—  — p-— -p -pr—  &c  —  V^U  +  z  —  vl^  —  z  will  be  =  5*034. 

495,868,5  —  1.408,366,911,5  —  1.064,576,143,3  =  5.034,495,868,5  — 
2.472,943,054,8  =  2.561,552,813,7  ;  and  confequently  the  root  of  the  equa- 
tion *'— 5*  =  4  wiU  be  ^  2.561,552,813,7.  Q^  E.  1. 

This  value  of*  is  esaft  in  the  firft  nine  figures  2.561,552,81,  the  more  ac- 
curate value  of  it  being  2.561,552,812,8.     See  above,  art.  170. 

'  188.  In  the  4th  and  laft  equation  **  —  63*=  162  we  have  feen  above,  in 
art.  172,  173,  that  j^  is  =r  81,  and  v^'ff  is  =  4.326,749,  and  zz  is  =  2700, 
and  —  is  =  — ,  and —7-  is  =  0.006,969,171,9,  and  -|-  is  =  o.ooo,4<4> 

123,4,  and  — jj-  is   =    0.000,040,593,7,  and  — ^  is  —  0.000,004,661,9, 

Therefore  the  infinite  feries  i  —  ^ ^  —  -^  —  ^s-  —  &c  will  be  (= 

1.000,000,000,0  —  0.006,969,171,9  —  0.000,454,123,4  —  0.000,040,593,7 

—  0.000,004,661,9  —  &c  =  1.000,000,000,0  —  0.007,468,550,9)  =: 
o-99i.53t>449>">  and  4  v/  ^  I?  X  the  feries  1  —  —  —  —  ______ 

—  8rc  W  ittfinitum  will  be  (=  4  v^  ^  (J"  x  0.992,531,449,1  =  4  X  4.326,749 
X  o-99»»S3'»449.t  =  17-306,996  X  0-99^.53 '>449»0  =  i7-"77j737'8»9.4- 

And  we  have  feen  in  art.  182,  that  y/'  (f  +  2  is  =  5.103,976,447,9,  and 
that  v^'  f^  —  2  is  =  3.073,674,958,2.  Therefore  v^ ^  /^  +  z  4-  v''^  f^  —  2 
will  be  (=  5.103,976,447,9  +  3-o73»674t958»2)  =  8.177,651,406,1.  There- 
fore 4  ■/'  fi  X  the  feries  1—^5 —  ^  —  ^% ~k —  ^tc  ad  injinittm  — 
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v"  (^  +  2  —  v/'  f^  —  z  will  be  =  17.177,737,819,4—8.177,651,406,1  = 
9.000,086,413,3  J  and confequently  the  root  of  the  equaiioa  x* —  63*  =  162, 
will  be  =  9.000,086,413,3.  Qi  E.  I. 

This  value  of  x  is  exait  in  the  Bift  fiva  |^ees  of  figures,  9.0000,  the  true 
value  of  x  being  tbo  whole  number  9. 


^Jhort  view  of  the  three  expft0iens  that  have  been  here 
obtained  for  the  value  of' the  root  of  the  eabkk  equation 
«•  —  jff  =:  /. 


1S9.  It  appears  therefore  thu  the  roec  of  the  cubidc  equati<Hi  x*  —  $w  =  /, 
when  /  is  lefs  than  ■^^^,  but  greater  than  ^/z  X  ^^,  or  when  —  is  le6  than 
i~,  but  greater  than  ^,  will  be  equal  to  either  of  th»  three  following  expfeC- 
fions ;  to  wit, 

Firft,  to  2  */'  fj  X  the  infirate  feries  i  +  —  —  ^  -I — 1  — -^  4*^ 
—  ^4r  +  -4r  —  -rr  +  -ri-  —  &c  ad  injinitum :  which  is  an  crpreflloa 
wholly  tranfcendcntal ;  ^  „____ 

And,  2dly,  to  the  expreflion  v'*  f^  +  z  4-  -/'  |g  —  2;  +  4  y'*  k  X  the  in- 
finite feries  -^  +  —3-  ■\ — 7^-  +  -4r  •\ — :i-  +  ice  ad  injinitum  j  which  is  an 
expreflion  partly  algebrai'ck  and  partly  tranfcendcntal,  and  in  which  the  tran- 
fcendcntal part  is  added  to  the  algebraick  part } 

And,  3dlyj  to  the  expreffion  4  v' '  fj"  X  the  infinite  feries  i  —  ^.  —  ^  — 

— ^  — ^^j &c  ad  infinitum  —  >/*  {g  +-z  —  */*  [^  —  2:;  which  is aJfo an 

expreflion  partly  tranTcendentat  and  partly  algebraick,  but  of  which  the  greater 
part  is  tranfccndental,  and  the  algebraick  part  is  fubtrafted  fcom  the  tranfcen- 
dental  part. 

And  we  may  obferve  that  the  algebraick  pfirt  of  the  two  latter  expreffions> 
to  wit,  the  quantity  -f^  fg  +  2;  +  V*  (g  —  2;,  is  fioiilar  to  the  algebraick  ex- 
preflion V  ^  \e  +  i  +  »/ '  {e  —  s,  given  by  Cardan's  fecond  rule  for  the  root . 
of  the  equation  j'  ~  qyzzr,  when  r  is  greater  than  -^^»  or  when  —  is  greaKr 
than  ^.  See  on  this  fubjcft  Monfieur  Clwraut's  Bhnms  ttJigehre,  page*  281, 
283,  &c,  to  page  Z97. 


0/ 
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Of  the  rf/elutioH  pftbe  equation  qy  — _yl  ^x  r  by  means  of 
either  of  the  three  foregoing  exprefftons  of  the  value  of 
■ibe  root  of  the  equation  x'  •"  qx  =.  t,  when  t  is  leji 

ihoB^,  but  srealer  than  -/z  x  2^. 


T90.  The  greatefl  pofEble  magnitude  of  the  abfolute  term  r  la  the  equatioa 

qy  —  y*  zz  r  is  ^^,  whicli  is  the  value  of  the  compound  quantity  qy  — y'  when 

ji  is  =  ~.    And,  when  r  is  equal  to  this  quantity  ^^y^,  the  equation  qy  — y* 

—  r  will  have  but  one  root,  to  wit,  ^;  and,  when  r  is  lefs  than  ^^^,  the 
V  3  3  i/i 

equation  qy  —  ^  nz  r  will  have  two  roots,  of  which  the  lefler-will  be,  leu  than 
^,  and  the  greater  will  be  greater  than  ^,  but  kfs  than  v'y.  Sec  my  Differ- 
ution  on  the  Ufeof  the  Negative  Sign  in  Algebra,  art.  114,  page  92.  There- 
fore, whenever  we  have  an  equation  of  this  form,  qy  — y^  =  r,  propofed  to  us 
to  be  refolved,  the  abfolute  term  r  of  fuch  equation  will  be  always  equal  to -the 
abfoluie  term  /  of  fome  equation  of-the  oppofite  form  x'  —•  qx  =  t,  in  which  the 

abfolute  term  t  is  lefs  than  £i^,  and  which  therefore  cannot  be  refolved  by 
-3V3  ' 

means  of  the  expreflions  given  by  Cardans  fecond  rule;  and  confequently  we 
may  fuppofe  the  compound  quantity  qy  —  ^*,  which  forms  the  firft  iide  of  the 
equation  jy^ — y*  ^  r,  to  be  equal  to  the  compound  quantity  *'  —  qx,  which 
forms  the  firft  fide  of  the  equation  «*  —  ?*  —  '■  Now,  upon  this  fuppoHtioti 
that  qy  —  y  is  equal  to  «*  —  qx,  we  may  reduce  the  equation  qy—y^ziriOA 
quadralick  equation,  and  derive  the  values  of  its  two  roots  from  the  value  of  at 
(the  only  rooc  of  the  equation  x*  — ^x  cr  f)  by  proceeding  in  the  manner  fol- 
lowing. 

Since  qy  —y^  is  (=  '^  =  0  =  x'  ^  qx,  add  y  to  both  fides;  and  we  (hall 
liavc2y  =  *' — qx+y*.  Now  let  j«  be  added  to  both  fides;  and  we  (halt 
have  qx  +  qy  ^  **  +  y^.  Therefore  --- ^  will  be  =:  -  -y-,  and  confequently 
q  will  be  =  «jf  —  *y  +  .KX-  Add  ^y^to  both  fides ;  and  we  (hall  have  q  +  xy 
=  **  +  Xf>  and  (fubtrafting  yy  from  both  fides)  q  +  xy  — yy  =  *w.  Further* 
fince  q  k  lefs  than  xx,  and  confequently  than  the  other  fide  of  the  equation,  let  it 
be  fubtraifted  from  both  fides;  and  we  (hall kave  xy—jO'  =  xx--q.  And,becaufe 
— ,  or  the  fquare  of  — ,  is  greater  than  x — ^1  x  y,  or  than  xx  —  xy,  and  confe- 
quently than  the  other  fide  of  the  equation,  both  fides  may  be  fubtrai£):ed  from 
— .  Let  them  be  fo  fubiraAed ;  and  we  (ball  have  —  -^  xy  +yy  (:=  —  —  xx 
+.,=  ft  -^  +*£)=:  «Zi^.  Therefore  the  fquare-root  of  ^  —  o^ 
+  yy  will  be  =  ^  ^'J'"^  But  the  quantity  i^  —  jijy  +.yy  has  two  fquare- 
4  D  2  roots- 
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roots,  a  greater  and  a  lefler,  to  wit,  -^  —  y  and  j*  —  — ,  according  as  —  is 
greater,  or  lefs,  thanjf.  Therefore  for  the  determination  of  the  greater  value  of 
y  we  fliall  have  the  equation  j^  —  i  =  v  4f  -  3»*^  ^^^  confequently  y  = 
■  v'  4?  -  S'^-^ .  ^(jjj  fQj,  jj,g  determination  of  the  Icffer  value  of^  we  Qiall  have 
the  equation  —  —  j-  =  ■  ^  ~  ^— ,  and  confequently  —  :=_y  +  v  *?  ~  3**^  ^^j 
_ji  —  *  ~  V  ^?  ~  ^■'^f ^  j^jjjj  confequencly  the  greater  root  of  the  cubick  equation 
qy—y'  =r  will  be  - — tLiLzJ^^  and  the  leffer  root  of  the  fame  equation  will 
be  *-^^-i*\  Therefore,  if  /,  or  r,  is  lets  than  ^,  but  greater  than  ^z 
X  ^^,  or  if  — ,  or  — ,  is  lefs  than  i-,  but  greater  than  ^,  we  may  obtain  the 
values  of  the  two  roots  of  the  cubick  equation  qy  —y^  =  r  by  firft  computing 
the  value  of  the  root  *  of  the  oppofite  equation  x->  —  qx  =  thy  means  of  either 
of  the  three  expreflions  fet  down  in  the  preceeding  article  189,  and  then  com- 
puting the  two  quadratick  expreffions  - —    ^  ~  ^**^  and  IZ-lLillll^. 

Q.   E.    I. 


0/  the  7rife£tion  of  a  circular  arc  hy  means  of  either  of 
the  three  foregoing  exprej^ons  for  the  value  of  the  root  of 
the  cukick  equation  x'  —  qx  ^  ty  when  t  is  lefs  than 
^^,  hut  greater  than  v'a  x  ^^,  or  when  —  is  left 
than  — ,  but  greater  than  ^. 


191.  If  a  be  the  radius  of  a  circle,  and  confequently  2a  be  its  diameter,  and 
k  be  the  chord  of  any  arc  in  it,  and  y  be  the  chord  of  the  third  part  of  the  leffer 
of  the  two  arcs  whereof  *  is  the  common  chord,  the  relation  between  the  chords 
*  and  J-  will  be  exprefled  by  this  equation  3  a^  —y^  =  oak,  of  which  the  laid 
chords  will  be  the  leffer  root;  as  is  demonftrated  in  many  books  of  matbema- 
ticks,  and,  amongft  the  reft  in  my  Differtation  on  the  Ufe  of  the  Negative  Sign 
in  Algebra,  publilhed  in  the  year  1^58,  pages  183,  184,  art.  z2o,  221.  Now 
let  q  be  fubllttuted  in  this  equation  inllead  of  3  aa,  and  let  r  be  fubftltuted  in  it 
inftead  of  aak ;  and  the  equation  3  aay  — y'  =  aak  will  thereby  be  converted 
into  the  equation  qy  — y'  =  r,  in  which  ^  will  reprefcnt  a,  or  the  radius  of  the 
circle,  and  ^^  will  reprefent  2  a,  or  the  diameter  of  the  circle,  and  f— ,  or  r  di- 
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vided  by  — ,  or  r  x  — »  or)  ^  will  reprefent  k,  or  the  given  chord  of  the  greater 
arch,  which  is  to  be  tnfefted,  or  of  the  third  part  of  which  we  are  to  find  the 
chord  y  ;  and  the  chord  y  will  be  the  leffer  root  of  the  faid  equation  qy  -~y*  =  r. 
We  muft  therefore  endeavour  to  find  the  leffer  root  of  this  equation  qy  —y^  ~  r. 
Now  it  appears  from  the  forgoing  art.  190,  diat,  if  the  abfohite  term  /  of  the  , 
equation  ar'  —  y*  =  /  be  equal  to  the  abfolute  term  r  of  the  equation  qy  — y' 
=  r,  the  leffer  root  of  the  cquadon  qy  — y*  =  r  will  be  equal  to  the  quadratick 

expreffion  -— ■  *^  Id'".  Therefore  the  value  of  the  chord  of  the  arc  which  is 
equal  to  one  third  part  of  the  leffer  of  the  two  arcs  of  which  the  given  chord  i, 
or  ^,  is  the  common  chord,  in  the  circle  of  which  a,  or  ^,  is  the  radius, 
and  2  <i,  or  ^~f  is  the  diameter,  will  be  equal  to  the  quadratick  expreflion 
x-^4j-ixx  Therefore,  if  r,  or  /,  is  lefs  than  ^,  but  greater  than  ^/a  X 
^~T>  o"^  if  <»«*  is  lefs  than  2a%  but  greater  than  v^i  X  a*,  or  if  k  is  lefs  than 
(— ,  or)  2  a,  but  greater  than  (v^2  x  — ,  or)  v^z  x  *»,  that  is,  if  the  ^ven 
chord  k  is  lefs  than  the  diameter  2  a,  but  greater  than^  ^z  x  o,  or  the  chord 
of  a  quadrantal  arc,  or  of  an  arc  of  90  d^rees,  or,  if  the  given  arc  that  is  to  be 
trifeded,  is  lefs  than  the  femicircumference,  but  greater  than  the  arch  of  a  qua- 
drant, we  may  find  the  value  of  the  chord  y  by  fim  finding  the  root  x  of  the  op- 
pofi te  equation  x"  —  qx  ■^  t^  by  means  of  one  of  the  three  expreffions  fct  down, 

in  art.  189,  and  then  computing  the  quadratick  expreffion  *  ~  ^  W  -  If*^ 

<^  B.   I. 

Of  the  analogy y  or  barmot^,  between  circular  ares  and  lo- 
garilbms,  cr  between  the  mea/ures  of  angles  and  the 
meafures  of  ratios. 


191.  This  application  of  the  expreffions  obtained  in  the  foregoing  articles  to 
the  trifeftion  of  a  circular  arc  is  an  inftance  of  the  analogy,  or  harmony  (as 
Mr.  Cotes  calls  it)  that  fubfifts  between  logarithms  and  circular  arcs,  or  between 
the  meafures  of  ratios  and  the  meafures  of  angles.  For  from  the  expreffion 
y*^  U  +  s  +  \/'  ie  —  s  given  by  Cardan's  fecond  rule  for  the  root  of  the  equav 
tion  j» '  —  jj-  =  r  in  the  firft  cafe  of  that  equation,  or  when  r  is  greater  than 
i^y^,  or  —  is  greater  than  —  (the  value  of  which  expreffion  is  to  be  obtained  by 
cxtrafting  the  cube-roots  of  the  given  quantities  e  -^  s  and  e  ~  s,  that  is,  by  tri- 
fefting  the  ratios  of  *  +  j  to  i  and  of  ^  —  j  to  i )  we  have  derived  the  three  ex- 
preffions  fet  down  in  art.  1 89,  by  either  of  which  we  arc  enabled  to  find  the  value 

of 
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of  the  root  *  of  the  equation  x*  —qx  —  t,  when  t  is  Icfs  than  ^^~,  but  greater 
than  \/2  X  ^^,  from  which  value  we  may  afterwards,  by  t»mputiiig  die  qua^ 

dratick  exprefllon  IZJLillili^,  obtain  the  value  of  the  leffer  root  of  the  equs- 
tion  qy  — y^  =  r,  or  the  value  of  the  chord  of  an  arc  that  is  equal  to  the  thirtl 
part  of  the  leffer  of  the  two  arcs  of  which  the  given  quantity  — ,  or  k,  is  the  com- 
mon chord,  in  a  circle  of  which  the  given  quantity  ^,  or  a,  is  the  radium  i  oi^ 
in  other  words,  may  trifeft  thefaid  leffer  of  the  two  arcs  of  which  ^,  or-i,  is  the 
common  chord ;  provided  that  the  faid  arc  is  greater  than  the  arch  of  a  quadrant. 
And  confequently  problems  that  require  the  trifeftion  of  a  circular  arc,  or  of  an 
angle,  may,  by  means  of  the  method  here  explained,  be  Iblved  by  the  trifeftion 
of  a  ratio,  or  by  the  help  of  a  table  of  logarithms. 


Of  the  refohiian  gf  the  euhtsk  equation  «'  —  y»  =  /  by 
means  of  expreffions  derived  from  Cardan's  ridi)Sy  when  t 
is  lefs  than  s/%  X  ^J^-^,  or'-^ishfs  than  ^. 


193.  "When  the  abfolute  term  /  of  the  equation  x^  — qx  ~  t,  or  theabfolute 

term  r  of  the  oppofite  equation  qy  —y^  =  r,  is  lefs  than  -/z  x  ^^,  or  — ,  or 

3v3  4 

— ,  is  lefs  than  — ,  the  leffer  root  of  the -equation  qy  —y'  =  r  may  be  found  by 
means  of  the  expreffions  invefttgated  in  the  preceeding  difcourfe  contained  in 

pages  379,  380,  381,  &c 440  of  this  volume  of  trads;  which  ex prcffions 

are  derived  froni  the  expreffion  given  by  Cardan's  firft  rule  for  the  refoiution  of 
the  cubick  equation  y>  +  qy  =  r,  or  qy  +  y^  =  r  :  and,  when  the  value  of  the 
faid  leffer  root  of  the  equation  qy — y'  —  r  has  been  fo  obtained,  the  value  of 
the  root  X  of  the  equation  *'  — qx  ■^  t  may  be  derived  from  it  by  computing 

the  quadraiick  expreffion  ^ — tL^LZ^,  For,  fincc  *'  —  y*  is  (=  /  =:  r)  = 
■fy  —y*,  we  (hall  (by  adding  jj'  to  both  fides)  have  x'  — qx  +y'  s=qyf  and 
(by  adding  qK  to  both  fides)  x*  +  y^  =.  qx  +  qy  zz  q  y.  fe  +  ^.  Therefore 
t-ZJL  will  be  =  ^-^ — -  =  q  j  that  is,  *«  —  «y  +  ly  will  be  =  a  ;  and  con- 

fequently,  fubtrafting  yy  (which  is  lefs  than  q,  and  therefore  than  the  other  fide 
of  the  equation)  from  both  fides,  we  (hall  have  xx  •^  iiy  7=  q  — yy,  or  xx  — yK 
—  q  —yyi  and  (adding  ^  to  both  fides)  xx — yx  +^-q— yy  +  S.~ 
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A9~W+XT  _  4?-3g.    Therefore  y  —  ^  will  be  =  iL^EM,  and  x  will  be 

4  4  2  * 

—  i  +  ^4^-3P'    or  y  +  ^  ■*'■'  ~  3J'*'  <l.  E.  D. 


ConcluJioH  cmcermng  both  branches  of  the  Jecond  or  irre- 
ducible cafe  of  the  tubttk  equation  y*  —  qy^r. 


194-  It  appears  therefore  that  in  both  the  branches  of  the  equation  *»  —  f* 
=  /,  or  of  the  fecond  cafe  of  the  cubick  equation  y^  —  qy  ^  r»  that  is,  both 
when  /,  or  r,  is  lefs  than  ^^^,  but  greater  than  v^2  x  —A,  and  when  it  is  lefs 
than  */z  X  ^^.  or  tjoth  when  — ,  or  — ,  is  lefs  than  — ,  but  greater  than  ■^j 

3V3  4  4  *7  54 

and  when  it  is  lefs  than  — ,  tlie  value  of  the  root  x,  ox  y,  of  the  equation  *'  — 
qx  =  t,  ory'  —  qy^r,  may  always  be  found  by  means  either  of  the  expreflions 
derived  in  the  prefent  difcourfe  from  Cardan's  fecond  rule,  given  for  the  refolu- 
tion  of  the  equation  y*  —  y^  =  r  in  its  firft  cafe,  or  of  the  expreffions  derived 
in  the  laft  prececding  difcourfe  in  this  volume  of  tratfts  from  Cardan's  firft  rule, 
given  for  the  refolution  of  the  equation  qy  +  y*  ^  r,  oi y'  +  qy  =  r.  And 
thus  that  which  is  called  the  irredueible  cafe  of  the  equation  7'  —  qy  =  rh  flicwn 
to  be  always  capable  of  being  refolved  by  means  of  expreffions  derived  from 
one  or  other  of  Cardan's  rules  by  the  help  of  Sir  Ifaac  Newton's  binomial  and 
refidual  theorems,  which  therefore  fcem  to  form  a  fort  of  bridge  of  communica- 
tion between  the  problems  belonging  to  the  trifeftion  of  a  ratio,  and  the  pro- 
blems belonging  to  the  trifeftion  of  an  angle,  or  between  the  problems  depend- 
ing on,  or  refolvable  by  means  of,  the  afymptotick  areas  of  an  hyperbola,  or  a 
table  of  It^arithms,  and  the  problems  depending  on,  or  refolvable  by  means 
of,  circular  arches,  or  a  table  of  Gncs  and  tangents. 


SCHOLIUM, 


195.  The  firft  perfon  who  feems  to  have  difcovered  the  poffibility  of  thus  ex- 
tending Cardan's  rules  to  the  fecond,  or  irreducible,  cafe  of  the  cubick  equation 
yt  .—  qyzz  r,  was  the  famous  German  ma[hematician  and  philofopher,  of  the 
latter  part  of  the  laft  century,  Mr.  Leibnitz  of  Hanover,  as  is  ftiewn  in  the  fcho- 
lium  at  the  end  of  the  laft  preceeding  difcourfe  in  this  volume  of  trafts,  pages 
438,  439,  440.  But  he  has  done  it  by  the  means  of  what  are  called  imfqffibU 
quantities,  or  quantities  involving  the  fquare-roots  of  negative  quantities,  which, 
in  the  expreffions  to  which  his  calculations  lead  him,  are  of  fuch  magnitudes, 
and  fo  connected  by  the  ftgns  -f-  and  — ,  as  ultimately  to  deftroy,  or  expunge, 
each  other ;  whereas  in  this  and  the  preceeding  tra£t  I  have  carefully  avoided  all 
mention  of  thefe  unintelligible  myfteries. 
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CONJECTURE 

COHCIKHINO    THE  METHOD  Sr  WHICH 

C    A    R    D    A    N's      RULES 

FOR   RESOLVIHO 

The  CuhUk  Equation  «>  +  gx  =:  r  in  all  Cafes  (or  in  all 
Magmttuies  of  the  kmnt/n  Quantities  q  and  r) 

Ard  the  CaMtk  Equatim  )^  -^^  qx -zi  r  in  the  jirji  Cttfe  of  it 
(or  wben^  r  is  greater  than  ^^y^,  or—is  greater  than^) 

were  frohably  d^cavered  by  Scipio  Ferreus  of  Bononia,  and 

Nicholas  Tartalea,  or  whoever  elfe  were  ibefkrft  Inventors 

of  them. 
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CONJECTURE 


CONCERNING 


C    A    R   D   A    N's     RULES. 


Art.  I.  'THHERE  is  nothing  more  amufing,  or  more  grateful  to  an  inquifi- 
X  "ve  mind,  in  the  ftudy  of  the  fciences  of  Geometry  or  Algebra 
(for,  if  we  banifh  from  it  the  ridiculous  myfteries  arifing  from  the  fuppofition  of 
iKgative  quantities,  or  quantities  le/s  than  nothing,  the  latter  may  defcrve  the  name 
ot  A  fcience  as  well  as  the  former),  than  to  contemplate  the  methods  by  which  the 
fcveral  ingenious  and  furpriling  truths  that  are  delivered  in  the  books  that  treat 
of  them  were  firft  difcovcred.  This  we  are  fometimes  enabled  to  do  by  the  au- 
thors themfclves  to  whom  we  are  indebted  for  thefe  difcoveries,  who  have  can- 
didly informed  their  readers  of  the  feveral  fteps,  and  fometimes  of  the  accidents, 
by  which  they  have  been  led  to  them  :  but  u  alfo  often  happens,  that  the  au- 
thors of  thefe  difcoveries  have  negleded  to  give  their  readers  this  fatisfeitioHf 
and  have  contented  themfelves  with  cither  barely  delivering  the  propofidona 
they  have  found  out,  without  any  demonftrations,  or  with  giving  formal  and  po- 
fitive  demonftrations  of  them,  which  command  indeed  the  aflent  of  the  under- 
ftanding  to  their  truth,  but  afford  no  clue  whereby  to  difcover  the  train  of  rea- 
foning  by  which  they  were  firft  found  out  j  and  confequently  contribute  but 
little  to  enable  the  reader  to  make  limilar  difcoveries  himfelf  on  the  like  fub- 
jefts.  This  feems  to  be  the  cafe  with  thofe  ingenious  rules  for  the  refolution  of 
certain  cubick  equations,  which  are  ufually  known  by  the  name  of  Cardan's 
Rules.  We  are  told  to  make  certain  fubftitutions  of  fomc  quantities  for  others 
in  thefe  equations  ar*  +  y*  =  r  and  **  —  qxz=r  (which  are  the  objeds  of  thofe 
rules),  and  certain  fuppofitions  concerning  the  quantities  fo  fubftituiedi  by  do- 
ing which,  we  find  that  thofe  equations  will  be  transformed  inio  other  equations 
which  will  involve  the  (ixth  power  of  the  unknown  quantity  contained  in  them, 
but  which  (though  of  double  the  dimensions  of  the  original  equations  x*  +  ^ 
=  r  and  x*  —  qx^  r,  from  which  they  were  derived)  will  be  more  eafy  to  re- 
folve  than  thole  equations,  becaufe  they  will  contain  only  the  fixlh  power  and 
the  cube  of  the  unknown  quantity  which  is  their  root,  and  confequently  will  be 
of  the  fame  form  as  quadratick  equations ;  fo  that  by  refolving  chem  asquadratick 
equations  we  may  obtain  the  value  of  the  cube  of  the  unknown  quantity  which 
is  their  root;  and  afterwards^  by  extrafting  the  cube- root  of  the  faid  value,  we 
4  E  2  may 
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may  obtain  the  value  of  the  faid  root,  or  unknown  quantity,  itfelf;  and  then,  at 
laft,  by  the  relation  of  this  lad  root  to  *,  or  the  root  of  the  original  equation 
(which  relation  is  derived  from  the  fuppofitions  that  have  been  made  in  the 
courfe  of  the  preceeding  transformations),  we  may  determine  the  value  of  x. 
And,  if  we  pleafe  to  examine  the  feveral  fteps  of  this  procefs  with  fufficient  at- 
tention, we  may  perceive,  as  we  go  along,  that  all  ihefe  fubftitutions  are  legiti- 
mate and  pnufVicable,  or  are  founded  upon  poflible  fuppofitions  ;  though  1  can- 
not but  obferve,  that  the  writers  on  algebra,  for  the  moft  part,  have  not  been  fo 
kind  as  to  (hew  us  that  they  are  fo.  But  ftill  the  queftion  recurs,  "  How  came 
"  SciPio  Ferreus,  of  Bononia  (who,  as  Cardan  tells  us,  was  the  firft  in- 
"  ventorof  the  former  of  thcfe  rules,  and  Nicholas  Tartalea,  who  was  the 
»*  firft  inventor  of  the  latter  of  them),  or  the  other  perfons,  whoever  they  were, 
"  that  invented  them,  to  think  of  making  thefe  lucky  fubftitutions  which  thus 
*'  transform  the  original  cubick  equations  into  equations  of  the  fixth  power, 
"  which  contain  only  the  fixth  and  third  powers  of  the  unknown  quantities 
**  which  are  their  roots,  and  confcquenily  are  of  the  form  of  quadratick  equa- 
•'  lions?"  To  anfwer  this  queftion  as  well  as  I  can  ly  cenje'Sfure  (for  I  know 
of  no  hiftorical  account  of  this  matter  in  any  book  of  algebra),  and  In  a  man- 
ner that  appears  to  me  to  be  frobable,  is  the  defign  of  the  following  pages. 

Art.  2.  The  moft  probable  conjefture  concerning  the  invention  of  thefe  rules, 
called  Cardan's  Rules,  by  Scipio  Ferreus,  of  Bononia,  and  by  Nicho- 
lAS  Tartalea,  or  whoever  elfe  were  the  inventors  of  them,  feems  to  be  this  i 
that  the  faid  Inventors  tried  a  great  variety  of  methods  of  reducing  the  three  cu- 
bick equations  of  the  third  clafs,  to  wit,  }^  +  qx  ■=.  r  and  x^  —  qx  tz  r,  and 
qx  —  X*  =  r  (to  fome  one  of  which  ail  other  cubick  equations  may,  by  proper 
fubftitutions,  be  reduced),  to  a  lower  degree,  or  to  a  more  fimple  form,  by  fub- 
ftituting  various  quantities  in  the  ftead  of  x,  in  hopes  that  fome  of  the  terms  arif- 
tng  by  fuch  fubftitutions  might  be  equal  to  others  of  them,  and,  having  contrary 
figns  prefixed  to  them,  might  deftroy  them,  and  thereby  render  the  new  equa- 
tion more  fimple  and  manageable  than  the  old  one.  Ahd,  acnongft  other  trials, 
it  feems  natural  to  imagine,  that  they  would  fubftitute  the  fum  or  difference  of  two 
other  quantities  inftead  of  *,  as  being  the  moft  fimple  and  obvious  fubftitutions 
that  could  be.  made.  And,  by  making  thefe  fubftitutions,  the  above-mentioned 
rules  would  of  courfe  come  to  be  difcovered,  as  well  as  the  aforefaid  limitation 
of  them  in  the  refolution  of  the  equation  «*  —  j *  =  r  (which  reftrains  the  rule  to 
thofe  cafes  only  in  which  r  is  greater  than  ^^j^,  or  —  is  greater  than  ^),  and 
their  utter  inutility  in  all  the  cafes  of  the  equation  qx  —  «'  =  r.  This  will  ap- 
pear by  examining  each  of  thefe  equations  feparately  in  tlie  following  mannec. 


Of  the  equation  x'  +  qx  z 


Art.  3.  In  the  equation  x^  +  qx^r  the  inveftjgator  of  thefe  rules  would 
naturally  be  inclined  to  fubftitute  the  difference  of  two  quantities  (which  we  will 
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here  catty  and  z,  and  of  which  we  will  (uppoiey  to  be  the  greater)  inftcad  of*, 
rather  than  their  fum,  or  would  fuppofe  *  to  be  equal  to^  —  z,  rather  than  to 
y  +  z;  becaufe,  if  he  was  to  fuppofe  *  to  be  equal  to  the  futn  of  the  twj^uan- 
titics_yand  z,  and  was  to  fubftitute  that  fum,  or  the  binomial  quantity  y  +  z^ 
inftead  of  *  in  the  equation  x*  +  gx  =  r,  it  is  evident  that  (as  the  figns  of  ** 
and  qx  are,  both  of  them,  affirmative)  the  terms  of  the  new  equation,  arifing 
from  fuch  fubflicution,  would  all  of  them  be  likewife  affirmative;  and  confe- 
quently  none  of  them,  though  they  fliould  happen  to  be  exaftly  equal  to  each 
other,  could  exterminate  each  other,  and  thereby  render  the  new  equation  more 
fimple  than  the  old  one,  which  was  the  only  view  with  which  the  fubftitution 
would  have  been  made.  He  would  therefore  fuppofe  *  to  be  equal  to^  —  z ; 
and  by  fobftimting  this  quantity  inftcad  of  x  in  the  original  equation  **  +  qx 
=  r,  he  would  transform  that  equation  into  the  following  one,  to  wit^ 
/  —  sxy^  +  zy^^  —  z'  +  qy  —  qz  =  r^ 
or/  —  3>2  x^  — z  — z*  +  y  x[y— z^=y* 
Now  in  this  equation  it  is  evident  that  the  terms  zyz  y.  y  —  z  and  q  xy—  z 
have  contrary  figns ;  and  therefore,  if  their  co-efficients  3yz  and  q  can  be  fup- 
pofcd  to  be  equal  to  each  other,  thofe  terms  will  mutually  deftroy  each  other, 
and  the  equation  will  be  reduced  to  the  following  (hot  orte>  jf*  —  z^^r.  And, 
if  in  this  equation  we  fubfiitute,  inftead  of  «,  its  value  -^,  derived  from  the  fame 

fuppofition  of  the  equality  of  j  and  3J'z,  the  equation  will  be  y* ^  =  r; 

and,  by  multiplying  both  fides  by^,  it  will  bej"*  —  |-  =  ty*;  and,  b^  adding 
£.  to  both  fides,  it  will  hey'  =  r;*  +  ^  J  and,  by  fubtraiSing  rj"'  from  both 

fides,  it  will  be^*  —  ry*  =  pj  which  ecjuation,  though  it  rifts  to  the  fixth 
power  of  the  unknown,  quantity  y,  is  evidently  of  the  form  of  a  quadratidt  equa* 
lion,  and  may  therefore  be  refolved,  fo  far  as  to  find  the  value  of  the  cube  of_y, 
in  the  fame  manner  as  a  quadratick  equation ;  after  which  it  will  be  polSble  to 
find  the  value  of  y  itfclf  by  the  mere  extraftion  of  the  cube  root ;  and  then  at 
laft,  from  the  relation  of  ^  to  *  (derived  from  the  foregoing  fuppofitions  that 
y  —  z  was  equal  to  *,  and  that  ^yz  was  equal  to  j,  and  coofequeotly  z  equal 
to  — ),  we  ftiall  be  able  to  determine  the  value  of*. 

Art.  4.  It  would  th^efore  remain  for  the  inveftlgator  of  this  method  to  en- 
quire, whether  or  no  the  fuppofition  **  that  ^yz  was  equal  to  q,"  was  a  poflible- 
luppofition;  that  is,  whether  it  was  poffible  (whatever  might  be  the  magnittidcs 
of  f-andr)  for  two  quantities,  J"  and  z,  toeiift,  whofe  nature  (hould  be  fuch  that 
their  difference _y  —  z  (hould  be  equal  to  the  unknown  quantity  *  in  the  equa- 
tion X*  +  qx  ~  r,  and  that  three  times  their  produft  IhouM  at  the  fame  time  be- 
equal  to  y,  or  their  fimple  produfl  to  the  third  part  of  j.  And  this  fuppofition 
he  would  foon  find  to  be  always  pofTibte,  whatever  may  be  the  magnitudes  of 
q  and  r ;  becaufe,  if  the  lefl*er  (Quantity  z  is  fuppofed  to  incrcafe  from  0  ad  infim-' 
'  tum^  and  the  greater  quantity^  is  likewife  fuppofed  to  increafe  with  equal  fwift- 
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acfs,  or  to  receive  equal  increments  in  the  fame  times,  and  thereby  to  prererve 
their  difFeience>  —  %  always  of  the  fame  magnitude,  or  equal  to  *,  it  is  evident 
that  the  produd  or  reftanglcjiz  will  increafe  continually  at  the  fame  time  from 
0  ad  infinitum^  and  confequently  will  pafs  fucceffively  through  all  degrees  of 
magnitude,  and  therefore  mull  at  one  point  of  time  during  its  increafe  become 

equal  to  — . 

And  having  thus  found  this  fuppofition  of  the  equality  of  ^z  and  — ,  or  of 
3^-2  and  q,  to  be  always  poffible,  whatever  might  be  the  magnitudes  of  j  and  r, 
our  invcftigator  would  juftly  confider  his  folution  of  the  equation  **  +  j«  —  r 
(which  was  founded  on  that  fuppofition)  as  legitimate  and  complete.  And  thus 
we  fee  in  what  manner  it  feems  probable,  that  Cardan's  rule  for  refolving  the 
cubick  equation  *'  +  j*  =  r  may  have  been  difcovered. 


Of  the  equation  x*  —  qx  =  r. 

Art.  5.  In  this  fecond  equation  **  —  y*  =  r,  in  which  the  fecond  term  qx  is 
fubtrafted  from  the  firft,  or  marked  with  the  fign  — ,  it  feems  to  have  been  na- 
tural for  the  perfon  who  invented  thefe  rules  to  fubftitute  the  ^w  as  well  as 
the  difference  of  two  other  quantities,  y  and  2,  inftead  of  x,  in  the  terms  **  and 
qx,  in  hopes  of  fuch  an  extermination  of  equal  terms,  and  confequential  reduc- 
tion of  the  equation  to  one  of  a  fimpler  and  more  manageable  form,  as  was 
found  to  be  fo  ufeful  in  the  cafe  of  the  former  equation  x'  +  qx  =:  r.  We  will 
therefore  try  both  thefe  fubftitutions ;  and,  as  that  of  the  difference^  —  2  has  in 
the  former  cafe  proved  fo  fuccefsful,  we  will  begin  by  that. 

Art.  6.  Now,  by  fubftituting  the  difference  y  —  2  inftead  of  *  in  the  equa- 
tion *'  —  j»  =  r,  we  (hall  transform  it  into  the  following  equation,  to  wit, 
y>  —  ^yyz+  $yzz  —  z^  —  q  xiy  ~  z\  =  r,  or^r'  —  2yz  X  {y  —  z  —  z»  —  y 
X jv  —  2  =  r ;  in  which  the  terms  tyz  X  y  —  z  and  q  xy  —  z  have  both  of 
them  the  fame  fign  —  prefixed  to  them,  and  confequently  can  never  extermi- 
nate each  other,  whether  3^2  be  equal  or  unequal  to  q.  This  fubftitution 
therefore  is  in  this  cafe  of  no  ufe. 

Art.  7.  We  will  now  therefore  try  the  fubftitution  of  the/um  ofy  and  z,  in- 
ftead of  their  difference,  in  the  equation  x'  —  qx  =:r. 

Now,  if  *  be  fuppofed  to  be  equal  to  j*  +  2,  and  y  +zhe  fubftituted  inftead 
of  it  in  the  equation*^ —}»=  r,  that  equation  will  be  thereby  transftwmed 

into  the  followmg  one,  to  wit,  

y  +  3X"^  +  gJ'gg  +  «'  — ?  X  y  +  z=:rf 
OT y*  +  $yz   X  y  +  z  +  z'  —g  x  y  +  z-=t. 
Now  in  this  equation,  the  terms  3^2  x  [)>  +  2  and  q  X  y  -k-  z  have  contrary 
(igns.    Confequently,  if  they  can  be  fuppofed  to  be  equal  to  each  other,  they 
wDi  deftroy  each  other,  and  the  equation  will  be  thereby  reduced  to  the  follow- 
ing 
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ing  (hort  one,^'  +  z*  =  r;  that  is,  if  3yz  and  q  can  be  fuppofed  to  be  equal 
to  each  other,  or  Kyz  can  be  fuppofed  to  be  equal  to  — ,  the  equation  will  be  re- 
duced to  the  fliort  equation  >'  +  z^  =  r.  And,  if  in  this  fliort  equation  we 
fubftitute  inftead  of  2  its  value  —  (derived  from  the  lame  fuppofition  of  the 
equality  of  3^zand  }), the  equation  thencerefultingwUlbe^*  +  ~^  =  '■;and 
by  multiplying  both  fides  by^',  it  will  bcj-*  +  —  zzfy'  ^  and,  by  fubtraft- 

ing^*  from  both  fides,  it  will  be  ry'  —  >'  =  |- ;  which,  though  it  rifes  to  the 
fixdi  power  of  y,  is  evidently  of  the  form  of  a  quadratick  equation,  and  confe- 
quently  may  be  refolved  in  the  fame  manner  as  a  quadratick  equation,  fo  far  as 
to  find  the  value  ofy^,  or  the  cube  of  the  root^ ;  after  which  it  will  be  poflible 
to  find  the  value  of^  itfelf  by  the  mere  extradUoo  of  the  cube  root ;  and,  la(Uy>, 
from  the  relation  o£y  to  x  (contained  in  the  two  fuppofitions,  that  j  +  2  is  equal 

to  X,  and  that  ^yzis  equal  to^,  and  confequently  that  z  is  equal  ^)  we  may 
deternune  the  value  of  x. 

Art.  8.  The  only  thing,  therefore,  that  would  remain  for  thrinveftlgacor  of 
thefe  rules  to  do,  in  order  to  know  whether  the  foregoing  method  of  refolving 
the  equation  x'  ^  qx  ^  r  was  praflicable  or  not,  would  be  to  enquire,  whether 
it  was  poHible  in  all  cafes,  that  is,  in  all  magnitudes  of  the  known  quantities  q 
andr,  for  3_yz  to  be  equal  to  2,  or  for  ^jiz  (or  the  produft,  or  reiSangle,  of  the  two 
quantities^  and  z,  whofe  fum  is  equal  to  x)  to  be  equal  to  ~;  and,  if  it  was 
not  poffible  in  all  cafes,  but  only  in  fome,  to  determine  in  what  cafes  it  was  pof- 
fiblct  or  what  mu(t  be  die  relation  between  q  and  r  to  make  it  pofGble^ 

Art.  9.  Now,  in  order  to  determine  this  queftion,  it  would  be'  proper  and'  na- 
tural to  obferve,  that  the  quantity  yz,  or  the  produd  of  the  multiplication  of  the 
two  quantities  jf  and  z,  whofe  fum  is  fuppofed  to  be  equal  to  x,  can  never  be 

^vater  than  the  {quare  of  half  that  fum,  that  is,  than  the  fquare  of  — ,  or  than 
— ,  by  El.  2,  5,  but  may  be  of  any  mi^nitude  that  does  not  exceed  that  fquare. 
Therefore,  if  i-  is  greater  than  — ,  it  will  be  impoffible  for  ^2  to  be  equal  to  it ;. 
but>  if—  is  either  equal  to,  or  lefs  than,  — ,  it  will  be  poflJble  for  yx  to  be 

equal  to  it ;  and,  if  —  is  exactly  equal  to  — ,  z  will  be  exadly  equal  to  y,  and 
each  of  them  equal  to  one  half  of  x.  We  muft  therefore  enquire  what  is  the 
magnitude  of*  when  -2-  is  equal  to  — .  Now,  when  —  is  =  — ,  **  will  be  =: 
^,  and  X  =  —^ :  therefore,  when  *  is  lefs  than  ^~f  it  will  be  iinpofiib.'c  for 
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yz  to  be  equal  to  -^ ;  but  when  *  is  greater  than  ^^,  it  will  be  poffible  for  ^ 
to  be  equal  to  ^, 

But  when  *  is  =  ^,  *'  will  be  =s  ?^,  and/y*  wIU  be  =  ^  or  ^i^, 
^3  fl    ?^*    *    /  /  -^3         3V'3' 

and  confe^uently  *'  -  j*  will  be  =  ^  -  ^  =  ^. 

Therefore,  if  it  be  true  (as  we  (hall  prcfcntly  fee  that  it  is)  that,  while  x  in- 
creafes  from  being  equal  to  y/q  (which  is  evidently  its  leaft  poffible  magnitude) 
to  any  other  magnitade,  the  compound  quantity  **  —  y*,  or  the  excefs  of  «» 
above  jx,  will  alfo  continually  increafe  from  o  (to  which  it  is  equal  when  *  is  = 
V'y,  or  **  is  =  y)  to  fome  correfpondent  magnitude  without  ever  decreafing; 
it  will  follow  that,  when  *  is  lefs  than  ~^,  the  compound  quantity  *'  —  qx  will 

be  lefs  than  ^^^i  and  when  x  is  greater  than  ^2,  the  compound  quantity  ** 

—  qx  will  be  greater  than  —j^- ;  and,  i  entverfot  if  the  compound  quantity  x> 

—  gx  is  lefs  than  ^^^»  *  will  be  lefs  than  ^^j  and,  if  the  compound  quantity 

*>  —  qx  is  greater  than  ^^t^»  x  will  be  gre«er  than  ~^.    Confequently,  if  the 

compound  quantity  **  —  qx,  or,  its  equal,  the  abfolutc  term  r  in  the  equation 

*'  —  o*  =  r,  is  lefs  than  ^^^,  or  —  is  lefs  than  — ,  it  will  be  impoffible  for  yz 
3v3  4  »7  r  J 

to  be  equal  to  -2-;  but  if  **  —  qx,  or  r,  is  greater  than  ^^^,  or  —  is  greater 
than  -2.,  it  will  be  poffible  ht yz  to  be  equal  to  ■^.  Therefore,  'Ax*  —  qx,  or  r, 
is  lefs  than  ^^— ,  or  —  is  lefs  than  — ,  the  forcgmng  merfiod  of  rcfolving  the 
cubick  equation  **  —  gx  =  r  will  be  imprafticable ;  but,  if  *»  —  jjt  zr  r,  or  r, 
is  greater  than  ^^j^,  or  —  is  greater  than  ^,  it  will  be  practicable. 

Art.  lo-  It  now  only  remans  to  be  proved,  that  while  x  incrcafes,  from  be- 
ing equal  to  \/q,  ad  i/^mtum,  the  compound  quantity  *'  —  qx  will  likewife  ia- 
creafe  from  o  aainjmtum,  without  ever  decreafing.  Now  this  may  be  demon- 
{Irated  as  follows. 

Art.  II.  It  is  evident  that  while  x  incrcafes  from  being  equal  to  \/;  ad  U^' 
itttum,  both  the  quantities  x^  and  jw  will  increafe  ad  i>\fimtum  likewife.  But  it 
docs  not  therefore  follow,  that  the  excefs  of  *  *  above  qx  will  continually  increafe 
at  the  fame  time.  This  will  depend  upon  the  relation  of  the  contemporary  in* 
cremcnts  of**  and  qx:  if  the  increment  of  «'  in  any  given  time  is  equal  to  the 
contemporary  increment  of  y*,  the  compound  quantity  «*  —  qx  will  neither  in- 
creafe nor  decreafe,  but  continue  always  of  the  fame  magnitude  during  the  faid 
time,  Qotwithllanding  the  increafe  of  at;  if  the  former  increment  is  lefs  than  the 
2  -  latter. 
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htter,  the  laid  compound  quantity  will  decreafe;  and  if  it  is  greater,  it  will  in- 
creafe.  We  muft  therefore  enquire  whether  the  increment  of  *^  in  anygiveii' 
time  is  greater  or  lefs  than  the  contemporary  increment  of  qx. 

Art.  1 2.  Now,  if  JC  be  put  for  the  increment  which  *  receives  in  any  given 
time,  the  increment  of  *^  in  the  fame  time  will  be  the  excefs  of  *  +  x]*  above 
X',  that  is,  the  excefs  of  *'  +  3**J^  +  S^X*  +  X'  above  *' ;  and  the  incre- 
ment o(  qx  in  the  fame  rime  will  be  the  excefs  of  y  x  *  -i-  ^,  or  a*  +  qx,  above 
qx;  that  is,  the  increment  erf"*'  will  he  3**X  +  ^xx*  +  x't  !>rid  that  of  qx  will 
be  qx.  Now  in  the  equation  *'  —  j*  =  r  it  is  evident  that  **  muft  be  greater 
than  q  j  for  otherwife  »*  would  not  be  greater  than  qx,  as  it  is  fuppofed  to  be. 
Confequently,  xx  x  X  muft  be  greater  than  qX;  and,  ^fortiori,  3**.v  +  ^xx* 
+  jf'  (which  is  more  than  triple  of  at^A")  muft  be  greater  than  yx ;  that  is,  the  in- 
crement of  * '  will  be  greater  than  the  contemporary  increment  of  qx-.  Therefore 
the  excefs  of  * '  above  qx,  or  the  compound  quantity  * '  —  qx,  will  increafe  con-  ■ 
tinually,  without  decreafmg,  while  x  increafes  firom  y^qadir^tum..     q^,  e.  p. 

Art.  13.  It  follows,  therefore,  upon  the  whole  of  tliefe  enquiries,  that,  if  the 
compound  quantity  x^  — qx,  or,  its  equal,  the  abfolute  term  r,  is  lefs  than. 
^i^,  or  —  is  lefs  than  ^,  it  will  be  impoffible  for  yz  to  be  equal  to  -^,  and 
confequMitiy  the  foregoing  method  of  refolving  the  equation  x^  —qx=:r  will 
be  imprailicablc ;  bur,  if  x'  —  qx,  or  r,  is  greater  than  ^^j^,  or  —  is  greater 
than  ^,  it  will  be  poflible  for^yz  to  be  equal  to  — ,  and  confequently,  the  fore- 
going method  of  refolving  the  equation  * '  —  qx^r  will  be  praflicable.  And 
thus  we  fee  in  what  maaner  it  is  probable  that  Cardan's  rule  for  refolving  the- 
cubHck  eqmtion  «»—?«=  r  in  the  firft  cafe  of  it,  or  when  r  is  greater  than^ 
-2^,  or  —  is  greater  than  i-,  together  with  the  rcftriiSion*  of  it  to  that  firlV 
cafe,,  may  have  been  difcovered. 


0/ibe  Equation  qx  —  **  =  r. 


Art.  T4..  In  the  third  equation  qx  —  x'  =  r  the  terms  *'  and  y*  h?.ve  diffe* 
rent  figns,  as  well  as  in  the  fecond  equation  *'  —  y*  =  r ;  and  therefore  it  feems  ■ 
to  have  been  natural  for  the  inventor  of  Cardan's  rules  to  try  both  the  fubfti- 
lutions  o(  y  —  z  and  j"  -I-  z  inftead  of  *  in  this  equation,  as  well  as  in  that  fe- 
cond equation,  in  hopes  of  an  extermination  of  equal  terms  that  are  marked  with' 
contrary  figns,  and  a  confequent  reduftion  of  the  equation  to  another  which, 
though  of  double  the  dimenfions  of  the  equation  qx  —  x*=r,  fliould  have 
been  of  a  fimpler  form,  and  more  eafy  to  be  refolved.  But  it  will  be  found,  upon; 
trial,  that  neither,  of  thefe  fubftitutions  will  anfwer  the  end  propofed. 

Vol.  II.  4  £■  Art.  15,. 
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Art.  15.  For,  in  the  6rft  place,  let  us  fuppofe  *  to  be  =j'  — z.  Then  tve 
(hall  have  *'  ~y  —  ^yyz  +  3^2  —  2'  =>'  —  ^yz  X  y  —  z  —  z',  and  qx 

—  y  X  y  —  z  and  confequenily  j*  —  Jt'zijx^  —  z  — y  +  ^yz  x  (y—-z 
-f  z*.  Therefore,  y  x  ^  —  z  —  jk*  +  3yz  X  (y  —  z  +  z'  will  be  —  r.  Now 
in  this  equation  it  is  evident,  the  terms  y  x  fy  —  z  and  3_)'z  X  \y  —  z  have  the 
fame  figns,  and  therefore  can  never  deftrby  each  other.  Therefore,  no  fuch  me- 
thod of  refolving  this  equation  ^x  —  *'  =  r  as  was  found  above  for  refolv- 
ing  the  two  former  equations  x*  +  qx^r  and  *'  — qxzzr,  can  be  obtained  by 
fubfiituting  the  difference  j"  —  2  in  it  inftead  oi  x. 

Art.  16.  We  will  now  try  the  fubftitution  of  _)>  +  z  inftead  of  *  in  the  terma 
of  this  equation. 

Now,  if*  be  fuppofed  to  be  ■=y  +  z,  we  (halt  have  x*  z^yi  +  ^yz  +  3^zz 
.  +  z'  =_>-'  4-  3_yz  X  >  +  2  +  2*>  and  qxzz  q  X  y  +  z,  and  confequently  y* 

—  a:'  =  J  X  J'  +  2  —y*  —  372  X  ^  +  2  —  z'-     Therefore,  ?  X  >  +  z  — y* 

—  3J'z  X  >  +  z  —  z'  will  be  =  r.  

In  this  equation  it  is  true  indeed  that  the  terms  j  X  J"  +  z  and  $yz  x  J*  —  2 

have  different  ligns.  But  they  cannot  be  equal  to  each  other:  for,  fince  the 
three  terms  y  *  and  3^z  X  y  —  z  and  z '  are  all  marked  with  the  fign  — ,  or  arc 
to  be  fubtraifted  from  the  firft  term  q  x  j"  +  2,  and  the  remjunder  is  =r  r,  it  u 
evident  that  j  x  j*  +  z  muft  be  greater  than  the  fum  of  all  the  three  terms _y», 
3_yz  x  >  +  2,  and  z',  taken  together,  and  therefore,  ^fortiori,  greater  than 
3^z  X  ^  +  2  alone.  Therefore,  no  fuch  extermination  of  equal  terms  marked 
with  contrary  figns  as  took  place  in  the  transformed  equations  derived  from  the 
two  former  equations  *»  -^qx-=zr  and  x^—qx^ir^  can  take  place  in  this 
transformed  equation  derived  from  the  equation  qx  —  »»  =r  by  fubftituting 
y  +  z'm  its  terms  inftead  of  x ;  and  confequently  no  fuch  method  of  refolving 
the  equation  qx  —  x'  =  r  as  has  been  found  for  the  refolution  of  the  equauoM 
*»  +  y*  =  r  and  «*  —  y*  =:  r,  can  be  obtained  by  means  of  that  fubftitution. 

Art.  17.  Thefe  are  the  methods  of  invcftigadon  by  which  I  conceive  it  to  be 
probable  that  Cardan's  rules  for  the  refolution  of  the  cubick  equations  x^  + 
qx  =  r  and  x'  — -^x^r,  together  with  the  limitation  of  the  rule  relating  to 
the  latter  of  thofe  equations,  and  their  inapplicability  to  the  third  equation  qn 

—  flf  *  =  r,  may  have  been  difcovercd  by  the  firft  inventors  of  them. 
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TRACT 

CONTAIKBD    IN    THE    FOBEOOINO    PART    OF   THIS    SECOND   VOLUME   OF 
MATHEMATICAI.    TRACTS,    IH   PA&ES    I53,    154,    155,   &c,   TO    169J, 

IHTITLEDy 

«*    A    DEMONSTRATION    OF    SIR    ISAAC     NEWTON's    BINOMIAL    THEOREM" 

IN    THE    CASE    OF    INTEGRAL    POWERS,    OR    POWERS    OF    WHICH 

THE    INDEXES    ARE    WHOLE    NUMBERS:" 

Containing  an  Inveftigation  of  the  Law  by  which  the  co- 
efficiaas  of  the  third  and  fourth  and  other  following  terms 
of  the  Jeries  which  is  equal  ie  aity  integral  power  of  a 
binomial  quantity,  are  derived  from  the  co-efficient  of  the 
Jecond  term  of  the  f  aid  Jeries,  pounded  on  a  probable  in- 
duBimfrom  particular  examples. . 

By  FRANCIS  MASERES,  Es<u  F.  R.  S. 

CURSITOR    BARJM    OF    HIS    MAJESTY'S   COURT    OF    EXCHE(ljrER. 


Art.  I.  TT  is  (hewn  in  art.  5  of  the  foregoing  trad,  pages  155,  156,  that,  in 
J_  all  integral  powers  whatfoever  of  the  binomial  quantity  a  +  i,  the 
literal  parts  of  the  terms  of  the  feries  which  is  equal  to  a  +  b^  (in  which  the 
ktter  m  denotes  any  whole  number  whatfoever),  will  always  be  a  ,  a*""  b, 
^m—i^z^  ^B»-3^3^  ^^^  ^^  which  every  term  is  generated  from  the  next  be- 
fore it  by  the  multiplication  of  the  fraiftion  — .  And  it  is  alfo  (hewn  in  art.  6 
of  the  faid  tra£t,  page  1 56,  that  the  numeral  co^efficient  of  the  firft  term  of 
the  feries  that  is  equal  to  a  +  b]'"  muft  always  be  i,  or  that  the  firft  term  of  the 
faid  feries  will  always  be  a",  and  that  the  numeral  co-ffficient  of  the  fecond 
term  of  the  faid  feries  will  always  be  «,  or  the  index  of  the  power  to  which  a  +  b 
is  raifed,  or  that  the  fecond  term  of  the  faid  feries  will  always  hem  x  a  ~  h, 
to  whatever  whole  number  the  letter  m  may  be  fuppofed  to  be  equal. 

Art.  2.  And  it  is  (ijrther  (hewn  in  the  faid  traft  that  the  numeral  co-efEcients  of 

tbe  third,  and  fourth,  and  fifth,  and  other  following  terms  of  the  feries  which  is 

4.  F  2.  eqiiali 
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equal  to  a  +  i\  may  alwaj's  be  derived  fromM»,  the  co-efficient  of  thefecond 
term  of  the  faid  feries,  by  the  conuniJal  multiplication  of  the  following  fraflions, 

to  wit,  ^^,  ^^,  ^^,  ^^,  ^-T^,  &c,  till  we  come"  to  the  fraAion  ^^ff, 
which  is  —  o,  or  till  the  faid  feries  of  fraflions  is  terminated  orexjiaufted; 
which  fractions,  ^^,  ^^,  ^^^,  ^— ^,  '^^t  &c,  are  therefore  called  the  ee- 
Iterating  fraSims  of  the  co-efficients  of  the  third  and  other  following  terms  of 
the  feries  which  is  equal  to  «  +  *]  . 

Art,  3.  And  the  method  by  which  it  is  fhewn  in  the  faid  traft  that  the  faid  frac- 
tions ^^,  Zzl    I^Zi    ZHi,  !!ri  4[c,  are  in  all  cafes,  or  when  m  is  fuppofed 
13*456  rr 

to  reprefent  any  whole  number  whatfoever,  the  generating  fraftions  of  the  co- 
efficients of  the  terms  of  the  feries  that  is  equal  to  a  +  b]",  or  the  fraftions  by 
which  the  co-efficients  of  the  third  and  fourth,  and  other  following  terms  of  the 

faid  feries,  are  derived  from  m,  the  co-efficient  of  the  fecond  term  m  X  «"~'^, 
confifts  of  the  three  following  pans  ;  to  wit,  firli,  of  a  demonftration  that,  if  it 
be  true  that  thefe  are  the  generating  fraftions  of  the  co-efficients  of  the  third  and 
other  following  terms  of  the  ferjes  that  is  equal  to  a  +  ^1"  when  m  is  equal  to 
arty  one  whole  number  whatfoever,  it  will  alfo  be  true  that  they  will  be  the  gene- 
rating fractions  of  the  co-efficients  of  the  third  and  other  following  terms  of  the 
feries  that  is  equal  to  a  +  /•]*  when  m  is  equal  to  any  other  whole  number  greater 
than  the  former ;  and,  fecondly,  of  a  proof,  by  adual  trials  of  the  co-efficients 
of  the  terms  (A  the  fcveral  feriefes  that  are  equal  to  a  +  i]*,  a  +  ^',  J+^*, 
and  a  -^  h\  > ,  that  in  thefe  four  feriefes,  or  when  m  is  equal  either  to  the  number  2, 
or  the  number  3,  or  the  number  4,  or  the  number  5,  the  faid  fra&ions  !^, 

t^,  ^^,  and  ^^^,  are  the  generating  fraAions  by  which  the  co-efficients  <rf 
the  third  and  other  following  terms  di  the  faid  feriefes  (that  are  equal  to  a  +  il% 
a  +  iy,  a  -I-  ty,  and  a  +  b]^)  are  derived  from  the  co-efficientsof  the  fecond 
terms  of  the  faid  feriefes  refpeiftively ;  and,  thirdly,  of  a  conclufion  evidendy 
following  from  the  former  two  propofidons,  to  wit,  that,  to  whatever  who/e 
number  the  index  m  be  fuppofed  to  be  equal,  it  will  always  be  true  that  the 

faid  fraiftions  ^^,  fl^,  '2111^  !!Lli^  "^  >  ^^'  *'^  ^^  'h*  generating  fraftions 
by  the  continual  multiplication  of  which  the  co-efficients  of  the  third  and  other 
following  terms  of  the  feries  that  is  equal  to  a  4-  ^j^will  be  derived  from  m, 
the  co-efficient  of  the  fecond  term.  Thefe  reafonings  I  take  to  be  juft  and 
clear,  and  fuch  as  mull  give  every  reader  full  fatisfadion  as  to  the  truth  of  the 
propofiiion,  or  conclufion,  obtained  by  means  of  them. 

Art.  4, 
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Art.  4.  But  it  may  be  afltcd,  "  How  came  « to  be  fufpefled  that  the  fraflions 
*'  SlZij  Szij  ^— ^>-  2^^,  ^^,  fire,  were  the  generating  fraAions  by  which  the 
"  co-efficients  of  the  third  and  other  following  terras  of  the  feries  that  is  equal 
"  to  a  +  ^1"  2rc  derived  from  »,  the  co-efficient  of  the  fecond  term,  in  any 
**  one  value  of  the  index  m,  fince  it  is  by  no  means  apparent  from  the  mere 
"  infpeftion  of  the  terms  of  the  feriefes  that  are  equal  to  «  -J-  ^1"  vhen  m  is 
*'  equal  to  the  fmall  numbers  z,  3>  4,  and  j  }" 

This  is  a  very  natural  and  reafonable  queftion,  and  well  dcferves  to  be  con- 
fidercd  ;  more  efpecially  if  we  recolleft  that  Dr.  Wallis  informs  us  that  he  had 
fought  for  ihefe  generating  fra&ions  without  being  able  to  difcover  them.  And 
till  a  perfon  had  firll  fufpeded,  and  then  found  upon  trial,  that  thefe  are  the  ge- 
nerating fractions  of  the  co-efficients  of  the  terms  of  the  feries  that  is  equal  to 
a  +  i\^  in  fome  of  the  lower  values  of  m,  he  could  never  think  of  fliewing,  in 
the  method  above  defcribed,  that  the  fame  generating  fractions  would  enable 
us  to  find  the  co-efficients  c^  the  terms  of  the  like  feriefes  in  all  other  integral 
values  of  »». 

Art.  5.  Now,  in  anfwer  to  this  queftion  it  may  be  obferved,  that  thefe  fraftions 
•will  occur  to  our  notice  as  the  generating  fraftions  of  the  co-efficients  of  the 
third  and  other  following  terms  of  the  feriefes  that  are  eqtial  to  a  -J-  i]"  in  fom« 
of  the  lower  v^ues  of  m,  if  we  divide  the  feveral  fucceffive  terms  of  thefe  fe- 
riefes by  the  terms  next  before  them,  in  order  to  difcover  the  generating  frac- 
tions by  which  they  are  derived  one  from  another,  and  then  reduce  die  gene- 
rating fraftions  fo  obuined  to  their  loweft  denominations.  Thus,  for  example, 
the  fixth  power  of  the  binomial  quantity  a  +  ^\%  zz  a*  +  f>a*b  -f  i^a*i* 
+  xoa'b*  +  i$a*b*  +  6ah^  +  *' ;  of  which  terms  if  we  divide  the  fecond 
term  6  a'i  by  the  firft  term  «*,  the  quotient  will  be  -4->  or  6  X  — ;  and,  tf 
we  divide  in  like  manner  the  third  term  by  the  fecond,  and  the  fourUi  term  by 
the  third,  and  the  fifth  term  by  the  fourth,  and  the  fixUi  term  by  the  fifth,  and 
the  fevenih,  or  laft,  term  by  the  fixth,  the  quotients  will  be  '^    .  ,  or  ^  x  — , 

and _    or  —  X  — >  and  -^  ..,,  or  -^  X  — ,  and  — :r7;.  or  —  x  — ,  and 

__,  or  2.  X  — ■  And  confequently,  if  we  multiply  the  firft  term  «*  by  the 
quotient  6  X  — ,  we  Ihall  thereby  produce  the  fecond  term  613)^}  and,  if  we 
multiply  the  fecond  term  ta^b  by  -^  X  — ,  we  Oiall  thereby  produce  the  third 
term  i^a*h*  i  and,  if  we  multiply  the  third  term  i^a*b*  by  —  x  — ,  we 
fliall  thereby  produce  the  fourth  term  zoa^b* ;  and,  if  we  multiply  the  fourth 
term  20  a 'i'  by^  x —,  we  (hall  thereby  produce  the  fifth  term  15  a*^*  >and, 
2  if 
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if  we  multiply  the  fifth  term  i5<»'i*  by—  X  — »  we  ffiall  thereby  produce  the 

fixth  term  6<j^' ;  and,  if  we  multiply  the  fixth  term  6  ^>  by -r-  X  — »  wc  ftiall 
thereby  produce  the  fevemh,  or  laft,  term  i'.  Therefore  the  ffenerating  frac- 
tions, by  the  continual  multiplication  of  which  the  fecond,  and  other  following 
terms  of  the  feries  «*  +  ta^h  +  i^a*h*  +  loa'b^  +  i^a*b*  +  Sab* 
4-  h*"  (which  is  equal  to  a  +  ^1*)  are  derived  from  the  firft  term  a*,  are  — 

X  -,  -^  X  -.  —  X  -,  -^  X  — ,  —  X  — ,  and  t-  X  - ;  and  confequently 

the  generating  fractions,  by  the  continual  muhiplication  of  which  the  numeral 

co-etficienis  of  the  fecond  and  other  following  terms  of  the  faid  feries  a'  + 

(ta'^b  +  15«*^*  +  ^oa^b^  +   i^a^b*  +  6ab'  +  i*  (independently  of  the 

literal  parts  of  the  faid  terms)  are  derived  from  i,  the  numeral  co-efficient  of 

the  firft  term  a*,  will  be  — ,  ^,  — ,  — ,  — ,  and  ^.    Now  let  thefe  co-effi- 
I*    6*   IS    ao'   is'  6 

eients  be  reduced  to  their  loweft  terms;  and  they  will  then  be  — ,  -^,  — ,  -i, 

6  .  '  *     * 

— ,  ■^,  of  which  the  numerator  of  the  firft  term  —  is  the  index  6  of  the  power 

of  the  binomial  quantity  to  which  the  faid  feries  of  terms  is  equal,  and  the  nu- 
merators of  the  following  fraAions  — ,  — ,  — ,  — ,  -r  are  derived  from  the  faid 
index  6  by  the  continual  fubtradion  of  i ,  and  the  denominators  of  the  faid  frac- 
rions  are  the  natural  numbers  i,  2,  3,  4,  5,  6,  which  begin  with  an  unit,  and 
increafe  by  the  continual  addition  of  i.    This  obfervatioh  on  the  increafe  and 

decreafe  of  the  denominators  and  numerators  of  the  fractions  -t,  — ,  -2-    i.  and 

a'   3'  4'   5' 

4-,  and  their  derivation  from  the  index  6,  or  — ,  in  the  cafe  of  the  feries  which 

6'  I 

is  equal  to  a  +  b\*,  is  fufficient  to  have  induced  the  peribn  who  fliould  have 
made  it,  to  conjecture,  that  poilibly,  when  the  index  m  was  equal  to  any  other 
number  (fuch  as  5,  or  4,  or  7,  or  8),  the  generating  fraftions  whereby  the  nu- 
meral co-efficients  of  the  third  and  fourth  and  other  following  terms  of  the  feries 
that  was  equal  to  a  +  b{  ,  were  derived  from  the  numeral  co-efficient  m  of  the 
fecond  term,  and  from  each  other,  might  tikewife,  when  properiy  reduced,  be 
found  to  confift  of  numerators  and  denominators  that  did  in  like  manner  de- 
creafe  from  the  index  m  by  the  continual  fubcraftion  of  an  unit,  and  increa/e 
from  I  by  the  continual  addition  of  an  unit;  or,  in  other  words,  might  be  equal 
to  !^^,  2Ll_j  ^Hij  HLz^^  ~T^f  ^^'     ^'^^  *^'3  conjecture  might  -have  pro- 
duced a  trial  whether  this  rule  took  place  in  fome  particular  examples,  and  more 
cfpecially  in  the  feriefes  that  were  equal  to  a  +  iY,  a  -f  i]',  a+H*,  *+2l', 
a  +  b\*,   a  +  ^',    and  a  +  l\',  and  perhaps  a  few  more  of  the  lower  inte- 
gral powers  of  a  -I-  b;  after  which  trials,  and  the  fuccefs  that  would  have  at- 
tended them,  U-  would,  have  become  fo  highly  probable  that  the  fame,  rule  would 
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take  place  in  the  feriefes  that  were  equal  to  any  other  integral  powers  of  d  +  ^, 
that  it  would  have  been  almoft  itnpoffible  to  doubt  of  it.  And  then  it  would 
have  been  natural  to  endeavour  to  find  fome  general  demonftration  of  the  truth 
of  the  rule  in  all  integral  powers  of  the  binomial  quantity  a  +  ^  whatfoever, 
which  might  have  led  to  fuch  a  demonftration  as  that  which  is  given  in  the  tra£t 
above-mentioned,  which  is  contained  in  pages  153,  154,  155,  &c  . . .  .  169, 
of  this  volume. 

N .  B.  This  method  of  difcovering  (by  a  conjciflure  grounded  on  a  trial  or  two, 
in  fome  particular  examples),  that  the  generating  fraftions  by  which  the  co-effi- 
cients of  the  third  and  fourth  and  other  following  terms  of  the  feries  that  is  equal 
to  «  +  ^1"  (or  any  integral  power  of  the  binomial  quantity  a  +  l>)  arc  derived 
from  m  (the  index  of  the  power  to  which  the  faid  binomial  quantity  is  raifed) 
or  from  the  co-efiicienc  of  the  fecond  term  of  the  faid  feries  (which  is  equal  to 
the  faid  index)  are  ^^,  Jl^,  ^Zi,  ^Hi^  ~6  »  ^^>  "  fuggefted  by  profeffor 
Saunderfon,  in  the  fecond  volume  of  his  Algebra,  in  the  chapter  on  the  bino- 
mial theorem,  where  the  reader  will  find  a  good  explanation  and  illullration  of 
the  faid  celebrated  theorem,  by  a  variety  of  examples,  both  in  the  cafe  of  inte- 
grat  powers  and  in  the  cafe  of  roots,  and  other  frafticuial  powers,  and  even  in 
the  cafe  of  n^ative  powers,  and  ci£  powers  that  are  both  fractional  and  negative ; 
but  no  demoiiftfatioa  of  it  in  any  cafe,  not  even  in  that  of  integral  and  amrma- 
tive  powers. 
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